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__| PREFACE 


This book has been written and revised several times over a period of nine 
years, in order to further improve its contents and account for the many 
suggestions and comments from my students, university colleagues, and 
reviewers. It is hoped that this effort will provide those who use this work 
with a clear and thorough presentation of both the theory and application 
of fluid mechanics. To achieve this objective, I have incorporated many of 
the pedagogic features that I have used in my other books. These include 
the following: 


Organization and Approach. Each chapter is organized into 

well-defined sections that contain an explanation of specific topics, 

illustrative example problems, and at the end of the chapter, a set of 
relevant homework problems. The topics within each section are placed 

into subgroups defined by boldface titl es. The purpose of this orga nization 
is to present a structured method for introducing each new definition or 

concept, and to make the book a convenient resource for later reference 

and review. 


Procedures for Analysis. Thisunique feature provides the student 
with a logical and orderly method to follow when applying the theory 
that has been discussed in a particular section. The example problems are 
then solved using this outlined method in order to clarify its numerical 
application. Realize, however, that once the relevant principles have been 
mastered, and enough confidence and judgment has been obtained, the 
student can then develop his or her own procedures for solving problems. 


Important Points. This feature provides a review or summary 
of the most important concepts in a section, and highlights the most 
significant points that should be remembered when applying the theory 
to solve problems. A further review of the material is given at the end of 
the chapter. 


Photos. The relevance of knowing the subject matter is reflected by 
the realistic applications depicted in the many photos placed throughout 
the book. These photos are often used to show how the principles of fluid 
mechanics apply to real-world situations. 


Fundamental Problems. These problem sets are selectively located 
just after the example problems They offer students simple applications 
of the concepts and therefore provide them with the chance to develop 
their problem-solving skills before attempting to solve any of the standard 
problems that follow. Students may consider these problems as extended 
examples, since they all have complete solutions and answers given in the 
back of the book. Additionally, the fundamental problems offer students 
an excellent means of preparing for exams, and they can be used at a later 
time to prepare for the Fundamentals in Engineering Exam. 


Vill 
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Homework Problems. The majority of problems in the book 
depict realistic situations encountered in enginee ring practice. It is hoped 
that this realism will both stimulate interest in the subject, and provide a 
means for developing the skills to reduce any problem from its physical 
description to a model or symbolic re presentation to which the principles 
of fluid mechanics may then be applied. 

Throughout the book, there is an approximate balance of problems 
using both SI a nd FPS units. Furthermore,in any set, an attempt has been 
made to arrange the problems in order of increasing difficulty. Except for 
every fourth problem, indicated by an asterisk (*), the answers to all the 
other problems are given in the back of the book. 


Accuracy. Apart from my work, the accuracy of the text and problem 
solutions have all been thoroughly checked by other parties. Most 
importantly, Kai Beng Yap, Kurt Norlin along with Bittner Development 
Group, as well as James Liburdy, Jason Wexler, Maha Haji, and Brad 
Saund. 


Contents 


The book is divided into 14 chapters. Chapter 1 begins with an 
introduction to fluid mechanics, followed by a discussion of units and 
some important fluid properties. The concepts of fluid statics, including 
constant accelerated translation of a liquid and its constant rotation, 
are covered in Chapter 2. In Chapter 3, the basic principles of fluid 
kinematics are covered. This is followed by the continuity equation in 
Chapter 4, the Bernoulli and energy equations in Chapter 5, and fluid 
momentum in Chapter 6. In Chapter 7, differential fluid flow of an ideal 
fluid is discussed. Chapter 8 covers dimensional analysis and similitude. 
Then the viscous flow between parallel plates and within pipes is treated 
in Chapter 9. The analysis is extended to Chapter 10 where the design 
of pipe systems is discussed. Boundary layer theory, including topics 
related to pressure drag and lift, is covered in Chapter 11. Chapter 12 
discusses open channel flow, and Chapter 13 covers a variety of topics in 
compressible flow. Finally, turbomachines, such as axial and radial flow 
pumps and turbines are treated in Chapter 14. 


Alternative Coverage. After covering tk basic principles of 
Chapters 1 through 6, at the discretion of the instructor, the remaining 
chapters may be presented in any sequence, without the loss of continuity. 
If time permits, sections involving more advanced topics, may be included 
in the course. Most of these topics are placed in the later chapters of 
the book. In addition, this material also provides a suitable reference for 
basic principles when it is discussed in more advanced courses. 
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Resources for Instructors 


* MasteringEngineering. This online Tutorial Homework program 
allows you to integrate dynamic homework with automatic grading 
and adaptive tutoring. MasteringEngineering allows you to easil y track 
the performance of your entire class on an assignment-by-assignment 
basis, or the detailed work of an individual student. 


° Instructor's Solutions Manual. An instructor's solutions manual was 
prepared by the author. The manual includes homework assignment lists 
and was also checked as part of the accuracy checking program. The 
Instructor Solutions Manual is available at www.pearsonhighered.com. 


* Presentation Resource. All art from the text is available in 
PowerPoint slide and JPEG format. These files are available for down- 
load from the Instructor Resource Center at www.pearsonhighered. 
com. If you are in need of a login and password for this site, please 
contact your local Pearson representative. 


* Video Solutions. Developed by Professor Garret Nicodemus, video 
solutions which are located on the Companion Website offer step-by- 
step solution walkthroughs of homework problems from each section 
of the text. Make efficient use of class time and office hours by showing 
students the complete and concise problem solving approaches that 
they can access anytime and view at their own pace. The videos are 
designed to be a flexible resource to be used however each instructor 
and student prefers. A valuable tutorial resource, the videos are also 
helpful for student self-evaluation as students can pause the videos to 
check their understanding and work alongside the video. Access the 
videos at www.pearsonhighered.com/hibbeler/ and follow the links for 
the Fluid Mechanics text. 


Resources for Students 


* MasteringEngineering. Tutorial homework problems emulate the 
instructor's office-hour environment. 


* Companion Website. The Companion Website, located at www. 
pearsonhighered.com/hibbeler includes opportunities for practice and 
review including: 


* Video Solutions. Complete, step-by-step solution walkthroughs of 
representative homework problems from each section. Videos offer: 
students need it with over 20 hours helpful review. 


An access code for the Fluid Mechanics companion website was included 
with this text. To redeem the code and gain access to the site, go to www. 
pearsonhighered.com/hibbeler and follow the directions on the access 
code card. Access can also be purchased directly from the site. 
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FLUID 
MECHANICS 





Fundamental Concepts 





1.1 Introduction 


Fluid mechanics is a study of the behavior of fluids that are either at rest 
or in motion. It is one of the primary engineering sciences that has 
important applications in many engineering disciplines. For example, 
aeronautical and aerospace engineers use fluid mechanics principles to 
study flight, and to design propulsion systems. Civil engineers use this 
subject to design drainage channels, water networks, sewer systems, and 
water-resisting structures such as dams and levees. Fluid mechanics is used 
by mechanical engineers to design pumps, compressors, turbines, process 
control systems, heating and air conditioning equipment, and to design 
wind turbines and solar heating devices. Chemical and petroleum 
engineers apply this subject to design equipment used for filtering, 
pumping, and mixing fluids. And finally, engineers in the electronics and 
computer industry use fluid mechanics principles to design switches, 
screen displays, and data storage equipment. Apart from the engineering 
profession, the principles of fluid mechanics are also use d in biomechanics, 
where it plays a vital role in the understanding of the circulatory, digestive, 
and respiratory systems, and in meteorology to study the motion and 
effects of tornadoes and hurricanes. 


4 CHAPTER 1 FUNDAMENTAL CONCEPTS 


Branches of Fluid Mechanics. The principles of fluid mechanics 
are based on Newton’s laws of motion, the conservation of mass, the first 
and second laws of thermodynamics, and laws related to the physical 
properties of a fluid. The subject is divided into three main categories, as 
shown in Fig. 1-1. 





¢ Hydrostatics considers the forces acting on a fluid at rest. 
* Fluid kinematics is the study of the geometry of fluid motion. 
* Fluid dynamics considers the forces that cause acceleration of a fluid. 


Historical Development. A fndamental knowledge of th 
principles of fluid mechanics has been of considerable importance 
throughout the development of human civilization. Historical records 
show that through the process of trial and error, early societies, such as 
the Roman Empire, used fluid mechanics in the construction of their 
irrigation and water supply systems. In the middle of the 3rd century B.C., 
Archimedes discovered the principle of buoyancy, and then much later, 
in the 15th century, Leonardo Da Vinci developed principles for the 
design of canal locks and other devices used for water transport. 
However, the greatest discoveries of basic fluid mechanics principles 
occurred during the 16th and 17th centuries. It was during this period 
that Evangelista Torricelli designed the barometer, Blaise Pascal 
formulated the law of static pressure, and Isaac Newton developed his 
law of viscosity to describe the nature of fluid resistance to flow. 

In the 1700s, Leonhard Euler and Daniel Bernoulli pioneered the field 
of hydrodynamics, a branch of mathematics dealing with the motion of 
an idealized fluid, that is, one having a constant density and providing no 
internal frictional resistance. Unfortunately, hydrodynamic principles 
could not be used by engineers to study some types of fluid motion, since 
the physical properties of the fluid were not fully taken into account. 
The need for a more realistic approach led to the development of 
hydraulics. This field uses empirical equations found from fitting curves 
to data determined from experiments, primarily for applications 
involving water. Contributors included Gustave Coriolis, who developed 
water turbines, and Gotthilf Hagen and Jean Poiseuille, who studied the 
resistance to water flowing through pipes. In the early 20th century, 
hydrodynamics and hydraulics were essentially combined through the 
work of Ludwig Prandtl, who introduced the concept of the boundary 
layer while studying aerodynamics. Through the years, many others have 
also made important contributions to this subject, and we will discuss 
many of these throughout the text.* 





Fig. 1-1 


"References [1] and [2] provide a more complete description of the historical development 
of this subject. 





1.2 CHARACTERISTICS OF MATTER 


1.2 Characteristics of Matter 


In general, matter can be classified by the state it is in—as a solid, a liquid, 
OF a gas. 


Solid. A solid maintains a definite shape and volume, Fig. 1-2a. It 
maintains its shape because the molecules or atoms of a solid are densely 
packed and are held tightly together, generally in the form of a lattice or 
geometric structure. The spacing of atoms within this structure is due in 
part to large cohesive forces that exist between molecules. These forces 
prevent any relative movement, except for any slight vibration of the 
molecules themselves. As a result, when a solid is subjected to a load it 
will not easily deform, but once in its deformed state, it will continue to 
support the load. 


Liquid. A liquid is composed of molecules that are more spread out 
than those in a solid. Their intermolecular forces are weaker, so liquids 
do not hold their shape. Instead, they flow and take the shape of their 
container, Fig. 1-25. Although liquids can easily deform, their molecular 
spacing allows them to resist compressive forces when they are confined. 


Gas. A gas isa substance that fills the entire volume of its container, 
Fig. 1-2c. Gases are composed of molecules that are much farther apart 
than those of a liquid. As a result, the molecules of a gas are free to travel 
away from one another until a force of repulsion pushes them away from 
other gas molecules or from the molecules on the surface of a solid or 
liquid boundary. 


Definition of a Fluid. Liquids and gases are classified as fluids 
because they are substances that continuously deform or flow when 
subjected to a shear or tangential force. This behavior is shown on small 
fluid elements in Fig. 1-3, where a plate moves over the top surface of the 
fluid. The deformation of the fluid will continue as long as the shear force 
is applied, and once it is removed, the fluid will keep its new shape rather 
than returning to its original one. In this text we will only concentrate on 
those substances that exhibit fluid behavior, meaning any substance that 
will flow because it cannot support a shear loading, regardless of how 
small the shear force is, or how slowly the “fluid” deforms. 


Moving plate ——» 





All fluid elements deform when subjected to shear 


Fig. 1-3 





Solids maintain a 
constant shape 


(a) 





Liquids take the shape of 
their container 


(b) 





Gases fill the entire volume of 
their container 


(c) 


Fig. 1-2 
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Actual fluid Continuum model 


(a) 


(b) 


Fig. 1-4 





1 Ib = (1 slug)(1 ft/s) 


(a) 


Fig. 1-5 


Continuum. Studying the behavior af a fluid by analyzing the motion 
of all its many molecules would be an impossible task, Fig. 1—4. Fortunately, 
however, almost all engineering applications involve a volume of fluid that 
is much greater than the distance between adjacent molecules of the fluid, 
and so it is reasonable to assume the fluid is uniformly dispersed and 
continuous throughout this volume. Under these circumstances, we can 
then consider the fluid to be a continuum, that is, a continuous distribution 
of matter leaving no empty space, Fig. 1-45. This assumption allows us to 
use average properties of the fluid at any point within the volume the fluid 
occupies. For those situations where the molecular distance does become 
important, which is on the order of a billionth of a meter, the continuum 
model does not apply, and it is necessary to employ statistical techniques to 
study the fluid flow, a topic that will not be considered here. See Ref. [3]. 


1.3 Systems of Units 


There are five basic quantities primarily used in fluid mechanics: length, 
time, mass, force, and temperature. Of these, length, time, mass, and force 
are all related by Newton's second law of motion, F — ma. As a result, the 
units used to define the size of these quantities cannot a// be selected 
arbitrarily. The equality F = ma is maintained when three of these units are 
arbitrarily defined, and the fourth unit is then derived from the equation. 
In this text we will consider two different systems of units for doing this, as 
shown in Table 1-1. 


U.S. Customary Units. In the US. customary or FPS (foot-pound- 
second) system, length is measured in feet (ft), time in seconds (s), and force 
in pounds (Ib). The unit of mass is a derived unit taken from m = F/a. It is 
called a s/ug, where 1 slug is equal to the amount of matter accelerated at 
1 ft/s? when acted upon by a force of 1 Ib (slug — Ib : s2/ft ), Fig. 1—5a. 


Weight. f a fluid is located at the “standard location,” which is at sea 
level and 45° latitude, then the acceleration due to gravity is g = 32.2 ft /s?. 
The mass in slugs of a fluid having a weight W in pounds, Ib, is then 


W (lb) 


——À (1-1) 
32.2 ft/s? 


m (slug) = 


Therefore, a fluid weighing 32.2 lb has a mass of 1 slug, 64.4 Ib of fluid has 
a mass of 2 slugs, and so on.* 


"English Engineering System. This system of units is sometimes used in thermodynamics 
and for studying compressible gas flow. For it, the unit of force is the pound force, Ibf, and 
the unit of mass is the pound mass, Ibm. Using Newton's law of motion, we define these 
units such that 1 Ibf will give 1 Ibm the standard acceleration of 32.2 ft /s?. Note that since 
| Ibf will also accelerate 32.2 Ibm at 1 ft /s?, and since 1 slug is also accelerated at 1 ft/s? 
by 1 Ibf, then the mass units between the two systems are related by 1 slug = 32.2 Ibm. 


1.3. SYSTEMS OF UNITS 





TABLE 1-1 Systems of Units 


Name Length Time Mass Force 
U.S. Customary foot second pound 
FPS 
ft S Ib * s? Ib 
ft 
International meter second kilogram | Newton* 
System of Units "n a kg N 
SI ( kg m ) 
s2 


*Derived unit. 


Temperature 
Rankine Fahrenheit 


'R F 


Kelvin Celsius 


K € 





Temperature. The absolute temperature is the temperature measured 
from a point where the molecules of a substance have so called “zero 
energy."* The unit for absolute temperature in the U.S. customary system 
is the degree Rankine (R). Often, though, engineers use temperature 
scales that are reported in degrees Fahrenheit (F). The magnitude of 1°R 
is the same as 1°F; however, for conversion, 


Tr = Tp + 460 (1-2) 


For this scale the freezing and boiling points of water at standard 
atmospheric pressure are normally reported on thermometers in degrees 
Fahrenheit (F), where freezing occurs at 32°F (492°R) and boiling at 212°F 
(672^ R), Fig. 1-55. 


SI Units. The International System of units is a modern version of 
the metric system that has received worldwide recognition. As shown 
in Table 1-1, the SI system specifies length in meters (m), time in 
seconds (s), and mass in kilograms (kg). The unit of force, called a 
newton (N), is derived from F=ma, where 1 newton is equal to 
the force required to give 1 kilogram of mass an acceleration of 1 m/s? 
(N =kg-m/s*), Fig. 1-6a. 


Weight. To determine the weight of a fluid in newtons at the 
"standard location," where the acceleration due to gravity is g —9.81 m/s? 
(32.2 ft/s? ), and the mass of the fluid is m (kg), we have 


W(N) = m (kg) 9.81 m/s? (1-3) 
And so a fluid having a mass of 1 kg has a weight of 9.81 N, 2 kg of fluid 
has a weight of 19.62 N, and so on. 


* This is actually an unreachable point according to the laws of quantum mechanics. 


672 Rt 212 F (Steam) 


492 R+ 32 F (Ice) 


OR (zero energy) 


The Rankin and Fahrenheit scales 
(b) 


Fig. 1-5 (cont.) 





1 N= (1 kg)(1 m/s?) 


(a) 


Fig. 1-6 





Calculation Procedure. When performing numerical calculations, 
first represent all the quantities in terms of their base or derived units by 
converting any prefixes to powers of 10. Then do the calculation, and 
finally express the result using a single prefix. For example, 
3 MN(2 mm) = [3(105) N] [2(10?) m] = 6(10°) Nem = 6kN-m. 

In the case of fractional units, with the exception of the kilogram, the 
prefix should always be in the numerator, as in MN /s or mm/kg. Also, 
after the calculation, it is best to keep numerical values between 0.1 and 
1000; otherwise, a suitable prefix should be chosen. 


Accuracy. Numerical work in fluid mechanics is almost always 
performed using pocket calculators and computers. It is important, 
however, that the answers to any problem be reported with justifiable 
accuracy using an appropriate number of significant figures. As a general 
rule, always retain more digits in your calculations than are given in the 
problem data. Then round off your final answer to three significant figures, 
since data for fluid properties and many experimental measurements are 
often reported with this accuracy. We will follow this procedure in this 
text, where the intermediate calculations for the example problems will 
often be worked out to four or five significant figures, and then the 
answers will generally be reported to three significant figures. 





Complex flows are often studied using a 
computer analysis; however, it is important 
to have a good grasp of the principles of 
fluid mechanics to be sure reasonable 
predictions have been made. (© CHRIS 
SATTLBERGER:/Science Source) 


1.4 CALCULATIONS 
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(30 1.5 Problem Solving 


At first glance, the study of fluid mechanics can be rather daunting, 
because there are many aspects of this field that must be understood. 
Success at solving problems, however, will depend on your attitude and 
your willingness to both focus on class lectures and to carefully read the 
material in the text. Aristotle once said, "What we have to learn to do,we 
learn by doing," and indeed your ability to solve problems in fluid 
mechanics depends upon a thoughtful preparation and neat presentation. 
In any engineering subject, it is very important that you follow a logical 
and orderly procedure when solving problems. In the case of fluid 
mechanics this should include the sequence of steps outlined below: 





General Procedure for Analysis 


Fluid Description. 


Fluids can behave in many different ways, and so at the outset it is 


important to identify the type of fluid flow and specify the fluid’s 
physical properties. Knowing this provides a means for the proper 
selection of equations used for an analysis. 


Analysis. 


This generally involves the following steps: 


* Tabulate the problem data and draw, to a reasonably large scale, 
any necessary diagrams. 


Apply the relevant principles, generally in mathematical form. 
When substituting numerical data into any equations, be sure 
to include their units, and check to be sure the terms are 
dimensionally homogeneous. 


Solve the equations, and report any numerical answers to three 
significant figures. 


Study the answer with technical judgment and common sense to 
determine whether or not it seems reasonable. 


When applying this procedure, do the work as neatly as possible. 


Being neat generally stimulates clear and orderly thinking, and 
vice versa. 
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Important Points 


Solids have a definite shape and volume, liquids take the shape of 
their container, and gases fill the entire volume of their container. 


Liquids and gases are fluids because they continuously deform or 
flow when subjected to a shear force, no matter how small this 
force is. 


For most engineering applications, we can consider a fluid to be a 
continuum, and therefore use its average properties to model its 
behavior. 


Mass is measured in slugs in the FPS system and is determined 
from m (slug) = W (Ib) /32.2 ft/s”. Weight is measured in newtons 
in the SI system and is determined from W (N) =m (kg) 9.81 m/s’. 


Certain rules must be followed when performing calculations 
and using prefixes in the SI system of units. First convert all 
numerical quantities with prefixes to their base units, then perform 
the calculations, and finally choose an appropriate prefix for 
the result. 


The derived equations of fluid mechanics are all dimensionally 
homogeneous, and thus each term in an equation has the same 
units. Careful attention should therefore be paid to the units 
when entering data and then solving an equation. 


As a general rule, perform calculations with sufficient numerical 
accuracy, and then round off the final answer to three significant 
figures. 


EXAMPLE [121 


Evaluate (80 MN /s)(5 mm )?, and express the result with SI units 
having an appropriate prefix. 


SOLUTION 


We first convert all the quantities with prefixes to powers of 10, 
perform the calculation, and then choose an appropriate prefix for 
the result. 

(80 MN/s)(5mm)? — [80(105) N/s]|5(10?) m]? 


[80(105) N/s] [25(1075) m? 





— 2(10) N- m?/s 2 2 kN: m/s 
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EXAMPLE 


Convert a fluid flow of 14 m? /s to ft? /h. 


SOLUTION 


Using Table 1-2, 1 ft = 0.3048 m. Also, 1 h = 3600 s. These factors of 
conversion are arranged in the following order so that cancellation of 
units occurs. 


14 m^ V / 3600 s Ift V 
3 = | eA— — ——— 
pm ( 5 X T! ome) 


= 1.78(10°) ft /h Ans. 


Notice here that prefixes are generally not used for U.S. customary 
units.” Instead, for engineering work, the results are expressed as a 
multiple of 10, having an exponential power in multiples of three as in 


(10°), (10°), (10-°), ete. 


*An exception is the kilopound (kip), where 1 kip = L000 Ib. 





1.6 Basic Fluid Properties 


Assuming the fluid to be a continuum, we will now define some important 
physical properties that are used to describe it. 


Density. The density p (rho) refers to the mass of the fluid that is 
contained in a unit of volume, Fig. 1-7. It is measured in kg /m? or slug /ft? 
and is determined from 





(1-7) 


> 
ll 
x Is 


Density is 
mass /volume 


Here m is the mass of the fluid, and V is its volume. 
Fig. 1-7 

Liquid. Through experiment it has been found that a liquid is practically 
incompressible, that is, the density of a liquid varies little with pressure. It 
does, however, have a slight but greater variation with temperature. For 
example, water at 4°C has a density of p, — 1000 kg/m', whereas at 
100°C, p,, = 958.1 kg/m*. For most practical applications, provided the 
temperature range is small, we can therefore consider the density of a 
liquid to be essentially constant. 


Gas. Unlike a liquid, temperature and pressure can markedly affect 
the density of a gas, since it has a higher degree of compressibility. For 
example, air has a density of p — 1.225 kg/m? when the temperature is 
15°C and the atmospheric pressure is 101.3 kPa [1 Pa (pascal) = 1 N/m/]. 
But at this same temperature, and at twice the pressure, the density of air 
doubles and becomes p = 2.44 kg/m’. 

Appendix A lists typical values for the densities of common liquids 
and gases. Included are tables of specific values for water at different 
temperatures, and air at different temperatures and elevations. 


Specific Weight. The specific weight y (gamma) of a fluid is its 
weight per unit volume, Fig. 1-8. It is measured in N/m? or Ib/ft?. Thus, 


(1-8) 


- 
Il 
4|x 


Here W is the weight of the fluid, and V is its volume. 

Since weight is related to mass by W — mg, then substituting this into 
Eq. 1-8, and comparing this result with Eq. 1—7, the specific weight is 
related to the density by 


(1-9) 


Typical values of specific weights for common liquids and gases are also 
listed in Appendix A. 


Specific Gravity. The specific gravity S of a substance is a 
dimensionless quantity that is defined as the ratio of its density or specific 
weight to that of some other substance that is taken as a "standard." It is 
most often used for liquids, and water at an atmospheric pressure of 
101.3 kPa and a temperature of 4°C is taken as the standard. Thus, 


NL 
Pw Yw 


s= (1-10) 


The density of water for this case is p,, — 1000 kg/m? in SI units, and 

its specific weight in FPS units is y,, — 62.4 Ib/ft^. So, for example, if 

an oil has a density of p, = 880 kg /m', then its specific gravity will be 
o = 0.880. 
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Specific weight ts 
weight/volume 


Fig. 1-8 
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Ideal Gas Law. In this text we will consider every gas to behave as 
an ideal gas.* Such a gas is assumed to have enough separation between 
its molecules so that the molecules have no attraction to one another. 
Also, the gas must not be near the point of condensation into either a 
liquid or a solid state. 

From experiments, mostly performed with air, it has been shown that 
ideal gases behave according to the ideal gas law. It can be expressed as 


(1-11) 





Here p is the absolute pressure, or force per unit area, referenced 
The volume, pressure, and from a perfect vacuum, p is the density of the gas, R is the gas constant, 
temperature of the gas in this tank and T is the absolute temperature. Typical values of R for various gases 
are related by the ideal gas law. . — 
are given in Appendix A. For example, for air, R — 286.9 J/(kg * K). 
where 1 J (joule) =1 N +m. 


Bulk Modulus. The bulk modulus of elasticity, or simply the bulk 

modulus, is a measure of the amount by which a fluid offers a resistance 

to compression. To define this property, consider the cube of fluid 

in Fig. 1-9, where each face has an area A and is subjected to an 
dF incremental force dF. The intensity of this force per unit area is the 
pressure, dp — dF/ A. As a result of this pressure, the original volume t* 
of the cube will decrease by dV. This incremental pressure, divided by 
this decrease in volume per unit volume, d¥/¥, defines the bulk 
modulus, namely, 






dF 
dF 
Final dp | y 
Original volume Ey uc m (1-1 ) 
volume dV / Vv 
Bulk modulus 
Fig. 1-9 The minus sign is included to show that the increase in pressure (positive) 


causes a decrease in volume (negative). 

The units for Ey are the same as for pressure —that is, force per 
area—since the volume ratio is dimensionless. Typical units are N/m? 
or Pa, and Ib/in?. 


*Nonideal gases and vapors are studied in thermodynamics. 





Liquid. Because the density of a liquid changes very little with 
pressure, its bulk modulus is very high. For example, sea water at 
atmospheric pressure and room temperature has a bulk modulus of 
about Ey = 2.20 GPa.* If we use this value and consider the deepest 
region of the Pacific Ocean, where the water pressure is 110 MPa, then 
Eq. 1-12 shows that the fractional compression of water is only 
AvY/Y — [110(105) Pa]/[2.20(10?) Pa] = 5.0%. For this reason, we 
can assume that for most practical applications, liquids can be considered 
incompressible, and,as stated previously, their densit y remains constant.** 


Gas. A gas, because of its low density, is thousands of times more 
compressible than a liquid, and so its bulk modulus will be much smaller. 
For a gas, however, the relation between the applied pressure and the 
volume change depends upon the process used to compress the gas. 
Later, in Chapter 13, we will study this effect as it relates to compressible 
flow, where changes in pressure become significant. However, if the gas 
flows at low velocities, that is, less than about 30% the speed of sound in 
the gas, then only small changes in the gas pressure occur, and so, even 
with its low bulk modulus, at constant temperature a gas, like a liquid, 
can in this case also be considered incompressible. 


Important Points 


The mass of a fluid is often characterized by its density p = m/Y, 
and its weight is characterized by its specific weight y = W/V, 
where y = pg. 


The specific gravity is a ratio of the density or specific weight of a 
liquid to that of water, defined by S$ = p/p, = y/y,. Here 
p, — 1000 kg/m? and y, — 62.4 lb/ft’. 


For many engineering applications, we can consider a gas to be 
ideal, and can therefore relate its absolute pressure to its absolute 
temperature and density using the ideal gas law, p — pRT. 


The bulk modulus of a fluid is a measure of its resistance to 
compression. Since this property is very high for liquids, we can 

generally consider liquids as incompressible fluids. Provided a gas 
has a low velocity of flow —less than 3056 of the speed of sound — 

and has a constant temperature, then the pressure variation 
within the gas will be low, and we can, under these circumstances, 
also consider it to be incompressible. 





*Of course, solids can have much higher bulk moduli. For example, the bulk modulus 
for steel is 160 GPa. 


**The compressibility of a flowing liquid must, however, be considered for some types 
of fluid analysis. For example, “water hammer” ts created when a valve on a pipe is suddenly 
closed, This causes an abrupt local change in density of the water near the valve, which 
generates a pressure wave that travels down the pipe and produces a hammering sound 
when the wave encounters a bend or other obstruction in the pipe. See Ref. [7]. 
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Air contained in the tank, Fig. 1-10, is under an absolute pressure of 
60 kPa and has a temperature of 60°C. Determine the mass of the air 


in the tank. 





Fig. 1-10 





SOLUTION 


We will first find the density of the air in the tank using the ideal gas 
law, Eq. 1-11, p = pRT. Then, knowing the volume of the tank, we 
can determine the mass of the air. The absolute temperature of the air is 


Ik = Lc + 273K = 60°C + 273K = 333K 
From Appendix A, the gas constant for air is R = 286.9 J/(kg * K). Then, 


p — pRT 
60(10*) N/m? = (286.9 J/kg  K)(333 K) 
p = 0.6280 kg / m? 


The mass of air within the tank is therefore 


— 


n 


p= y 
m 
0.6280 kg /m* = —— 
e/ [m (1.5 m )*(4m) | 
m — 17.8 kg Ans. 


Many people are often surprised by how large the mass of a gas 
contained within a volume can be. For example, if we repeat the 
calculations for the mass of air in a typical classroom that measures 
4 m by 6 m by 3 m, at a standard room temperature of 20°C and 
pressure of 101.3 kPa, the result is 86.8 kg. The weight of this air is 
851 N,or 191 Ib! It is no wonder then that the flow of air can cause the 
lift of an airplane and structural damage to buildings. 
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EXAMPLE [1:4 


An amount of glycerin has a volume of 1 m? when the pressure is 120 kPa. 
If the pressure is increased to 400 kPa, determine the change in volume of 
this cubic meter. The bulk modulus for glycerin is Ey = 4.52 GPa. 


SOLUTION 


We must use the definition of the bulk modulus for the calculation. 
First, the pressure increase applied to the cubic meter of glycerin is 


Ap = 400 kPa — 120 kPa = 280 kPa 
Thus, the change in volume is 
Ap 
AV /V 
280(10°)N/m? 
AV/1m? 
AV = —61.9(10 5)m? Ans. 


Ey = 


4.52(10°)N/m? = — 


This is indeed a very small change. Since A¥ is directly proportional to 
the change in pressure, doubling the pressure change will then double 
the change in volume. Although Ey for water is about half that of 
glycerin, even for water the volume change will still remain very small! 





1.7 Viscosity 


Viscosity is a property of a fluid that measures the resistance to movement 
of a very thin layer of fluid over an adjacent one. This resistance occurs 
only when a tangential or shear force is applied to the fluid, Fig. 1-11a. 
The resulting deformation occurs at different rates for different types of 
fluids. For example, water or gasoline will shear or flow faster (low 
viscosity) than tar or syrup (high viscosity). 


———— 


SS 


(a) 


Fig. 1-11 
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Distortion of fluid elements due to shear 


(a) 


Fig. 1-12 





Fig. 1-11. (cont) 


Physical Cause of Viscosity. The resistance that gives rise to 
viscosity in a fluid can be understood by considering the two layers of fluid 
in Fig. 1-115 sliding past one another. Since the molecules composing the 
fluid are always in continuous motion, then when molecule A in the faster 
top layer happens to travel down to the slower bottom layer, it will have a 
component of motion to the right. Collisions that occur with any slower- 
moving molecule of the bottom layer will cause it to be pushed along due to 
the momentum exchange with A. The reverse effect occurs when molecule 
B in the bottom layer migrates upward. Here this slower-moving molecule 
will retard a faster-moving molecule through their momentum exchange. 
On a grand scale, both of these effects cause resistance or viscosity. 


Newton's Law of Viscosity. To show on a small scale how fluids 
behave when subjected to a shear force, let us now consider a thin layer of 
fluid that is confined between a fixed surface and a very wide horizontal 
plate, Fig. 1-12a. When a very small horizontal force F is applied to the 
plate, it will cause elements of the fluid to distort as shown. After a brief 
acceleration, the viscous resistance of the fluid will bring the plate into 
equilibrium, such that the plate will begin to move with a constant velocity U. 
During this motion, the molecular adhesive force between the fluid 
particles in contact with both the fixed surface and the plate creates a 
"no-slip condition," such that the fluid particles at the fixed surface remain 
at rest, while those on the plate’s bottom surface move with the same 
velocity as the plate.* In between these two surfaces, very thin layers of 
fluid are dragged along, so that the velocity profile u across the thickness 
of the fluid will be paralle 1 to the plate, and can vary, as shown in Fig. 1-12). 


*Recent findings have confirmed that this “no-slip condition" is not always true. A fast- 
moving fluid flowing over an extremely smooth surface develops no adhesion. Also, surface 
adhesion can be reduced by adding soap-like molecules to the fluid, which coats the 
surface, thereby making it extremely smooth. For most engineering applications, however, 
the layer of fluid molecules adjacent to a solid boundary will adhere to the surface, and 
so these special cases with slipping at the boundary will not be considered in this text. 


See Ref. [11]. 





Shear Stress. The motion just described is a consequence of the 
shearing effect within the fluid caused by the plate. This effect subjects 
each element of fluid to a shear stress 7 (tau), Fig. 1-12c, that is defined as 
a tangential force AF that acts on an area AA of the element. It can be 
expressed as 


T —lim —— — —— (1-13) 


Shear Strain. Since a fluid will flow, this shear stress will cause each 
element to deform into the shape of a parallelogram, Fig. 1-12c, and 
during the short time At, the resulting deformation is defined by its shear 
strain, specified by the small angle âa (alpha), where 


Ox 
A = t £ A = — 
Q an ag Ay 


A solid would hold this angle under load, but a fluid element will continue 
to deform, and so in fluid mechanics, the time rate of change in this shear 
strain (angle) becomes important. Since the top of the element moves at 
a rate of Au relative to its bottom, Fig. 1-125, then 6x = Au At. 
Substituting this into the above equation, the time rate of change of the 
shear strain becomes 


Aa — Au 
åt Ay 
And in the limit, as A t— 0, 
da _ du 
dt dy 


The term on the right is called the velocity gradient because it is an 
expression of the change in velocity u with respect to y. 

In the late 17th century, Isaac Newton proposed that the shear stress in 
the fluid is directly proportional to this shear strain rate or velocity 
gradient. This is often referred to as Newton's law of viscosity, and it can 
be written as 


(1-14) 





The constant of proportionality 4 (mu) is a p/tysical property of the fluid 
that measures the resistance to fluid movement. Although it is sometimes 
called the absolute or dynamic viscosity, we will refer to it simply as the 
viscosity. From the equation, has units of N“ s/m? or lb“ s/ft?. 







T 
o X 


^ 


Shear 
stress 


1.7 ViscosiTY 


y 


Velocity distribution 
within a thin fluid layer 


(b) 





Causcs 
(c) 
Fig. 1-12 


Shear 


strain 








22 CHAPTER 1 FUNDAMENTAL CONCEPTS 


NI | 
Crude oil 


Mercury 
Ans Water 
Hg 
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du, 


Gasoline 


Air 
du 
dy 


Ma 


The higher the viscosity, the more 
difficult it is for a fluid to flow. 


Fig. 1-13 


dy 





Velocity profile for a real fluid 
(a) 





Velocity profile for an 
inviscid or ideal fluid 


(b) 


Fig. 1-15 


Newtonian Fluids. Experiments have shown that many common 
fluids obey Newton's law of viscosity, and any fluid that does so is 
referred to as a Newtonian fluid. A plot showing how the shear stress 
and shear-strain rate behave for some common Newtonian fluids is 
shown in Fig. 1-13. Notice how the slope (viscosity) increases, from air, 
which has a very low viscosity, to water, and then to crude oil, which has 
a much higher viscosity. In other words, the higher the viscosity, the more 
resistant the fluid is to flow. 


Non-Newtonian Fluids. Fluids whose very thin layers exhibit a 
nonlinear behavior between the applied shear stress and the shear-strain 
rate are classified as non-Newtonian fluids. There are basically two 
types, and they behave as shown in Fig. 1-14. For each of these fluids, the 
slope of the curve for any specific shear-strain rate defines the apparent 
viscosity for that fluid. Those fluids that have an increase in apparent 
viscosity (slope) with an increase in shear stress are referred to as shear- 
thickening or dilatant fluids. Examples include water with high 
concentrations of sugar, and quicksand. Many more fluids, however, 
exhibit the opposite behavior and are called shear-thinning or pseudo- 
plastic fluids. Examples include blood, gelatin, and milk. As noted, these 
substances flow slowly at low applications of shear stress (large slope), 
but rapidly under a higher shear stress (smaller slope). 

Finally, there exist other classes of substances that have both solid and 
fluid properties. For example, paste and wet cement hold their shape 
(solid) for small shear stress, but can easily flow (fluid) under larger 
shear loadings. These substances, as well as other unusual solid—fluid 
substances, are studied in the field of rheology, not in fluid mechanics. 
See Ref. [8]. 


Inviscid and Ideal Fluids. Many applications in engineering 
involve fluids that have very low viscosities, such as water and air, 
(1.00(10 ?) N:s/m? and 18.1(10 5) N: s/m?, at 20°C) and so we can 
sometimes approximate them as inviscid fluids. By definition, an inviscid 
fluid has zero viscosity, i. — 0, and as a result it offers no resistance to 
shear stress, Fig. 1-14. In other words, it is frictionless. Hence, if the fluid 
in Fig. 1-12 is inviscid, then when the force F is applied to the plate, it will 
cause the plate to continue to accelerate, since no shear stress can be 
developed within an inviscid fluid to offer a restraining frictional 
resistance to the bottom of the plate. If in addition to being inviscid, the 
fluid is also assumed to be incompressible, then it is called an ideal fluid. 
By comparison, if any real fluid flows slowly through a pipe, it will have 
a velocity profile that looks something like that in Fig. 1-15a, whereas 
an inviscid or ideal fluid will have a uniform velocity profile, Fig. 1-155. 


Pressure and Temperature Effects. Through experiment it 
has been found that the viscosity of a fluid is actually increased with 
pressure, although this effect is quite small and so it is generally neglected 
for most engineering applications. Temperature, however, affects the 





viscosity of fluids to a much greater extent. In the case of a liquid, an 
increase in temperature Will decrease its viscosity, as shown in Fig. 1-16 for 
water and mercury; Ref. [9]. This occurs because a temperature increase 
will cause the molecules of the liquid to have more vibration or mobility, 
thus breaking their molecular bonds and allowing the layers of the liquid 
to “loosen up” and slip more easily. If the fluid is a gas, an increase in 
temperature has the opposite effect, that is, the viscosity will increase as 
noted for air and carbon dioxide in Fig. 1-16; Ref. [10]. Since gases are 
composed of molecules that are much farther apart than for a liquid, their 
intermolecular attraction to one another is smaller. When the tempe rature 
increases the molecular motion of the gas will increase, and this will 
increase the momentum exchange between successive layers. It is this 
additional resistance, developed by molecular collisions, that causes the 
viscosity to increase. 

Attempts have been made to use empirical equations to fit the 
experimental curves of viscosity versus temperature for various liquids 
and gases, such as those shown in Fig. 1-16. For liquids, the curves can be 
represented using Andrade s equation. 


uw = Be" (liquid) 
And for gases, the Sutherland equation works well. 


BT ?" 


TiO +O (gas) 


p = 
In each of these cases T is the absolute temperature, and the constants B 
and C can be determined if specific values of u are known for two different 
temperatures.* 


Kinematic Viscosity. Another way to express the viscosity of a 


fluid is to represent it by its kinematic viscosity, v(nu), which is the ratio 
of its dynamic viscosity to its density: 


(1-15) 





The units are m?/s or ft? /s.** The word “kinematic” is used to describe 
this property because force is not involved in the dimensions. Typical 
values of the dynamic and kinematic viscosities are given in Appendix A 
for some common liquids and gases, and more extensive listings are also 
given for water and air. 


*See Probs. 1—48 and 1-50. 


**In the standard metric system (not SI), grams and centimeters (100 cm — 1 m) 
are used. In this case the dynamic viscosity mu is expressed using a unit called a poise, 
where poise — I g/(cm*s), and the kinematic viscosity v is measured in stokes, where 
| stoke — 1 cm? /s. 
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(b) 


(c) 
Fig. 1-17 
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1.8 Viscosity Measurement 


The viscosity of a Newtonian liquid can be measured in several ways. One 
common method is to use a rotational viscometer, sometimes called a 
Brookfield viscometer. This device, shown in the photo on the next page, 
consists of a solid cylinder that is suspended within a cylindrical container 
as shown in Fig. 1—17a. The liquid to be tested fills the small space between 
these two cylinders, and as the container is forced to rotate with a very 
slow constant angular velocity w, it causes the contained cylinder to twist 
the suspension wire a small amount before it attains equilibrium. By 
measuring the angle of twist of the wire, the torque M in the wire can be 
calculated using the theory of mechanics of materials. This torque resists 
the moment caused by the shear stress exerted by the liquid on the surface 
of the suspended cylinder. Once this torque is known, we can then find 
the viscosity of the fluid using Newton’s law of viscosity. 

To demonstrate how this is done, consider only the effect of shear 
stress developed on the vertical surface of the cylinder.* We require M, 
the torque in the wire, to balance the moment of the resul tant shear force 
the liquid exerts on the cylinder’s surface about the axis of the cylinder, 
Fig. 1-17b. This gives F, — M /r,. Since the area of the surface is (27r,)h, 
the shear stress acting on the surface is 


F,  Mjr, M 


The angular rotation of the container causes the liquid in contact with its 
wall to have a speed of U = wr, Fig. 1-17c. Since the suspended cylinder 
is held stationary by the wire once the wire is fully twisted, and because 
the gap t is very small, the velocity gradient across the thickness ¢ of the 
liquid can be assumed to be constant. If this is the case, it can then be 
expressed as 


Using Newton's law of viscosity, 





_ du M__ 2h 
dr’ 2mrih "t 


Solving for i. in terms of the measured properties, the viscosity is then 


Mt 
"E 


2m r;'r, 


*An extended analvsis includes the frictional resistance of the liquid on the cylinder's 
bottom surface. See Probs. 1-57 and 1-58. 


The viscosity of a liquid can also be obtained by using other me thods. 


For example, W. Ostwald invented the Ostwald viscometer shown in 
the photo at the bottom of the page. Here the viscosity is determined 
by measuring the time for a liquid to flow through the short, small- 
diameter tube, and then correlating this time with the time for another 
liquid of known viscosity to flow through this same tube. The unknown 
viscosity is then determined by direct proportion. Another approach is 
to measure the speed of a small sphere as it falls through the liquid 
that is to be tested. It will be shown in Sec. 11.8 that this speed can be 
related to the viscosity of the liquid. Such an approach works well for 
transparent liquids, such as honey, which have a very high viscosity. In 
addition, many other devices have been developed to measure 
viscosity, and the details on how they work can be found in books 
related to this subject. For example, see Ref. [14]. 


Important Points 


A Newtonian fluid, such as water, oil, or air, develops shear stress 
within successive thin layers of the fluid that is directly proportional 
to the velocity gradient that occurs between the fluid layers, 
T = p (du/dy). 

The shear resistance of a Newtonian fluid is measured by the 
proportionality constant m, called the viscosity. The higher the 
viscosity, the greater the resistance to flow caused by shear. 


A non-Newtonian fluid has an apparent viscosity. If the apparent 
viscosity increases with an increase in shear stress, then the fluid 
is a dilatant fluid. If the apparent viscosity decreases with an 
increase in shear stress, then it is a pseudo-plastic fluid. 


An inviscid fluid has no viscosi ty, and an ideal fluid is both inviscid 
and incompressible; that is, y = 0 and p = constant. 


The viscosity varies only slightly with pressure; however, for 
increasing temperature, 4 will decrease for liquids, but it will 
increase for gases. 


The kinematic viscosity v is the ratio of the two fluid properties 
p and p, where v = p/p. 


It is possible to obtain the viscosity of a liquid in an indirect 
manner by using a rotational viscometer, an Ostwald viscometer, 
or by several other methods. 
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Brookfield viscometer 





Ostwald viscometer 
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The plate in Fig. 1-18 rests on top of the thin film of water, which is at 
a temperature of 25°C, When a small force F is applied to the plate, 
the velocity profile across the thickness of the fluid can be described 
as u = (40y B 8005? )m /s, where y is in meters. Determine the shear 
stress acting on the fixed surface and on the bottom of the plate. 


y 


(0.32 m/s 
— 





Fig. 1-18 


SOLUTION 


Fluid Description. Water is a Newtonian fluid, and so Newton's law 
of viscosity applies. The viscosity of water at 25°C is found from 
Appendix A to be p — 0.897(10 ?)N * s/m".. 
Analysis. Before applying Newton's law of viscosity, we must first 
obtain the velocity gradient. 

du | d — in? xd nins -1 

dy = dy ( 40) 800) ) m/s = (40 — 1600y)s 


Therefore, at the fixed surface, y = 0, 





d 
r= oars = (0.897(103) N-s/m?)(40 — 0) s"! 
y y-0 
7 — 35.88(10?) N/m? — 35.9 mPa Ans. 
And, at the bottom of the moving plate, y — 0.01 m, 
du 


T = — 


H dy 





= [0.897(10°) N -s/m?](40 — 1600(0.01)) s~! 
y=0.01 m 


= 21.5 mPa Ans. 


By comparison, the larger shear stress develops on the fixed surface 
rather than on the bottom of the plate since the velocity gradient or 
slope du/dy is large at the fixed surface. Both of these slopes are 
indicated by the short dark lines in Fig. 1-18. Also, notice that the 
equation for the velocity profile must satisfy the boundary condition of 
no slipping, i.e., at the fixed surface y — 0, u — 0, and with the movement 
of the plate at y = 10 mm, u — U — 0.32 m/s. 
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EXAMPLE | 4.6 





The 100-kg plate in Fig. 1—19a is resting on a very thin film of SAE 

10W-30 oil, which has a viscosity of 4 — 0.0652 N*s/m^. Determine 0.2 m/s 
the force P that must be applied to the center of the plate to slide it 
over the oi with a constant velacity of 0.2 m /s. Assume the oil 
thickness is 0.1 mm, and the velocity profile across this thickness is (a) 
linear. The bottom of the plate has a contact area of 0.75 m? with 

the oil. 





SOLUTION 


Fluid Description. The oil is a Newtonian fluid, and so Newton's 
law of viscosity can be applied. 


Analysis. First we draw the free-body diagram of the plate in order 
to relate the shear force F caused by the oil on the bottom of the plate 
to the applied force P, Fig. 1-195. Because the plate moves with 100(9.81) N 
constant velocity, the force equation of equilibrium in the horizontal 
direction applies. 





EF, -0; F — Pcos 30° = 0 
F = 0.8660P 
The effect of this force on the oil is in the opposite direction, and so (b) 


the shear stress on the top of the oil acts to the left. It is 


0.8660P 

= = (1.155P) m? 
0.75 m 
Since the velocity profile is assumed to be linear, Fig. 1-19c, the 
velocity gradient is constant, du /dy — U/t, and so 





F 
T = = 
A 





a ir man 
T P dy =H f 
ti »\| 0.2 m/s 
(1.155P) m? = (0.0652 N-s/m ert 
= 113N Ans. (c) 
Fig. 1-19 


Notice that the constant velocity gradient will produce a constant 
shear-stress distribution across the thickness of the oil, which is 
Tt =p (U/t) = 130 Pa, Fig. 1-19c. 
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The vapor pressure p, will form within the top 
space of the closed tank that was 
originally a vacuum 


Fig. 1-20 


1.9 Vapor Pressure 


Consider a liquid contained in a closed tank, as in Fig. 1-20. Because the 
temperature of the liquid will cause continuous thermal agitation of the 
liquid's molecules, some of these molecules near the surface will acquire 
enough kinetic energy to break their molecular bonds with adjacent 
molecules, and will move upward or evaporate into the empty space of 
the tank. When a state of equilibrium is reached, the number of molecules 
that evaporate from the liquid will equal the number of molecules that 
condense back to it. The empty space is then said to be saturated. By 
bouncing off the walls of the tank and the liquid surface, the evaporated 
molecules create a pressure within the tank. This pressure is called the 
vapor pressure, p,. ^ny increase in liquid temperature will increase the 
rate of evaporation, and also the kinetic energy of the liquid's molecules, 
so higher temperatures will cause higher vapor pressures. 

The liquid will begin to boil when the absolute pressure at its surface 
is at or lower than its vapor pressure. For example, if water at sea level 
is brought to a temperature of 100°C (212°F), then at this temperature 
its vapor pressure will equal the atmospheric pressure, which is 
101.3 kPa (14.7 Ib/in?), and so the water will boil. In a similar manner, 
if the atmospheric pressure at the water surface is reduced, such as at 
the top of a mountain, then boiling occurs at this lower pressure, when 
the temperature is less than 1 00°C. Specific values of the vapor pres sure 
for water at various temperatures are given in Appendix A. Notice that 
as the temperature increases, so does the vapor pressure due to the 
increase in the thermal agitation of its molecules. 


Cavitation. When engineers design pumps, turbines, or piping 
systems, it is important that they do not allow the liquid at any point 
within the flow to be subjected to a pressure equal to or less than its 
vapor pressure. If this occurs as stated above, rapid evaporation or 
boiling will occur within the liquid. The resulting bubbles will migrate to 
regions of higher pressure, and then suddenly collapse, creating a 
phenomenon known as cavitation. The repeated pounding caused by 
this effect against the surface of a propeller blade or pump casing can 
eventually wear down its surface, and so it is important to avoid its 
occurrence. Later, in Chapter 14, we will study the significance of 
cavitation in greater detail. 
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1.10 Surface Tension and Capillarity 


A liquid maintains its form because its molecules are attracted to one 
another by cohesion. It is this force that enables liquids to resist tensile 
stress and thereby creates surface tension in the liquid. On the other hand, 
if liquid molecules are attracted to those of a different substance, the force 
of attraction is known as adhesion, and this force, along with that of 
cohesion, gives rise to capillarity. 


Surface Tension. The phenomenon of surface tension can be 
explained by visualizing the cohesive forces acting on two molecules (or 
particles) in a liquid, shown in Fig. 1-21a. The molecule located deep 
within the liquid has the same cohesive forces acting on it by all the 
surrounding molecules. Consequently, there is no resultant force acting 
on it. However, the molecule located on the surface of the liquid has 
cohesive forces that come only from molecules that are next to it on the 
surface and from those below it. This will produce a net resultant 
downward force, and the effect of all such forces will produce a contraction 
of the surface. In other words, the resultant cohesive force attempts to 
pull downward on the surface. 

To separate the molecules at the surface requires a tensile force. 
We call this tensile force per unit length in any direction along the 
surface the surface tension, c (sigma), Fig. 1-215. It has units of N /m or 
lb/ft, and for any liquid, its value depends primarily upon the 
temperature. The higher the temperature, the more thermal agitation 
occurs, and so the surface tension becomes smaller. For example, water 
at 10°C has o = 74.2 mN/m, whereas at the higher temperature of 50°C, 
a =67.9 mN/m. Values of c, such as these, are sensitive to impurities, so 
care should be taken when using published values. 

Because cohesion resists any increase in the surface area of a liquid, it 
actually tries to minimize the size of the surface. Separating the molecules 
and thus breaking the surface tension requires work, and the energy 
produced by this work is called free-surface energy. For example, suppose 
a small element of the surface is subjected to the surface tension force 
F=o Ay along one of its sides, as shown in Fig. 1-21c. If the surface 
stretches 9x, then the increase in the area is à y öx. The force F does work 
of F àx, and so the work done per area increase is therefore 


Fóx | gAyóx | 
Ay ôx o Ay ôx 7 


In other words, the surface tension can also be thought of as the 
amount of free-surface energy required to increase a unit surface area of 
a liquid. 


Resultant force 
is vertically downward 





Resultant force 
is zero 





Surface tension is the force per unit length 
needed to separate the molecules on the surface 


(b) 





(c) 


Fig. 1-21 
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Fig. 1-22 





Mercury is a nonwetting liquid as noted by 
the way its edge curls inward. 





Like rain drops, the water ejected from this 
fountain forms spherical droplets due to the 
cohesive force of surface tension. 


Liquid Drops. Cohesion is responsible for the formation of liquid 
droplets that naturally form when a liquid is sprayed into the atmosphere. 
The cohesion minimizes the shape of any water droplet, and so it forms a 
sphere. We can determine the pressure that cohesion causes within a 
droplet provided we know the surface tension ø for the liquid. To do this, 
consider the free-body diagram of half the drop, Fig. 1-22. If we neglect 
gravity and the effects of atmospheric drag as the drop falls, then the 
only forces acting ar e those due to atmospheric pressure, p,, on its outside 
surface; surface tension, e, around the surface of the drop where it is 
sectioned; and the internal pressure, p, on the sectioned area. As will be 
explained in the next chapter, the resultant horizontal forces due to p, 
and p are determined by multiplying each pressure by the projected area 
of the drop, that is, 7 &?, and the resultant force of the surface tension is 
determined by multiplying o by the circumferential distance around the 
drop, 277R. For horizontal equilibrium, we therefore have 


>F, = 0; pÍ TR?) = Pal TR?) — o(2TR) = 0 


2o 


P R Pa 


Here the internal pressure is composed of two parts, one due to surface 
tension and the other due to atmospheric pressure. For example, mercury 
at a temperature of 20°C has a surface tension of o = 486 mN/m. If the 
mercury forms into a 2-mm-diameter drop, its surface tension will create 
an internal pressure of p, = 2(0.486 N/m) /(0.001 m) — 972 Pa within the 
drop, in addition to the pressure caused by the atmosphere. 


Capillarity. The capillarity of a liquid depends upon the comparison 
between the forces of adhesion and cohesion. If the force of a liquid's 
adhesion to the molecules of the surface of its container is greater than the 
force of cohesion between the liqui d's molecules, then the liquid is referred 
to as a wetting liquid. In this case, the meniscus or surface of the liquid, 
such as water in a narrow glass container, will be concave, Fig. 1-23. If the 
adhesive force is less than the cohesive force, as in the case of mercury, 
then the liquid is called a nonwetting liquid. The meniscus forms a convex 
surface, Fig. 1-235. 
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Wetting liquids will rise up along a narrow tube, Fig. 1-242, and we can 
determine this height A by considering a free-body diagram of the 
portion of the liquid suspended in the tube, Fig. 1-245. Here the free 
surface or meniscus makes a contact angle 0 between the sides of the 
tube and the liquid surface. This angle defines the direction of the force 
of adhesion, which is the effect of the surface tension o of the liquid as it 
holds the liquid surface up against the wall of the tube. The resultant of 
this force, which acts around the inner circumference of the tube, is 
therefore e (27r) cos 8. The other force is the weight of the suspended 
liquid, W — pgT', where Y = wh. For vertical equilibrium, we require 





Wetting Liquid Nonwetting | iquid 
(a) (b) 
Fig. 1-23 


2r 
8 
h 


(a) 


-TXF, = 0); o(27r) cos @ — pe (rh) — 0 
. 2d cos 0 
psr 


h 


Experiments have shown that the contact angle between water and glass 
is 0 = 0°, and so for water the meniscus surface, shown in Fig. 1—24a, 
actually becomes somewhat hemispherical. By carefully measuring A, the 
above equation can then be used with 9 — 0" to determine the surface 
tension c for water at various temperatures. 

In the next chapter we will show how to determine pressure by 
measuring the height of a liquid in a glass tube. When it is used for this 
purpose, however, errors due to the additional height caused by 
capillarity within the tube can occur. To minimize this effect, notice that 
h in the above result is inversely proportional to the density of the 
liquid and the radius of the tube. The smaller they are, the higher h 
becomes, For example, for a 3-mm-diameter tube containing water at 
20°C, where o = 72.7 mN / m and p — 998.3 kg /m?, we have 





2(0.0727 N / m) cos 0° 


h = ĀM = 9.90 mm i 2 or 


(998.3 kg /m?)(9.81 m/s?)(0.0015 m) <A ft. FO 


This is somewhat significant, and so for experimental work it is generally IZ 


preferable to use tubes having a diameter of 10 mm or greater, since at : 
10 mm, / ^ 3 mm, and the effect of capillarity is minimized. h E 

Throughout our study of fluid mechanics, we will find that, for the 
most part, the forces of cohesion and adhesion will be small compared 
to the effects of gravity, pressure, and viscosity. Surface tension generally 
becomes important, however, when we want to study phenomena (b) 
related to bubble formation and growth, examine movement of liquids 
through porous media such as soil, or consider the effects of liquid films 
on surfaces. 






Fig. 1-24 
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Important Points 


A liquid will begin to boil at a spe cific temperature when the pressure within it, or at its surface, is equal to 
its vapor pressure at that temperature. 


Consideration must be given to the possibility of cavitation when designing mechanical or structural 
elements operating within a fluid environment. This phenomenon is caused when the pressure within the 
fluid is equal to or less than the vapor pressure, causing boiling, migration of the resulting bubbles to a 
region of higher pressure, and then their sudden collapse. 


Surface tension, c, in a liquid is caused by molecular cohesion. It is measured as a force per unit length 
acting on the liquid's surface. It becomes smaller as the temperature rises. 


Capillarity of a wetting liquid, such as water in a narrow glass tube, creates a concave surface since the 
force of adhesion to the walls of the tube will be greater than the force caused by the cohesion of the 
liquid. For a nonwetting liquid, such as mercury, the surface is convex since the force of cohesion will 
be greater than that of adhesion. 
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| | PROBLEMS 


Sec. 1.1-1.6 1-7. If air within the tank is at an absolute pressure of 680 kPa 


1-1. Represent each of the following quantities with 
combinations of units in the correct SI form, using an 
appropriate prefix: (a) GN* um, (b) kg/um, (c) N/ks’, 
(d) kN / ys. 


1-2. Evaluate each of the following to three significant 
figures, and express each answer in SI units using an 
appropriate prefix (a) (425 mN), (b) (67300 msy, 
(c) [723(105) ]? mm. 


1-3. Evaluate each of the following to three significant 
figures, and express each answer in SI units using an 
appropriate prefix: (a) 749 um/63 ms, 

(b) (34 mm) (0.0763 Ms) /263 mg, (c) (4.78 mm)( 263 Mg). 


*1-4. Convert the following temperatures: (a) 20°C to 
degrees Fahrenheit, (b) 500 K to degrees Celsius, (c) 125°F 
to degrees Rankine, (d) 215°F to degrees Celsius. 


1-5. Mercury has a specific weight of 133 kN / m* when the 
temperature is 20°C. Determine its density and specific 
gravity at this temperature. 


1-6. The fuel for a jet engine has a density of 1.32slug/ft’. 
If the total volume of fuel tanks A is 50 ft, determine the 
weight of the fuel when the tanks are completely full. 





Prob. 1-6 


and a temperature of 70°C, determine the weight of the air 
inside the tank. The tank has an interior volume of 1.35 m*. 





Prob. 1-7 


*1-8. The bottle tank has a volume of 0.12 m? and contains 
oxygen at an absolute pressure of 12 MPa and a temperature 
of 30°C. Determine the mass of oxygen in the tank. 


1-9. The bottle tank has a volume of 0.12 m? and contains 
oxygen at an absolute pressure of 8 MPa and temperature 
of 20°C. Plot the variation of the pressure in the tank 
(vertical axis) versus the temperature for 20°C = T=80°C. 
Report values in increments of AT = 10°C. 





Probs. 1-8/9 





34 CHAPTER 1 FUNDAMENTAL CONCEPTS 


1-10. Determine the specific weight of carbon dioxide 
when the temperature is 100°C and the absolute pressure 
is 400 kPa. 


1-11. Determine the specific weight of air when the 
temperature is 100°F and the absolute pressure is 80 psi. 


*1-12. Dry air at 25°C has a density of 1.23 kg/m’. But if 
it has 100% humidity at the same pressure, its density is 
0.65% less. At what temperature would dry air produce 
this same smaller density? 


1-13. The tanker carries 1.5(10*) barrels of crude oil in its 
hold. Determine the weight of the oil if its specific gravity 
is 0.940. Each barrel contains 42 gallons, and there are 
7.48 gal / ft". 





Prob. 1-13 


1-14. Water in the swimming pool has a measured depth 
of 3.03 m when the temperature is 5°C. Determine its 
approximate depth when the temperature becomes 35°C. 
Neglect losses due to evaporation. 





Prob, 1-14 


1-15. The tank contains air at a temperature of 15°C and 
an absolute pressure of 210 kPa. If the volume of the tank 
is 5 m? and the temperature rises to 30°C, determine the 
mass of air that must be removed from the tank to maintain 
the same pressure. 


*1-16. The tank contàns 2 kg of air at an absolute 
pressure of 400 kPa and a temperature of 2(FC. If 0.6 kg of 
air is added to the tank and the temperature rises to 32°C, 
determine the pressure in the tank. 


1-17. The tank initially contains carbon dioxide at an 
absolute pressure of 200 kPa and a temperature of 50°C. As 
more carbon dioxide is added, the pressure increases at 
25 kPa/ min. Plot the variation of the pressure in the tank 
(vertical axis) versus the temperature for the first 10 minutes. 
Report the values in increments of two minutes. 





Probs. 1-15/16/17 


1-18. Kerosene has a specific weight of y, — 50.5 Ib/ft 
and benzene has a specific weight of y, = 56.2 lb/ft’. 
Determine the amount of kerosene that should be mixed 
with 8 lb of benzene so that the combined mixture has a 
specific weight of y = 52.0 lb/ft’. 
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1-19. The 8-m-diameter spherical balloon is filled with 1-21. The tank is fabncated from deel that 5 20 mm 

helium that is at a temperature of 28°C and an absolute thick. If it contains carbon dioxide at an absolute pressure Fa 
pressure of 106 kPa. Determine the weight of the helium of 1.35 MPa and a temperature of 20°C, determine the total 
contained in the balloon. The volume of a sphere is¥ = irr. weight of the tank. The density of steel is 7.85 Mg/m*, and 


the inner diameter of the tank is 3 m. Hint: The volume of 
asphere is'* — ir. 





1-22. What is the increase in the density of helium when 

Prob. 1-19 the absolute pressure changes from 230 kPa to 450 kPa, 
while the temperature remains constant at 20°C? This is 
called an isothermal process. 


1-23. The container is filled with water at a temperature 


*1-20. Kerosene is mixed with 10 ft? of ethyl alcohol so that of 25°C and a depth of 2.5 m. If the container has a mass of 
the volume of the mixture in the tank becomes 14 ft’. Determine 30 kg, determine the combined weight of the container and 
the specific weight and the specific gravity of the mixture. the water. 


= 





1 


25m 





ob 
"I - 
oP 
T: 
E 
T- 
9$ 
T- 


Prob. 1-20 Prob. 1-23 
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*1-24. The rain cloud has an approximate volume of 
6.50 mile? and an average height, top to bottom, of 350 ft. If 
a cylindncal container 6 ft in. diameter collects 2 in. of 
water after the rain falls out of the cloud, estimate the total 
weight of rain that fell from the cloud. 1 mile — 5280 ft. 





Prob. 1-24 


1-25. If 4 m? of helium at 100 kPa of absolute pressure 
and 20°C is subjected to an absolute pressure of 600 kPa 
while the temperature remains constant, determine the new 
density and volume of the helium. 


1-26. Water at 20°C is subjected to a pressure increase 
of 44 MPa. Determine the percent increase in its density. 
Take Ey = 2.20GPa., 


1-27. A solid has a specific weight of 280 Ib/ft?. When a 
change in pressure of 800 psi is applied, the specific weight 
increases to 295 Ib/ft?. Determine the approximate bulk 
modulus. 


*1-28. Ifthe bulk modulus for water at 70°F is 319 kip /in?, 
determine the change in pressure required to reduce its 
volume by 0.3%. 


1-29. Sea water has a density of 1030 kg/m? at its surface, 
where the absolute pressure is 101 kPa. Determine its 
density at a depth of 7 km, where the absolute pressure is 
70.4 MPa. The bulk modulus is 2.33 GPa. 


1-309. The specific weight of sea water at its surface is 
63.6 Ib/ ft^, where the absolute pressure is 14.7 Ib/in?. If at a 
point deep under the water the specific weight is 66.2 Ib/ft^, 
determine the absolute pressure in Ib /in? at this point. Take 
Ey = 487 (105) Ib / fc. 


1-34. A 2-kg mass of oxygen is held at a constant 
temperature of 50° and an absolute pressure of 220 kPa. 
Determine its bulk modulus. 


Sec. 1.7-1.8 


*1-32. Ata particular temperature the viscosity of an oil 
is a = 0,354 N* s/m?. Determine its kinematic viscosity. 
The specific gravity is $, = 0.868. Express the answer in SI 
and FPS units. 


1-33. The kinematic viscosity of kerosene is 
v = 2.39(10 5) m?/s. Determine its viscosity in FPS units. 
At the temperature considered, kerosene has a specific 
gravity of S, — 0.810. 


1-34. An experimental test using human blood at T= 30°C 
indicates that it exerts a shear stress of 7 = 0.15 N/m? 
on surface A, where the measured velocity gradient at 
the surface is 16.8 s'. Since blood is a non-Newtonian fluid, 
determine its apparent viscosity at the surface. 





Prob. 1-34 


1-35. Two measurements of shear stress on a surface 
and the rate of change in shear strain at the surface for 
a fluid have been determined by experiment to be 
7, = 0.14 N/m’, (du/dy); = 13.638"! and +, = 0.48 N/m’, 
(du/dy) = 153s. Classify the fluid as Newtonian or 
non-Newtonian. 


*1-36. When the force of 3 mN is applied to the plate, 
the line AB in the liquid remains straight and has an 
angular rate of rotation of 0.2 rad /s. If the surface area of 
the plate in contact with the liquid is 0.6 m?, determine the 
approximate viscosity of the liquid. 





Prob. 1-36 


1-37. When the force P is applied to the plate, the velocity 
profile for a Newtonian fluid that is confined under the 
plate is approximated by u = (12y'/*) mm/s, where y is 
in mm. Determine the shear stress within the fluid at 
y =8 mm. Take p = 0.5(10 7) N«s/m’. 


1-38. When the force P is applied to the plate, the velocity 
profile for a Newtonian fluid that is confined under the 
plate is approximated by u — (12y'*) mm/s, where y is 
in mm. Determine the minimum shear stress within the 
fluid. Take y — 0.5(10 ) N* s/m?. 





Probs. 1-37/38 


1-39. The velocity profile for a thin film of a Newtonian 
fluid that is confined between the plate and a fixed surface 
is defined by u — (10y — 0.2557) mm/s, where y is in mm. 
Determine the shear stress that the fluid exerts on the plate 
and on the fixed surface. Take i. — 0.532 N* s/m". 


*1-40. The velocity profile for a thin film of a Newtonian 
fluid that is confined between the plate and a fixed surface is 
defined by u = (10y — 0.25?) mm/s, where y is in mm. 
Determine the force P that must be applied to the plate to 
cause this motion. The plate has a surface area of 5000 mn? 
in contact with the fluid. Take y = 0.532 N- s/m°. 


36 mm /s P 





Probs. 1-39/40 


PROBLEMS 37 


1-41. The velocity profile of a Newtonian fluid flowing a 


over a fixed surface is approximated by u = U sin (= we; 
1 


Determine the shear stress in the fluid at y —/1 and at 
y — h/2. The viscosity of the fluid is u. 





U 





Prob. 1-41 


1-42. If a force of P — 2 N causes the 30-mm-diameter 
shaft to slide along the lubricated bearing with a constant 
speed of 0.5 m/s, determine the viscosity of the lubricant 
and the constant speed of the shaft when P — 8 N. Assume 
the lubricant is a Newtonian fluid and the velocity profile 
between the shaft and the bearing is line ar. The gap between 
the bearing and the shaft is 1 mm. 





Prob. 1-42 


1-43. The 0.15-m-wide plate passes between two layers, 
A and B, of oil that has a viscosity of u — 0.04 N* s/m?. 
Determine the force P required to move the plate at a 
constant speed of 6 mm/s. Neglect any friction at the end 
supports, and assume the velocity profile through each layer 
is linear. 





4 mm 
0.20 m 


Prob. 1—43 
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*1-44. The 0.15-m-wide plate passes between two layers 
A and B of different oils, having viscosities of 
jt, = 0.03 N* s/m? and ug — 0.01 N*s/m?. Determine the 
force P required to move the plate at a constant speed of 
6mm/s. Neglect any friction at the end supports, and 
assume the velocity profile through each layer is linear. 


[SS m P 
Sr * 
| 


0.20 m 








Prob. 1-44 


1-45. The tank containing gasoline has a long crack on its 
side that has an average opening of 10 um. The velocity 
through the crack is approximated by the equation 
u = 10(10*) | 10(105)y — y? | m/s, where y is in meters, 
measured upward from the bottom of the crack. Find the 
shear stress at the bottom, at y — 0, and the location y 
within the crack where the shear stress in the gasoline is 
zero. Take x, = 0.317( 107) N-s/m?. 


1-46. The tank containing gasoline has a long crack on 
its side that has an average opening of 10 pm. If the 
velocity profile through the crack is approximated by the 
equation u — 10( 10°) | 10/ 10°*)y — y! | m/s, where y is in 
meters, plot both the velocity profile and the shear stress 
distribution for the gasoline as it flows through the crack. 
Take u, = 0.317( 10°) N -+ s/m°. 





Probs. 145/46 


1-47. Water at A has a temperature of 15°C and flows 
along the top surface of the plate C. The velocity profile is 
approximated as uw, — lOsin(2.5zy) m/s, where y is in 
meters. Below the plate the water at B has a temperature of 
60°C and a velocity profile of ug — 4(10*)(0.1y — y^), where 
yis in meters. Determine the resultant force per unit length 
of plate C the flow exerts on the plate due to viscous friction. 
The plate is 3 m wide. 





Prob. 1—47 


*1-48. Determine the constants B and C in Andrade's 
equation for water, if it has been experimentally determined 
that u = 1.00(10 7) N* s/m? at a temperature of 20*C and 
that  — 0.554(10 ?) N* s/m? at 50*C. 


1-49. The viscosity of water can be determined using 
the empirical Andrade's equation with the constants 

= 1.732(10 *) N-s/m^ and C — 1863K. With these 
constants, compare the results of using this equation with 
those tabulated in Appendix A for temperatures of T= 10°C 
and T= 80°C. 


1-50. Determine the constants B and C in the 
Sutherland equation for air if it has been experimentally 
determined that at standard atmospheric pressure and a 
temperature of 20°C, w = 18.3(10°) N+ s/m’, and at 50°C, 
p. — 19.6(10 5) N * s/m?. 


1-81. The constants B — 1.357(10 5) N * s/(m^* K"?) and 
C — 78.84 K have been used in the empirical Sutherland 
equation to determine the viscosity of air at standard 
atmospheric pressure. With these constants, compare the 
results of using this equation with those tabulated in 
Appendix A for temperatures of T — 10*C and T — 80*C. 


*1-52. The read—write head for a hand-held music player 
has a surface area of 0.04 mm*. The head is held 0.04 pm 
above the disk, which is rotating at a constant rate of 
1800 rpm. Determine the torque T that must be applied to 
the disk to overcome the frictional shear resistance of the 
air between the head and the disk. The surrounding air is 
at standard atmospheric pressure and a temperature of 
20*C. Assume the velocity profile is linear. 





Prob. 1-52 


1-53. Disks A and B rotate at a constant rate of 
wa = 50 rad/s and «wg = 20 rad/s, respectively, Determine 
the torque T required to sustain the motion of disk B. The gap, 
t = 0.1 mm, contains SAE l0 oil for which u. — 0.02 N* s/m/. 
Assume the velocity profile is linear. 


1-54. If disk A is stationary, wą = 0, and disk B rotates at 
wp, — 20rad/s, determine the torque T required to sustain 
the motion. Plot your results of torque (vertical axis) versus 
the gap thickness for 0 = tS 0.1mm. The gap contains 
SAE 10 oil for which i. — 0.02 N * s/m?. Assume the velocity 
profile is linear. 





wp ~ 20 rad/s 






Probs. 1-53/54 


PROBLEMS 39 


1-55. The tape ts 10 mm wide and is drawn through an 
applicator, which applies a liquid coating (Newtonian 
fluid) that has a viscosity of « = 0.830 N: s/m? to each 
side of the tape. If the gap between each side of the tape 
and the applicator’s surface is 0.8 mm, determine the 
torque T at the instant r = 150 mm that is needed to rotate 
the wheel at 0.5 rad/s. Assume the velocity profile within 
the liquid is linear. 





30mm 






0.5 rad /s 


2 


r = 1350 mm 


Prob. 1-55 


*1-56. The very thin tube A of mean radius r and length L 
is placed within the fixed circular cavity as shown. If the 


cavity has a small gap of thickness t on each side of the tube, 


and is filled with a Newtonian liquid having a viscosity u, 
determine the torque T required to overcome the fluid 
resistance and rotate the tube with a constant angular 
velocity of w. Assume the velocity profile within the liquid 
is linear. 





Prob. 1-56 
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1-57. The shaft rests on a 2-mm-thin film of oil having a 
viscosity of u = 0.0657 N * s/m^. If the shaft is rotating at a 
constant angular velocity of œw = 2 rad/s, determine the 
shear stress in the oil atr = 50 mm and r= 100 mm. Assume 
the velocity profile within the oil ts linear, 


1-58. The shaft rests on a 2-mm-thin film of oil having a 
viscosity of u = 0.0657 N * s/m. If the shaft is rotating at a 
constant angular velocity of w = 2 rad/s, determine the 
torque T that must be applied to the shaft to maintain the 
motion. Assume the velocity profile within the oil is linear. 


w = 2 rad/s 
T 
100 mm 


Probs. 1-57/58 


1-59. The conical bearing is placed in a lubricating 
Newtonian fluid having a viscosity u. Determine the torque 
T required to rotate the bearing with a constant angular 
velocity of w. Assume the velocity profile along the 
thickness ¢ of the fluid is linear. 


E 


Prob. 1-59 





Sec. 1.9-1.10 


*1-60. The city of Denver, Colorado, is at an elevation of 
1610 m above sea level. Determine how hot one can prepare 
boiling water to make a cup of tea. 


1-61. How hot can you make a cup of tea if you climb to 
the top of Mt. Everest (29,000 ft) and attempt to boil water? 


1-62. The blades of a turbine are rotating in water that has 
a temperature of 30°C. What is the lowest absolute water 
pressure that can be developed at the blades so that 
cavitation will not occur? 


1-63. As water at 40°C flows through the transition, its 
pressure will begin to decrease. Determine the lowest 
absolute pressure it can have without causing cavitation. 





Prob. 1-63 


*1-64. Water at 70°F is flowing through a garden hose. If 
the hose is bent, a hissing noise can be heard. Here cavitation 
has occurred in the hose because the velocity of the flow 
has increased at the bend, and the pressure has dropped. 
What would be the highest absolute pressure in the hose at 
this location in the hose? 





Prob. 1-64 


1-65. Water at 25°C is flowing through a garden hose. If 
the hose is bent, a hissing noise can be heard. Here cavitation 
has occurred in the hose because the velocity of the flow 
has increased at the bend, and the pressure has dropped. 
What would be the highest absolute pressure in the hose at 
this location in the hose? 





Prob. 1-65 


1-66. A stream of water has a diameter of 0.4 in. when it 
begins to fall out of the tube. Determine the difference in 
pressure between a point located just inside and a point just 
outside of the stream due to the effect of surface tension. 
Take ao = 0.005 lb/ft. 





Prob. 1—66 


PROBLEMS 41 


1-67. Steel particles are ejected from a grinder and fall gently 
into a tank of water. Determine the largest average diameter 
of a particle that will float on the water with a contact angle of 
= 180°, if the temperature is 80°F. Take y,, — 490 Ib/ft? 
and c = 0.00492 lb/ft. Assume that each particle has the 
shape of a sphere, where Y = frr’. 

*1-68. When a can of soda water is opened, small gas 
bubbles are produced within it. Determine the difference in 
pressure between the inside and outside of a bubble having 
a diameter of 0.02 in. The surrounding temperature is 60°F. 
Take e = 0.00503 lb/ft. 


1-69, Determine the distance /i that the column of mercury 
in the tube will be depressed when the tube is inserted into 
the mercury at a room temperature of 68°F. Set D = 0.12 in. 


1-70. Determine the distance / that the column of 
mercury in the tube will be depressed when the tube is 
inserted into the mercury at a room temperature of 68°F. 
Plot this relationship of A (vertical axis) versus D for 
0.05 in. = D = 0.150in. Give values for increments of 
AD = 0.025 in. Discuss this result. 


D 
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Probs, 1-69/70 


1-71. Water in the glass tube is at a temperature of 40°C. 
Plot the height /: of the water as a function of the tube’s inner 
diameter D for 0.5 mm = D = 3 mm. Use increments of 
0.5mm. Takeo = 69.6 mN/m. 








Prob. 1-71 
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*1-72. Many camera phones now use liquid lenses as a 
means of providing a quick auto-focus. These lenses work 
by electrically controlling the internal pressure within a 
liquid droplet, thereby affecting the angle of the meniscus 
of the droplet, and so creating a variable focal length. To 
analyze this effect, consider, for example, a segment of a 
spherical droplet that has a base diameter of 3 mm. The 
pressure in the droplet is 105 Pa and is controlled through a 
tiny hole at the center. If the tangent at the surface of the 
droplet is 30°, determine the surface tension at the surface 
that holds the droplet in place. 


pi 
Prob. 1-72 


1-73. The tube has an inner diameter d and is immersed in 
water at an angle 8 from the vertical. Determine the average 
length L to which water will rise along the tube due to capillary 
action. The surface tension of the water is c and its density is p. 


1-74. The tube has an inner diameter of d — 2 mm and is 
immersed in water. Determine the average length L to 
which the water will rise along the tube due to capillary 
action as a function of the angle of tilt, 8. Plot this 
relationship of L (vertical axis) versus @ for 10° = @ = 30°. 
Give values for increments of A@ = 5°. The surface tension 
of the water is @ = 754mN/m, and its density is 
p = 1000 kg/m’. 


Probs. 1-73/74 


1-75. The marine water strider, Halobates, has a mass of 
0.36 g. If it has six slender legs, determine the minimum contact 
length of all of its legs combined to support itself in water 
having a temperature of T = 20°C. Take a = 72.7mN/m, and 
assume the legs are thin cylinders that are water repellent. 





Prob. 1-75 


*1-76. The ring has a weight of 0.2 N and is suspended on 
the surface of the water, for which o = 73.6 mN/m. 
Determine the vertical force P needed to pull the ring free 
from the surface. Note: This method is often used to measure 
surface tension. 


1-77. The ring has a weight of 0.2 N and is suspended on 
the surface of the water. If it takes a force of P — 0.245 N to 
lift the ring free from the surface, determine the surface 
tension of the water. 


Probs. 1-76/77 


CONCEPTUAL PROBLEMS 43 


E CONCEPTUAL PROBLEMS 





P1-1. The air pressure for the bicycle tire is 32 psi. P1-3. Ifadrop of oil is placed on a water surface, then the 
Assuming the volume of air in the tire remains constant, oil will tend to spread out over the surface as shown. 
find the pressure difference that occurs between a typical Explain why this happens. 


summer and winter day. Discuss the forces that are 
responsible for supporting the tire and the bicycle when a 
rider is on the bicycle. 





P1-2. Water poured from this pitcher tends to cling to its P1-4. The shape of this municipal water tank has the 
bottom side. Explain why this happens and suggest what same shape as a drop of water resting on a nonabsorbent 
can be done to prevent it. surface, such as wax paper. Explain why engineers design 


the tank in this manner. 
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CHAPTER REVIEW 





Matter can be classified as a solid, 
which maintains its shape; a liquid, 
which takes the shape of its 
container; or a gas, which fills its 
entire container. 


FPS units measure length in feet, 
time in seconds, mass in slugs, force 
in pounds, and temperature in 
degrees Fahrenheit or in degrees 
Rankine. 


SI units measure length in meters, 
time in seconds, mass in kilograms, 
force in newtons, and temperature 
in degrees Celsius or in kelvins. 


Density is à measure of mass per 
unit volume. 


Specific weight is a measure of 
weight per unit volume. 


Specific gravity is the ratio of either a 
liquid’s density or its specific weight to 
that of water, where p,, = 1000 kg/m‘ 
and y,, = 62.4 Ib/ ft". 


The ideal gas law relates the absolute 
pressure of the gas to its density and 
absolute temperature. 


The bulk modulus is a measure of a 
fluid’s resistance to compression. 


Crude oil 
Mercury 
{Ho Water 


The viscosity of a fluid is a measure Gasoline 
of its resistance to shear. The higher 
the viscosity, the higher the resistance. 





For Newtonian fluids, the shear stress in a 
fluid is directly proportional to the time rate 
of change in its shear strain, which is defined 
by the velocity gradien t,du/dy. The constant 
of proportionality, w, is called the dynamic 
viscosity or simply the viscosity. 


The kinematic viscosity is a ratio of the 
fluid’s viscosity to its density. 


The viscosity is measured indirectly by 
using a rotational viscometer, an Ostwald 
viscometer, or other device. 


A liquid will boil if the pressure above 
or within it is equal to or below its vapor 
pressure. This can lead to cavitation, 
which produces bubbles that can migrate 
to regions of higher pressure and then 
collapse. 


Surface tension on a liquid surface develops 
because of the cohesive (attractive) forces 
between its molecules. It is measured as a 
force per unit length. 


The capillarity of a liquid depends on the 
comparative forces of adhesion and 
cohesion. Wetting liquids have a greater 
force of adhesion to their contacting 
surface than the liquid's cohesive force. 
The opposite effect occurs for nonwetting 
liquids, where the cohesive force is greater 
than the adhesive force. 


CHAPTER REVIEW 
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These heavily reinforced gates have been designed to resist the hydrostatic 
loadings within a canal. Along with another set, they form a “lock,” 
controlling the level of water within the confined region, thus allowing ships 
to pass from one elevation to another. 





Fluid Statics 





2.1 Pressure 


In general, fluids can exert both normal and shear forces on their surfaces 
of contact. However, if the fluid is at rest relative to the surface, then the 
viscosity of the fluid will have no shearing effect on the surface. Instead, 
the only force the fluid exerts is a normal force, and the effect of this force 
is called pressure. From a physical point of view, the pressure of a fluid on 
the surface is the result of the impulses exerted by vibrating fluid 
molecules as they contact and bounce off the surface. 


Pressure is defined as the force acting normal to an area divided by this 
area. If we assume the fluid to be a continuum, then at a point within the 
fluid the area can approach zero, Fig. 2—la, and so the pressure becomes 


P ADO AA dA ay 


If the surface has a finite area and the pressure is uniformly distributed 
over this area, Fig. 2-15, then the average pressure is 


F —— 
Pavg — F (2-2) 


Pressure can have units of pascals Pa (N /'m/?), psf (Ib/ft*), or psi (Ib/in?). 





(a) 





Average pressure 
(b) 


Fig. 2-1 
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Fluid Statics 





2.1 Pressure 


In general, fluids can exert both normal and shear forces on their surfaces 
of contact. However, if the fluid is at rest relative to the surface, then the 
viscosity of the fluid will have no shearing effect on the surface. Instead, 
the only force the fluid exerts is a normal force, and the effect of this force 
is called pressure. From a physical point of view, the pressure of a fluid on 
the surface is the result of the impulses exerted by vibrating fluid 
molecules as they contact and bounce off the surface. 


Pressure is defined as the force acting normal to an area divided by this 
area. If we assume the fluid to be a continuum, then at a point within the 
fluid the area can approach zero, Fig. 2-1a, and so the pressure becomes 


AF dF 


P= Bo aA dA ud 


If the surface has a finite area and the pressure is uniformly distributed 
over this area, Fig. 2-15, then the average pressure is 


F / | 
Pweg — A (2-2) 


Pressure can have units of pascals Pa (N /m^), psf (Ib/ ft^), or psi (Ib/in?). 


AF 





(a) 





Average pressure 
(b) 


Fig. 2-1 
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— Assin fj a" 
Ax 
Ay = As cos B 
(a) 
yG Ax Ay Az) 
) p (Ax As) 
py (Ax Az) 





p, (Ax Ay) 


Free-body diagram 
(b) 


Fig. 2-2 


Pascal's Law. In the 17th century the French mathematician Blaise 
Pascal was able to show that the intensity of the pressure acting at a point 
in a fluid is the same in all directions. This statement is commonly known 
as Pascal's law, even though Giovanni Benedotti and Simon Stevin had 
deduced it previously in the late 16th century. 

Pascal's law seems intuitive, since if the pressure at the point was larger 
in one direction than in the opposite direction, the inbalance would 
cause movement or agitation of the fluid, something that is not observed. 
We can formally prove Pascal's law by considering the equilibrium of a 
small triangular element located within a fluid, Fig. 22a. Provided the 
fluid is at rest (or moving with constant velocity), the only forces acting 
on its free-body diagram are due to pressure and gravity, Fig. 2-25. The 
force of gravity is the result of the specific weight y of the fluid multiplied 
by the volume of the element. In accordance with Eq. 2-1, the force 
created by the pressure is determined by multiplying the pressure by the 
area of the element face upon which it acts. In the y-z plane there are 
three pressure forces. Assuming the inclined face has a length 4s, 
the dimensions of the other faces are Ay = Ascos@ and Az = Assin@, 
Fig. 2-2a. Therefore, applying the force equations of equilibrium in the 
y and z directions, we have 


XF,—0; — p,(Ax)(As sin @) — [p(AxAs)] sin@ = 0 
=F.= 0;  p.Ax)(As cos @) — [p(AxAs)] cos 0 


l 
— y ,Àx(As cos #)(As sin@) | = 0 


Dividing by À xÀ s and letting às — 0, so the element reduces in size, we 
obtain 


Py ~ P 
P: ~ P 


By a similar argument, the element can be rotated 90° about the z axis, 
and XF, — 0 can be applied to show p, = p. Since the angle @ of the 
inclined face is arbitrary, this indeed shows that the pressure at a point is 
the same in all directions for any fluid that has no relative motion between 
its adjacent layers.* 

Since the pressure at a point is transmitted throughout the fluid by 
action, equal but opposite force reaction, to each of its neighboring 
points, then it follows from Pascal's law that any pressure increase Ap at 
one point in the fluid will cause the same increase at all the other points 
within the fluid. This principle has widespread application for the design 
of hydraulic machinery, as noted in the following example. 


*It is also possible to show that Pascal's law applies even if the fluid is accelerating. See 
Prob, 2-1. 


EXAMPLE f2.1 


2.1 


PRESSURE 
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The mechanics of a pneumatic jack used in a service station is shown 
in Fig. 2-3. If the car and lift weigh 5000 Ib, determine the force that 
must be developed by the air compressor at B to raise the lift at a 
constant velocity. Air is in the line from B to A. The air line at B has an 
inner diameter of 1 in., and the post at A has a diameter of 12 in. 





Fig. 2-3 


SOLUTION 
Fluid Description. The weight of the air can be neglected. 
Analysis. Due to equilibrium, the force created by air pressure at A 
is equal and opposite to the weight of the car and lift. The average 
pressure at A is therefore 

i 5000 Ib 


Ay (6 in.) E 


PA — 


Since the weight of the air is neglected, the pressure at each point is 
the same in all directions (Pascal's law), and this same pressure is 
transmitted to B. Therefore, the force at B is 


rk —/ 
Ap T(0.5 in. 
F, = 34.7 1b ANS. 


This 34.7-lb force will lift the 5000-Ib load, even though the pressure 
at A and B is the same. 


Pr 44.21 Ib/in? = 


The principles on which this example is based also extend to many 
hydraulic systems, where the working fluid is oil. Typical applications 
include jacks, construction equipment, presses, and elevators. The 
pressures in these systems often range from 8 MPa (1.16 ksi) when 
used with small vehicles, all the way to 60 MPa (8.70 ksi) for hydraulic 
jacks. Any compressor or pump used for these applications has to be 
designed so that its washers and seals maintain these high pressures 
over an extended period of time. 
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2.2 Absolute and Gage Pressure 


If a fluid such as air were removed from its container, a vacuum would 
exist and the pressure within the container would be zero. This is 
commonly referred to as zero absolute pressure. Any pressure that is 
measured above this value is referred to as the absolute pressure, p... For 
example, standard atmospheric pressure is the absolute pressure that is 
measured at sea level and at a temperature of 15°C (59°F). Its value is 


Pam = 101.3 kPa (14.70 psi) 


Any pressure measured above or below the atmospheric pressure is 
called the gage pressure, p,, because gages are often used to measure 
pressure relative to the atmospheric pressure. The absolute pressure and 
the gage pressure are therefore related by 


Realize that the gage pressure can either be positive or negative, Fig. 2-4. 
For example, if the absolute pressure is p,,, = 301.3 kPa, then the gage 
pressure becomes p, = 301.3 kPa — 101.3 kPa = 200 kPa. Likewise, if the 
absolute pressure Is p,,, = 51.3 kPa, then the gage pressure is 
Pe = 51.3 kPa — 101.3 kPa = —50 kPa, a negative value producing a 
suction, since it is below atmospheric pressure. 

In this text we will always measure the gage pressure relative to 
standard atmospheric pressure; however, for greater accuracy the local 
atmospheric pressure should be used, and from that the local gage 
pressure can be determined. Also, unless otherwise stated, all pressures 
reported in the text and in the problems will be considered as gage 
pressures. If absolute pressure is intended, it will be specifically stated or 
denoted as, for example, 5 Pa (a bs.) or 5 psia. 


T Pabs 7 Pam + Pe 


+p, 
Past (P, - 0) 
“Pp, 
Pats — Pam ~ Pe 
Pats = 0 


Pressure Scale 


Fig. 2-4 


2.2 ABSOLUTE AND GAGE PRESSURE 51 


EXAMPLE [2:2 





The air pressure within the bicycle tire is determined from a gage to be 
10 psi, Fig. 2-5. If the local atmospheric pressure is 12.6 psi, determine 
the absolute pressure in the tire. Report the answer in pascals. 








SOLUTION 


Fluid Description. The air remains static under constant pressure. 


Analysis. Before the tire was filled with air, the pressure within it was 
atmospheric, 12.6 psi. Therefore, after the tire is filled, the absolute 
pressure in the tire is 


Pabs = Patm T Ps 


Pas = 12.6 Ib/in? + 10 Ib/in? 


_ 22.6 1b ( 12 e | ft \ “= S) 
in? | ft / \0.3048 m 1 Ib 
= 155.82(10*) N/m? = 156 kPa Ans. 


Notice the importance of arranging the units and their conversion 
factors so that they cancel out. This practice should be followed 
whenever one is converting units. Another point to remember is that 
a newton is about the weight of an apple, and so when this weight is 
distributed over a square meter, a pascal is actually a very small 
pressure (Pa = N/m’). For this reason, for engineering work, 


pressures measured in pascals are almost always accompanied by 
a prefix. 
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(b) 


Fig. 2-6 


2.3 Static Pressure Variation 


In this section we will determine how the pressure varies within a static 
fluid due to the weight of the fluid. To do this, we will consider small, 
slender horizontal and vertical fluid elements having cross-sectional areas 
AA, and lengths of Ay and Az, respectively. The free-body diagrams, 
showing only the forces acting in the y and z directions on each element, 
are shown in Fig. 2—6. For the element extending in the z direction, the 
weight is included. It is the product of the fluid’s specific weight y and 
the volume of the element, AV = AA åz. 

The gradient or change in pressure from one side of each element to its 
opposite side is assumed to increase in the positive y and z directions, and 
is expressed as (dp /ay)4y and (ap /dz)4z, respectively.* If we apply the 
equation of force equilibrium to the horizontal element, Fig. 2—6a, 
we obtain 


à 
2F, = 0; p(AA) — (» + Pay Jaa = 0 
ap = 0 


This same result will also occur in the x direction, and since the change 
in pressure is zero, it indicates that the pressure remains constant in the 
horizontal plane. In other words, the pressure will only be a function of 
z, p = p(z), and so we can now express its change as a total derivative. 
From Fig. 2-6b, 


ap 
ZF., = 0; pA)» + Pa aa —y(AA Az) = 0 
dp = —ydz (2-4) 


The negative sign indicates that the pressure will decrease as one moves 
upwards in the fluid, positive z direction. 

The above two results apply to both incompressible and compressible 
fluids, and in the next two sections we will treat each of these types of 
fluids se parately. 


*This is the result of a Taylor series expansion about a point, for which we have omitted 





L/ 9 pY, , L/ ðP., 

the higher-order terms, 2a hy’ + ^ and 2 a2 Az” + --- , because they will 
v T 

drop out as Ay — 0 and Az — 0. Also, the partial derivative is used here because the 

pressure is assumed to be changing in every coordinate direction, i.e., the pressure is 

assumed to be different at each point, and so p — píx.y.z). 
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2.4 Pressure Variation for 
Incompressible Fluids 


If the fluid is assumed to be incompressible, as in the case of a liquid, then 
its specific weight y is constant since its volume does not change. 
Consequently, Eq. 2-4, dp = —-ydz, can be integrated vertically from a 
reference level z = zo, where p = pp, to a higher level z, where the pressure 


is p, Fig. 2-7a. Hence, 
P z 
f dp — —y f dz 
Po =o 


P = Po + Yo — z) 


For convenience, the reference level is usually established at the free 
surface of the liquid, zy — 0, and the coordinate z is directed positive 
downward, Fig. 2—7b. If this is the case, then the pressure at a distance A 
below the surface becomes 


p = po + yh (2-5) 


If the pressure at the surface is the atmospheric pressure, po = Patm, then 
the term yh represents the gage pressure in the liquid. Therefore, 


Incompressible fluid 


Like diving into a swimming pool, this result indicates that the weight of 
the water will cause the gage pressure to increase linearly as one descends 
deeper into the water. 


- 
~ 


Po (zo = 0) 








Water tanks are used in many municipalities 
in order to provide a constant pressure 
within the water distribution system. This is 
especially important when demand is high 
in the early morning and early evening. 





Pressure increases with depth 


p= yh 
(a) (b) 
Fig. 2-7 
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Water 





Pressure heads 


Fig. 2-8 


EXAMPLE [2:3 


Pressure Head. If we solve Eq. 2-6 for A, we obtain 


P | 

h--— 2-7 

s (2-7) 

Here / is referred to as the pressure head, since it indicates the height of 

a column of liquid that produces the (gage) pressure p. For example, 

if the gage pressure is 50 kPa, then the pressure heads for water 
(v = 981 kN/ m?) and mercury (Yue = 133 kN /m?) are 


p  50(10°) N/m? 
Yw  9.81(10°) N/m? 
p  50(10°) N/m? 


As shown in Fig. 2-8, there is a significant difference in these pressure 
heads since the densities (or specific weights) of these liquids are 
so different. 


The tank and drainpipe in Fig. 2-9 are filled with gasoline and glycerin 
to the depths shown. Determine the pressure on the drain plug at C. 
Report the answer as a pressure head in feet of water. Take 
Yea = 45.3 Ib/ft? and y, — 78.7 lb/ft. 


SOLUTION 
Fluid Description. Each ofthe liquids is assumed to be incompressible. 


Analysis. Notice that the gasoline will “float” on the glycerin since 
it has a lower specific weight. To obtain the pressure at C, we need to 
find the pressure at depth B caused by the gasoline, and then add to it 
the additional pressure from B to C caused by the glycerin. The gage 
pressure at C is therefore 


Po = Yalan + ¥gihpe 
= (45.3 lb/ft*)(2 ft) + (78.7 Ib/ft*)(3 ft) = 326.7 lb/ft? = 2.27 psi 


This result is independent of the shape or size of the tank; rather, it 
only depends on the depth of each liquid. In other words, in any 
horizontal plane, the pressure is constant. 

Since the specific weight of water is y,, = 62.4 lb/ft’, the pressure 
head, in feet of water at C, is 

pc 326.7 lb/ft 
Yw  62.41b/ft? 
In other words, the tank would have to be filled with water to this 


depth to create the same pressure at C caused by both the gasoline 
and glycerin. 


Ans. 
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2.5 Pressure Variation for 
Compressible Fluids 


When the fluid is compressible, as in the case of a gas, then its specific weight 
y will not be constant throughout the fluid. Therefore, to obtain the pressure, 
we must integrate Eq. 2-4, dp = —ydz. This requires that we express y as 
a function of p. Using the ideal gas law, Eq. 1-11, p — pRT,where y — pg. 
we have y — pg/RT. Then 





dp = —ydz = —== dz 
p Y RT 
or 
Fig. 2-10 
dp g 
— e ——— a 
p RT 


Remember that here p and T must represent the absolute pressure and 
absolute temperature. Integration can now be carried out, provided we can 
express T as a function of z. 


Constant Temperature. If the temperature throughout the gas — : (km) 
remains constant (isothermal) at T= To, then assuming the pressure ata — a, 
reference location z = Zp is p = po, Fig. 2-10, we have 47 






P. z 
dp = — £ dz "- Stratosphere 
Po P zü RT, 
20.1 
) 5 
n& = —È (z - zo) 11 
Po RTo 
Troposphere 
T (C) 
or 7565 744.5 7-25 15 
Approximate temperature distribution in the 
U.S. standard atmosphere 
a 
p= poe (ae (2-8) Fig. 2-11 


This equation is often used to calculate the pressure within the lowest 
region of the stratosphere. As shown on the graph of the U.S. standard 
atmosphere, Fig. 2-11, this region starts at an elevation of about 11.0 km 
and reaches an elevation of about 20.1 km. Here the temperature is 
practically constant, at -56.5°C (216.5 K). 
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EXAMPLE [2:4 








The natural gas in the storage tank is contained within a flexible 
membrane and held under constant pressure using a weighted top 
that is allowed to move up or down as the gas enters or leaves the 
tank, Fig. 2-12a. Determine the required weight of the top if the 
(gage) pressure at the outlet A is to be 600 kPa. The gas has a 
temperature of 20°C. 


[E 
| — Ó 


E d 
-- 
E 








(b) 


(a) 


Fig. 2-12 


SOLUTION 


Fluid Description. We will compare the results of considering the 
gas to be both incompressible and compressible. 


Analysis. Here the pressure at A is a gage pressure, and so there are 
two forces that act on the free-body diagram of the top, Fig. 2-125. 
They are the pressure pg of gas in the tank and the weight of the top 
W. We require 


+TXF, = 0; PpAgp — W = 0 
Ps[7(10m?] — W = 0 


W = [314.16 pg] N (1) 


2.5 PRESSURE VARIATION FOR COMPRESSIBLE FLUIDS 


Incompressible gas. If the gas is considered incompressible, the 
pressure at the outlet A can be related to the pressure at B using 
Eq. 2-5. From Appendix A for natural gas, p, — 0.665 kg/m, and 
since y, — p,g, we have 


Pa = Pp + yh 
600( 10?) N/m? — pg -- (0.665 kg/m?) (9.81 m/s?)(30 m) 


Pp = 599804 Pa 
Substituting into Eq. 1 yields 


W = [314.16(599804)| N = 188.4 MN Ans. 


Compressible gas. If the gas is assumed to be compressible then 
since its temperature is constant, Eq. 2-8 applies. From Appendix A, 
for natural gas, R = 518.3 J/(kg * K), and the absolute temperature is 
Ty = 20 + 273 = 293 K. Thus 


£ 
Pa = pe V8, eio 


981 
= 600(10° ye (rsrssassy 100-0 


— 598838 Pa 


From Eq. 1, 


W= [314.16(598 838) ] N = 188.1 MN Ans. 


By comparison, there is a difference of less than 0.2% between 
these two results. Furthermore, notice that the pressure difference 
between the top B and bottom A of the tank is actually very small. 
For incompressible gas, (600 kPa — 599.8 kPa) — 0.2 kPa, and for 
compressible gas, (600 kPa — 598.8 kPa) — 1.2 kPa. For this reason, 
it is generally satisfactory to neglect the change in pressure due to 
the weight of the gas, and consider the pressure within any gas to 
be essentially constant throughout its volume. If we do this, then 
Peg = pa ~ 600 kPa, and from Eq. 1, W — 188.5 MN. 


57 








58 


CHAPTER 2. FLUID STATICS 


2.6 Measurement of Static Pressure 


There are several ways in which engineers measure the absolute and gage 
pressures at points within a static fluid. Here we will discuss some of the 
more important ones. 


Barometer. Atmospheric pressure can be measured using a simple 
device called a barometer. It was invented in the mid-17th century by 
Evangelista Torricelli, using mercury as a preferred fluid, since it has a high 
density and a very small vapor pressure. In principle, the barometer consists 
of a closed-end glass tube that is first entirely filled with mercury. The tube 
is then submerged in a dish of mercury and then turned upside down, 
Fig. 2-13. Doing this causes a slight amount of the mercury to empty from 
the closed end, thereby creating a small volume of mercury vapor in this 
region. For moderate seasonal temperatures, however, the vapor pressure 
created is practically zero,so that at the mercury level, p 4 — 0.* 

As the atmospheric pressure, p,,,, pushes down on the surface of the 
mercury in the dish, it causes the pressure at points B and C to be the same, 
since they are at the same horizontal level. If the height A of the mercury 
column in the tube is measured, the atmospheric pressure can be 
determined by applying Eq. 2-5 between A and B. 


Pp = Pa + Yugh 
Pam = 0 + YHg h = Yu; ^t 


Normally the height / is stated in either millimeters or inches of 
mercury. For example, standard atmospheric pressure, 101.3 kPa, will 
cause the mercury column (Yne = 133290 N/m°* ) to rise h = 760 mm (or 
29.9 in.) in the tube. 





Simple barometer 


Fig. 2-13 


*To increase the accuracy, the vapor pressure of the mercury that exists within this space 
should be determined at the temperature recorded when the measurement is made. 
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Manometer. A manometer consists of a transparent tube that is 
used to determine the gage pressure in a liquid. The simplest type of 

manometer is called a piezometer. The tube is open at one end to the 
atmosphere, while the other end is inserted into a vessel, where the 

pressure of a liquid is to be measured, Fig. 2-14. Any pressure within 
the vessel will push the liquid up the tube. If the liquid has a specific 
weight y, and the pressure head h is measured, then the pressure at 
point A is p, = yh. Piezometers do not work well for measuring large 
gage pressures, since h would be large. Also, they are not effective at 
measuring high negative (suction) gage pressures, since air may leak 
into the vessel through the point of insertion. 

When negative gage pressures or moderately high pressures are to be 
found, a simple U-tube manometer, as shown in Fig. 2-15, can be used. 
Here one end of the tube is connected to the vessel containing a fluid of Piezometer 
specific weight y, and the other end is open to the atmosphere. To 

. , M: ws , Fig. 2-14 
measure relatively high pressures, a liquid with a high specific weight y’, 
like mercury, is placed in the U-tube. The pressure at point A in the vessel 
is the same as at point B in the tube, since both points are on the same 
level. The pressure at C is therefore pe = py ^ yligc. This is the same 
pressure as at D, again, because C and D are on the same level. Finally, 
since pe = pp = y'hpg, then 





y'hpe = Pa + yhgc 


or 





Simple manometer 


Pa = Y'hpe — Yhgc Fig. 2-15 


Note that if the fluid in the vessel is a gas, then its specific weight will be 
very small compared to that of the manometer liquid, so y ~ 0 and the 
above equation becomes py = y pr. 

To reduce errors when using a manometer, it is best to use a manometer 
fluid that has a low specific gravity, such as water, when the anticipated 
pressure is low. This way the fluid is pushed higher in the manometer so 
the reading of the pressure head is more sensitive to pressure differences. 
Also, as noted in Sec. 1.10, errors can be reduced in reading the meniscus, 
that is, the curved surface caused by capillary attraction, if the tube 
generally has a diameter of 10 mm (0.5 in.) or greater. Finally, for very 
sensitive work, a more exact specific weight of the fluid can be specified 
if its temperature is known. 
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Simple manometer 


Fig. 2-15 





Increasing the pressure by squeezing the 
bulb at A will cause the elevation difference 
BC to be the same in each tube, regardless 
of the shape of the tube. 


Manometer Rule. The previous result can also be determined in a 
more direct manner by using the manometer rule, something that works 
for all types of manometers. It can be stated as follows: 


Start at a point in the fluid where the pressure is to be determined, and 
proceed to add to it the pressures algebraically from one vertical fluid 
interface to the next, until you reach the liquid surface at the other end of 
the manometer. 


As with any fluid system, a pressure term will be positive if it is below a 
point since it will cause an increase, and it will be negative if it is above a 
point since it will cause a decrease. Thus, for the manometer in Fig. 2-15, 
we start with p, at point A, then add y/ge, and finally subtract y'/pp. This 
algebraic sum is equal to the pressure at E, which is zero; that is, 
Pa ^o yhgc — y'hpg —^ 0. Therefore, p4 — y'hpg — yhgc, as obtained 
previously. 

As another example, consider the manometer in Fig. 2-16. Starting at 
A, and realizing that the pressure at C is zero, we have 


pA — o yhag — y'hgc — 0 


so that 


Pa = Yhap o y'hgc 





Fig. 2-16 
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Differential Manometer. A differential manometer is used to 
determine the difference in pressure between two points in a closed fluid 
system. For example, the differential manometer in Fig. 2-17 measures 
the difference in static pressure between points A and D in the pipe 
assembly containing a liquid that is flowing through it. Following the 
path through the manometer from A to B to C to D, and summing the 
pressures as outlined by the manometer rule, we have 





Pa + yhDag — y hgc — yhcp — pp 


Ap = pp — p, — yhag — y hgc — yhcp 


Since lige = hag — hep, then 





Ap — —(y — y sc 


This result represents the difference in either the absolute or the gage Fig. 2-17 
pressures between points A and D. Notice that if y' is chosen close to y, 
then the difference (y — y’) will be rather small, and a large value of lige 
will occur, making it more accurate to detect Ap. 

Small differences in pressure can also be detected by using an inverted 
U-tube manometer as in Fig. 2-18. Here the manometer fluid has a 
smaller specific weight y' than that of the contained fluid y. An example 
would be oil versus water. Starting from point A and going to point D, 
we have 


pa — Yhag +t o y'hgc * yhDcp — pp 


Ap — pp — p, — —yhag * y'hgc * yhcp 





Since hgc = hap = hep, then 


Fig. 2-18 


Ap 


—(y~y hec 


If air is used as the lighter fluid, then it can be pumped into the top 
portion of the tube and the valve closed to make a suitable liquid level. 
In this case, y' ^ O0 and Ap = —yhpgc- 

Of course, none of the above results should be memorized. Rather, the 
principle of writing the pressures at the different levels in the manometer 
circuit should be understood. 

There have been many other modifications to the U-tube manometer 
that have improved its accuracy for measuring pressures or their 
differences. For example, one common modification is to make one of 
the tubes inclined, the principles of which are discussed in Example 2.7. 
Another is to use a micro-manometer as discussed in Prob. 2-55. 
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Bourdon gage 


Fig. 2-19 


Diaphragm 





Strain gage 


Pressure transducer 


Fig. 2-20 


Bourdon Gage. If the gage pressures are very high, then a 
manometer may not be effective, and so the measurement can be made 
using a Bourdon gage, Fig. 2-19. Essentially, this gage consists of a coiled 
metal tube that is connected at one end to the vessel where the pressure 
is to be measured. The other end of the tube is closed so that when the 
pressure in the vessel is increased, the tube begins to uncoil and respond 
elastically. Using the mechanical linkage attached to the end of the tube, 
the dial on the face of the gage gives a direct reading of the pressure, 
which can be calibrated in various units, such as kPa or psi. 


Pressure Transducers. An electromechanical device called a 
pressure transducer can be used to measure pressure as a digital 
readout. It has the advantage of producing a quick response to changes 
in pressure, and providing a continuous readout over time. Figure 2-20 
illustrates the way it works. When end A is connected to a pressure 
vessel, the fluid pressure will deform the thin diaphragm. The resulting 
strain in the diaphragm is then measured using the attached electrical 
strain gage. Essentially, the changing length of the thin wires composing 
the strain gage will change their resistance, producing a change in 
electric current. Since this change in current is directly proportional to 
the strain caused by the pressure, the current can be converted into a 
direct reading of the pressure. 

Pressure transducers can also be used to give a direct reading of 
absolute pressure, if the volume B behind the diaphragm is sealed so it is 
in a vacuum. If this volume is open to the atmosphere, then the gage 
pressure is recorded. Finally, if regions A and B are connected to two 
different fluid pressures, then a differential pressure can be recorded. 


Other Pressure Gages. Apart from the gages discussed above, 
there are several other methods for measuring pressure. One of the more 
accurate gages available is a fused quartz force-balance Bourdon tube. 
Within it, pressure causes elastic deformation of a coiled tube that is 
detected optically. The tube is then restored to an original position by a 
magnetic field that is measured and correlated to the pressure that 
caused the deformation. In a similar manner, piezoelectric gages, such as 
a quartz crystal, can change their electric potential when subjected to 
small pressure changes, and so the pressure can be correlated to this 
potential change and presented as a digital readout. The same type of 
gage can also be constructed using thin silicon wafers. Their deformation 
causes a measured change in capacitance or vibrational frequency that 
gives immediate response to sudden pressure changes. Further details on 
these gages and others like them, along with their specific applications, 
can be found in the literature or from Ref. [5]-[11]. 
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Important Points 


The pressure at a point in a fluid is the same in all directions, 
provided the fluid has no relative motion. This is Pascal's law. As 
a consequence, any increase in pressure Ap at one point in the 
fluid will cause the same increase in pressure Ap at some other 


point. 
Absolute pressure is the pressure above that of a vacuum. 


Standard atmospheric pressure, which is measured at sea level 
and a temperature of 15°C (59°F), is 101.3 kPa, or 14.7 psi. 


Gage pressure is measured as the pressure that is above (positive) 
or below (negative) atmospheric pressure. 





When the weight of a static fluid is considered, the pressure in the 
horizontal direction is constant, however, in the vertical direction, 
it increases with depth. 


If a fluid is essentially incompressible, as in the case of a liquid, 
then its specific weight is constant, and the pressure can be 
determined using p = yh. 


If a fluid is considered compressible, as in the case of a gas, then 
the variation of the fluid’s specific weight (or density) with 
pressure must be taken into account to obtain an accurate 
measurement of pressure. 


For small changes in elevation, the static gas pressure in a tank, 
vessel, manometer, pipe, and the like can be considered constant 
throughout its volume, since the specific weight of a gas is very 
small. 


The pressure p at a point can be represented by its pressure head, 
which is the height / of a column of fluid needed to produce the 
pressure, h = p/y. 


Atmospheric pressure can be measured using a barometer. 


Manometers can be used to measure small pressures in pipes or 
tanks, or differential pressures between points in two pipes. 
Pressures at any two points in the manometer can be related 
using the manometer rule. 


High pressures are generally measured using a Bourdon gage or 
pressure transducer. Besides these, many other types of pressure 
gages are available for specific applications. 
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EXAMPLE | 2.5 


EXAMPLE | 2.6 


PB 


The funnel in Fig. 2-21 is filled with oil and water to the levels 
shown, while portion CD of the tube contains mercury. 
Determine the distance A the mercury level is from the top of the 
oil surface for equilibrium. Take p, — 880 kg/m’, p,, = 1000 kg/m’, 
Pue = 13550 kg/m’, 


SOLUTION 


Fluid Description. The fluids are liquids, so we will consider them 
to be incompressible. 


Analysis. We can treat the system of fluids as a “manometer” and 
write an equation using the manometer rule from A to D, noting that 
the (gage) pressures at A and D are both zero. We have 


O + poghag  p,ghpgc — pugghcp — 0 
0 4 (880kg/m?)(9.81 m/s?)(0.3 m) - (1000 kg/m?)(9.81 m/s?)(0.4 m) 
— (13550 kg/m?)(9.81 m/s?)(0.3 m 4 04m — 4) — 0 


Thus, 
h = 0.651 m 


Determine the difference in pressure between the centerline points A 
and B in the two pipelines in Fig. 2-22 if the manometer liquid CD is 
in the position shown. The density of the liquid in AC and DB is 
p = 800 kg/m’, and in CD, pcp = 1100 kg/m’. 


SOLUTION 
Fluid Description. The liquids are assumed incompressible. 
Analysis. Starting at point B and moving through the manometer to 
point A, using the manometer rule, we have 
Pp — pghgp * pcpghpc * pghe, = Pa 
(800 kg /m*)(9.81 m/s?)(0.250 m) + (1100 kg/m?)(9.81 m/5?)(0.065 m) 
+ (800 kg/m?)(9.81 m/s?)(0.03 m) — p, 


Thus, 
Ap = pa — Pa = —1.03 kPa Ans. 





Since the result is negative, the pressure at A is less than that at B. 
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EXAMPLE [2:7 





The inclined-tube manometer shown in Fig. 2-23 is used to measure 
small pressure changes. Determine the difference in pressure between 
points A and E if the manometer liquid, mercury, is in the position 
shown. The pipe at A contains water, and the one at E contains natural 
gas. For mercury, yu, — 846 lb/ft’. 








SOLUTION 


Fluid Description. We will consider the fluids to be incompressible 
and neglect the specific weight of the natural gas. As a result, the 
pressure at E is essentially the same as that at D. 


Analysis. Applying the manometer rule between points A and D, 
we have 


DA * Ywhag T Yusisc — Yusltcp F PE 
8 2 14 
p, + (62.4 wo/e)($ i) + 846 wo/e(2 i) — (846 w/e) (1 sin 20°) = pg 


Pa — pe = 155 lb/ft? Ans. 


Notice that this device is sensitive to small pressure changes because 
of the inclination of the tube CD. Any slight pressure change will 
cause the distance A çp to be significantly al tered, since the elevation 
change Ahcp depends on the factor (sin 20°). In other words, 
Acp = Ahep/sin 20° = 2.92 Ahep. In practice, angles less than about 
5° are not practical. This is because at such small angles, the exact 
location of the meniscus is hard to detect, and the effect of surface 
tension will be magnified if there are any surface impurities within 
the tube. 
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Center of 
pressure 


Fr — yh A 
Fp acts through the center of pressure 


(b) 


Fig. 2-24 


2.7 Hydrostatic Force on a Plane 
Surface—Formula Method 


When designing gates, vessels, dams, or other bodies that are submerged 
in a liquid, it is important to be able to obtain the resultant force caused 
by the pressure loading of the liquid, and to specify the location of this 
force on the body. In this section we will show how this is done on a plane 
surface by using a derived formula. 

To generalize the development, we will consider the surface to be a flat 
plate of variable shape that is submerged in the liquid and oriented at an 
angle 0 with the horizontal, Fig. 2-24a. The origin of the x, y coordinate 
system is located at the surface of the liquid so that the positive y axis 
extends downward, along the plane of the plate. 


Resultant Force. The resultant force on the plate can be found by 
first considering the differential area dA that lies at a depth / from the 
liquid surface. Because the pressure at this depth is p = yh, the 
differential force acting on the area is 


dF = pdA = (yh) dA — y (y sin 0) dA 


The resultant force acting on the plate is equivalent to the sum of all these 
forces. Therefore, integrating over the entire area A, we have 


Fp = XF; Fe = | yy sinoas = ysino | yas = ysin (yA) 
A A 


The integral J ydA represents the “moment of the area” about the x axis. 
Here it has been replaced by yA, where y is the distance from the x axis 
to the centroid C, or geometric center of the area, Fig. 2-24b*. Since the 
depth of the centroid is h = y sin 6, we can write the above equation as 


This result indicates that the magnitude of the resultant force on the plate 
is the product of the pressure acting at the plate's centroid, y h, and the area 
A of the plate. This force has a direction that is perpendicular to the plate 
since the entire pressure distribution acts in this direction. 


*See Engineering Mechanics: Statics, 13th ed., R. C. Hibbeler, Pearson Education. 
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Location of the Resultant Force. The resultant force of the 
pressure distribution acts through a point on the plate called the center 
of pressure, P, shown in Fig. 2-245. The location of this point, (Xp. yp). is 
determined by a balance of moments that requires the moment of the 
entire pressure loading about the y axis and about the x axis, Fig. 2-24a, 
to be equal to the moment of the resultant force about each of these 
axes, Fig. 2-24b. 





The yp Coordinate. We require 


These lock gates have been designed to 


(Mg), ^ XM, ypFg — y dF resist the hydrostatic pressure of the water 
A in the canal. 


Since F4, — ysin 0 (yA) and dF — y (y sin 0) dA, then 


yp| y sin 0 (ŞA) | = f» | y(y sin 0) dA | 
JA 


Canceling y sin 0, we get 


A 


Here the integral represents the area moment of inertia I, for the area 
about the x axis.* Thus, 


| 4, 


Values for the area moment of inertia are normally referenced from an 
axis passing through the centroid of the area, referred to as 7,. Examples 
for some common shapes, along with the location of their centroids, are 
given on the inside back cover. With these values we can then use the 
parallel-axis theorem* to obtain J,, that is, 1, = 1, + Ay’, and write the 
above equation as 


(2-10) 





Notice that the term 7,/yA will always be positive, and so the distance vp 
to the center of pressure will always be below y, the distance to the The circular access door of this industrial 


centroid of the plate, Fig. 2-24b. tank is subject to the pressure of the fluid 
within the tank. The resultant force and its 


location can be determined using Eqs. 2-9 
and 2-10. 
*[bid. 
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The Xp Coordinate. The lateral position of the center of pressure, xp, 
can be determined by a balance of moments about the y axis, Figs. 2-24a 
and 2-24b. We require 


x (Mg), = EM, Xp FR = fx dF 
A 
Again, using Fp = y sin @( yA ) and dF = y (y sin @) dA, we have 


Xp[y sin 6(yA)] — f x [y(y sin @) dA] 
A 





Canceling y sin @ gives 


xpyA = f xy dA 
A 


This integral is referred to as the product of inertia I,, for the area.* Thus, 


Cen 

plate hs 
Xp = IT 

p X P vA 


If we apply the parallel-plane theorem,* I, = i. + A xy, where x and y 
locate the area’s centroid, then this result can also be expressed as 





Center of (2-11) 
pressure 
mks For most engineering applications, the submerged area will be symmetrical 
B. ica TUAE ud — about either an x or a y axis passing through its centroid. If this occurs, as 
(b) in the case of the rectangular plate in Fig. 2-25, then 7,, — 0 and x — 0. 
The above result then becomes xp = 0, which simply indicates that the 
Fig. 2-24 center of pressure P will lie on the y centroidal axis, as shown in the figure. 


*[bid. 


Important Points 


^ A liquid creates a pressure loading that acts perpendicular to a 
submerged surface. Since the liquid is assumed to be incompressible, 
then the pressure intensity increases linearly with depth, p — yh. 


^ The resultant force of the pressure on a plane surface having an 


area A and submerged in a liquid can be determined from 


Fr = yhA,where his the depth of the area's centroid C, measured 
from the liquid’s surface. 


^ The resultant force acts through the center of pressure P, 


determined from x» — Lj (YA) t x and yp = 1,/(yA) * y. If the 
FR = yh A submerged area has an axis of symmetry along the y axis, then 

Fp acts through the center of pressure L = 0, and so xp = 0. In this case P is located on the y centroidal 
Fig. 2-25 axis of the area. 
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EXAMPLE | 2.8 





Determine the force that water pressure exerts on the inclined side 
plate ABDE of the storage tank, and find its location measured from 
AB, Fig. 2-26a. 








Fp = 2808 lb 





Fig. 2-26 


SOLUTION 


Fluid Description. We consider water to be incompressible, where 
Yw = 62.4 lb/ft. 


Analysis. The centroid of the plate’s area is located at its midpoint, 
y = 3 ft from its top AB, Fig. 2-26a. The depth of the water at this 
point is therefore the mean depth, h = 2.5 ft. Thus, 


Fr = y,hA = (624 1b/f?)(2.5 fO[(3 fü(6 f] — 28081b — Ans. 


- l 
From the inside back cover, for a rectangular area, /, = 12 ba’. Here 
b = 3 ft and a = 6 ft. Thus, 


l 3 
12 (3 ft)(6 ft) 


1 
(p —— [py ———— 4 3t — 4 ft Ans. 
YP TA ^C — Qf0G f0(6 fü ics 


Since the rectangle is symmetrical about its centroidal y axis, 
Fig. 2-26a, then /,, — 0 and Eq. 2-11 gives 


ul 


v 


+x=0+0=0 Ans. 


| 


Xp — 


= 


'A 


The results are shown from a side view of the plate in Fig. 2-26b. 
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EXAMPLE [2:9 


The bin in Fig. 2-27a contains water. Determine the resultant force 
that the water pressure exerts on the circular plate, and find its location. 





Water surface 


Fr 





(b) 
Fig. 2-27 


SOLUTION 


Fluid Description. We assume the water to be incompressible. For 
water, p,, = 1000 kg/m’. 


Analysis. From Fig. 2-27b,the resultant force is 
Fr = y,hA — (1000 kg/m?)(9.81 m/s?)(3 m)[z(1 my] — 92.46 kN 


Using the table on the inside back cover for a circle, the location of 
the resultant force is determined from 


7 gam 
== +) =——— + 3 m = 3.08 Ans. 
"C3 Co Bmw my] ği a 


Since /,, — 0, due to symmetry, 


I 
Xp72-4xX20-40-20 Ans. 
yA 
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ON ied mae 6 


Determine the magnitude and location of the resultant force acting 
on the triangular end plate of the settling tank in Fig. 2-28a. The tank 
contains kerosene. 







Fg = 271 lb 





(a) (b) 


Fig. 2-28 


SOLUTION 


Fluid Description. The kerosene is considered an incompressible 
fluid for which y, = pg = (1.58 slug/ft?)(32.2 ft/s?) = 50.88 Ib/fe 


(Appendix A). 
Analysis. From the inside back cover, for a triangle, 
-— - | 
¥=h= 4 fh = 1.333 f 
ep digg EL 5 4 
E 36 ba 26 (2 ft)(4 ft) = 3.556 ft 


Therefore, 
Fp = y,hA = (50.88 Ib/ft*)(1.333 i4 (2 ft)(4 i| = 2711b Ans. 


I 556 ft 
i MIL + 1.333 ft=2ft — Ans. 


l 
(1533 i4 (2 ft)(4 J 
The triangle is symmetrical about the y axis, so /,, = 0. Thus, 


I 
xp = H+ 3=04+0=0 Ans. 
yA 


These results are shown in Fig. 2-285. 
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Centroid of 
volume 











Center of 
pressure 


Fr equals the volume of the 
pressure diagram, and it passes 
through the centroid Cy of this volume 


(b) 


Fig. 2-29 


2.8 Hydrostatic Force on a Plane 
Surface—Geometrical Method 


Rather than using the equations of the previous section, the resultant 
force and its location on a flat submerged plate can also be determined 
using a geometrical method. To show how this is done, consider the flat 
plate shown in Fig. 2-29a. 


Resultant Force. If an element dA of the plate is at a depth h, 
where the pressure is p, then the force on this element is dF = p dA. As 
shown in the figure, this force geometrically represents a differential 
volume element d¥ of the pressure distribution. It has a height p and 
base dA, and so dF = dY. The resultant force can be obtained by 
integrating these elements over the entire volume enclosed by the 
pressure distribution, we have 


Fp = SF: Fg = fo dA = [er =y (2-12) 
A T 


Therefore, the magnitude of the resultant force is equal to the total 
volume of the "pressure prism." The base of this prism is the area of the 
plate, and the height varies linearly from p, — y/i; top; — yh», Fig. 2-29a. 


Location. To locate the resultant force on the plate, we require 
the moment of the resultant force about the v axis and about the x axis, 
Fig. 2-295 to equal the moment created by the entire pressure distribution 
about these axes, Fig. 2-29a; that is, 


(Mg), = XM, Xp Fg — E dF 


(Mg), 7 XM, yp Fr = f» dF 


Since F, — Y and dF = d¥, we have 


(2-13) 





These equations locate the x and y coordinates of the centroid Cy of the 
pressure prism volume. In other words, the line of action of the resultant 
force will pass through both the centroid Cy of the volume of the pressure 
prism and the center of pressure P on the plate, Fig. 2-29b. 
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Centroid of 
pressure vol 





F equals the volume of Fr equals the area of 
the pressure diagram, and it passes the w diagram, and it passes 
through the centroid of this volume through the centroid of this area 
(a) (b) 
Fig. 2-30 


Plate Having Constant Width. As a special case, if the plate has a 
constant width b, as in the case of a rectangle, Fig. 2-30a, then the 
pressure loading along the width at depth h; and at depth h is constant. 
As a result, the loading may be viewed along the side of the plate, in two 
dimensions, Fig. 2-305. The intensity w of this distributed load is 
measured as a force /length, and varies linearly from w, — p;b — (y hj)b 
to w = pb = (y h )b. The magnitude of Fg is then equivalent to the 
trapezoidal area defining the distributed loading, and Fp has a line of 
action that passes through both the centroid C, of this area and the 
center of pressure P on the plate. Of course, these results are equivalent 
to finding the trapezoidal volume of the pressure prism, Fp, and its 
centroidal location C,, as shown in Fig. 2—30a. 


Important Points 


* The resultant force on a plane surface can be determined 
graphically by finding the volume Y of the pressure prism, FR = Y. 
The line of action of the resultant force passes through the 
centroid of this volume. It intersects the surface at the center of 
pressure P. 


If the submerged surface has a constant width, then the pressure 
prism can be viewed from the side and represented as a planar 
distributed loading w. The resultant force equals the area of this 
loading diagram, and it acts through the centroid of this area. 
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EXAMPLE [2-11 





The tank shown in Fig. 2-3la contains water to a depth of 3 m. 
Determine the resultant force, and its location, that the water pressure 
m creates both on side ABCD of the tank and on its bottom. 








SOLUTION 


Fluid Description. The water is considered to be incompressible, 
with p,, — 1000 kg/m*. 


Analysis | 
Loading. The pressure at the bottom of the tank is 


p = pygh — (1000 kg/m?)(9.81 m/s?)(3 m) — 29.43 kPa 


Using this value, the pressure distribution along the side and bottom 
of the tank is shown in Fig. 2-315. 


Resultant Forces. The magnitudes of the resultant forces are equal 
to the volumes of the pressure prisms. 


(Fr); = 5G m)(29.43 kN/m?)(2 m) — 88.3 kN Ans. 


(Fr), = (29.43 kN/m?)(2 m)(1.5 m) = 88.3 KN Ans. 


These resultants act through the centroids of their respective 
volumes, and define the location of the center of pressure P for each 
plate, Fig. 2-31. 





58.86 kN /m 


(Feds 





58.86 kN /m 


Fig. 2-31 (cont.) 


2.8 





29.43 kPa 


(Fg), 


HYDROSTATIC FORCE ON A PLANE SURFACE—GEOMETRICAL METHOD 


(b) 


Location. Using the inside back cover, for the side plate, zp in 
Fig. 2-31b is determined for a triangle to be + a, so that 


Xp = 1m Ans. 
l 
zp = 7 m) = Im Ans. 
For the bottom plate, 
Xp = Im Ans. 
yp — 0.75 m Ans. 
Analysis Il 


Loading. Since the side and bottom plates in Fig. 2-31a both have a 
constant width of b = 2 m, the pressure loading can also be viewed in 
two dimensions. The intensity of the loading at the bottom of the 
tank is 


w = (p,gh)b 
= (1000 kg/m*)(9.81 m/s*)(3 m)(2 m) = 58.86 KN/m 


The distributions are shown in Fig. 2—3le. 


Resultant Forces. Here the resultant forces are equal to the areas 
of the loading diagrams. 


l 
(Fg), — 2 (3 m)(58.86 kN /m) — 88.3 kN Ans. 
(Fg), — (1.5 m)(58.86 kKN/m) — 88.3 kN Ans. 


Location. These results act through the centroids of their respective 
areas as shown in Fig. 2-31c. 


75 
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EXAMPLE [2:12 










The storage tank contains oil and water at the depths shown in Fig. 2-32a. 
Determine the resultant force that both of these liquids together exert on 
the side ABC of the tank if the side has a width of 5 — 1.25 m. Also, 
determine the location of this resultant, measured from the top of the 
tank. Take p, — 900 kg/m, p, — 1000 kg/m". 


SOLUTION 


Fluid Description. Both the water and the oil are assumed to be 
incompressible. 

(a) 

Loading. Since the side of the tank has a constant width, the 
intensities of the distributed loading at B and C, Fig. 2-32b, are 


onum wg = p,gh,gb — (900 kg/m?)(9.81 m/s?)(0.75 m)(1.25 m) — 8.277 kN/m 
377 kN 

a Wo = Wg + p,ghgcb — 8.277 kN/m - (1000 kg/m?)(9.81 m/s?)(1.5 m)(1.25 m) 
1.5m = 26.67 kN/m 


Resultant Force. The resultant force can be determined by adding 
the three shaded triangular and rectangular areas shown in Fig. 2—32c. 


26.67 kN /m 
(b) FR—-HBETLPBTF 
l l 
= 2 (0.75 m)(8.277 kN /m) + (1.5 m)(8.277 KN /m) + 2 (1.5 m)(18.39 kN /m) 
0.75 m — 3.104 kN + 12.42 KN + 13.80 KN — 29.32 kN — 29.3 kN Ans. 


F, 7 3.104 kN 
8277 kN /m Location. As shown, each of these three parallel resultants acts 


through the centroid of its respective area. 





F, 7 12.42 kN 


2 
1.5 m - y = 3 (0.75 m) = 0.5 m 


3 — 13.80 kN 
l 
yı = 0.75m + a he m) = 1.5m 


26.67 KN/m ^ 8.277 kN /m- 18.39 kN /m 


2 
(c) y3 = 0.75 m + 3405 m) — 1.75 m 


I The location of the resultant force is determined by equating the 
A moment of the resultant about A, Fig. 2-324, to the sum of the 
| moments of all the component forces about A, Fig. 2-32c. We have 
vpFg — XyF;  yp(29.32 KN) = (0.5 m)(3.104 kN) 


+ (1.5 m)(12.42 KN) + (1.75 m)(13.80 KN) 
Fp = 29.32 kN 
yp = 1.51 m Ans. 


(d) 
Fig. 2-32 
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2.9 Hydrostatic Force on a Plane 
Surface—Integration Method 


If the boundary of the flat plate in Fig. 2—33a can be defined in terms of 
its x and y coordinates as y = f(x), then the resultant force Fp and its 
location P on the plate can be determined by direct integration. 


Resultant Force. If we consider a differential area strip dA of the 
plate that is located at a depth /, where the pressure is p, then the force 
acting on this strip is dF = p dA, Fig. 2-33a. The resultant force on the 
entire area is therefore 


F, = XF. F, = f p dA (2-14) 
A 


Location. Here we require the moment of Fp about the y and x axes 
to equal the moment of the pressure distribution about these axes. 
Provided dF passes through the center (centroid) of dA, having 
coordinates (x, y), then from Fig. 2-33a and Fig. 2-335, 


(Mg), 7 XM, XpFg — f xdF 
A 

(Mr): = XM, ypFr = f y dF 
JA 


Or, written in terms of p and dA, we have 


(2-15) 








I fel 


The hydrostatic force acting on the elliptical 
back plate of this water truck can be determined 
by integration. 





(a) 


Fig. 2-33 


(b) 
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SON ied ee C c 








(a) 





(b) 
Fig. 2-34 


The bin in Fig. 2-34a contains water. Determine the resultant force, 
and its location, that the water pressure exerts on the circular plate. 


SOLUTION 


Fluid Description. We assume the water to be incompressible. For 
water, p,, = 1000 kg /m?. 


Resultant Force. We can determine the resultant force on the plate 
by using integration, since the circular boundary can be defined from the 
center of the plate in terms of the x, y coordinates shown in Fig. 2—34a. 
The equation is x* + y? = 1. The rectangular horizontal strip shown in 
Fig. 2-34b has an area dA = 2xdy = 2(1 — y?)'?dy, It is at a depth 
h = 3 — y, where the pressure is p = y,h — y,(3 — y). Applying 
Eq. 2-14, to obtain the resultant force, we have 


r= | pas 
A 


l 
/ (1000 kg)(9.81 m/s*)(3 — » oa - y^) dy 
=] 


l 
19620 / |a — y? — y(1— y»? lay 


— 92.46 kN Ans. 


Location. The location of the center of pressure P, Fig. 2—34b, can 
be determined by applying Eq. 2-15. Here dF — p dA is located at 
x — 0and y = 3 — y and so 


xp= 0 Ans. 


For comparison, this problem was also worked in Example 2.9. 
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EXAMPLE | 2.14 


Determine the magnitude and location of the resultant force acting 
on the triangular end plate of the settling tank in Fig. 2-35a. The tank 
contains kerosene. 


187], 










- 


LAM 





SOLUTION 


Fluid Description. The kerosene is considered an incompressible fluid * 
for which y} = (1.58 slug/ft*)(32.2 ft/s) = 50.88 Ib/ft* (Appendix A). 





Resultant Force. The pressure distribution acting on the end plate 
is shown in Fig. 2—32b. Using the x and y coordinates, and choosing the 
differential area strip shown in the figure, we have 


dF = pdA = (y,y)2xdy) — 101.76yx dy 


The equation of line AB can be determined using similar triangles: 





x l1 
4-y 4 
x — 0.25(4 — y) 


Hence, applying Eq. 2-14 and integrating with respect to y, from 
y =0 to y = 4 ft, yields 





4 
: J — | 101.76y0.25(4 — »)] dy 
A 0 


— 271.36 Ib — 271 Ib Ans. 


Location. Because of symmetry along the y axis, x — 0 and so 






e 
Fr = 271 1b 


Xp = 0 Ans. 


Applying Eq. 2-15, with y — y, we have 


y 


(c) 
Jp ~ 
7 pdi 271.36 Fig. 2-35 
A 


The results are shown in Fig. 2—35c. They were also obtained in 
Example 2.10 using the formula method. 
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dA cos @ dA sin 8 
Horizontal Vertical 
projected area projected area 


(b) 


F, ^ the resultant pressure loading 
on the vertical projected area 


F, ^ the weight of the volume of 
liquid above the plate 


Centroid of 
pressure volume 


2.10  Hydrostatic Force on an Inclined 
Plane or Curved Surface 
Determined by Projection 


If a submerged surface is curved, then the pressure acting on the surface 
will change not only its magnitude but also its direction, since it must 
always act normal to the surface. For this case, it is generally best to 
determine the horizontal and vertical components of the resultant force 
caused by the pressure, and then use vector addition to find the resultant. 
The method for doing this will now be described with reference to the 
submerged curved plate in Fig. 2-36a. Realize that this method will also 
work for an inclined flat plate, as in Fig. 2-30. 


Horizontal Component. The force shown acting on the differ- 
ential element dA in Fig. 2-36a is dF — p dA, and so its horizontal 
component is dF), =(p dA) sin 6, Fig. 2-36b. If we integrate this result 
over the entire area of the plate, we will obtain the resultant's 
horizontal component 


F, = f psinoas 
JA 


Since dA sin 0 is the projected differential area onto the vertical plane, 
Fig. 236b, and the pressure p at a point must be the same in all directions, 
then the above integration over the entire area of the plate can be 
interpreted as follows: The resultant horizontal force component acting on 
the plate is equal to the resultant force of the pressure loading acting on the 
area ofthe vertical projection of the plate, Fig. 2-36c. Since this vertical area 
is flat or "planar," any of the methods of the previous three sections can 
be used to determine F, and its location on this projected area. 








F, 


F, 





E 


BOE 
C 


(c) 
Fig. 2-36 
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Vertical Component. The vertical component of the resultant 
force acting on the element dA in Fig. 2-36b is dF, — (p dA) cos 9. This 
same result can also be obtained by noting that the horizontal 
projection of dA is dA cos @, and so 


dF, = p(dA cos 0) — yh(dA cos 0) 


Since a vertical column of liquid above dA has a volume of 
dV = h(dA cos0), then dF, — yd'Y. Therefore, the resultant's vertical 
component is 


Fy = [yar = 
T 


In other words, the resultant vertical force acting on the plate is equivalent 
to the weight of the volume of the liquid acting above the plate, Fig. 2—36c. 
This force acts through the centroid Cz of the volume, which has 
the same location as the center of gravity for the weight of the liquid, 
since the specific weight of the liquid is constant. 

Once the horizontal and vertical components of force are known, the 
magnitude of the resultant force, its direction, and its line of action can 
be established. As shown in Fig. 2-36c, this force will act through the 
center of pressure P on the plate's surface. 

This same type of analysis can also be applied in cases where the liquid 
is below the plate, rather than above it. For example, consider the curved 
plate AD of constant width shown in Fig. 2-37. The horizontal component 
of Fz is determined by finding the force F, acting on the projected area, 
DE. The vertical component of Fp, however, will act upward. To see why, 
imagine that liquid is also present within the volume ABCD. If this were 
the case, then the net vertical force caused by pressure on the top and 
bottom of AD would be zero. In other words, the vertical pressure 
components on the top and bottom surfaces of the plate will be equal but 
opposite and will have the same lines of action. Therefore, if we determine 
the weight of imaginary liquid contained within the volume ABCD, and 
reverse the direction of this weight, we can then establish F.. acting upward 
on AD. 


Gas. Ifthe fluid is a gas, then its weight can generally be neglected, and 
so the pressure within the gas is constant. The horizontal and vertical 
components of the resultant force are then determined by projecting the 
curved surface area onto vertical and horizontal planes and determining 
the components as shown in Fig. 2-38. 





F, ^ the resultant pressure loading on the 
vertical projected area DE 


F, = the weight of the volume of imaginary 
liquid ADCBA above the plate 


Fig. 2-37 


F,^ PÀh  Centroid 


of pressure 







Weight of gas 
, is negligible 
Centroid of ene 
pressure volume 
Gas pressure is constant 


Fig. 2-38 
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Important Points 


* The horizontal component of the resultant force acting on a 
submerged flat inclined or curved surface is equivalent to the 
force acting on the projection of the area of the surface onto a 
vertical plane. The magnitude of this component and the location 
of its point of application can be determined using the methods 
outlined in Sec. 2.7 through 2.9. 


The vertical component of the resultant force acting on a 
submerged flat inclined or curved surface is equivalent to the 
weight of the volume of liquid acting above the surface. This 
component passes through the centroid of this volume. If the 
liquid is confined below the flat inclined or curved surface, then 
the vertical component is equal but opposite to the weight of 
imaginary liquid located within the volume extending above the 
surface to the liquid level. 


Pressure due to a gas is uniform in all directions since the weight 
of the gas is generally neglected. As a result, the horizontal and 
vertical components of the resultant force of pressure acting on a 
flat inclined or curved surface can be determined by multiplying 
the pressure by its associated vertical and horizontal projected 
areas, respectively. These components act through the centroids 
of these projected areas. 





The formula, geometrical, or integration method can be used to determine the resultant pressure force acting on a surface, such as 
the endplates of this water trough or oil tank. 
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EXAMPLE | 2.45 


The sea wall in Fig. 2—39a is in the form of a semiparabola. Determine 
the resultant force acting on 1 m of its length. Where does this force 
act on the wall? Take p, — 1050 kg/m*. 





SOLUTION 
Fluid Description. We treat the water as an incompressible fluid. 


Horizontal Force Component. The vertical projection of the wall 
is AB, Fig. 2-39b. The intensity of the distributed load caused by water 
pressure at point A is 


wa 7 (p, gh)(1m) — (1050kg /m?) (9.81 m/s?) (Sm)(1 m) — 82.40kN/m 





Thus, 
l 
F, = z (8 m)(82.40 kN/m) = 329.62 kN (a) 


Using the table on the inside back cover for a triangle, from the y 
surface of the water, this component acts at 


TIN. 
y= 38 m) = 5.33 m Ans. 


Vertical Force Component. The vertical force is equivalent to the 
weight of the water contained within the volume of the exparabolic 
segment A BC, Fig. 2-395. From the inside back cover, the area of this 


sm 
1 F 
segment is A4sc — 3 ba. Thus, 





F, 


(p,.)A Agc (1 m) 8240kN/m A x 


2m 


(b) 
Fig. 2-39 


[1050 kg/m3(9.81 m/s?) | d (2 m)(8 m [a m) = 54.94 kN 


This force acts through the centroid of the volume (area); that is, from 
the inside back cover, 


X zm = m) = 1.5m Ans. 
Resultant Force. The resultant force is therefore 


Fp = V (329.62 kN)? + (54.94 kN)? = 334 kN Ans. 
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EXAMPLE | 2.16 





A The semicircular plate in Fig. 2—40a is 4 ft long and acts as a gate in 
a channel. Determine the resultant force the water pressure exerts 
on the plate, and then find the components of reaction at the hinge 
(pin) B and at the smooth support A. Neglect the weight of the plate. 


SOLUTION 


Fluid Description. Water is assumed to be an incompressible fluid 
for which y,, = 62.4 lb/ft’. 


Analysis | 


We will first determine the horizontal and vertical components of the 
resultant force acting on the plate. 


Horizontal Force Component. The vertical projected area of AB 
is shown in Fig. 2-40b. The intensity of the distributed loading at B 
(or E) is 

We = Yy/tgb = (62.4 Ib/ft?)(6 FOC ft) — 1497.6 Ib/ft 


Therefore, the horizontal component is 


l 
F, = 5 (1497.6 Ib/ft)(6 ft) = 4.493 kip 


Here 1 kip (kilopound) = 1000 Ib. This force acts ath = = (6 ft) = 2 ft. 





Vertical Force Component. From Fig. 2-40), note that the force 
pushing up on segment BC is due to the water pressure under this 
segment. It is equal to the imaginary weight of water contained 
within BCDAB, Fig. 2-40c. And the vertical force pushing down on 
segment AC in Fig. 2-40b is due to the weight of water contained 
within CDAC, Fig. 2-40d. The net vertical force acting on the entire 
C plate is therefore the difference in these two weights, namely an 

Force actingon upward force equivalent to the volume of water contained within 

segment CA the semicircular region BCAB in Fig. 2-40b. Thus, 





(d) 
Y 1 2 
B F, — y. Vpcag — (62.4 Ib/ft)) 2 Lmr(3 ft)? | 4 ft = 3.529 kip 
Force acting on 
segment CB i . m 
(c) The centroid of this semicircular volume of water can be found on the 
inside back cover. 
Fig. 2-40 
4 4(3 ft 
LLL ot HE 
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Resultant Force. The magnitude of the resultant force is therefore 
Fp = VF? + F? = V(4.493 kip)? + (3.529 kip)? = 5.71 kip Ans. 


Reactions. The free-body diagram of the plate is shown in Fig. 2—40e. 
Applying the equations of equilibrium, we have 


F4 






+Î EF, = 0; —B, + 3.529 kip = 0 


B, = 3.529 kip = 3.53 kip Ans. 
| 4.493 kip 


1.273 ft 6 ft 


C-XMg 0: F4(6ft — 4.493 kip (2 ft) — 3.529 kip (1.273 ft) = 0 
F, — 2.246 kip — 2.25 kip Ans. 


AQXF,—0  4493kip — 2246 kip — B, — 0 


B, = 2.25 kip Ans. (e) 


Analysis Il 


We can also determine the resultant force components directly using 
integration. In Fig. 2-40f, notice how the pressure varies over the cross 
section. To simplify the analysis, we will use polar coordinates because 
of the circular shape. The elemental strip of width 5 has an area of 
dA = bds = (4 ft)(3 dé ft) = 1240 f". Therefore, the pressure acting 
on it is 


p = yh = (62.4 1b/ft*)(3 — 3 sin @) ft 


187.2(1 — sin 8) lb/ft? 


For the horizontal component, dF, = p dA cos 0, and so 


7/2 
F, = [> cos 0 dA — 1872 | (1 — sin #)(cos #)12 d@ = 4.493 kip 
A a 


7/2 





In a similar manner, the y component can be found from dF, — pdA sin 0. 
You may wish to evaluate this to verify our previous result for F,.* (f) 


Fig. 2-40 (cont.) 
*Be aware that this method can only be used to determine the components 
of the resultant force. The resultant forcecannot be found from F4, =  [ p dA 


because it does not account for the changing direction of the force. 
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EXAMPLE [2-17 


The plug in Fig. 2-41a is 50 mm long and has a trapezoidal cross 
section. If the tank is filled with crude oil, determine the resultant 
vertical force acting on the plug due to the oil pressure. 





60 mm 


15 mm 





Fig. 2-41 


SOLUTION 


Fluid Description. We take the oil to be incompressible, and from 
Appendix A, p, — 880 kg/m*. 


Analysis. With reference to Fig. 2-41b, the force pushing down on 
the plug is due to the weight of oil contained within region ABEFA. 
The force pushing up occurs due to pressure along sides BC and ED 
and is equivalent to the weight of oil within the dark brown strips, 
ABCGA and FEDHF. We have 


+4 Fe = poe [Vasera — 2Vascca | 


= 880 kg/m*(9.81 m/s?) | (0.06 m)(0.04 m)(0.05 m) 


— 2|(0.06 m)(0.01 m) 7 (001 m)(0.015 m) | (0.05 m) 


= 0.453 N Ans. 


Since the result is positive, this force acts downward on the plug. 





2.11 Buoyancy 


The Greek scientist Archimedes (287-212 B.C.) discovered the principle 
of buoyancy, which states that when a body is placed in a static fluid, it is 
buoyed up by a force that is equal to the weight of the fluid that is displaced 
by the body. To show why this is so, consider the submerged body in 
Fig. 2-42a. Due to fluid pressure, the vertical resultant force acting upward 
on the bottom surface of the body, ABC, is equivalent to the weight of 
fluid contained above this surface, that is, within the volume ABCEFA. 
Likewise, the resultant force due to pressure acting downward on the top 
surface of the body, ADC, is equivalent to the weight of fluid contained 
within the volume ADCEFA. The difference in these forces acts upward, 
and is the buoyant force. It is equivalent to the weight of an imaginary 
amount of fluid contained within the volume of the body, ABCDA. This 
force F, acts through the center of buoyancy, C;,, which is located at the 
centroid of the volume of liquid displaced by the body. If the density 
of the fluid is constant, then this force will remain constant, regardless of 
how deep the body is placed within the fluid. 

These same arguments can also be applied to a floating body, as 
in Fig. 2-42b. Here the displaced amount of fluid is within the 
region ABC, the buoyant force is equal to the weight of fluid within 
this displaced volume, and the center of buoyancy C, is at the centroid 
of this volume. 

If a hydrostatic problem that involves buoyancy is to be solved, then it 
may be necessary to investigate the forces acting on the free-body 
diagram of the body. This requires the buoyant force to be shown acting 
upward at the center of buoyancy, while the body's weight acts downward, 
through its center of gravity. 


a 
S 





Floating body 


(b) 





Submerged body 
(a) 


Fig. 2-42 
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This cargo ship has a uniform weight 
distribution and it is empty, as noticed by 
how high it floats level in the water relative 
to its waterline. 
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Hydrometer 


Fig. 2-43 

Hydrometer. The principle of buoyancy can be used in a practical way 
to measure the specific gravity of a liquid using a device called a hydrometer. 
As shown in Fig. 2—43a, it consists of a hollow glass tube that is weighted at 
one end. If the hydrometer is placed in a liquid such as pure water, it will float 
in equilibrium when its weight W equals the weight of displa ced water, that is, 
when W = y,'*;. where Yp is the volume of water displaced. If the stem is 
marked at the water level as 1.0, Fig. 2—43a, then this position can indicate 
water’s specific gravity, since for water,S,, = Yw/Yw = 1.0, Eq. 1-10. 

When the hydrometer is placed in another liquid, it will float either higher 
or lower, depending upon the liquid's specific weight y; relative to water. If 
the liquid is lig hter than water, such as kerosene, then a greater volume of the 
liquid must be displaced in order for the hydrometer to float. Consider this 
displaced volume to be t^; + Ah, where A is the cross-sectional area of the 
stem, Fig. 2-43b. Now W = yf{¥_ + Ah). If S; is the specific gravity of the 
liquid, then y, = Syy,,, and so for equilibrium of the hydrometer, we require 


W = Wo = Siy,(5 c AR) 


Cozy 

Sı, = | o 

Vo + Ah 

Using this equation, for each depth A, calibration marks can be placed on 
the stem to indicate the specific gravities, 5), for various types of liquids, In 
the past, hydrometers were often used to test the specific weight of acid in 


automobile batteries. When a battery is fully charged, the hydrometer will 
float higher in the acid than when the battery is discharged. 


Solving for 5, yields 


2.11 


BUOYANCY 
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EXAMPLE [2:18 


The 135-Ib flat-bottom container in Fig. 2-44a is 2.5 ft wide and 
6 ft long. Determine the depth the container will float in the water 
(a) when it carries the 150-Ib steel block, and (b) when the block is 
suspended directly beneath the container, Fig. 2-44b. Take 


y, = 490 Ib/ft*. 





(a) 


Fig. 2-44 
SOLUTION 
Fluid Description. The water is assumed to be incompressible, and 
has a specific weight of y, — 62.4 Ib/ft?. 


Analysis. In each case, for equilibrium, the weight of the container 
and block must be equal to the weight of the displaced water, which 
creates the buoyant force. 


Part (a). From the free-body diagram in Fig. 2—44c, we require 


+TXF, = 0; —W cont. a W block + (Fb) cont. =0 
—135 Ib — 150 Ib — 62.4 Ib/ft*(2.5 ft)(6 fd — 0 
d — 0.304 ft — 1.5 ft OK Ans. 


Part(b). Inthis case, Fig.2—44d, we first have to find the volume of steel 
used to make the block. Since the specific weight of steel is given, then 
Ya W,y/y,,. From this the buoyancy force can be determined. Thus, 


*TEXF, 0; -Wiga — Wotock + (Fadcon. + (Fo)otock = 0 


—135 Ib — 150 Ib + 62.4 lb/ft’ [(2.5 ft)(6 fd") 
* 624 Ib/f? (150 1b/490 Ib/f?) — 0 
d' — 0284 ft Ans. 


Notice that here the container floats higher in the water because when 
the block is supported under the water, its buoyancy force reduces the 
force needed to support it. Also, note that the answer is independent 
of the depth the block is suspended in the water. 








(b) 


Woiock T Wion. 


(c) 
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This boat is used to transport cars across a 
river. Care must be taken so that it does 
not become unstable if it makes a sharp 
turn or is overloaded only on one side. 





Stable equilibrium 
(a) 





2.12 Stability 


A body can float in a liquid (or gas) in stable, unstable, or neutral 
equilibrium. To illustrate this, consider a uniform light-weight bar with a 
weight attached to its end so that its center of gravity is at G, Fig. 2-45. 


Stable equilibrium. If the bar is placed in a liquid so that its center of 
gravity is below its center of buoyancy, then a slight angular displacement 
of the bar, Fig. 2-45a, will create a couple moment between the weight 
and buoyant force that will cause the bar to restore itself to the vertical 
position. This is a state of stable equilibrium. 

Unstable equilibrium. lf the bar is placed in the liquid so that its center 
of gravity is above the center of buoyancy, Fig. 2-45b, then a slight angular 
displacement will create a couple moment that will cause the bar to rotate 
farther from its equilibrium position. This is unstable equilibrium. 
Neutral equilibrium. If the weight is removed and the bar is made 
heavy enough to become completely submerged in the liquid so that the 
weight and buoyant force are balanced, then its center of gravity and 
center of buoyancy will coincide, Fig. 2-45c. Any rotation of the bar will 
cause it to remain in the newfound equilibrium position. This is a state of 
neutral equilibrium. 





Unstable equilibrium 
(b) 


Neutral equilibrium 
(c) 
Fig. 2-45 


Although the bar in Fig. 2-45) is in unstable equilibrium, some floating 
bodies can maintain stable equilibrium when their center of gravity is above 
their center of buoyancy. For example, consider the ship in Fig. 2-462, which 
has its center of gravity at G and its center of buoyancy at Cp. When the 
ship undergoes a slight roll, which occurs at the water level about point O, 
Fig. 2-465, the new center of buoyancy C,’ will be to the left of G. This is 
because a portion of the displaced water is gained on the left, OABO, while 
an equivalent portion ODEO, is lost on the right. This new volume of 
displaced fluid, AB FDOA, is used to locate C,'. If we establish a vertical 
line through C,’ (the line of action of F;,), it will intersect the centerline 
of the ship at point M, which is called the metacenter. If M is above G, 
Fig. 2-46b, the clockwise couple moment created by the buoyant force and 
the ship's weight will tend to restore the ship to its equilibrium position. 
Therefore, the ship is in stable equilibrium. 

For a ship with a large, high deck loading, as in Fig. 2-46c, M will be 
below G. In this case, the counterclockwise couple moment created by 
F, and W will cause the ship to become unstable and to roll over, a 
condition that obviously must be avoided when designing or loading 
any ship. Realizing this danger, however, maritime engineers design 
modern day cruise ships so that their centers of gravity are as high as 
possible above their centers of buoyancy. Doing this will cause the ship 
to roll back and forth very slowly in the water. When these two points 
are closer together, the back and forth motion is faster, which can be 
discomforting to the passengers. 

This same rule discussed above also applies to the bar in Fig. 2-45. 
Because the bar is thin, the metacenter M is on the centerline of the bar 
and coincides with C}. When it is above G it is in stable equilibrium, 
Fig. 2-45a; when it is below G it is in unstable equilibrium, Fig. 2—45b; and 
when it is at G it is in neutral equilibrium, Fig. 2—45c. 


Important Points 


* The buoyant force on a body is equal to the weight of the fluid 
the body displaces. It acts upward through the center of buoyancy, 
which is located at the centroid of the displaced volume of fluid. 


A hydrometer uses the principle of buoyancy to measure the 
specific gravity of a liquid. 


A floating body can be in stable, unstable, or neutral equilibrium. 
If its metacenter M is above the center of gravity G of the body, 
then the body will float in stable equilibrium. If M is below G, then 
the body will be unstable. 





2.12 STABILITY 








OM > OG 
Stable equilibrium 


(b) 





OG > OM 


Unstable equilibrium 
(c) 


Fig. 2-46 
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EXAMPLE | 2.19 





The wooden block (cube) in Fig. 2-47a is 0.2 m on each side. A vertical 
force F is applied at the center of one of its sides and pushes the edge 
of the block to the water surface so that it is held at an angle of 20°. 
Determine the buoyant force on the block, and show that the block 
will be in stable equilibrium when the force F is removed. 


SOLUTION 


Fluid Description. The water is assumed to be incompressible, and 
has a density of p,, = 1000 kg/m’. 


Analysis. To find the buoyant force, we must first find the submerged 
volume of the block, shown on the free-body diagram in Fig. 2—47b. It is 


l 
V sup = (0.2 m)? — 5 (0.2 m)(0.2 tan 20°)(0.2 m) = 6.544(10™°) m° 


Then 


Fi, = Pw8¥ uy = 1000(9.81) N/m? [6.5441 (10°) m°] 
= 64.2N Ans. 


This force acts through the centroid of this volume ¥,,,, (or area) 
having coordinates measured from the x, y axes of 


~ 0.1 m(0.2 m)? — =(0.2 m) (+) (0.2 m)(0.2 m tan 20°) 








= = ExA _ 
XA (0.2 m). — (+) (0.2 m)(0.2 m tan 20°) 
dà — 0.0926 m 
Ea 0.1 m(0.2 m)? — |02 m) — (+) (0.2 m tan 2» (4) (0.2 m)(0.2 m tan 20°) 
y= a Oy Á—— 


(0.2 m)? — (5) (0.2 m)(0.2 m tan 20°) 
= ().0832 m 


This location for F;, will be to the /eft of the block’s center of gravity 
(0.1 m, 0.1 m), and so the clockwise moment of F, about G will restore 
the block when the force F is removed. Hence the block is in stable 
equilibrium. In other words, the metacenter M will be above G, 
Fig. 2-47b. 


Although it is not part of this problem, the force F and the block's 
weight W can be determined by applying the vertical force and 
moment equilibrium equations to the block. 


2.13 CONSTANT TRANSLATIONAL ACCELERATION OF A LIQUID 


2.13 Constant Translational Acceleration 
of a Liquid 


In this section we will discuss both horizontal and vertical constant 
accelerated motion of a container of liquid, and we will study how the 
pressure varies within the liquid for these two motions. 


Constant Horizontal Acceleration. If the container of liquid in 
Fig. 2-48a has a constant velocity, v., then the surface of the liquid will 
remain horizontal since equilibrium occurs. As a result, the pressure exerted 
on the walls of the container can be determined in the usual manner using 
p = yh. If the container undergoes a constant acceleration, a., however, 
then the liquid surface will begin to rotate clockwise about the center of the 
container and will eventually maintain a fixed tilted position 6, Fig. 2-485. 
After this adjustment, all the liquid will behave as though it were a solid. No 
shear stress will be developed between layers of the liquid since there is no 
relative motion between the layers. A force analysis using a free-body 
diagram of vertical and horizontal differential elements of the liquid will 
now be considered to study the effects of this motion. 


Vertical Element. For this case, the differential element extends 
downward a distance A from the liquid surface and has a cross-sectional 
area AA, Fig. 2-48c. The two vertical forces acting on it are the weight of 
the contained liquid, AW = y AY — y(hAA), and the pressure force 
acting upward on its bottom, p AA. Equilibrium exists in the vertical 
direction since no acceleration occurs in this direction. 


*t1ZF, - 0; pAA — y(hAA) — 0 
p yh (2-16) 


This result indicates that the pressure at any depth from the inclined liquid 
surface is the same as if the liquid were static. 





i 








Constant velocity Constant acceleration 
open container 
(a) (b) 


Fig. 2-48 





Constant acceleration 


(c) 
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Tank cars carry a variety of liquids. Their 
endplates must be designed to resist the 
hydrostatic pressure of the liquid within the 
car caused by any anticipated acceleration 
of the car. 


Imaginary liquid surface 





Constant acceleration 
closed container 


(e) 


Fig. 2-48 (cont.) 





Constant acceleration 


(d) 
Fig. 2-48 (cont.) 


Horizontal Element. Here the differential element has a length x 
and cross-sectional area AA, Fig. 2-48d. The only horizontal forces acting 
on it are caused by the pressure of the adjacent liquid on each of its ends. 
Since the mass of the element is Aut — AW/g — y(x 4A)/g, the equation 
of motion becomes 


x AA 
3, EF, — ma, p;AA — p, AA = we. 
x | | 
P2— Pi = "E (2-17) 


Using p, — yh, and p; — yh», we can also write this expression as 


hs — hy ae , , 
P (2-18) 
X g 
As noted in Fig. 2-48d, the term on the left represents the s/ope of the 
liquid’s free surface. Since this is equal to tan 6, then 


If the container is completely filled with liquid and has a closed lid on its 
top, as in Fig. 2-48e, then the liquid cannot pivot about the center of the 
container. Rather, the lid constrains the liquid, such that the upward 
pressure on the lid forces its "imaginary surface" to pivot from the 
corner B. In this case, we can still find the angle 0 using Eq. 2-19. Once 
the surface is established, the pressure at any point in the liquid can be 
determined by finding the vertical distance from this imaginary surface 
to the point. For example, at A, py = yhy. Also, at the bottom of the 
container at C, the pressure is pe = yhe. 
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Constant acceleration 


(a) 


Constant Vertical Acceleration. When the container is 
accelerated upward at a,, the liquid surface maintains its horizontal 
position; however, the pressure within the liquid will change. To study 
this effect, we will again select horizontal and vertical differential 
elements and use their free-body diagrams. 


Horizontal Element. Since the horizontal ele ment in Fig. 2-49a is at 
the same depth in the liquid, the pressure of the adjacent liquid on each 
of its ends exerts forces as shown. No motion occurs in this direction, so 


+ IF, = 0; p,AA — p, AA = 0 
P2 — Pi 


Hence, as in the static case, for vertical acceleration the pressure is the 
same at points that lie in the same horizontal plane. 


Vertical Element. The forces acting on the vertical element of 
depth A and cross section AA , Fig. 2-49), consist of the element's weight 
AW — y NY — y(h AA) and the pressure force on its bottom. Since the 
mass of the element is Am = AW/g = y(h AA)/g, application of the 
equation of motion yields 


+f XF, = ma,; pAA — yh AA) = 


y(h AA) 
——4, 


p Zu T 2 ) (2-20) 


Thus, the pressure within the liquid will increase by yh(a, /g) when the 
container is accelerated upward. If it has a downward acceleration, the 
pressure will decrease by this amount. If free-fall occurs, then a, = —g and 
the (gage) pressure throughout the liquid will be zero. 





Constant acceleration 


(b) 


Fig. 2-49 
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EXAMPLE | 2.20 





The tank on the truck in Fig. 2—50a is filled to its top with gasoline. If 
the truck has a constant acceleration of 4 m /s?, determine the pressure 
at points A, B, C, and D within the tank. 





Imaginary liquid surface 





Fig. 2-50 


SOLUTION 


Fluid Description. We assume that gasoline is incompressible, and 
from Appendix A it has a density of p, = 729 kg/m’. 


Analysis. When the truck is at rest or moving with a constant 
velocity, the (gage) pressures at A and B are zero since the gasoline 
surface remains horizontal. When the truck accelerates, the surface is 
imagined to pivot at A and tilt back, Fig. 2-50b. We can determine the 
height /: using Eq. 2-18. 


C 


h-h| a 


X S 
h-0  A4m/s 
8m X 9.81 m/s? 
h = 3.262 m 
The top of the tank prevents the formation of this sloped surface, and 


so the imaginary gasoline surface exerts a pressure on the top. This 
pressure can be obtained using Eq. 2-16, p = yh. Thus, 


pa = yhy = (726 kg/m*)(9.81 m/s?)(0) = 0 Ans. 

pg — yhg — (726 kg/m?)(9.81 m/s2)(3.262 m) — 23.2 kPa Ans. 

pc = yhc — (726 kg/m?)(9.81 m/s?)(3.262 m - 2m) — 375kPa —— Ans. 
( ( 


Pp = yhp — (726 kg/m?)(9.81 m/s?)(2 m) — 14.2 kPa Ans. 
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EXAMPLE [2:21 


The container in Fig. 2-51a is 3.5 ft wide and is filled with crude oil to a 
height of 4 ft. Determine the resultant force the oil exerts on the 
container's side and on its bottom if a crane begins to hoist it upward 
with an acceleration of 8 ft /s?. 


[s ft/s? 





|s ft/s? 






962.4 Ib /ft 


- 3 V" 
(a) 


SOLUTION 


Fluid Description. The oil is assumed to be incompressible, 
and from Appendix A its specific weight is y, = p,g= 
(1.71 slug /ft*)(32.2 ft/s?) = 55.06 lb/ft’. 


Analysis. The (gage) pressure at A is zero, and hence the pressure at 
B and C can be determined using Eq. 2-20. Since a, = +8 ft/s*, we have 


2 
a, 3 _8 ft/s” 
= y,h{ 1 4 — | — 55.06 Ib/ft*(4 fo 1 
P x 3 [te ( 32.2 ft/s? 


Since the tank has a width of 3.5 ft, the intensity of the distributed 
load at the bottom of the tank, Fig. 2-515, is 
w — pb — (275.0 Ib/f?)(3.5 ft) = 962.4 Ib/ft 


Side of Tank. For the triangular distributed load acting on side AB, 
we have 


l 
(Fp), = 2 (962.4 Ib/ft)(4 ft) — 1925 Ib — 1.92 kip Ans. 


Fig. 2-51 


) = 275.0 lb/ft? 


Bottom of Tank. The bottom of the tank is subjected to a uniform 
distributed load. Its resultant force is 
(Fr), = (962.4 lb/ft)(3 ft) = 2887 Ib = 2.89 kip Ans. 
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2.14 Steady Rotation of a Liquid 


If a liquid is placed into a cylindrical container that rotates at a constant 
angular velocity w, Fig. 2—52a, the shear stress developed within the liquid 
will begin to cause the liquid to rotate with the container. Eventually, no 
relative motion within the liquid will occur, and the system will then rotate 
as a solid body. When this happens, the velocity of each fluid particle will 
depend on its distance from the axis of rotation. Those particles that are 
closer to the axis will move slower than those farther away. This motion 
will cause the liquid surface to form the shape of a forced vortex. 

If the free-body diagram of a vertical differential element of height h 
and cross-sectional area AA is considered, Fig. 2—52a, then, as in the proof 
of Eq. 2-16, the pressure in the liquid will increase with depth from the 
free surface, that is, p = yh. This is because there is no acceleration in 
this direction. 

The constant angular rotation « of the cylinder-liquid system does, 
however, produce a pressure difference or gradient in the radial 
direction due to the radial acceleration of the liquid particles. This 
acceleration is the result of the changing direction of the velocity of each 
particle. If a particle is at a radial distance r from the axis of rotation, 
then from dynamics (or physics), its acceleration has a magnitude of 
a, — ofr, and it acts toward the center of rotation. To study the radial 
pressure gradient, we will consider a ring element having a radius r, 
thickness Ar, and height A/, Fig. 2-525. The pressures on the inner 
and outer sides of the ring are p and p + (dp/dr) Ar, respectively.* 





Forced vortex 
(a) 


Fig. 2-52 


*The partial derivative is used here since the pressure is a function of both depth and radius. 
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Since the mass of the ring is Am = AW /2 = y A¥/g = y(27r) ArAh/g, 
the equation of motion in the radial direction gives w 


ð 2ar)ArAh 
>F, = ma, — | p+ CP Jar aora + p(2mrAh) = ae AES 


dp ( yur" ) 
Men a] teen Di 
ar g 
Integrating, we obtain 


2 
p= (zt +C 
2g 


We can determine the constant of integration provided we know the pressure 
in the fluid at a specific point. Consider the point on the vertical axis at the 
free surface, where r — 0 and p, — 0, Fig. 2-52c. Then C — 0, and so 


2 
p= (zm); (2-21) 
2g 


The pressure increases with the square of the radius. Since p = yh, the 
equation of the free surface of the liquid, Fig. 2-52c, becomes 





(X | (c) 
= ( 2 ) n (2-22) 
s Fig. 2-52 (cont.) 


This is the equation of a parabola. Specifically, the liquid as a whole forms 
a surface that describes a paraboloid of revolution. Since the interior 
radius of the container is R, the height of this paraboloid is H = œ R? /2g, 
Fig. 2-52c. The volume of this paraboloid is one-half its base area 7R? 
times its height, H. As a result, during the rotation, the high and low 
points of the liquid surface will be halfway from the liquid surface when 
the liquid is at rest, Fig. 2-52a. 

If the rotating container has a closed lid, then an imaginary free surface 
of the paraboloid can be established above the lid, and the pressure at 
any point on the liquid is determined by measuring the depth A from this 
surface. 
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Important Points 


^ When an open container of liquid is uniformly accelerated 
horizontally, the surface of the liquid will be inclined at an angle 
0 determined from tan 0 — a,/g. The pressure varies linearly 
with depth from this surface, p = yh. If a lid is on the container, 
then an imaginary surface should be established, and the pressure 
at any point can be determined using p = y, where h is the 
vertical distance from the imaginary surface to this point. 


When a container of liquid is uniformly accelerated vertically, the 
surface of the liquid remains horizontal. If this acceleration is 
upward, the pressure at a depth h is increased by yh(a,/ g); and if 
the acceleration is downward, the pressure is decreased by 
this amount. 


When a cylindrical container of liquid has a constant rotation 
about a fixed axis, the liquid surface forms a forced vortex having 
the shape of a paraboloid. The volume of this paraboloid is one- 
half the volume of a circumscribed cylinder. Once the surface of 
the rotating liquid is established, using A — (w^/2g)r, the 
pressure varies with depth from this surface, p = ^. If a lid is on 
the container, then an imaginary liquid surface should be 
established, and the pressure at any point can be determined 
using the vertical distance from this surface. 


EXAMPLE | 2.22 


The closed cylindrical drum in Fig. 2—53a is filled with crude oil to the 
level shown. If the pressure of the air within the drum remains 
atmospheric due to the hole in the center of the lid, determine the 
pressures at points A and B when the drum and oil attain a constant 
angular velocity of 16 rad/s. 


SOLUTION 


Fluid Description. The oil is assumed incompressible, and from 
Appendix A it has a specific weight of 


Yo = pog —(1.71 slug/ft*) (32.2 ft/s?) = 55.06 Ib/ft*. 
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Analysis. Before finding the pressure, we must define the shape of 
the oil surface. As the drum rotates, the oil takes the shape shown in 
Fig. 2-53b. Since the volume of open space within the drum must 
remain constant, this volume must be equivalent to the volume of the 
shaded paraboloid of unknown radius r and height /i. Since the volume 
of a paraboloid is one-half that of a cylinder having the same radius 
and height, we require 






Imaginary a 


liquid surface 





Voy = Voan 1 ft 


p h 76211 ft 
i ic 
7(1.25 ft)(1 ft) = 77h 


rh = 3.125 (1) 


Also, from Eq. 2-22, for this contained paraboloid within the drum, 


(=) : ( (16 rad /s)? : 
a qe (b) 
2g 2(32.2 ft/s^) 
; | Fig. 2-53 (cont.) 
h = 0.24841 (2) 


Solving Eqs. 1 and 2 simultaneously, we get 
r= 0.9416 ft, h = 3.525 ft 


Without the lid, the oil would rise to a level A', Fig. 2-53b, which is 


: 16 rad/s)? 
ht = (<)e = — DOE Jas ft)? = 6.211 ft 
2g 2(32.2 ft/s?) 


Since the free surface of the oil has now been defined, the pressures at 


A and B are 
E | ft V 
Pa = yh, = (55.06 Ib/ft(4 ft — 3.525 f9| — — 
| / Ans. 
— 0.182 psi m 
: | ft V 

Pg = yhg — (55.06 Ib/ft )(4 ft — 3.525 ft + 6.211 ft) 12 in. 

= 2.56 psi Ans. 


Although it is not part of this problem, realize that if a cap were placed 
on the hole, and the pressure of the air within the drum were increased 
to 4 psi, then this pressure would simply be added to the pressures at 
A and B. 
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E3 FUNDAMENTAL PROBLEMS 





The solutions to all fundamental problems are given in the back of the book. 


Sec. 2.1-2.5 F2-2. The container is partially filled with oil, water, 
F2-1. Water fills the pipe AB such that the absolute pressure em m et e a at A, B, ano. C. Take 
at A is 400 kPa. If the atmospheric pressure is 101 kPa, Y» 7 624 Ib/ IP, y, — 55. LIb/ ft. 

determine the resultant force the water and surrounding air 
exert on the cap at B. The inner diameter of the pipe is 50 mm. 









B 


l 


0, 
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Sec. 2.6 F2-5. The air pressure in the pipe at A is 300 kPa. 
Determine the water pressure in the pipe at B. 


F2-3. The U-tube manometer is filled with mercury, 
having a density of pj, — 13 550 kg/m?. Determine the 
differential height h of the mercury when the tank is filled 
with water. 





F2-4. The tube is filled with mercury from A to B, and F2-6. Determine the absolute water pressure in the pipe 
with water from B to C. Determine the height A of the water at B if the tank is filled with crude oil to the depth of 1.5 m. 
column for equilibrium. Pam 101 kPa 

atm E 
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Sec. 2.7-2.9 


F2-7. The bin is 1.5 m wide and is filled with water to the 
level shown. Determine the resultant force on the side AB 
and on the bottom BC. 





F2-8. The bin is 2 m wide and is filled with oil to the depth 
shown. Determine the resultant force acting on the inclined 
side AB. Take p,, — 900 kg /m?. 


F2-9. The 2-m-wide container is filled with water to the 
depth shown. Determine the resultant force on the side 
panels A and B. How far does each resultant act from the 
surface of the water? 





F2-9 


F2-10. Determine the magnitude of the resultant force of 
the water acting on the triangular end plate A of the trough. 
Neglect the width of the opening at the top. How far does 
this force act from the surface of the water? 
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F2-11. Determine the magnitude of the resultant force of F2-13. The 0.5-m-wide inclined plate holds water in a 
the water acting on the circular glass plate that is bolted tank. Determine the horizontal and vertical components 
to the side panel of the tank. Also, determine the location of force and the moment that the fixed support at A exerts 
of the center of pressure along this inclined side, measured on the plate. 


from the top. 





F2-13 


F2-14. Determine the resultant force the oil exerts on the 
semicircular surface AB. The tank has a width of 3 m. Take 
Po 900 kg /m?. 





F2-11 





F2-12. The tank is filled with water and kerosene to the 
depths shown. Determine the total resultant force the 
liquids exert on side AB of the tank. The tank has a width of 


= 3 = 3 
2m. Take py ~ 1000 kg/m”, px ~ 814 kg/m’. F2-15. Determine the resultant force the water exerts on 
side AB and on side CD of the inclined wall. The wall is 
0.75 m wide. 


F2-14 


0.5 m 





F2-15 
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Sec. 2.10 Sec. 2.1 1-2.12 

F2-16. The tank has a width of 2 m and is filled with water. F2-19. The cylindrical cup A of negligible weight contains 
Determine the horizontal and vertical components of the a 2-kg block B. If the water level of the cylindrical tank is 
resultant force acting on plate AB. h = 0.5 m before the cup is placed into the tank, determine 


h when A floats in the water. 





F2-16 


F2-17. Determine the horizontal and vertical components 
of the resultant force the water exerts on plate AB and on 
plate BC. The width of each plate is 1.5 m. 





F2-20. The 3-m-wide cart is filled with water to the level of 
the dashed line. If the cart is given an acceleration of 4 m/s’, 
determine the angle? of the water surface and the resultant 
force the water exerts on the wall AB. 





F2-17 


F2-18. The plate ABC is 2 m wide. Determine the angle 8 
so that the normal reaction at C is zero. The plate is 
supported by a pin at A. 





F2-18 
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F2-21. The closed tank is filled with oil and given an F2-23. If the open cylindrical container rotates at 
acceleration of 6 m/s?. Determine the pressure on the « — 8 rad/s, determine the maximum and minimum pressure 
bottom of the tank at points A and B. p, — 880 kg / m*. of the water acting on the bottom of the container. 





r- E 


0.5 m 





in-H im 


F2-23 


F2-22. The open cylindrical container is filled with water 
to the level shown. Determine the smallest angular velocity 


that will cause the water to spill over the sides. M" . . 
P F2-24. The closed drum is filled with crude oil. Determine 


the pressure on the lid at A when the drum is spinning at a 
constant rate of 4 rad/s. 





m- 
4 rad /s 





F2-24 
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STPROBLEMS 


The answers to all but every fourth problem are given in the back of the book. 


Unless otherwise stated, take the density of water to be 
p, = 1000 kg/m? and its specific weight to be 
y, ^ 62.4 Ib/ft?. Also, assume all pressures are gage 
pressures. 


Sec. 2.1-2.5 


2-1. Show that Pascal's law applies within a fluid that is 
accelerating, provided there is no shearing stresses acting 
within the fluid. 


2-2. The water in a lake has an average temperature of 
15°C. If the barometric pressure of the atmosphere is 720 mm 
of Hg (mercury), determine the gage pressure and the 
absolute pressure at a water depth of 14 m. 


2-3. Ifthe absolute pressure in a tank ts 1 40 kPa, determine 
the pressure head in mm of mercury. The atmospheric 
pressure is 100 kPa. 


*2—4. The oil derrick has drilled 5 km into the ground 
before it strikes a crude oil reservoir. When this happens, the 
pressure at the well head A becomes 25 MPa. Drilling “mud” 
is to be placed into the entire length of pipe to displace the 
oil and balance this pressure. What should be the density of 
the mud so that the pressure at A becomes zero? 





2-5. In 1896, S. Riva-Rocci developed the prototype of 
the current sphvgmomanometer, a device used to measure 
blood pressure. When it was worn as a cuff around the 
upper arm and inflated, the air pressure within the cuff was 
connected to a mercury manometer. If the reading for the 
high (or systolic) pressure is 120 mm and for the low (or 
diastolic) pressure is 80 mm, determine these pressures in 
psi and pascals. 


2-6. Show why water would not be a good fluid to use for 
a barometer by computing the height to which standard 
atmospheric pressure will elevate it in a glass tube. Compare 
this result with that of mercury. Take y,, = 62.4 lb/ft’, 
Yng = 846 lb/ft’. 


2-7. The underground storage tank used in a service 
station contains gasoline filled to the level A. Determine 
the pressure at each of the five identified points. Note that 
point B is located in the stem, and point C is just below it in 
the tank. Take p, = 730 kg/m’. 





Prob. 2-7 


*2-8. The underground storage tank contains gasoline 
filled to the level A. If the atmospheric pressure is 101.3 kPa, 
determine the absolute pressure at each of the five identified 
points. Note that point B is located in the stem, and point C 
is just below it in the tank. Take p, = 730 kg/m’. 


< 








Prob. 2-8 


2-9. The field storage tank is filled with oil. The standpipe is 
connected to the tank at C, and the system is open to the 
atmosphere at B and E. Determine the maximum pressure in 
the tank in psi if the oil reaches a level of Fin the pipe. Also, 
at what level should the oil be in the tank, so that the 
maximum pressure occurs in the tank? What is this value? 
Take p, = 1.78 slug/ft’. 


2-10. The field storage tank is filled with oil. The standpipe 
is connected to the tank at C and open to the atmosphere at 
E. Determine the maximum pressure that can be developed 
in the tank if the oil has a density of 1.78 slug/ft?. Where 
does this maximum pressure occur? Assume that there is no 
air trapped in the tank and that the top of the tank at B 
is closed. 





Probs. 2-9/10 


2-11. The closed tank was completely filled with carbon 
tetrachloride when the valve at B was opened, slowly 
letting the carbon tetrachloride level drop as shown. If the 
valve is then closed and the space within A is a vacuum, 
determine the pressure in the liquid near valve B when 
h = 25 ft. Also, determine at what level h the carbon 
tetrachloride will stop flowing out when the valve is opened. 
The atmospheric pressure is 14.7 psi. 





Prob. 2-11 
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*2-12. The soaking bin contains ethyl alcohol used for 
cleaning automobile parts. If — 7 ft, determine the pressure 
developed at point A and at the air surface B within the 
enclosure. Take y,,, = 49.3 lb/ft’. 


2-13. The soaking bin contains ethyl alcohol used for 
cleaning automobile parts. If the gage pressure in the 
enclosure is pg — 0.5 psi, determine the pressure developed 
at point A and the height h of the ethyl alcohol level in the 
bin. Take y,, = 49.3 lb/ft. 


P473 





Probs. 2-12/13 


2-14. The pipes connected to the closed tank are 
completely filled with water. If the absolute pressure at A is 
300 kPa, determine the force acting on the inside of the end 
caps at B and C if the pipe has an inner diameter of 60 mm. 


ry 


1.25 m 





0.75 m 


Prob. 2-14 
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2-15. The structure shown is used for the temporary storage 
of crude oil at sea for later loading into ships. When it is not 
filled with oil, the water level in the stem is at B (sea level). 
Why? As the oil is loaded into the stem, the water is dis placed 
through exit ports at Æ. If the stem is filled with oil, that is, to 
the depth of C, determine the height A of the oil level above 
sea level. Take p, — 900 kg/m?, p, — 1020 kg/m*. 


*2-16. If the water in the structure in Prob. 2-15 is 
displaced with crude oil to the level D at the bottom of the 
cone, then how high A will the oil extend above sea level? 
Take p, — 900 kg/m, p,, — 1020 kg/m. 





10 m 


Probs. 2-15/16 


2-17. The tank is filled with aqueous ammonia 
(ammonium hydroxide) to a depth of 3 ft. The remaining 
volume of the tank contains air under absolute pressure of 
20 psi. Determine the gage pressure at the bottom of the 
tank. Would the results be different if the tank had a square 
bottom rather than a curved one? Take p,,, — 1.75 slug/ft^. 
The atmospheric pressure is py, = 14.7 Ib/in?. 





Prob. 2-17 


2-18. AO0.5-in.-diameter bubble of methane gas is released 
from the bottom of a lake. Determine the bubble's dia meter 
when it reaches the surface. The water temperature is 68°F 
and the atmospherie pressure is 14.7 Ib/in’. 





Prob. 2-18 


2-19. The Burj Khalifa in Dubai is currently the world's 
tallest building. If air at 40°C ts at an atmospheric pressure of 
105 kPa at the ground floor (sea level), determine the 
absolute pressure at the top of the building, which has an 
elevation of 828 m. Assume that the temperature is constant 
and that air is compressible. Work the problem again 
assuming that air is incompressible. 


*2-20. The Burj Khalifa in Dubai is currently the world's 
tallest building. If air at 100°F is at an atmospheric pressure 
of 14.7 psi at the ground floor (sea level), determine the 
absolute pressure at the top of the building, which has an 
elevation of 2717 ft. Assume that the temperature is constant 
and that air is compressible. Work the problem again 
assuming that air is incompressible. 


2-21. The density p of a fluid varies with depth A, although 
its bulk modulus Ey can be assumed constant. Determine 
how the pressure varies with h. The density at the surface of 
the fluid is pp. 


2-22. Due to its slight compressibility, the density of water 
varies with depth, although its bulk modulus Fy = 2.20 GPa 
(absolute) can be considered constant. Accounting for this 
compressibility, determine the pressure in the water at a 
depth of 300 m, if the density at the surface of the water is 
po = 1000 kg /m?. Compare this result with assuming water 
to be incompressible. 


2-23. As the balloon ascends, measurements indicate that 
the temperature begins to decrease at a constant rate, from 
T = 20°C at z = 0 to T = 16°C at z = 500 m. If the absolute 
pressure and the density of the air at z = 0 are p = 101 kPa 
and p — 1.23 kg/m?, determine these values at z = 500 m. 


*2-24. As the balloon ascends, measurements indicate that 
the temperature begins to decrease at a constant rate, from 
T = 20°C at z = 0 to T = 16°C at z = 500 m. If the absolute 
pressure of the air at z = 0 is p = 101 kPa, plot the variation of 
pressure (vertical axis) versus altitude for 0 = z 5 3000 m. 

Give values for increments of u Az — 500 m. 





Probs. 2-23/24 


2-25. In the troposphere, the absolute temperature of the 
air varies with elevation such that 7 — 7; — Cz, where C isa 
constant. If p — p, at z — 0, determine the absolute pressure 
as a function of elevation. 


2-26. In the troposphere the absolute temperature of the 
air varies with elevation such that T — 7; — Cz, where C is a 
constant. Using Fig. 2-11, determine the con stants,77 and C. 
If pp = 101 kPa at z, = 0, determine the absolute pressure in 
the air at an elevation of 5 km. 


2-27. The density of a nonhomogeneous liquid varies as a 
function of depth A, such that p = (850 + 0.24) kg/m?, where 
h is in meters. Determine the pressure when /1 — 20 m. 


*2-28. The density of a nonhomogeneous liquid varies as 
a function of depth +, such that p = (635 + 60h) kg/m), 
where A is in meters. Plot the variation of the pressure 
(vertical axis) versus depth for 0 = h < 10 m. Give values 
for increments of 2 m. 
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2-29. In the troposphere, which extends from sea level 
to 11 km, it is found that the temperature decreases 
with altitude such that dT /dz =—C, where C is the constant 
lapse rate. If the temperature and pressure at z = 0 are Ty 
and po, determine the pressure as a function of altitude. 


2-30. At the bottom of the stratosphere the temperature 
is assumed to remain constant at 7T = Tọ. If the pressure is 
p = po Where the elevation is z = zp, derive an expression for 
the pressure as a function of elevation, 


2-31. Determine the pressure at an elevation of z = 20 km 
in the stratosphere if the temperature remains constant at 
Ty = —56.5°C. Assume the stratosphere begins at z = 11 km 
as shown in Fig. 2-11. 


*2-32. The can, which weighs 0.2 Ib, has an open end. If it 
is inverted and pushed down into the water, determine the 
[orce F needed to hold it under the surface. Assume the air 
in the can remains at the same temperature as the 
atmosphere, and that is 70°F. Hint: Account for the change 
in volume of air in the can due to the pressure change. The 
atmospheric pressure i$ pa, — 14.7 psi. 





0.25 f 


Prob. 2-32 
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Sec. 2.6 


2-33. The funnel is filled with oil and water to the levels 
shown. Determine the depth of oil A’ that must be in the 
funnel so that the water remains at a depth C, and the 
mercury is at h = 0.8 m from the top of the funnel. Take 
p, ^ 900 kg/m, p, = 1000 kg/m', Pug = 13 550 kg/m’. 


2-34. The funnel is filled with oil to a depth of h' — 0.3 m 
and water to a depth of 0.4 m. Determine the distance /i the 
mercury level is from the top of the funnel Take 
Po = 900 kg/m', p, = 1000 kg/m’, py, = 13 550 kg/m’. 









0.2m 
A 
h oil 
B 
Water 
0.4m 
Mercury 


Probs. 2-3334 


2-35. The 150-mm-diameter container ts filled to the top 
with glycerin, and a 50-mm-diameter thin pipe is inserted 
within it to a depth of 300 mm. If 0.00075 m? of kerosene is 
then poured into the pipe, determine the height A to which 
the kerosene rises from the top of the glycerin. 


*2-36. The 150-mm-diameter container is filled to the top 
with glycerin, and a 50-mm-diameter thin pipe is inserted 
within it to a depth of 300 mm. Determine the maximum 
volume of kerosene that can be poured into the pipe so it 
does not come out from the bottom end. How high A does 
the kerosene rise above the glycerin? 


50 mm 





300 mm 





Probs. 2-35/36 


2-37. Determine the pressures at points A and B. The 
containers are filled with water. 


2-38. Determine the pressure at point C. The containers 
are filled with water. 





Probs. 2—37/38 


2-39. Butyl carbitol, used in the production of plastics, is 
stored in a tank having the U-tube manometer. If the U-tube 
is filled with. mercury to level E, determine the pressure in 
the tank at point A. Take Sy, = 13.55, and $,, — 0.957. 


*2-40. Butyl carbitol, used in the production of plastics, is 
stored ina tank having the U-tube manometer. If the U-tube 
is filled with mercury to level E, determine the pressure in 
the tank at point B. Take Su — 13.55, and 5, — 0.957. 





Probs. 2-39/40 


2-41. Water in the reservoir is used to control the water 
pressure in the pipe at A. If h = 200 mm, determine this 
pressure when the mercury is at the elevation shown. Take 
Pug = 13 550 kg/ m`, Neglect the diameter of the pipe. 


2-42. Ifthe water pressure in the pipe at A is to be 25 kPa, 
determine the required height h of water in the reservoir. 
Mercury in the pipe has the elevation shown. Take 
Pu, — 13 550 kg/ m^. Neglect the diameter of the pipe. 







400 mm 


150 mm 
00 mm 
00 mm 


Mercury 


Probs. 2-41/42 


2-43. A solvent used for plastics manufacturing consists of 
cyclohexanol in pipe A and ethyl lactate in pipe B that are being 
transported to a mixing tank. Determine the pressure in pipe A 
if the pressure in pipe B is 15 psi. The mercury in the manometer 
is in the position shown, where = 1 ft. Neglect the diameter of 
the pipes. Take S, = 0.953, Sy, = 13.55, and S,;= 1.03. 


*2-44. A solvent used for plastics manufacturing consists of 
cyclohexanol in pipe.A and ethyl lactate in pipe B that are being 
transported to a mixing tank. If the pressure in pipe A is 18 psi, 
determine the height% of the mercury in the manometer so that 
a pressure of 25 psi is developed in pipe B. Neglect the diameter 
of the pipes. Take $, — 0.953, $4, — 13.55, and 5,, — 1.03. 
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2-45. The two pipes contain hexylene glycol, which causes 
the level of mercury in the manometer to be at A = 0.3 m. 
Determine the differential pressure in the pipes, p4 — pg. 
Take p;, — 923 kg/m, py, — 13 550 kg/m. Neglect the 
diameter of the pipes. 


2-46. The two pipes contain hexylene glycol, which causes 
the differential pressure reading of the mercury in the 
manometer to be at h = 0.3 m. If the pressure in pipe A 
increases by 6 kPa, and the pressure in pipe B decreases 
by 2 kPa, determine the new differential reading /1 of the 
manometer. Take pj.) = 923 kg/m*, py, = 13 550 kg/m’. 
Neglect the diameter of the pipes. 





A 


Probs. 2-45/46 
2-47. The inverted U-tube manometer is used to measure 
the difference in pressure between water flowing in the 
pipes at A and B. If the top segment is filled with air, and the 
water levels in each segment are as indicated, determine this 
pressure difference between A and B. p, = 1000 kg/m’. 


*2-48. Solve Prob. 2-47 if the top segment is filled with an 
oil for which p, = 800 kg/m’. 


75 mm 








| 


Probs. 2—47/48 











114 CHAPTER 2. FLuID STATICS 


2-49. The pressure in the tank at the closed valve A is 300 kPa. 
If the differential elevation in the oil level in A = 2.5 m, 
determine the pressure in the pipe at B. Take p, = 900 kg/m’. 


2-50. The pressure in the tank at B is 600 kPa. If the 
differential elevation of the oil is = 2.25 m, determine the 
pressure at the closed valve A. Take p, — 900 kg/m*. 


Oil 





Probs. 2—49/50 


2-51. The two tanks A and B are connected using a 
manometer. If waste oil is poured into tank A to a depth of 
h = 0.6 m, determine the pressure of the entrapped air in 
tank B. Air is also trapped in line CD as shown. Take 
p, ^ 900 kg/m, p, — 1000 kg/m*. 


*2-52. The two tanks A and B are connected using a 
manometer. If waste oil is poured into tank A to a depth of 
h = 1.25 m, determine the pressure of the trapped air in 
tank B. Air is also trapped in line CD as shown. Take 
p, = 900 kg/m*, p, = 1000 kg/m’. 





Probs. 2-51/52 


2-53. Air is pumped into the water tank at A such that the 
pressure gage reads 20 psi. Determine the pressure at point B 
at the bottom of the ammonia tank. Take pam = 1.75 slug /ft°. 


2-54. Determine the pressure that must be supplied by the 
pump so that the air in the tank at A develops a pressure of 
50 psi at B in the ammonia tank. Take p,,, — 1.75 slug/ft. 





Probs. 2-53/54 


2-55. The micro-manometer is used to measure small 
differences in pressure. The reservoirs R and upper portion 
of the lower tubes are filled with a liquid having a specific 
weight of yg, whereas the lower portion is filled with a 
liquid having a specific weight of y, Fig. (a). When the liquid 
flows through the venturi meter, the levels of the liquids 
with respect to the original levels are shown in Fig. (b). If 
the cross-sectional area of each reservoir is Ap and the 
cross-sectional area of the U-tube is A,, determine the 
pressure difference p4 — pg. The liquid in the venturi meter 
has a specific weight of yz. 





(a) (b) 


Prob. 2-55 





PROBLEMS 115 


*2-56. The Morgan Company manufactures a micro- 2-58. Trichlorethylene, flowing through both pipes, is to be 
manometer that works on the principles shown. Here added to jet fuel produced in arefinery.A careful monitoring 
there are two reservotrs filled with kerosene, each having a of pressure is required through the use of the inclined-tube 
cross-sectional area of 300 mmr. The connecting tube has a manometer. If the pressure at A is 30 psi and the pressure at 
cross-sectional area of 15 mm? and contains mercury. B is 25 psi, determine the position s that defines the level of 
Determine / if the pressure difference p, — pg = 40 Pa. mercury in the inclined-tube manometer. Take Sj, — 13.55 


What would A be if water were substituted for mercury? and S,= 1.466. Neglect the diameter of the pipes. 
pug 7 13 550 kg/m, p,, — 814 kg/m?. Hint: Both h; and h, 
can be eliminated from the analysis. 











Prob. 2-58 





2-59. Trichlorethylene, flowing through both pipes, ts to 
be added to jet fuel produced in a refinery. A careful 
monitoring of pressure is required through the use of the 
inclined-tube manometer. If the pressure at A is 30 psi and 
s — 7 in., determine the pressure at B. Take Sj, — 13.55 and 


2-87. Determine the difference in pressure pg — p4 S, = 1.466. Neglect the diameter of the pipes. 
between the centers A and B of the pipes, which are filled 

with water. The mercury in the inclined-tube manometer 

has the level shown 5j, — 13.55. 





Prob. 2-57 
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Sec. 2.7-2.9 


*2-60. The vertical pipe segment has an inner diameter of 
100 mm and is capped at its end and suspended from the 
horizontal pipe as shown. If it is filled with water and 
the pressure at A is 80 kPa, determine the resultant force 
that must be resisted by the bolts at B in order to hold the 
flanges together. Neglect the weight of the pipe but not the 
water within it. 


2m 





= 


100 mm 


Prob. 2-60 


2-61. Nitrogen in the chamber is at a pressure of 60 psi. 


Determine the total force the bolts at joints A and B must 
resist to maintain the pressure. There is a cover plate at B 
having a diameter of 3 ft. 





Prob. 2-61 


2-62. The storage tank contains oil and water acting at the 
depths shown. Determine the resultant force that both 
of these liquids exert on the side ABC of the tank if the 
side has a width of b = 1.25 m. Also, determine the location 
of this resultant, measured from the top of the tank. Take 
p, ^ 900 kg /m*. 





Prob. 2-62 


2-63. Determine the weight of block A if the rectangular 
gate BC begins to open when the water level reaches the 
top of the channel, /: — 4 ft. The gate has a width of 2 ft. 
There is a smooth stop block at C. 


*2-64. Determine the weight of block A so that the 
2-ft-radius circular gate BC begins to open when the water 
level reaches the top of the channel, =4 ft. There is a smooth 
stop block at C. 


[7-51 
|J 





Probs. 2-63/64 


2-65. The uniform rectangular relief gate AB has a weight 
of 8000 Ib and a width of 4 ft. Determine the minimum 
depth A of water within the canal needed to open it. The 
gate is pinned at B and rests on a rubber seal at A. 





Prob. 2-65 


2-66. The uniform swamp gate has a mass of 4 Mg and a 
width of 1.5 m. Determine the angle? for equilibrium if the 
water rises to a depth of d — 1.5 m. 





Prob. 2-66 


2-67. The uniform swamp gate has a mass of 3 Mg anda 
width of 1.5 m. Determine the depth of the water d if the 
gate is held in equilibrium at an angle of @ = 60°. 





Prob. 2-67 


PROBLEMS 117 


*2-68. Determine the critical height / of the water level 
before the concrete gravity dam starts to tip over due to 
water pressure acting on its face. The specific weight of 
concrete is y, — 150 Ib/f. Hint: Work the problem using a 
1-ft width of the dam. 


2-69. Determine the critical height A of the water level a 


before the concrete gravity dam starts to tip over due to 
water pressure acting on its face. Assume water also seeps 
under the base of the dam. The specific weight of concrete is 
y, = 150 lb/ft. Hint: Work the problem using a 1-ft width of 
the dam. 





2 ft 





4 ft 


Probs. 2-68/69 


2-70. The gate is 2 ft wide and Is pinned at A and held in 
place by a smooth latch bolt at B that exerts a force normal 
to the gate. Determine this force caused by the water and 
the resultant force on the pin for equilibrium. 





Prob. 2-70 
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2-71. The tide gate opens automatically when the tide 
water at B subsides, allowing the marsh at A to drain. For 
the water level / = 4 m, determine the horizontal reaction 
at the smooth stop C. The gate has a width of 2 m. At what 
height A will the gate be on the verge of opening? 


*2-72. The tide gate opens automatically when the tide 
water at B subsides, allowing the marsh at A to drain. 
Determine the horizontal reaction at the smooth stop C 
as a function of the depth /: of the water level. Starting at 
hi — 6 m, plot values of /: for each increment of 0.5 m until 
the gate begins to open. The gate has a width of 2 m. 





Probs. 2-71/72 


2-73. The bin is used to store carbon tetrachloride, a 
cleaning agent for metal parts. If it is filled to the top, 
determine the magnitude of the resultant force this liquid 
exerts on each of the two side plates, AFEB and BEDC, and 
the location of the center of pressure on each plate, 
measured from BE. Take p,, = 3.09 slug / ft. 





Prob. 2-73 


2-74. A swimming pool has a width of 12 ft and a side 
profile as shown. Determine the resultant force the 
pressure of the water exerts on walls AB and DC, and on 
the bottom BC. 





20 ft 


Prob. 2-74 


2-75. The pressure of the air at A within the closed tank 
is 200 kPa. Determine the resultant force acting on the 
plates BC and CD caused by the water. The tank has a wid th 
of 1.75 m. 





Prob. 2-75 


*2-76. Determine the smallest base length b of the 
concrete gravity dam that will prevent the dam from 
overturning due to water pressure acting on the face of the 
dam. The density of concrete is p, = 2.4 Mg /m?. Hint: Work 
the problem using a 1-m width of dam. 


2-77. Determine the smallest base length b of the concrete 
gravity dam that will prevent the dam from overturning due to 
water pressure acting on the face of the dam. Assume water 
also seeps under the base of the dam. The density of concrete is 
p, = 2.4 Mg/m*. Hint: Work the problem using a 1-m width 
of dam. 





Probs. 2-76/77 


2-78. Determine the placement d of the pin on the 
2-ft-wide rectangular gate so that it begins to rotate clockwise 
(open) when waste water reaches a height A = 10 ft. What is 
the resultant force acting on the gate? 


2-79. Determine the placement d of the pin on the 3-ft- 
diameter circular gate so that it begins to rotate clockwise 
(open) when waste water reaches a heighth = 10 ft. What is the 
resultant force acting on the gate? Use the formula method, 





Probs. 2-78/79 


PROBLEMS 119 


*2-80. The container in a chemical plant contains carbon 
tetrachloride, p,, — 1593 kg /m?, and benzene, p; — 875 kg/m*. 
Determine the height / of the carbon tetrachloride on the left 
side so that the separation plate, which is pinned at A, will 
remain vertical. 


uH 


Prob. 2-80 





2-81. The tapered settling tank is filled with oil. Determine 
the resultant force the oil exerts on the trapezoidal clean-out 
plate located at its end. How far from the top of the tank 
does this force act on the plate? Use the formula method. 
Take p, = 900 kg / m*. 


2-82. The tapered settling tank is filled with oil. Determine 
the resultant force the oil exerts on the trapezoidal clean-out 
plate located at its end. How far from the top of the tank 
does this force act on the plate? Use the integration method. 
Take p, — 900 kg / m*. 


Vv 
lm 


Probs. 2-81/82 
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2-83. Ethyl alcohol is pumped into the tank, which has the 
shape of a four-sided pyramid. When the tank is completely 
full, determine the resultant force acting on each side, and 
its location measured from the top A along the side. Use the 
formula method. p,, = 789 kg / m*. 





*2-84. The tank is filled to its top with an industrial solvent, 
ethyl ether. Determine the resultant force acting on the plate 
ABC, and its location on the plate measured from the base. A B 
of the tank. Use the formula method. Take y,, — 44.5 Ib/ ft^. 


2-85. Solve Prob. 2-84 using the integration method. 





2-86. Access plates on the industrial holding tank are 
bolted shut when the tank is filled with vegetable oil as 
shown. Determine the resultant force that this liquid exerts 
on plate A, and its location measured from the bottom of 
the tank. Use the formula method. p,,, = 932 kg / m*. 


2-87. Access plates on the industrial holding tank are 
bolted shut when the tank is filled with vegetable oil as 
shown. Determine the resultant force that this liquid exerts 
on plate B, and its location measured from the bottom of 
the tank. Use the formula method. p,,, = 932 kg/m*. 


*2-88. Solve Prob. 2-87 using the integration method. 


Ind 





25m 


Probs. 2— 86/87/88 


2-89. The tank truck is filled to its top with water. 
Determine the magnitude of the resultant force on the 
elliptical back plate of the tank, and the location of the 
center of pressure measured from the top of the tank. Solve 
the problem using the formula method. 


2-90. Solve Prob. 2-89 using the integration method. 





Probs. 2-89/90 


2-91. The tank truck ts half filled with water, Determine 
the magnitude of the resultant force on the elliptical back 
plate of the tank, and the location of the center of pressure 
measured from the x axis. Solve the problem using the 
formula method, Hint: The centroid of a semi-ellipse 


measured from the x axis is y = =. 


*2-92. Solve Prob. 2-91 using the integration method. 





Probs. 2-91/92 


2-93. The trough is filled to its top with carbon disulfide. 
Determine the magnitude of the resultant force acting on 
the parabolic end plate, and the location of the center of 
pressure measured from the top. p,, = 2.46 slug/ft^. Solve 
the problem using the formula method. 


2-94. Solve Prob. 2-93 using the integration method. 





Probs. 2-93/94 


PROBLEMS 121 


2-95. The tank is filled with water. Determine the resultant 
force acting on the triangular plate A and the location of 
the center of pressure, measured from the top of the tank. 
Solve the problem using the formula method. 


*2-96. Solve Prob. 2-95 using the integration method. 


2-97. Thetankis filled with water. Determine the resultant 
force acting on the semicircular plate B and the location of 
the center of pressure, measured from the top of the tank. 
Solve the problem using the formula method. 





2-98. Solve Prob. 2-97 using the integration method. 


2-99, Thetank is filled with water. Determine the resultant 
force acting on the trapezoidal plate C and the location of 
the center of pressure, measured from the top of the tank. 
Solve the problem using the formula method. 


*2-100. Solve Prob. 2-99 using the integration method. 





Probs. 2-95/96/97/98/99/100 


2-101. The open wash tank is filled to its top with butyl 
alcohol, an industrial solvent. Determine the magnitude of 
the resultant force on the end plate ABCD and the location 
of the center of pressure, measured from AB. Solve the 
problem using the formula method. Take y,,, = 50.1 Ib/ft*. 







Er 


3 ft 


Prob. 2-101 
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2-102. The control gate ACB is pinned at A and rests on the 
smooth surface at B. Determine the amount of weight that 
should be placed at C in order to maintain a reservoir depth 
of h = 10 ft. The gate has a width of 3 ft. Neglect its weight. 


2-103. The control gate ACB is pinned at A and rests on 
the smooth surface at B. If the counterweight C is 2000 Ib, 
determine the maximum depth of water h in the reservoir 
before the gate begins to open. The gate has a width of 3 ft. 
Neglect its weight. 





Probs. 2—102/103 


*2-104. The uniform plate, which is hinged at C, is used to 
control the level of the water at A to maintain its constant 
depth of 12 ft. If the plate has a width of 8 ft and a weight of 
50(10?) Ib, determine the minimum height / of the water at 
B so that seepage will not occur at D. 





6n 


Prob. 2-104 


Sec. 2.10 


2-105. The bent plate is 1.5 m wide and is pinned at A and 
rests on a smooth support at B. Determine the horizontal 
and vertical components of reaction at A and the vertical 
reaction at the smooth support B for equilibrium. The fluid 
is water. 





Prob. 2-105 


2-106. The thin quarter-circular arched gate is 3 ft wide, is 
pinned at A, and rests on the smooth support at B. Determine 
the reactions at these supports due to the water pressure. 





Prob. 2-106 


PROBLEMS 123 


2-107. Water is confined in the vertical chamber, which is 2-109. The 5-m-wide overhang is in the form of a parabola, 
2 m wide. Determine the resultant force it exerts on the as shown. Determine the magnitude and direction of the 
arched roof AB. resultant force on the overhang. 


| 
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Prob. 2-107 Prob. 2-109 


*2-108. Determine the horizontal and vertical components 
of reaction at the hinge A and the normal reaction at B 
caused by the water pressure. The gate has a width of 3 m. 


1 


2-110. Determine the resultant force that water exerts on 
the overhang sea wall along ABC. The wall is 2 m wide. 
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Prob. 2-108 Prob. 2-110 
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2-111. Determine the magnitude and direction of the 2-114. Determine the resultant force the water exerts on 
resultant hydrostatic force the water exerts on the face AB AB, BC, and CD of the enclosure, which is 3 m wide. 
of the overhang if it is 2 m wide. 





Prob. 2-111 





*2-112.. The 5-m-wide wall is in the form of a parabola. If the Prob, 2-114 
depth of the water is h = 4 m, determine the magnitude and 
direction of the resultant force on the wall. 


2-113. The 5-m-wide wall is in the form of a parabola. 

Determine the magnitude of the resultant force on the wall 

as a function of depth A of the water. Plot the results of force 

(vertical axis) versus depth A for 0 = h = 4 m. Give values 

for increments of Ah = 0.5 m. 2-115. Determine the magnitude of the resultant force the 
water exerts on the curved vertical wall. The wall is 2 m wide. 





Probs. 2-112/113 Prob. 2-115 


*2-116. Gate AB has a width of 0.5 m and a radius of 1 m. 
Determine the horizontal and vertical components of 
reaction at the pin A and the horizontal reaction at the 
smooth stop B due to the water pressure. 


y 





Prob. 2-116 


2-117. A quarter-circular plate is pinned at A and tied to 
the tank’s wall using the cable BC. If the tank and plate are 
4 ft wide, determine the horizontal and vertical components 
of reaction at A, and the tension in the cable due to the 
water pressure. 





Prob. 2-117 


PROBLEMS 125 


2-118. The bin is 4 ft wide and filled with linseed oil. 
Determine the horizontal and vertical components of the force 
the oil exerts on the curved segment AB. Also, find the location 
of the points of application of these components acting on the 
segment, measured from point A. Yp = 58.7 lb/ft’. 





Prob. 2-118 


2-119. If the water depth is h = 2m, determine the 
magnitude and direction of the resultant force, due to water 
pressure acting on the parabolic surface of the dam, which 
has a width of 5 m. 


*2-120. Determine the magnitude of the resultant force 
due to water pressure acting on the parabolic surface of 
the dam as a function of the depth h of the water. Plot 
the results of force (vertical axis) versus depth h for 
0 = h = 2m. Give values for increments of Ah = 0.5 m. 
The dam has a width of 5 m. 


y y=05x 


r 





Probs. 2-119/120 
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2-121. The canal transports water and has the cross 
section shown. Determine the magnitude and direction of 
the resultant force per unit length acting on wall AB, and 
the location of the center of pressure on the wall, measured 
with respect to the x and y axes, 





3 ft 


Prob. 2-121 


2-122. ‘The settling tank is 3 m wide and contains turpentine 
having a density of 860 kg/m’. If the parabolic shape is 
defined by y = (x*)m, determine the magnitude and 
direction of the resultant force the turpentine exerts on the 
side AB of the tank. 





Prob. 2-122 


2-123. The radial gate is used to control the flow of water 
over a spillway. If the water is at its highest level as shown, 
determine the torque T that must be applied at the pin A in 
order to open the gate. The gate has a mass of 5 Mg and a 
center of mass at G. It is 3 m wide. 


*2-124. The radial gate is used to control the flow of water 
over a spillway. If the water is at its highest level as shown, 
determine the horizontal and vertical components of 
reaction at pin A and the vertical reaction at the spillway 
crest B. The gate has a weight of 5 Mg and a center of gravity 
at G. It is 3 m wide. Take T — 0. 





Probs. 2-123124 


2-125. The 6-ft-wide plate in the form of a quarter-circular 
arc is used as a sluice gate. Determine the magnitude and 
direction of the resultant force of the water on the bearing 
O of the gate. What is the moment of this force about the 
bearing? 





Prob. 2-125 


PROBLEMS 127 


2-126. The curved and flat plates are pin connected at A, 2-129. The steel cylinder has a specific weight of 490 Ib/ft* 


B, and C. They are submerged in water at the depth shown. and acts as a plug for the 1-ft-long slot in the tank. Determine 
Determine the horizontal and vertical components of the resultant force the bottom of the tank exerts on the 
reaction at pin B. The plates have a width of 4 m. cylinder when the water in the tank is at a depth ofh = 2 ft. 


2-130. The steel cylinder has a specific weight of 490 Ib/ ft m 
and acts as a plug fo r the 1-ft-long slot in the tank. Determine 

the resultant force the bottom of the tank exerts on the 
cylinder when the water in the tank just covers the top of 

the cylinder, h = 0. 





Prob. 2-126 





2-127. The stopper in the shape of a frustum is used to Probs. 2-129/130 
plug the 100-mm-diameter hole in the tank that contains 
amyl acetate. If the greatest vertical force the stopper can 


resist is 100 N, determine the depth d before it becomes 2-131. The sluice gate for a water channel is 1.5 m wide 
unplugged. Take paa = 863 kg/m*. Hint: The volume of a and in the closed position, as shown. Determine the 
cone is Y = irh. magnitude of the resultant force of the water acting on the 


gate. Solve the problem by considering the fluid acting on 
the horizontal and vertical projections of the gate. Determine 
the smallest torque T that must be applied to open the gate 
if its weight is 30 kN and its center of gravity is at G. 


*2-128. The stopper in the shape of a frustum is used to 

plug the 100-mm-diameter hole in the tank that contains 

amyl acetate. Determine the vertical force this liquid exerts 

on the stopper. Take d= 0.6m and p,, = 863 kg/m’. 

Hint. The volume of a cone is¥ = imrh. *2-132. Solve the first part of Prob. 2-131 by the integration 
method using polar coordinates. 





Prob. 2— 127/128 Probs. 2-131/132 





128 CHAPTER 2. FLUID STATICS 


Sec. 2.11-2.12 


2-133. A flat-bottomed boat has vertical sides and a 
bottom surface area of 0.75 m'. It floats in water such that 
its draft (depth below the surface) is 0.3 m. Determine the 
mass of the boat. What is the draft when a 50-kg man stands 
in the center of the boat? 


2-134. The raft consists of a uniform platform having a 
mass of 2 Mg and four floats, each having a mass of 120 kg 
and a length of 4 m. Determine the height A at which the 
platform floats from the water surface. Take p,, = | Mg/m’. 





0.25 m 


Prob. 2-134 


2-135. Consider an iceberg to be in the form of a cylinder 
of arbitrary diameter and floating in the ocean as shown. If 
the cylinder extends 2 m above the ocean's surface, 
determine the depth of the cylinder below the surface. The 
density of ocean water is p,, = 1024 kg/m’, and the density 
of the ice is p, — 935 kg/m*. 


*2-136. The cylinder floats in the water and oil to the level 
shown. Determine the weight of the cylin dero, — 910 kg/m". 





Prob. 2-136 


2-137. A glass having a diameter of 50 mm is filled with 
water to the level shown. If an ice cube with 25-mm sides is 
placed into the glass, determine the new height A of the water 
surface. Take p, = 1000 kg/m? and pice — 920 kg/m. What 
will the water level h be when the ice cube completely melts? 





Prob. 2-135 


Prob. 2-137 


2-138. The wood block has a specific weight of 45 Ib/ ft". 
Determine the depth A at which it floats in the oil-water 
system. The block is 1 ft wide. Take p, = 1.75 slug/ft". 


— 





Prob. 2-138 


2-139, Water in the container is originally at a height of 
h = 3 ft. If a block having a specific weight of 50 lb/ft is 
placed in the water, determine the new level/ of the water. 
The base of the block is 1 ft square, and the base of the 
container is 2 ft square. 






Nnm 






E 
| 


Prob. 2-139 


PROBLEMS 129 


*2-140. The cross section of the front of a barge is shown. 
Determine the buoyant force acting per foot length of the 
hull when the water level is at the indicated depth. 





Prob. 2-140 


2-141. The cone is made of wood having a density of 
Puoi 7 650 kg/m. Determine the tension in rope AB if the 
cone is submerged in the water at the depth show n. Will this 
force increase, decrease, or remain the same if the cord is 
shortened? Why? Hint: The volume of a cone is Y = 47h. 





Prob. 2-141 
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2-142. The hot-air balloon contains air having a temperature 
of 180°F, while the surrounding air has a temperature of 60°F. 
Determine the maximum weight of the load the balloon can 
lift if the volume of air it contains is 120(10°) ft’. The empty 
weight of the balloon is 200 l5, 





Prob. 2-142 


2-143. The container with water in it has a mass of 30 kg. 
Block B has a density of 8500 kg/m? and a mass of 15 kg. If 
springs C and D have an unstretched length of 200 mm and 
300 mm, respectively, determine the length of each spring 
when the block is submerged in the water. 





Prob. 2-143 


*2-144. An open-ended tube having an inner radius r is 
placed in a wetting liquid A having a density p,. The top of the 
tube is just below the surface of a surrounding liquid B, which 
has a density pz, where p, > pp. If the surface tension c 
causes liquid A to make a wetting angle @ with the tube wall as 
shown, determine the rise A of liquid A within the tube. Show 
that the result is independent of the depth d of liquid B. 





Prob. 2-144 


2-145. A boat having a mass of 80 Mg rests on the bottom 
of the lake and displaces 10.25 m? of water. Since the lifting 
capacity of the crane is only 600 kN, two balloons are 
attached to the sides of the boat and filled with air. 
Determine the smallest radius r of each spherical balloon 
that is needed to lift the boat. What is the mass of air in e ach 
balloon if the air and water temperature is 12°C? The 
balloons are at an average depth of 20 m. Neglect the mass 
of air and of the balloon for the calculation required for the 
lift. The volume of a sphere is V = frr. 


|" kN 





Prob. 2-145 


PROBLEMS 131 


2-146. The uniform 8-ft board is pushed down into the *2-148. When loaded with gravel, the barge floats in water 


water so it makes an angle of 0 — 30° with the water s urface. at the depth shown. If its center of gravity is located at G, 
If the cross section of the board measures 3 in. by 9 in., and determine whether the barge will restore itself when a wave 
its specific weight is y; — 30 Ib/ft^, determine the length a causes it to roll slightly at 9°. 


that will be submerged and the vertical force F needed to 
hold its end in this position. 





3 in. 





Prob. 2-148 


Prob. 2-146 


2-147. Thecylinder has a diameter of 75 mm and a mass of 
600 g. If it is placed in the tank, which contains oil and water, 
determine the height h above the surface of the oil at which 
it will float if maintained in the vertical position. Take 
Po = 980 kg/m’. 


2-149. When loaded with gravel, the barge floats in water 
at the depth shown. If its center of gravity is located at G 
determine whether the barge will restore itself when a wave 
causes it to tip slightly. 





6m 


Prob. 2-147 Prob. 2-149 
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Sec. 2.13-2.14 


2-150. The barrel of oil rests on the surface of the scissors lift. 
Determine the maximum pressure developed in the oil if the lift 
is moving upward with (a) a constant velocity of 4 m/s, and 
(b) an acceleration of 2 m/s?. Take p, — 900 kg /m*. The top of 
the barrel is open to the atmosphere. 





Prob. 2-150 


2-151. The truck carries an open container of water as 
shown. If it has a constant acceleration of 2 m/s?, determine 
the angle of inclination of the surface of the water and the 
pressure at the bottom corners A and B. 


*2-152. The truck carries an open container of water as 
shown. Determine the maximum constant acceleration it can 
have without causing the water to spill out of the container. 


i 


2m 






Probs. 2—151/152 


2-153. The open rail car is 6 ft wide and filled with water 
to the level shown. Determine the pressure that acts at 
point B both when the car is at rest and when the car has a 
constant acceleration of 10 ft/s?. How much water spills out 
of the car? 


18 ft 





Prob. 2-153 


2-154. The fuel tank, supply line, and engine for an 
airplane are shown. If the gas tank is filled to the level 
shown, determine the largest constant acceleration a that 
the plane can have without causing the engine to be starved 
of fuel. The plane is accelerating to the right for this to 
happen. Suggest a safer location for attaching the fuel line. 


150 mm 
300 m" 
| 100 mm 
900 mm 


Prob. 2-154 

















2-155. A large container of benzene is transported on the 
truck. Determine the level in each of the vent tubes A and B 
if the truck accelerates at a = 1.5 m/s7. When the truck is at 
rest, ha = hg = 0.4m. 


*2-156. A large container of benzene is being transported 
by the truck. Determine its maximum constant acceleration 
so that no benzene will spill from the vent tubes A or B. 
When the truck is rest,h, = hg = 0.4 m. 





Probs. 2-155/156 


2-157. The closed cvlindrical tank is filled with milk, for 
which p,, — 1030 kg/m?. If the inner diameter of the tank 
is 1.5 m, determine the difference in pressure within the 
tank between corners A and B when the truck accelerates 
at 0.8 m/s?. 





Prob. 2-157 
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2-158. Determine the water pressure at points B and C in 
the tank if the truck has a constant acceleration a4. = 2 m/s’. 
When the truck is at rest, the water level in the vent tube A is 
ath, = 0.3 m. 





Prob. 2-158 


2-159, If the truck has a constant acceleration of 2 m/s, 
determine the water pressure at the bottom corners A and 
B of the water tank. 


3m 





Prob. 2-159 
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*2-160. If the truck has a constant acceleration of 2 m/s’, 
determine the water pressure at the bottom corners B and C 
of the water tank. There is a small opening at A. 





Prob. 2-160 


2-161. The cart is allowed to roll freely down the inclined 
plane due to its weight. Show that the slope of the surface of 
the liquid, 8, during the motion is ð = œ. 





Prob. 2-161 


2-162. The cart is given a constant acceleration a up the 
plane,as shown. Show that the lines of constant pressure within 
the liquid have a slope of tan@ — (acos $)/(asin  -- g). 





Prob. 2-162 


2-163. The open railcar is used to transport water up the 
20° incline. When the car is at rest, the water level is as 
shown. Determine the maximum acceleration the car can 
have when it is pulled up the incline so that no water will 
spill out. 


*2-164. The open railcar is used to transport water up the 
20° incline. When the car is at rest, the water level is as 
shown. Determine the maximum deceleration the car can 
have when it is pulled up the incline so that no water will 
spill out. 





Probs. 2-163/164 


2-165. A woman stands on a horizontal platform that is 
rotating at 1.5 rad/s. If she is holding a cup of coffee, and 
the center of the cup is 4 m from the axis of rotation, 
determine the slope angle of the coffee’s surface. Neglect 
the size of the cup. 


2-166. The drum is filled to the top with oil and placed on 
the platform. If the platform is given a rotation of 
w = 12 rad/s, determine the pressure the oil will exert on 
the cap at A. Take p, = 900 kg/m’. 


2-167. The drum is filled to the top with oil and placed on 
the platform. Determine the maximum rotation of the 
platform if the maximum pressure the cap at A can sustain 
before it opens is 40 kPa. Take p, = 900 kg/m’. 


0.25 m 





——2À 
Probs. 2-166/167 


*2-168. The beaker is filled to a height of / — 0.1 m with 
kerosene and placed on the platform. What is the maximum 
angular velocity w it can have so that no kerosene spills out 
of the beaker? 


2-169. The beaker is filled to a height of h = 0.1 m with 
kerosene and placed on the platform. To what heighth = A' 
does the kerosene rise against the wall of the beaker when 
the platform has an angular velocity of « = 15 rad/s? 





Probs. 2-168/169 
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2-170. The tube is filled with water to the level h — 1 ft. 
Determine the pressure at point O when the tube has an 
angular velocity of œw = 8 rad/s. 





Prob. 2-170 


2-171. The sealed assembly is completely filled with water 
such that the pressures at C and D are zero. If the assembly 
is given an angular velocity of w = 15 rad/s, determine the 
difference in pressure between points C and D. 


*2-172. The sealed assembly is completely filled with water 
such that the pressures at C and D are zero. If the assembly is 
given an angular velocity of w = 1S rad/s, determine the 
difference in pressure between points A and B. 


0.6m 





0.5 m——] 5 


Probs. 2-171/172 
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2-173. ‘The U-tube is filled with water and A is open while 
B is closed. If the axis of rotation ts at x = 0.2 m, determine 
the constant rate of rotation so that the pressure at B 
is Zero. 





0.6 m 


Prob. 2-173 


2-174. The U-tube is filled with water and A is open while 
B 1s closed. If the axis of rotation is at x — 0.2 m and the tube 
is rotating at a constant rate of « — 10 rad/s, determine the 
pressure at points B and C. 


2-175. The U-tube is filled with water and A is open 
while B is closed. If the axis of rotation is at x — 0.4 m and 
the tube is rotating at a constant rate of œ = 10 rad/s, 
determine the pressure at points B and C. 





Probs. 2-174/175 


*2-176. The cylindrical container has a height of 3 ft and a 
diameter of 2 ft. If it is filled with water through the hole in 
its center, determine the maximum pressure the water exerts 
on the container when it undergoes the motion shown. 


f 6 trys? 


I—: ii—— 





10 rad/s 





Prob. 2-176 


2-177. The drum has a hole in the center of its lid and 
contains kerosene to a level of 400 mm when œw = U, If the 
drum is placed on the platform and it attains an angular 
velocity of 12 rad/s, determine the resultant force the 
kerosene exerts on the lid. 





Prob. 2-177 
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ud CONCEPTUAL PROBLEMS 


P2-1. By moving the handle up and down on this hand P2-3. Ice floats in the glass when the glass is filled with 
pump, one is able to pump water from a reservoir. Do some water. Explain what happens to the water level when the ice 
research to explain how the pump works, and show a melts. Does it go up, go down, or remain the same? 





calculation that indicates the maximum height to which it 
can lift a column of water. 





P2-4. The beaker of water rests on the scale. Will the 
scale reading increase, decrease, or remain the same if you 
put your finger in the water? Explain. 


P2-2. In 1656 Otto Von Guencke placed the two halves of 
a 300-mm-diameter hollow sphere together and pumped 
the air out of the inside. He tied one rope atA to a tree and 
the other to a team of eight horses. Assuming a perfect 
vacuum was developed within the sphere, do you think the 
horses could pull the hemispheres apart? Explain. If he 
used sixteen horses, eight on each side, would this make a 
difference’? Explain. 
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CHAPTER REVIEW 








Pressure is a normal force acting per unit area. At a point in 
a fluid, it is the same in all directions. This is known as 
Pascal's law. 





The absolute pressure is equal to the atmospheric pressure 


Pabs = Pam Y P 
plus the gage pressure. a am © Pg 
























In a static fluid, the pressure is constant at points that lie in 
the same horizontal plane. If the fluid is incompressible, 
then the pressure depends on the specific weight of the 
fluid, and it increases linearly with depth. 


If the depth is not great, the pressure within a gas can be 
assumed constant. 


Atmospheric pressure is measured using a barometer. 


A manometer can be used to measure the gage pressure in 
a liquid. The pressure is determined by applying the 
manometer rule. The pressure can also be measured using 
other devices such as a Bourdon gage or a pressure 
transducer. 







The resultant hydrostatic force_acting on_a plane surface _ LS 
area has a magnitude of Fy = yhA, where h is the depth of -—— YA 
the centroid of the area. The location of Fp is at the center of Lo 
pressure P(xp, yp). yp oe ty 





The resultant hydrostatic force acting on a plane surface 
area can also be determined by finding the volume of its 
pressure prism. If the surface has a constant width, one can 
then view the pressure prism perpendicular to its width and 
find the area of the load distribution that is caused by the 
pressure. The resultant force acts through the centroid of 
the volume or area. 


Center of 
pressure 





Direct integration of the pressure distribution can also be 
used to determine the resultant force and its location on a 
plane surface area. 


If the surface is inclined or curved, the resultant hydrostatic 
force can be determined by first finding its horizontal and 
vertical components. 


The horizontal component is found by projecting the surface 
onto the vertical plane and finding the force acting on this 
projected area. 


The vertical component is equal to the weight of the volume 
of liquid above the inclined or curved surface. If the liquid is 
below this surface, then the weight of imaginary liquid 
above the surface is determined. The vertical component 
then acts upward on the surface because it represents the 
equivalent pressure force of the liquid below the surface. 


The principle of buoyancy states that the buoyant force 
acting on a body immersed in a fluid is equal to the weight 
of fluid displaced by the body. 


A floating body can be in stable, unstable, or neutral 
equilibrium. The body will be stable if its metacenter is 
located above its center of gravity. 


If an open container of liquid has a constant horizontal 
acceleration a,, the surface of the liquid will be inclined at 
an angle given by tan @ = a,/ xg. If a lid is on the container, 
then an imaginary liquid surface should be established. In 
either case, the pressure at any point in the liquid is 
determined from p — yh, where / is the depth, measured 
from the liquid surface. 


If a container of liquid has a constant vertical upward 
acceleration a, then the pressure within the liquid at a depth 
h will be increased by yh(a,/g). It is decreased by this 
amount if the acceleration is downward. 


If a container has a constant rotation about a fixed axis, the 
liquid surface will form a forced vortex having the shape of 
a paraboloid. The surface is defined by h = (w°/2g). If a 
lid is on the container, then an imaginary liquid surface can 
be established. The pressure at any point within the liquid is 
then determined from p = yh, where h is the depth 
measured from the liquid surface. 
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F, = the resultant pressure loading on the 
vertical projected area DE 


F, ^ the weight of the volume of liquid 
ADCBA above the plate 


Imaginary liquid surface 








Chapter 





(© NASA Ames Research Center/Science Source) 


Exhaust flow through the engines of this jet is modeled using a computer 
program involving computational fluid dynamics 





Kinematics of Fluid Motion 





3.1 Fluid Flow Descriptions 


In most cases fluids do not remain static but rather they flow. In this 
chapter we will consider the kinematics of this flow. Specifically, 
kinematics is the study of the geometry of the flow; that is, it provides a 
description of the position, velocity, and acceleration of a system of fluid 
particles. A system actually consists of a specific quantity of the fluid that 
is enclosed within a region of space, apart from the fluid outside this 
region, which is called the surroundings, Fig. 3-1a. 

It is very important to be able to know the kinematics of a fluid flow 
because once the flow pattern is established, the pressure or forces that 
act on a structure or machine submerged in the fluid can then be 
determined. To completely define the flow pattern, it is necessary to 
specify the velocity and acceleration of each fluid particle at each point 
within the system, and at each instant of time. In fluid mechanics there 
are two ways of doing this. 





s 7 Surroundings 
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Fig. 3-1 
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Lagrangian description of motion 
follows a single fluid particle as it 
moves about within the system 


(b) 






V — Vexo Y Zo 1) 
Zo 


y 


Eulerian description of motion specifies 

a point or region within the system, and it 
measures the velocity of the particles that 
pass through this point or control volume 


(c) 


Fig. 3-1 (cont.) 





Lagrangian description: Particles of smoke 
from this stack can be tagged, and the motion 
of each is measured from a common origin. 


Eulerian description: A control volume is set 
up at a specific point, and the motion of 
particles passing through it is measured. 


Lagrangian Description—System Approach. The flow within 
a fluid system can be defined by “tagging” each fluid particle, and then 
specifying its velocity and acceleration as a function of time as the 
particle moves from one position to the next. This method is typically 
used in particle dynamics, and it is referred to as a Lagrangian 
description, named after the Italian mathematician Joseph Lagrange. 

If the position of a fluid particle is specified by a position vector r, 
Fig. 3-15, then r will be a function of time, and so its time derivative 
yields the velocity of the particle, that is, 

V — Vit) — 2r 

dt 
Here the velocity is only a function of time. In other words, the motion is 
measured at the particle and is calculated as the time rate of change of the 
particle's position. The velocity is not a function of the particle's position; 
rather, the position itself is known as a function of time,r ^ r(t), Fig. 3-15. 


(3-1) 


Eulerian Description—Control Volume Approach. The 
velocity of the fluid particles within a system can also be described by 
considering a fixed point (xo, Vo, Zo) surrounded by a differential volume 
of space. The velocity of all particles that pass through this point or 
volume can then be measured at this point, Fig. 3-1c. This method is 
named after the Swiss mathematician Leonard Euler, and is referred to 
as a Eulerian description. 

The volume of space through which the particles flow is called a control 
volume, and the boundary of this volume is the control surface. To obtain 
information on the entire system, differential-size control volumes must be 
established at every point (x, y, z), and the velocities of particles passing 
through these control volumes are then measured as time passes. Doing 
this, we then have a velocity field for the system that is define d as a function 
of both space, where each control volume is located, and ti me. That is, 


V — V(x, y, z, 1) (3-2) 
This *vector field" can also be expressed in terms of its Cartesian components. 
V(x, v, z, t) T u(x, y, z, Di + v(x, y, z, Nj t wix, v, z, t)k 


where u, v, w are the x, y, z components of the velocity, and i, j, k are the 
unit vectors that define the positive directions of the x, y, z axes. 

In fluid mechanics it is generally easier to use a Eulerian description 
rather than a Lagrangian description to define the flow. This is because all 
the particles composing the fluid can have very erratic motion, and the fluid 
system may not maintain a constant shape. A Eulerian description is 
localized, in that it specifies a point and measures the motion of the particles 
passing this point. From a Lagrangian point of view, it is very difficult to 
account for the position of all the particles in the system, from one instant to 
the next, and then measure the velocities of all these particles as they move 
about and change the system’s shape. A Lagrangian description, however, 
works well in rigid-body dynamics. Here the body maintains a fixed shape, 
and so the location and motion of the particles composing the body can be 
readily specified with respect to one another. 


3.2 Types of Fluid Flow 


Apart from the two ways of describing the motion of fluid particles, there 
are also various ways to classify the flow of a fluid system. Here we will 
consider three of them. 


Classification of Flow Related to Its Frictional Effects. When 
a highly viscid fluid such as oil flows at a very slow rate through a pipe, the 
paths the particles follow are uniform and undisturbed. In other words, the 
lamina or thin layers of fluid are “orderly” and so one cylindrical layer 
slides smoothly relative to an adjacent layer. This behavior is referred to as 
laminar flow, Fig. 3-2a. Increase the velocity or decrease the viscosity, and 
the fluid particles may then follow erratic paths, which causes a high rate of 
mixing within the fluid. We refer to this asturbulent flow, Fig. 3-2b. Between 
these two types, we have transitional flow, that is, a state in which regions 
of both laminar and turbulent flow coexist. 

In Chapter 9 we will see that one of the most important reasons for 
classifying the flow in this manner is to determine the amount of energy 
the fluid loses due to frictional effects. Obtaining this energy loss is 
necessary when designing pumps and pipe networks for transporting 
the fluid. 

The velocity profile for both laminar and turbulent flow between two 
surfaces is shown in Fig. 3-3. Notice how laminar flow is shaped entirely 
by the viscosity of the fluid's sliding layers, whereas turbulent flow 
"mixes" the fluid both horizontally and vertically, which causes its 
average velocity profile to flatten out, or become more uniform. 





Average velocity profile for laminar flow 





Average velocity profile for turbulent flow 


Fig. 3-3 
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(a) 
Laminar flow 
Fluid particles follow straight-line 
paths since fluid flows in thin layers 


Turbulent flow 


Fluid particles follow erratic paths 
which change direction in space and time 


Fig. 3-2 
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Classifications of Dimensional Flow. A flow can also be 
classified by how many spatial coordinates are needed to describe it. If all 
three space coordinates are required, then it is called three-dimensional 
flow. Examples include the flow of water around a submarine and the 
airflow around an automobile. Three-dimensional flows are rather 
complex and therefore difficult to analyze. They are most often studied 
using a computer, or experimentally using models. 

For many problems in engineering, we can simplify the analysis by 
assuming the flow to be two-, one-, or even nondimensional. For example, 
the flow through the converging pipe in Fig. 3-4a is two-dimensional 
flow. The velocity of any particle depends only on its axial and radial 
coordinates x and r. 

A further simplification can be made in the case of unchanging flow 
through a uni form strai ght pipe, Fig.3—4. This is a cas e of one-dimensional 
flow. Its velocity profile changes only in the radial direction. 

Finally, if we consider the unchanging flow of an ideal fluid, where the 
viscosity is zero and the fluid is incompressible, then its velocity profile 
is constant throughout, and therefore independent of its coordinate 
location, Fig. 3—3c. It becomes nondimensional flow. 








x 


Two-dimensional flow 
Velocity is a function of x and r 


(a) 


One-dimensional flow 
Velocity is a function of r 


(b) 





Nondimensional flow 
Velocity is constant 


(c) 
Fig. 3-4 
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Steady uniform flow 
An ideal fluid maintains the same velocity Steady nonuniform flow 
at all times and at each point The velocity remains constant with time, 


but it is different from one location to the next 


1 TTE p EN 


Time t 


ies 


(a) 





Time f 





Time ¢ + At 


Time ¢ + At 


Unsteady nonuniform flow 
The valve is slowly opened, and because of the 
changing cross section of the pipe, the velocity 
will be different at each point and at each time 


Unsteady uniform flow 
The valve is slowly opened and so at any instant 
the velocity of an ideal fluid is the same at all 
points, but it changes with time 


(b) (3) 

Fig. 3-5 
Classification of Flow Based on Space and Time. When 
the velocity of a fluid at a point does not change with time, we refer to the 
flow as steady flow, and when the velocity does not change from one 
position to the next, it is referred to as uniform flow. In general, there are 
four possible combinations of these two flows, and an example of each is 
given in Fig. 3-5. 

Most engineering applications of fluid mechanics involve steady flow, 
and fortunately, it is the easiest to analyze. Furthermore, it is generally 
reasonable to assume that any unsteady flow that varies for a short time 
may, over the long term, be considered a case of steady flow. For example, 
flow through the moving parts of a pump is unsteady, but the pump 
operation is cyclic or repetitious, so we may consider the flow at the inlet 
and outlet of the pump to be “steady in the mean.” It may also be possible 
to establish steady flow relative to a moving observer. Consider the case 
of a car passing through still, smoky air. The airflow will appear steady to 
the driver when the car moves through it at constant speed on a straight 
road. However, to an observer standing along the roadway, the air would 
appear to have unsteady flow during the time the car passes by. 
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v 


Streamline 


The velocity is always 
tangent to the streamline 


Fig. 3-7 


dy 








Streamlines for ideal fluid flow Fluid flows faster within 
around a cylinder a narrow streamtube 


(a) (b) 
Fig. 3-6 


3.3 Graphical Descriptions of Fluid Flow 


Several graphical methods have been devised to visualize the behavior of 
a flow. For analysis, these include using streamlines or streamtubes, and 
for experimental work, pathlines and streaklines, and optical methods are 
often used. We will now give each of these separate treatment. 


Streamlines. A streamline is a curve that is drawn through the fluid 
in such a manner that it indicates the direction of the velocity of particles 
located on it at a particular instant of time. Specifically, the velocity of any 
particle is always tangent to the streamline along which it is traveling at 
that instant. Consequently,no fluid can flow across a streamline, onlyalong 
the streamline. For example, the streamlines for the steady flow of an ideal 
fluid around a cylinder enclosed within a rectangular duct are shown in 
Fig. 3-6a. In particular, notice the streamline at the center of the flow field. 
It intersects the cylinder at A. This point is called a stagnation point, 
because here the velocity of any particle is momentarily reduced to zero 
when it strikes the cylinder’s surface. 

It is important to keep in mind that streamlines are used to represent the 
flow field during each instant of time. In the example just given, the direction 
of the streamlines is maintained as time passes and fluid particles move along 
them; however, sometimes the streamlines can be a function of both space 
and time. For example, this occurs when fluid flows through a rotating pipe. 
Here the streamlines change position trom one instant to the next, and so the 
fluid particles do not move along any streamline that is fixed in position. 

Since the particle’s velocity is always tangent to its streamline, then if the 
velocity is known, the equation that defines a streamline at a particular 
instant can always be determined. For example, in the case of two- 
dimensional flow, the particle’s velocity will have two components, wu in the 
x direction and v in the y direction. As noted in Fig. 3-7, we require 


(3-3) 





Integrating this equation will give the equation of the streamlines, 
y — fix) * C. To find the streamline that passes through a particular point 
(xp, Yo), We can substitute these coordinates into this equation to evaluate the 
constant C. This process is demonstrated in Examples 3.1 and 3.2. 


3.3 GRAPHICAL DESCRIPTIONS OF FLUID FLOW 147 


Streamtubes. For some types of analysis, it is convenient to 
consider a bundle of streamlines that surround a region of flow, Fig. 3-8. 
Such a circumferential grouping is called a streamtube. Here the fluid 
flows through the streamtube as if it were contained within a curved 
conduit, 

In two dimensions, streamtubes can be formed between any two 
streamlines. For example, consider the streamtube in Fig. 3—6b for flow 
around the cylinder. Notice that a small element of fluid traveling along 
this streamtube will move s/ower when the streamlines are farther apart Fig. 3-8 m 





Streamtube 





(or the streamtube is wider), and move faster when they are closer 
together (or the streamtube is narrow). This is a consequence of the 
conservation of mass, something we will discuss in the next chapter. 





re 


The pathline shows the path of a single particle The streakline shows the path of 
using a time exposure photograph for Ü — t * f; many particles at the instant t = t 


(a) (b) 


Fig. 3-9 





Pathlines. The pathline for a fluid particle defines the “path” the 
particle travels over aperiod of time. To obtain t he pathli ne exper imentally, 
a neutrally buoyant single particle can be released within the flow stream This photo shows the streaklines of water 
and a time-exposed photograph taken. The line on the photograph then Particles ejected from a water sprinkler at a 
represents the pathline for this particle, Fig. 3—%. ae 


Streaklines. If smoke is released continuously in a gas, or colored 
dye is released in a liquid, a “trace” of all the particles will be carried 
along with the flow. This resulting succession of marked particles that 
have all come from the same point of origin is called a streakline. It can 
be identified by taking an instantaneous photograph of the trace, or 
“streak,” of all the particles, Fig. 3-9b. 

As long as the flow is steady, the streamlines, pathlines, and streaklines 
will all coincide. For example, this occurs for the steady flow of water 
ejected from the fixed nozzle, Fig. 3-10. Here a streamline will maintain 
its same direction from one instant to the next, and so every particle 
coming from the nozzle will follow this same streamline, thereby 
producing a coincident pathline and streakline. 





The streamlines, pathlines, and 
streaklines all coincide 
for steady flow 


Fig. 3-10 
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Optical Methods. Ifthe fluid is transparent, such as air and water, then 
the flow can be visualized indirectly using a shadowgraph. Simply put, a 
shadowgraph is the result of refracted or bent light rays that interact with 
the fluid and then cast a shadow on a screen in close proximity. Perhaps you 
have noticed the shadow of a heated air plume rising from a candle, or the 
shadow of the exhaust from a jet engine cast against a surface. In both of 
these cases the heat being produced changes the local density of the air, and 
the light passing through this air is bent. The greater the change in the fluid 
density, the more the light rays are bent. Shadowgraphs have been used in 
industry to visualize the air flow around jet aircraft and rockets, as well as to 
study the flow around devices that produce heat. 

One other optical technique that is used to visualize the flow of a 
transparent fluid is schlieren photography. It also is based on detecting 
the density gradients within a fluid produced by the flow. In this case, a 
collimated or parallel beam of light shines on the object. The light is 
focused with a lens, and a knife edge is placed perpendicular to the beam 
at its focal point. This blocks about half the light and the fluid causes a 
distortion in the beam due to the density variations within the fluid. The 
distortion will cast light and dark regions on a nearby background 
surface. An example is shown in the accompanying photo of a heated 
source generating a flow of hot air used to suspend a ball. Schlieren 
photography has been used extensively in aeronautical engineering to 
visualize the formation of shockwaves and expansion waves formed 
around jet aircraft and missiles. For further details on these two optical 
techniques, see Ref. [5]. 








A schlieren photograph showing a ball that is suspended by 
an airstream produced by a jet of hot air. (© Ted Kinsman/ 
Science Source) 
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Computational Fluid Dynamics. Although the experimental 
techniques just discussed have played an important role in studying 
complicated flow patterns, they have been increasingly replaced with 
numerical techniques that apply the laws of fluid dynamics using high-speed 
computers. This is referred to as computational fluid dynamics (CFD). There 
are many types of commercially available CFD programs, and with some of 
them the engineer can extend an analysis to include heat transfer and 
multiphase changes within the fluid. Generally the output includes a plot of 
the streamlines or pathlines, with the velocity field displayed in a color- 
coded fashion. Digital printouts of steady flow can be made, or if the flow is 
unsteady, then a video can be produced. We will discuss this important field 
in greater length in Sec. 7.12. 


Important Points 


There are two ways to describe the motion of fluid particles 
within a flow. A Lagrangian description, or system approach, has 
limited use since it requires tracking the location of each particle 
in the flow and reporting its motion. A Eulerian description, or 
control volume approach, is more practical, since it considers a 
specific region or point in the flow, and measures the motion of 
any fluid particles passing through this region or point. 

Fluid flow can be described in various ways. It can be classified as 
the result of viscous friction, which is, either laminar, transitional, 
or turbulent. It can be classified as nondimensional, or as one-, 
two-, or three-dimensional. And finally, for a space-time 
classification, the flow is steady if it does not vary with time, and 
uniform i it does not vary with location. 


A streamline contains particles that have velocities that are 
tangent to the streamline at each instant of time. If the flow is 
steady, then the particles move along fixed streamlines. However, 
if unsteady flow causes the direction of the streamlines to change, 
then the particles will move along streamlines that have a different 
orientation from one instant to the next. 


Experimentally, the flow of a single marked particle can be visualized 
using a pathline, which shows the path taken by the particle using a 
time-lapse photograph. Streaklines are formed when smoke or 
colored dye is released into the flow from the same point, and an 
instantaneous photo is taken of the trace of many particles. 


Optical methods, such as shadowgraphs and schlieren photographs, 
are useful for observing flow in transparent fluids caused by heat, or 
to visualize shock and expansion waves created in high speed flows. 
Computational fluid dynamics uses numerical analysis to apply 
the laws of fluid dynamics, and thereby produces data to visualize 
complex flow. 








A CFD printout showing the flow around a 
model of a car. Based on the results, the 
model can be reshaped to enhance the design. 
(© Hank Morgan/Science Source) 
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The velocity for the two-dimensional flow shown in Fig. 3-11 is 
defined by V = {6yi + 3j}m/s, where y is in meters. Determine the 
equation of the streamline that passes through point (1 m, 2 m). 


SOLUTION 


Fluid Description. This is a Eulerian description since the velocity 
is reported in terms of its spatial coordinates. In other words, the 
description reports the velocity of particles that pass through a control 
volume located at point (x, y) within the flow. Since time is not 
involved, we have steady flow, where u = (6y)m/s and v > 3m/s. 


Analysis. To find the equations of the streamlines, we must use Eq. 3-3, 
dy v3 


dx u 6y 


Separating the variables and integrating yields 


[oo c [aa 


37 —3x - C 


This is the equation for a parabola. Each selected constant C 
will produce a unique streamline. For the one passing through the 
point (1 m, 2 m), we require 32) — 3(1) + C,or C = 9. Therefore, 


y7x-3 Ans. 


A plot of this equation (streamline) is shown in Fig. 3-11. Here 
particles that pass through a differential size control volume located 
at the point (1 m, 2 m) will have the velocity V — {12i + 3j} m/s, as 
indicated. By selecting other points to evaluate the integration 
constant C, we can establish the graphical representation of the entire 
flow field, a portion of which is also shown in Fig. 3-11. Once this is 
established notice how the fluid element constrained in the selected 
streamtube travels fast, slows down as it passes the x axis, and then 
speeds up again. 


NOTE: If the velocity were also a function of time, then unsteady flow 
would occur, and the streamlines may change location from one 
instant to the next. To obtain them, we would first have to evaluate V 
at a particular instant of time, and then apply Eq. 3-3 in the same 
manner as explained here to establish the streamlines or flow field for 
this instant. 
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EXAMPLE | 3.2 





The velocity components of a particle in the flow field are defined by 
u — 3m/s and v — (61) m/s, where t is in seconds. Plot the pathline 
for the particle if it is released from the origin when t = 0. Also 
draw the streamline for this particle when: = 2s. 


SOLUTION 


Fluid Description. Since the velocity is only a function of time, this is a 
Lagrangian description of the particle's motion. We have nonuniform flow. 





Pathline. The pathline describes the location of the particle at 
various times. Since the particle is at (0, 0) when: — 0, then 


JI" ° dt 
x I y t 
fa = f za ] ^ — [ 6tadt 
Ü Ü 0) 0 
x 7 (3t) m y 7 (32) m (1) 


Eliminating the time between these two parametric equations, we 
obtain our result 


ES Pg s 
y :( 3 ) Or y 3 X Ans. 
The pathline or path taken by the particle is a parabola, shown in Fig. 3-12. 


Streamline. The streamline shows the direction of the velocity of a 
particle at a particular instant of time. At the instant t ^ 2s, using 
Eq. 1, the particle is located at x = 3(2) = 6m,y = 3(2)? = 12m. 
Also it has velocity components of u — 3 m/s,v — 6(2) — 12 m/s, 
Fig 3-12. Applying Eq. 3—3 to obtain the equation of the streamline at 


this instant, we have 
/ dy = / 4 dx 


y -dAx--C 
Since x — 6m and y — 12m,then C — —12 m. Therefore 
y = áx — 12 


This streamline is shown in Fig. 3-12. Note that both the streamline 
and pathline have the same slope at (6 m, 12 m). This is to be expected 
since both must give the same direction for the velocity when t — 2 s. 
At another instant, the particle moves along the pathline, and has 
another streamline (tangent). 
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EXAMPLE | Sis 





The velocity of gas particles flowing along the center of the pipe in 
Fig. 3-13 is defined for x = 1m, by the velocity field V = (t/x)m/s, 
where ¢ is in seconds and x is in meters.* If a particle is at x = 1m 
when t — 0, determine its velocity when it is at x ^ 2m. 








Fig. 3-13 


SOLUTION 


Fluid Description. Because the velocity is a function of time, the 
flow is unsteady, and because it is a function of position, it is 
nonuniform. This flow field V Z V(x, t) is a Eulerian description. Here 
all particles passing the location x have a velocity that changes with 
time, and itis measured as V — (r/x). 


Analysis. To find the velocity at x — 2 m, we must first find the time 
for the particle to travel from x — 1 m to x — 2 m, that is, we must 
find x = x(t). This is a Lagrangian description since we must follow 
the motion of a single particle. 

The particle’s position can be determined from the velocity field, by 
realizing that for a Lagrangian description, Eq. 3-1 gives 


= I> 


V= 


SIS 


Separating the variables and integrating yields 
x ! 
f xdx = f tdt 
l 0 
x lll, 
x=VP+1 (1) 


*Notice that substituting / in seconds and x in meters gives units of s/ m; however, 
here there must be a constant 1 m?/s? (not shown) that converts these units to velocity, 
m/s, as stated. 
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The Lagrangian description of the velocity of the particle can now be 
determined. Here the velocity must only be a function of time. 


a 


y=2= > (e + 1)" 


& | 


- (2) 
FT 





Using these results, we are now able to follow the particle as it moves 
along the path during each instant of time. Its position at any instant is 
determined from Eq. 1, and its velocity at this instant is determined from 
Eq. 2. Therefore, when the particle is located at x — 2 m, the time is 


2=Vr4+1 
1.732 s 


~ 
Il 


And at this time, the particle is traveling at 


L./34 


V/ (01.732)? + 1 


V = 0.866 m/s Ans. 


We can check this result, using the Eulerian description. Since we 
require the particle to be located at x ^ 2 m, when ¢ ~ 1.732s its 
velocity is 


V = - =— = 0.866 m/s Ans. 


as expected. 


NOTE: In this example the velocity field has only one component, 
V = u © t/x,v 7 0,w = 0. In other words, it is one-dimensional flow, 
and so the streamline does not change direction, rather it remains in 
the x direction. 
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3.4 Fluid Acceleration 


Once the velocity field V = V(x, y, z, £) is established, then it is possible to 
determine the acceleration field for the flow. One reason for doing this is to 
apply Newton’s second law of motion, }F = ma, to relate the acceleration 
of the fluid particles to the forces produced by the flow. Since the velocity 
field is a function of both space and time (Eulerian description), the time rate 
of change of velocity (acceleration) must account for the changes made in 
both its space and time variables. To show how to obtain these changes, let 
us consider the unsteady, nonuniform flow of a fluid through the nozzle in 
Fig. 3-14. For simplicity, we will study the motion of a single particle as it 
moves through a control volume. Here the velocity is defined by V = V(x, t) 
along the center streamline .When the particle is at position x, where the first 
open control surface to the control volume is located, it will have a velocity 
that will be smaller than when it is at position x + Ax, where it exits the 
control volume's other open control surface. This is because the nozzle 
constricts the flow and therefore causes the particle to have a greater speed 
atx + Ax. Thus the velocity of the particle will change due to its change Ax 
in position (nonuniform flow). If the valve is opened then the velocity of the 
particle can also change within the control volume due to a change in time 
Ar (unsteady flow). As a result, the total change in V ~ V(x, rt) will be 










Control volume 


AV aV 
AV=—Ar + TA 
at Ox 


Change of V Change of V 
with time with position 
(unsteady flow) (nonuniform flow) 


Since Ax is the distance covered in the time Afr, the acceleration of the 


particle becomes 
Fig. 3-14 — . AV  àV AV dx 
a= lim — =— + 
Aro At or ax dt 


x Ax 





Another way to determine this result is to use the chain rule of calculus. 
Since V © V(x, t), we must use partial derivatives to find each change in 
V, that is,a = AV /ðt(dt/dt) + aV /ax(dx/dt). Realizing that dx /dt — V,in 
either case, we get 


(3-4) 





Local Convective 
accel. accel. 


The notation D( )/ Dt is referred to as a material derivative, because it 
gives the time rate of change of a fluid property (in this case the velocity) 
as the fluid particle (material) passes through the control volume. Let's 
summarize our result. 
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Local Acceleration. The first term on the right side, aV/ar, 
indicates the time rate of change of the velocity of the particle, which 
occurs within the control volume. For this reason it is called the local 
acceleration. Opening the valve in Fig. 3-14 causes the flow to increase, 
producing this local change. For steady flow this term will be zero, 
because the flow will not change with time. 


Convective Acceleration. The last term on the right side, 
V(9V /àx), is referred to as the convective acceleration, since it measures 
the change in the particle’s velocity as the particle moves through the 
entrance of the control volume, and then through its exit. The conical 
shape of the nozzle in Fig. 3-14 causes this change. Only when the flow is 
uniform, as in the case of a pipe with a constant cross section, will this 
term be zero. 





Three-dimensional Flow. Now let's generalize these results and 
consider the case of three-dimensional flow, Fig. 3-15. Here the particle 
passes through the control volume located at point x, y, z, where it has 
the velocity 


V(x, y, z, f) — u(x. y, z. Di + v(x, y, z, Dj - wG.y.z. 0k — (3-5) 


The particle's velocity can increase (or decrease) due to either a change 
in its position dx, dy, dz or a change in time dt. To find these changes, we 
must use the chain rule to obtain a result similar to Eq. 3-4. We have 


-DV LV OV dx (OV dy | oV d 
D at ad ay dt óc di 


Since u — dx/dt, v — dy/dt, and w — dz/dt, then — 


_ DV |. oV av av av — : 
a ^ —— — + (um oe F 23 (3-6) y 
Dt at ax dy az 
Total Local Convective z 
accel. accel. accel, x y 
If we substitute Eq. 3-5 into this expression, the expansion results in the Fig. 3-15 
x, y, z components of acceleration, that is 
— au du du au 
ü. > FPES TUS tT wo 
ot ax ay az 
_ av av av au | 
d T= + eS 4 gm ym (3-7) 
ot ax ay az | 
ay dw aw aM 
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Material Derivative. Besides the velocity field V = V(x, y, z, t), 
other fluid properties can also be described using a Eulerian description. 
For example, while a liquid is heated in a boiler, there will be an uneven 
temperature rise of the liquid at each point. This creates a scalar 
temperature field T — T(x, y, z, t) that changes with both position and 
time. Furthermore, since we have assumed a fluid to be a continuum, 
then at each point the pressure and density of the liquid can also be 
described by scalar pressure and density fields, p 7 p(x, y, z, £) and 
p 7 p(x, y. z, t). The time rate of change of each of these fields produces 
local and convective changes related to each control volume. For 
example, in the case of the temperature field, T © T(x, y, z, t), 





DT _ aT aT aT aT "E 
ee ee (3-8) 
Dt at ax av az 


Local Convective 
change change 


In general, the material derivative can be written in more compact form 
using vector notation. It is 


DC) _ A) e 
— —— (Vv M 
Dr ^ (V * VY) (3-9) 


Here the dot product between the velocity vector, V Z ui + vj + wk, and 
the gradient operator del, V = (a()/ax)i + (a )/ay)j + (a()/äz)k, 
yields V-V = u(a)/ax)i + v(a()/dy)j + w(á&( )/âôz)k. You may want to 
show that the expansion of Eq. 3-9 yields Eqs. 3-7 when D(V)/Dt is 
determined. 





Fluid particles moving upward from this water sprinkler have a 
decrease in their velocity magnitude. Also the direction of their 
velocity is changing. Both of these effects produce acceleration. 
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EXAMPLE | 3.4 





As the valve in Fig. 3-16 is being closed, oil particles flowing through 
the nozzle along the center streamline have a velocity of 
ps [6(1 + 0.4x)(1 — 0.52) | m/s, where x is in meters and f is in 
seconds. Determine the acceleration of an oil particle at x ^ 0.25 m 
when ! — ls. 








0.3 m 


Fig. 3-16 


SOLUTION 


Fluid Description. The flow along the streamline is nonuniform 
and unsteady because its Eulerian description is a function of both 
x and tr. 


Analysis. Here V — u. Applying Eq. 3-4 or the first of Eqs. 3-7, 


we have 
= 9V aV = 3 2 = 
gu uy = [60 + 0.4x?°)\(1 — 0.50] 


+ [6(1 + 0.4x?)(1 — 0.59] = [6(1 + 0.4x?)(1 — 0.50] 


= [6(1 + 0.4x?)0 — 0.5)] + [6(1 + 0.41?) — 0.51) [60 + 0.42x)1 — 0.50] 


Evaluating this expression at x = 0.25m,! = 1s, we get 
a = —3.075m/s? + 1.845 m/s? = —1.23 m/s? Ans. 


The local acceleration component (—3.075 m/s?) is decreasing the 
velocity of the particle at x ~ 0.25 m since the valve is being closed to 
decrease the flow. The convective acceler ation component (1.845 m/s”) 
is increasing the velocity of the particle since the nozzle constricts as x 
increases, and this causes the velocity to increase. The net result, 
however, causes the particle to decelerate at 1.23 m/s’. 
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AN ieee o o 


The velocity for a two-dimensional flow is defined by 
V — [2xi — 2yj] m/s, where x and y are in meters. Plot the 
streamlines for the flow field, and determine the magnitude of the 
velocity and acceleration of a particle located at the point x ^ 1 m, 
¥— 2m. 









SOLUTION 
Flow Description. The velocity does not depend on time, so the 
flow is steady and the streamlines will remain in fixed positions. 
Analysis. Here u = (2x)m/s and v = (—2y)m/s. To obtain the 
equations of the streamlines, we must use Eq. 3-3. 

dy __v_ —2y 

dx u E 


Separating the variables and integrating yields 


Pt dx dy 


Ing "m isa +C 


S In(xy) = C 
xy = 
The arbitrary integration constant is C'. Using various values of 
this constant, the above equation represents a family of streamlines 
that are hyperbolas, and so the flow field is shown in Fig. 3-17a. To 


find the streamline passing through point (1 m, 2 m), we require 
(a) (1)(2) — C' so that xy = 2. 





Fig. 3-17 Velocity. The velocity of a particle passing through the control 
volume located at point (1 m, 2 m) has components of 


u — 2(1) = 2m/s 
= —2(2) = —4 m/s 


Therefore, 
— V2 m/s) + (—4 m/s)’ = 447 m/s Ans. 


From the direction of its components, this velocity is shown in 
Fig. 3-17a. It indicates the direction of the flow along its hyperbolic 
streamline. Flow along the other hyperbolas can be determined in 
the same manner, that is, by selecting a point and then showing the 
vector addition of the velocity components of a particle at this point. 
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NM. 


Flow striking a fixed surface Flow along two 
perpendicular surfaces 


(c) 





(b) 


It is interesting to note that we can use a portion of this flow pattern 

to describe, for example, a flow that strikes a fixed surface, as in y 
Fig. 3-17b, a flow within a corner, Fig. 3-17c, or a flow constrained 
between a corner and a hyperbolic boundary defined by one of the 
streamlines, Fig. 3-17d. In all of these cases there is a stagnation point at 

the origin (0,0) since the velocity is zero at this point, thatisu = 2(0) = 0 

and v = —2(0) — 0. As a result, if the fluid contained debris, it would 

tend to accumulate within the region around the origin. 


Acceleration. The components of acceleration are determined 
using Eqs. 3-7. Due to the steady flow there is no local acceleration, 
just convective acceleration. 


— Iu du ou 


mE Eu ee E ee 
ar ax ay Flow between a corner 
= 4, and a hyperbolic surface 
: (d) 
av av o | 
 m— A comu TIPP - 
a atu te x(0) + (—2y)(—2) 
= 4y 


At point (1 m, 2m), a particle will therefore have acceleration 
components 


a, = 41) 7 4m/s? 
a, — 4(2) = 8 m/s? 


The magnitude of the particle's acceleration, shown in Fig. 3-174, is 
therefore 


a 7 NV (4 m/s)f * (8m/s?? ^ 894 m/s? Ans. 
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EXAMPLE | 3.6 





The velocity of particles of gas flowing along the center of the pipe in 
Fig. 3-18 is defined for x — I m by the velocity field as V = (1/x)m/s, 
where f is in seconds and x is in meters. If a particle within this flow 
is at x — 1m when r > 0, determine its acceleration when it is at 
x 2m. 


X 








E | SOLUTION 
t Fluid Description. As noted, since V © V(x, t), the flow is unsteady 
Fig. 3-18 and nonuniform. 


Analysis. In Example 3.3 we have obtained the Lagrangian 

descriptions of the particle’s position and velocity, namely 
x=VP+1 

and so 

t 


VP +1 


Also, when the particle arrives at x — 2 m, the time was found to be 
t — 1.732s. From the Lagrangian point of view, the acceleration is 
simply the time derivative of the velocity, 


V = 


-l1- 


(2 + 1)" - : HG t 1) "Qr 


Thus, when t — 1.7325, 


= OF = 2 
a (17327 + 1? 0.125 m/s Ans. 


Now let’s check our work by taking the material derivative of the 
velocity field (Eulerian description). Since this is one-dimensional 
flow, applying Eq. 3-4, we have 
_ DV _aV aV _ | ( 5) 
gS el 


Dt ar ax > 3 < 


X 
At the control volume, located at x — 2 m, the particle, defined by its 
Lagrangian description, will appear when :; — 1.732s. Here its 
acceleration will be 





1  (1.732°/ 1 
a — > d > ) Ca) =f ie Ans. 


which agrees with our previous result. 
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3.5 Streamline Coordinates 


When the path or streamline for the fluid particles is Known, such as 
when the flow is through a fixed conduit, streamline coordinates can be 
used to describe the motion. To show how these coordinates are 
established, consider the fluid particle moving along the streamline in 
Fig. 3-19a. The origin of the coordinate axes is placed at the point on the 
streamline where the control volume is located. The s axis is tangent 
to the streamline at this point, and is positive in the direction in which 
the particles are traveling. We will designate this positive direction with 
the unit vector u, Before we establish the normal axis, notice that 
geometrically, any streamline curve can be constructed from a series of 
differential arc segments ds as in Fig. 3-19b. Each segment is formed 
from an arc length ds on an associated circle, having a radius of curvature 
R and center of curvature at O'. For the case in Fig. 3-19a, the normal n 
axis is perpendicular to the s axis at the control volume, with the positive 
sense of the n axis directed toward the center of curvature O' for the arc 
ds. This positive direction, which is always on the concave side of the 
curve, will be designated by the unit vector u,. Once the s and n axes are 
established in this manner, we can then express the velocity and 
acceleration of the particle passing through the control volume in terms 
of these coordinates. 


Velocity. Since the direction of the particle's velocity V is always 
tangent to the path that is in the positive s direction, Fig. 3-19a, we have 

V — Vu, (3-10) 
where V = Vs, t). 


Acceleration. The acceleration of the particle is the time rate of 


change of the velocity, and so to determine it using the material derivative, 


we must account for both the local and the convective changes to the 
velocity, as the particle moves a distance As through the control volume, 
Fig. 3-19c. 


Local Change. If a condition of unsteady flow exists, then during the 
time dt, local changes can occur to the particle’s velocity within the 
control volume. This local change produces the acceleration components 


a.|={|[— e —3 p 
A at $ fl at n 


For example, a local streamline (or tangential) component of acceleration 
(90V /üt), can occur if the speed of the flow in a pipe is increased or 
decreased by opening or closing a valve. Here the magnitude of the 
particle's velocity within the control volume increases or decreases as a 
function of time. Also, a local normal component of acceleration (9V /àt),, 
can occur in the control volume if the pipe is rotating, as in the case of a 
sprinkler, since this will cause the direction of the steamline and the 
velocity of the particle within the control volume to change with time. 


Control ae 


volume u, 


Reference 
point 


r 


O 
Streamline coordinates 
(a) 
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Radius of curvature at various 
points along the streamline 


(b) 


Control 
volume 


EC we M 
(c) 


Fig. 3-19 


V+AV 
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Control 
volume 


A v As 


(c) 


V - AV 


Convective Change. The velocity of the particle can also change as 
the particle moves As from the entrance to the exit control surface, 
Fig. 3-19c. This convective change, represented here as AV, has 
components AV, and AV,, Fig. 3-194. In particular, AV, represents the 
convective change in the magnitude of V. It indicates whether the fluid 
particle speeds up, as when it moves through a converging pipe (or 
nozzle), or slows down, as when it moves through a diverging pipe. Both 
of these cases represent nonuniform flow. To obtain this convective 
acceleration component in the s direction, we have 


AV, (due to change in direction) 





AD 


(d) 





(e) 


Fig. 3-19 (cont.) 


AV, (due to change in magnitude) AV As AV oV 
s = ` s = py 


— * 
-——— —————— -—— 





a lim im 
tonv Ar—40 At AiO At As ds 


The normal component AV, in Fig. 3-194 is due to the change in the 
direction of V, since it indicates how the velocity vector “swings” as the 
particle moves or is convected through the control volume. Since V is 
always tangent to the path, the change in angle A8 between V and 
V + AV, Fig. 3-19d, must be the same angle A0 shown in Fig. 3-19e. And, 
because A0 is very small, then A — As/R (Fig. 3-19e) and also 
A0 — AV,/V (Fig. 3-19d). Equating these results gives AV, = (V/R)As. 
Therefore the convective acceleration component in the n direction 
becomes 


= li AV, =‘) As _V* 
_ = AO At R Aro Ar R 


A typical example of this acceleration component occurs in a curved pipe, 
because the direction of the velocity of the particle will change as the 
particle moves from the entrance to the exit control surface. 


Resultant Acceleration. If we now combine both the local and the 
convective changes using the above results, the streamline and normal 
acceleration components become 


(3-11) 


(3-12) 





To summarize, the first terms on the right are the /ocal changes in the 
velocity's magnitude and direction, caused by unsteady flow, and the 
second terms are convective changes in the velocity’s magnitude and 
direction, caused by nonuniform flow. 
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Important Points 


The material derivative is used to determine the acceleration of a 
particle when the velocity field is known. It consists of two parts, 
the /ocal or time change made within the control volume, and the 
convective or position change made as the particle moves into 
and out of the control surfaces. 


Streamline coordinates are located at a point on a streamline. 
They consist of an s coordinate axis that is tangent to the 
streamline, positive in the direction of flow, and an n coordinate 
axis that is normal to the s axis. It is positive if it acts toward the 
center of curvature of the streamline at the point. 





The velocity of a fluid particle always acts in the +s direction. 


The s component of acceleration of a particle consists of the 
magnitude change in the velocity. This is the result of the local 
time rate of change, (@V /dr),, and convective change, V (dV /ds). 
The n component of acceleration of a particle consists of directional 
change in the velocity. This is the result of the local time rate of 
change, (AV /ar),,, and convective change, V7/R. 





Using particles of smoke, streamlines provide a method of visualizing the flow of air 
over the body of this automobile. (© Frank Herzog/Alamy) 
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EXAMPLE F37 








Fig. 3-20 


As a fluid flows through the fixed curved conduit in Fig. 3-20, the 
velocity of particles on the streamline is described by 
V = (0.4?)e *"m/s, where s is in meters and ¢ is in seconds. 
Determine the magnitude of the acceleration of the fluid particle 
located at point A, where s ~ 0.6m, when ¢ ~ 1s. The radius of 
curvature of the streamline at A is R ~ 0.5m. 


SOLUTION 


Fluid Description. Since this Eulerian description of the motion is 
a function of space and time, the flow is nonuniform and unsteady. 


Analysis. The streamline coordinates are established at point A. 


Streamline Acceleration Component. Applying Eq. 3-11, to 
determine the magnitude change in velocity, we have 


_ fav aV 
ü (=) ye 
at /, as 


= Z [(0.4s?)e 04] - ((0.49)e-**]-- [(o.4s2)e0* 

a, 7 0.48(—0.4e 9^) 4 (0.452)e 9 "(0.85 e 9^!) 
— 0.4(0.6 mj| -0.4e 9919] -- (0.40.6 me ?*!*[0.8(0.6 me 9*5 
— —0.00755 m/s? 


Normal Acceleration Component. Because the pipe is not rotating, 
then the streamline is not rotating, and so the n axis remains in a fixed 
direction at A. Therefore, there is no local change in the direction of 
velocity within the control volume along the 7 axis. Applying Eq. 3-12, 
we only have a convective change in the n direction. 


2 0.4 0.6 my -0.41 s) 12 
a, =() r4 eg) 400m e T ES . 
at /, R 0.5 


= 0.01863 m/s? 
Acceleration. The magnitude of acceleration is therefore 


a= Va + & = V(-0.00755 m/s”)? + (0.01863 m/s”)? 


= 0.0201 m/s? — 20.1 mm/s? Ans. 
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A FUNDAMENTAL PROBLEMS 





Sec. 3.1-3.3 


F3-1. The velocity field of a two-dimensional flow field is 
defined by u = (1x) m/s and v — (2f) m/s, where x is in 
meters and f is in seconds. Determine the position (x, y) of a 
particle when : — 25, if the particle passes through point 
(2 m, 6 m) when : — 0. 





E 
F3-1 


F3-2. A flow field is defined by the velocity components 
u— (2x?) m/s and v — (8y) m/s, where x and y are in 
meters. Determine the equation of the streamline passing 
through the point (2 m, 3 m). 


y 


7 


3m 








E] 


Sec. 3.4 


F3-3. The flow of water through the nozzle causes the 
velocity of particles along the center streamline to be 
V = (200x°+107) m/s, where ¢ is in seconds and x is in 
meters. Determine the acceleration of a particle at 
x = 0.1 m when ż © 0.2 s. 





F3-3 


F3-4. The velocity of dioxitol along the x axis is given by 
u — 3(x + 4) m/s, where x is in meters. Find the acceleration 
of a particle located at x = 100 mm. What is the position of a 
particle when t — 0.02 s if it starts from x — 0 when : — 0? 











166 CHAPTER 3. KINEMATICS OF FLUID MOTION 


F3-5. A flow field has velocity components of 
u = (3x + 2) m/s and v = (2y* + 10r) m/s, where x and 
y are in meters and fis in seconds. Determine the magnit udes 
of the local and convective accelerations of a particle at 
point x = 3 m, y = 1 m when ż = 2s., 


i 
D 
3m—— 


F3-5 


Sec. 3.5 


F3-6. Fluid flows through the curved pipe at a steady rate. 
If the velocity of a particle along the center streamline is 
V — (20s? 4) m/s, where s is in meters, determine the 
magnitude of the acceleration of a particle at point A. 


F3-7. A fluid flows through the curved pipe with a 
constant average speed of 3 m/s. Determine the magnitude 
of acceleration of water particles on the streamline along 
the centerline of the pipe. 





F3-8. Fluid flows through the curved pipe such that along 
the center streamline V = (20s? + 1000r°? + 4) m/s, 
where s is in meters and : is in seconds. Determine the 
magnitude of the acceleration of a particle at point A, 
where s — 0.3 m, when t ^ 0.02 s. 
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Sec. 3.1-3.3 


3-1. A marked particle is released into a flow when : — 0, 


and the pathline for the particle is shown. Draw the streakline 
and the streamline for the particle when t — 2 s and t — 4 s. 





Prob. 3-1 


3-2. The flow of a liquid is originally along the positive 
x axis at 2 m/s for 3 s. If it then suddenly changes to 4 m/s 
along the positive y axis for ¢ > 3s, draw the pathline and 
streamline for the first marked particle when ¢ ~ 1s and 
t — 4s. Also draw the streakline at these two times. 


3-3. The flow of a liquid is originally along the positive 
y axis at 3 m/s for 4 s. If it then suddenly changes to 2 m/s 
along the positive x axis for ¢ > 4s, draw the pathline and 
streamline for the first marked particle when tf ~ 2s and 
t ~ 6s. Also draw the streakline at these two times. 


*3-4. A two-dimensional flow field for a fluid can be 
described by V — {(2x + 1)i — (y + 3x)j} m/s, where x 
and y are in meters. Determine the magnitude of the 
velocity of a particle located at (2 m, 3 m), and its direction 
measured counterclockwise from the x axis. 





3-5. <A two-dimensional flow field for a liquid can be 
described by V = { (5y? — x)i + (3x + yj} m/s, where x 
and y are in meters. Determine the magnitude of the 
velocity of a particle located at (5 m, —2 m), and its direction 
measured counterclockwise from the x axis. 


3-6. The soap bubble is released in the air and rises with a 
velocity of V = {(0.8x)i + (0.067)j} m/s, where x is in 
meters and ¢ is in seconds. Determine the magnitude of 
the bubble’s velocity, and its direction measured 
counterclockwise from the x axis, when 1 — 5 s, at which time 
x —2mand y — 3m. Draw its streamline at this instant. 





Prob. 3-6 





5 PROBLEMS 


PROBLEMS 167 





Sec. 3.1-3.3 


3-1. A marked particle is released into a flow when : — 0, 
and the pathline for the particle is shown. Draw the streakline 


and the streamline for the particle when t: — 2 s and t — 4 s. 





Prob. 3-1 


3-2. The flow of a liquid is originally along the positive 
x axis at 2 m/s for 3 s. If it then suddenly changes to 4 m/s 
along the positive y axis for ¢ > 3s, draw the pathline and 
streamline for the first marked particle when ¢ ~ 1s and 
t ~ 4s. Also draw the streakline at these two times. 


3-3. The flow of a liquid is originally along the positive 
y axis at 3 m/s for 4 s. If it then suddenly changes to 2 m/s 
along the positive x axis for ¢ > 4s, draw the pathline and 
streamline for the first marked particle when ¢ ~ 2s and 
t ~ 6s. Also draw the streakline at these two times. 


*3-4. A two-dimensional flow field for a fluid can be 
described by V = {(2x + 1)i — (y + 3x)j} m/s, where x 
and y are in meters. Determine the magnitude of the 
velocity of a particle located at (2 m, 3 m), and its direction 
measured counterclockwise from the x axis. 





3-5. A two-dimensional flow field for a liquid can be 
described by V = { (5y? — x)i + (3x + y)j} m/s, where x 
and y are in meters. Determine the magnitude of the 
velocity of a particle located at (5 m, —2 m), andi its direction 
measured counterclockwise from the x axis. 


3-6. The soap bubble is released in the air and rises with a 
velocity of V = {(0.8x)i + (0.067)j} m/s, where x is in 
meters and ¢ is in seconds. Determine the magnitude of 
the bubble’s velocity, and its direction measured 
counterclockwise from the x axis, when t ~ 5 s, at which time 
x = 2mandy — 3m. Draw its streamline at this instant. 





Prob. 3-6 
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3-7. A flow field for a fluid is described by u = (2 + y) m/s 
and v — (2y)m/s, where y is in meters. Determine the 
equation of the streamline that passes through point 
(3 m, 2 m), and find the velocity of a particle located at this 
point. Draw this streamline. 


*3-8. A flow field is described by u = (x? + 5) m/s and 
v — (—6xy) m/s, where x and y are in meters. Determine 
the equation of the streamline that passes through point 
(5m, 1 m), and find the velocity of a particle located at this 
point. Draw this streamline. 


3-9. Particles travel within a flow field defined by 
V 7 {2yħ + 4j} m/s, where x and y are in meters. 
Determine the equation of the streamline passing through 
point (1 m, 2 m), and find the velocity of a particle located 
at this point. Draw this streamline. 


3-10. <A balloon is released into the air from the origin 
and carried along by the wind, which blows at a constant 
rate of u — 0.5 m/s. Also, buoyancy and thermal winds 


cause the balloon to rise at a rate of v = (0.8 + 0.6y) m/s, 


where y is in meters, Determine the equation of the 
streamline for the balloon, and draw this streamline. 


y 


Prob. 3-10 


3-11. A balloon is released into the air from point (1 m, 0) 
and carried along by the wind, which blows at a rate of 
u — (0.8x) m/s, where x is in meters. Also, buoyancy and 
thermal winds cause the balloon to rise at a rate of 
v — (1.6 + 0.4y) m/s, where y is in meters. Determine the 
equation of the streamline for the balloon, and draw this 
streamline. 





Prob. 3-11 


*3-12. A flow field is defined by u = (8y) m/s and 
v — (6x) m/s, where x and y are in meters. Determine the 
equation of the streamline that passes through point 
(1 m, 2 m). Draw this streamline. 


3-13. A flow field is defined by u — (39 ft/s and 
v — (6y) ft/s, where x and y are in feet. Determine the 
equation of the streamline passing through point (3 ft, 1 ft). 
Draw this streamline. 


3-14. A flow of water is defined by 4 — 5m/s and 
v = 8 m/s. If metal flakes are released into the flow at the 
origin (0, 0), draw the streamline and pathline for these 
particles. 


3-15. A flow field is defined by u = [8x/(x? + y?)| m/s 
and v — [8y f(x? + y?)] m/s, where x and y are in meters. 
Determine the equation of the streamline passing through 
point (1 m, 1 m). Draw this streamline. 





*3-16. A fluid has velocity components of 
u — [30/(2x 4 1)] m/s and v — (2ty) m/s, where x and y 
are in meters and t is in seconds. Determine the pathline 
that passes through point (2 m, 6 m) at time ¢ ~ 2s, Plot 
this pathline for 0 = x = 4m. 


3-17. A fluid has velocity components of 
u = [30/(2x + 1)] m/s and v = (2ty) m/s, where x and y 
are in meters and ¢ is in seconds, Determine the streamlines 
that passes through point (1 m, 4 m) attimes t — 1 s,f 7 2s, 
and ¢ ~ 3s. Plot each of these streamlines for 0 = x = 4m. 


3-18. A fluid has velocity components of 
u — [30/(2x 4 1)] m/s and v — (2ty) m/s, where x and y 
are in meters and fis in seconds. Determine the streamlines 
that pass through point (2 m, 6 m) at times 1 > 2s and 
t = 5s. Plot these streamlines for 0 S x = 4m. 


3-19. A particle travels along a streamline defined by 


y? = 8x — 12. If its speed is 5 m/s when it is at x = Im, 


determine the two components of its velocity at this point. 
Sketch the velocity on the streamline. 


*3-20. A flow field is defined by wu — (0.80 m/s and 
v — 0.4 m/s, where t is in seconds. Plot the pathline for a 
particle that passes through the origin when : — 0. Also, 
draw the streamline for the particle when f = 4s. 


3-21. The velocity for an oil flow is defined by 
y = { 3y7i + 8j } m/s, where y is in meters. What is the 
equation of the streamline that passes through point (2 m, 
1 m)? If a particle is at this point when ¢ — 0, at what point 
is it located when tf = 1s? 


3-22. The circulation of a fluid is defined by the velocity 


field u — (6 — 3x) m/s and v — 2 m/s, where x isin meters. 


Plot the streamline that passes through the origin for 
0sxc«2m. 
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3-23. A stream of water has velocity components of 
u — —2m/s,v — 3m/s for 0 =t < 10s; and u 7 § m/s, 
v= -2m/s for 10s < t= 15s. Plot the pathline and 
streamline for a particle released at poi nt (0, 0) when: — 0 s. 


*3-24. A velocity field is defined by u = (4x) m/s and 
v — (2t)m/s, where f is in seconds and x is in meters. 
Determine the equation of the streamline that passes 
through point (2 m, 6 m) when r > | s, Plot this streamline 
forü25m-- x - 4m. 


3-25. A velocity field is defined by u = (4x) m/s and 
v — (2t) m/s, where t is in seconds and x is in meters. 
Determine the pathline that passes through point (2 m, 6 m) 
when t — 1 s. Plot this pathline for 0.25 m = x = 4 m. 


3-26. The velocity field of a fluid is defined by 
u = (1x) m/s, v ^ (1?) m/s for 05:«5s and by 
u = (x?) m/s, v = (4y) m/s for 5s < ¢ = 10s, where x 
and y are in meters. Plot the streamline and pathline for a 
particle released at point (1 m, 1 m) when ¢ > Os. 


3-237. A two-dimensional flow field for a liquid can be 
described by V = f (6y? B | Ji + Gx + 2)j} m/s, where x 
and v are in meters. Find the streamline that passes through 
point (6 m, 2 m) and determine the velocity at this point. 
Sketch the velocity on the streamline. 


*3-28. A flow field for a liquid is described by 
y= { (2x + Di- yj} m/s, where x and v are in meters. 
Determine the magnitude of the velocity of a particle 
located at point (3m, I m). Sketch the velocity on the 
streamline. 
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Sec. 3.4 


3-29. Air flows uniformly through the center of a 
horizontal duct with a velocity of V = (67 + 5) m/s, where 
fis in seconds, Determine the acceleration of the flow when 
(IE 


3-30. Oil flows through the reducer such that particles 
along its centerline have a velocity of V — (4x1) in./s, where 
x is in inches and tis in seconds. Determine the acceleration 
of a particle at x = 16 in. when t ^ 2 s. 





Prob. 3-30 


3-31. A fluid has velocity components of u = (6y + f) ft/s 
and v — (2tx) ft/s, where x and y are in feet and ż is in 
seconds. Determine the magnitude of the acceleration of a 
particle passing through point (1 ft, 2 ft) when t — 1 s. 


*3-32. The velocity for the flow of a gas along the 
center streamline of the pipe is defined by u7 
(10x? + 200r + 6) m/s, where x is in meters and t is 
in seconds, Determine the acceleration of a particle when 
t — 0.01 s and it is at A, just before leaving the nozzle. 


0.6m 


Prob. 3-32 


3-33. A fluid has velocity components of 
u 7 (2x? — 2y? + y) m/s and v = (y + xy)m/s, where 
x and y are in meters. Determine the magnitude of 
the velocity and acceleration of a particle located at point 
(2 m, 4 m). 


3-34. Afluidhas velocity componentsof u = (5y? — x) m/s 
and v — (4x?) m/s, where x and y are in meters. Determine 
the velocity and acceleration of a particle passing through 
point (2 m, ] m). 


3-35. A fluid has velocity components of u = (Sy?) m/s 
and v — (4x — 1) m/s, where x and y are in meters. 
Determine the equation of the streamline passing through 
point (1 m, 1 m). Find the components of the acceleration 
of a particle located at this point, and sketch the acceleration 
on the streamline. 


*3-36. Air flowing through the center of the duct 
decreases in speed from V, ^ 8 m/s to Vg 7 2m/s in a 
linear manner. Determine the velocity and acceleration of a 
particle moving horizontally through the duct as a function 
of its position x. Also, find the position of the particle as a 
function of time if x — 0 when t — 0. 





Prob. 3-36 


3-37. A fluid has velocity components of u = (877) m/s 
and v — (7y + 3x) m/s, where x and y are in meters and t is 
in seconds. Determine the velocity and acceleration of a 
particle passing through point (1 m, 1m) when r > 2s. 


3-38. A fluid has velocity components of u — (8x) ft/s and 
v — (Sy) ft/s, where x and y are in feet. Determine the 
equation of the streamline passing through point (2 ft, 1 ft). 
Also find the acceleration of a particle located at this point. 
Is the flow steady or unsteady? 


3-39. A fluid has velocity components of u ^ (2y?) m/s and 
v — (8xy) m/s, where x and y are in meters. Determine the 
equation of the streamline passing through point (1 m, 2 m). 
Also, what is the acceleration of a particle at this point? Is 
the flow steady or unsteady? 


*3-40. The velocity of a flow field is defined by 
V = {4yi + 2xj} m/s, where x and y are in meters. 
Determine the magnitude of the velocity and acceleration 
of a particle that passes through point (2 m, | m). Find the 
equation of the streamline passing through this point, and 
sketch the velocity and acceleration at the point on this 
streamline. 


3-41. The velocity of a flow field is defined by 
V = {4xi + 2j} m/s, where x is in meters. Determine the 
magnitude of the velocity and acceleration of a particle that 
passes through point (1 m, 2 m). Find the equation of the 
streamline passing through this point, and sketch the velocity 
and acceleration at the point on this streamline. 
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3-42. The velocity of a flow field is defined by 
u— (2x? — y) m/s and v — (—4xy ) m/s, where x and y 
are in meters. Determine the magnitude of the velocity and 
acceleration. of a particle that passes through point 
(1 m, 1 m). Find the equation of the streamline passing 
through this point, and sketch the velocity and acceleration 
at the point on this streamline. 


343. The velocity of a flow field is defined by 
u — (—y/4) m/s and v — (x/9) m/s, where x and y are in 
meters. Determine the magnitude of the velocity and 
acceleration of a particle that passes through point 
(3m,2 m). Find the equation of the streamline passing 
through this point, and sketch the velocity and acceleration 
at the point on this st reamline. 


*3-44. The velocity of gasoline, along the centerline of a 
tapered pipe, is given by u — (4tx) m/s, where t is in seconds 
and x is in meters. Determine the acceleration of a particle 
when : ^ 0.8sif u — 0.8 m/s when t — 0.1 s. 


3-45. The velocity field for a flow of water is defined by 
u — (2x) m/s, v — (61x) m/s, and w ^ (3y) m/s, where t is 
in seconds and x, y, z are in meters. Determine the 
acceleration and the position of a particle when ¢ 7 0.5 s if 
this particle is at point (1 m, 0, 0) when : — 0. 


3-46. ^ flow field has velocity components of 
u — —(Ax * 6) m/s and v — (1Oy 3) m/s, where x and vy 
are in meters. Determine the equation for the streamline 
that passes through point (1 m, 1 m). and find the 
acceleration of a particle at this point. 


3-47. A velocity field for oil is defined by 
u — (100y) m/s, and v — (0.037) m/s, where t is in seconds 
and y is in meters. Determine the acceleration and the 
position of a particle when : — 0.5 s. The particle is at the 
origin when t = 0. 
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*3-48. Ifu — (2x?) m/s and v = (—y) m/s, where x and y 
are in meters, determine the equation of the streamline that 
passes through point (2 m, 6 m), and find the acceleration of 
a particle at t his point. Sketch this streamline for x > 0, and 
find the equations that define the x and y components of 
acceleration of the particle as a function of time if x = 2 m 
and y = 6m when : — 0. 

3-49. Airflow through the duct is defined by the velocity 
field u = (2: - 8) m/sand v ^ (—8x) m/s, where x is in 
meters. Determine the acceleration of a fluid particle at the 
origin (0, 0) and at point ( 1 m, 0). Also, sketch the streamlines 
that pass through these points. 


y 





Prob, 3-49 


3-50. The velocity field for a fluid is defined by 
u = [y/(x?+y?)] m/s and v = [4x/(x? + y?)] m/s, where x 
and y are in meters. Determine the acceleration of a particle 
located at point (2 m, 0) and a particle located at point 
(4 m, 0). Sketch the equations that define the streamlines 
that pass through these points. 


3-51. As the valve is closed, oil flows through the nozzle 
such that along the center streamline it has a velocity of 
V 7 [6(1 * 0.4)(1 — 0.50] m/s, where x is in meters and 
t is in seconds. Determine the acceleration of an oil particle 
atx — 0.25 m when: — 1 s. 





— 


0.3 m 


Prob. 3-51 


Sec. 3.5 


*3-52. As water flows steadily over the spillway, one of 
its particles follows a streamline that has a radius of 
curvature of 16 m. If its speed at point A is 5 m/s, which 
is increasing at 3m/s*, determine the magnitude of 
acceleration of the particle. 





Prob, 3-52 


3-53. Water flows into the drainpipe such that it only has 
a radial velocity component V — (—3/r) m/s, where r is in 
meters. Determine the acceleration of a particle located at 
point r = 0.5 m, 8 = 20°. Ats = 0,r = 1m. 





Prob. 3-53 


3-54. A particle located at a point within a fluid flow has 
velocity components of u — 4 m/s and v — —3 m/s, and 
acceleration components of a, — 2 m/s? and a, — 8 m/s. 
Determine the magnitude of the streamline and normal 
components of acceleration of the particle. 


3-55. <A particle moves along the circular streamline, such 
that it has a velocity of 3 m/s, which is increasing at 3 m/s’. 
Determine the acceleration of the particle, and show the 
acceleration on the streamline. 


PROBLEMS 173 


3-87. Air flows around the front circular surface. If the 
steady-stream velocity is 4 m/s upstream from the surface, 
and the velocity along the surface is defined by 
V — (l6sin8) m/s, determine the magnitude of the 
streamline and normal components of acceleration of a 
particle located at à — 30 . 





Prob. 3-55 


*3-56. The motion of a tornado can, in part, be described 
by a free vortex, V ~ k/r, where k is a constant. Consider 
the steady motion at the radial distance r ^ 3 m, where 
V — 18 m/s. Determine the magnitude of the acceleration 
of a particle traveling on the streamline having a radius of 
r 9m. 





Prob. 3-56 


Prob. 3-57 


3-58. Fluid particles have velocity components of 
u — (8y) m/sand v — (6x) m/s, where x and y are in 
meters. Determine the magnitude of the streamline and the 
normal components of acceleration of a particle located at 
point (1 m, 2 m). 


3-59, Fluid particles have velocity components of 
u = (Sy) m/sand v 7 (6x) m/s, where x and y are in 
meters. Determine the acceleration of a particle located at 
point (1 m, 1 m). Determine the equation of the streamline 
passing through this point. 


*3-60. A fluid has velocity components of u — (2y?) m/s 
and v — (8xy) m/s, where x and y are in meters. Determine 
the magnitude of the streamline and normal components of 
acceleration of a particle located at point (1 m, 2m). 


3-61. A fluid has velocity components of u — (2y?) m/s 
and v — (8xy) m/s, where x and y are in meters. Determine 
the magnitude of the streamline and normal components of 
acceleration of a particle located at point (1 m, 1 m). Find 
the equation of the streamline passing through this point, 
and sketch the streamline and normal components of 
acceleration at this point. 
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CHAPTER REVIEW 


A Lagrangian description follows the motion of a 
single particle as the particle moves through the 
flow field. 





A Eulerian description considers a specific region 
(or control volume) in the flow, and it measures 
the motion or a fluid property of all the particles 
that pass through this region. 


Laminar flow occurs when the fluid flows in thin 
layers so that the fluid particles follow smooth 
paths. 


Turbulent flow is very erratic, causing mixing of 
the fluid particles, and therefore more internal 
friction than laminar flow. 


Steady flow occurs when the flow does not change 
with time. 


Uniform flow occurs when the flow does not 
change with location. 


A streamline is a curve that indicates the direction 
of the velocity of particles located on it at a 
particular instant of time. 





A pathline shows the path of a particle during a 
specified time period. It is determined using a time- 
lapse photograph. 


Streaklines are formed when smoke or colored dye 
is released into the flow from the same point, and 
an instantaneous photograph is taken of the trace 
of all the marked particles. 


If the flow is steady, the streamlines, pathlines, and 
streaklines will all coincide. 


Fluid motion around objects having a high speed, 
or those producing heat, can be visualized using 
a shadowgraph or a schlieren photograph. Also, 
complex flows can be visualized using a computational 


fluid dynamics program. 


If a Eulerian description is used to define the 
velocity field V — V(x, y, z, 0, then the acceleration 
will have both local and convective components. 
The local acceleration accounts for the time rate of 
change in velocity within the control volume, and 
the convective acceleration accounts for its spatial 
change, from the point where the particle enters a 
control surface to the point where it exits another 
surface. 


Streamline coordinates s, n have their origin at a 
point on a streamline. The s coordinate is tangent 
to the streamline and it is positive in the direction 
of flow. The normal coordinate n is positive toward 
the streamline’s center of curvature at the point. 
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The analysis of flow through the various ducts and vessels in this chemical 
processing plant depends upon the conservation of mass. 





Conservation of Mass 





4.1 Finite Control Volumes 


In Sec. 3.1 we defined a control volume as a selected differential volume 
of space within a system of particles through which some of the fluid 
particles flow. Recall that the boundary of this volume is the control 
surface. A portion of the surface of this volume may be open, where the 
fluid particles flow into or out of the control volume, and the remaining 
portion is a closed surface. Although in the previous sections we considered 
a fixed differential size control volume, we can also consider control 
volumes that have a finite size, such as the one shown in Fig. 4-1. 
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Fig. 4-1 
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CHAPTER 4 CONSERVATION OF Mass 





Moving control volume 
(b) 


Changing control volume 
(c) 


Fig. 4-2 





Fixed control volume 


(a) 


Actually, depending upon the problem, a control volume can be fixed, 
it can move, or it can change shape. Also, it may include solid parts of an 
object within its boundary. For example, a fixed control volume within 
the pipe in Fig. 4—2a is indicated by the red boundary. The control volume 
that outlines the rocket engine and the fluid within it, Fig. 4-25, moves 
with the rocket as it travels upward. Finally, the control volume within 
the inflatable structure in Fig. 4—2c changes its shape while air is pumped 
into its open control surface. 

As we have seen, using a control volume is fundamental to applying a 
Eulerian description of the flow. It is for this reason that a control volume 
approach will be used in this chapter to solve problems that involve the 
continuity of flow. Then later we will extend its application to problems 
that involve energy, Chapter 5, and momentum, Chapter 6. In all these 
cases, it will be necessary to clearly define the boundaries of a selected 
control volume, and to specify the size and orientation of its open 
control surfaces. 


Open Control Surfaces. The open control surfaces of a control 
volume will have an area that either lets fluid flow into the control 
volume, Aj. or lets fluid flow out of it, A. In order to properly identify 
these areas, we will express each as a vector, where its direction is normal 
to the area and always directed outward from the control volume. For 
example, if the fixed control volume in Fig. 4—3 is used to study the flow 
into and out of the tee connection, then the direction of each open 
control surface area is defined by its outward normal, and is represented 
by the vectors A 4, A p, and Ac. 





(b) 


Fig. 4-3 
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Velocity. When using a control volume, we will also have to specify 
the velocity of flow both into and out of each control surface. Since the 
outward normal for each control surface area is positive, then flow into a 
control surface will be negative, and flow out of a control surface will be 
positive. By this convention, V4 in Fig. 4—4 is in the negative direction, 
and V, and Vç are in the positive direction. 


Steady Flow.  Insome problems it will be advantageous to select a 
moving control volume in order to observe steady flow, and thereby 
simplify the analysis. For example, consider the blade moving with a 
velocity V,, shown in Fig. 4—4a. For a fixed observer, the flow at A will 
appear to be V;at time t; however, when the blade advances, the velocity 
at A then becomes Vf at time ¢ + Ar. This is a case of unsteady flow 
since it changes with time. If we select a control volume that contains 
the fluid on the blade, and then move this control volume and observer 
with the blade at Vay — V,,, then the flow at A will appear as steady flow, 
Fig. 4-4b. Since the velocity of the fluid stream from the nozzle is V, the 
steady-flow velocity of the fluid relative to the open control surface, 
Vics: IS determined from the relative-velocity equation, V; T Ves + Vies 
or 





V fics = V; - Va (4-7) 
where V., © Vp. In scalar form this equation becomes 


(3 ) V ries ~ V, m (—Ves) ~ V, T Ves 





Time t - At 
(a) 


Fig. 4-4 
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4.2 The Reynolds Transport Theorem 


Much of fluid behavior is based on the conservation of mass, the principle 
of work energy, and the principle of impulse and momentum. These laws 
were originally formulated for a particle, and they were described using a 
Lagrangian approach, However, for application in fluid mechanics, we 
must have a means to convert these laws from their Lagrangian description 
to a Eulerian description. This conversion for a system of particles is done 
using the Reynolds transport theorem. In this section we will formalize 
this theorem, and then we will use it in the next section to develop the 
continuity equation, and then later in Chapters 5 and 6 use it to develop 
the energy and momentum equations. Before we establish this theorem, 
however, We will first discuss how to best describe each fluid property in 
terms of the fluid’s mass and volume. 





Fluid Property Description. Any fluid property that depends 
on the amount of volume or mass in a system is called an extensive 
property, N, because the volume or mass “extends” throughout the 
system. For example, momentum is an extensive property since it 
represents mass times velocity, N © mV. Fluid properties that are 
independent of the system's mass are called intensive properties, 7) 
(eta). Examples include temperature and pressure. 

We can represent an extensive property N as an intensive property 7 
simply by ex pressing it per unit mass, that is,y — N/m.Since mome ntum 
is N = mV, then n = V. Likewise, kinetic energy is N = (1/2)mV^, and 
so 9 — (1/2)V?. Since mass is related to volume by m — pY, then in 
general, the relation between an extensive and intensive property for a 
system of fluid particles, expressed in terms of either its mass or its 
volume, is 


N — [nan = fwa (4-1) 
m Y 


The integrations are over the entire mass of the system or the volume 
it covers. 
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The Reynolds Transport Theorem. We are now ready to 
relate the time rate of change of any extensive property N for a fluid 
system to its time rate of change as seen from the control volume. To do 
this, we will consider the control volume as fixed within a conduit, and 
outlined by the red boundary in Fig. 4—5a. At time t, the entire system of 
fluid particles is considered to be within, and coincident with the control 
volume (CV). At time t + Afr, a portion of this system of particles exits 
the open control surface and is now in region Rou, Outside the control 
volume, Fig. 4-55. This will leave a void R;, within the control volume. In 
other words, the system of fluid particles went from occupving CV at 
time t, to occupying [CV + (Roy — Rin)| at time t ^ Ar. 

Since this change in the location of the system of particles occurs 
during the time Af, then the fluid’s extensive property N within this 
system will also change. By definition of the derivative, we can write this 
change as 


(2) — (Nsyst)i+Ar E (Na); 
Sn = ine 
dt J syg A0 At 


If we represent these changes from the point of view of the control 
volume, then from the above discussion, we have 


(=) — : > T (AN out = ANin) M 
— lim | = 
dt J gy 0 M70 At 





= 1: (Nev)r+ar — (Nev)t AN out , A Nin | | 
lim, | Ar + mar | AES AL) 02 


The first term on the right represents the /ocal derivative since it is the 
change of N within the control volume with respect to time. Using Eq. 4-1, 
to express this result in terms of the corresponding intensive property n, 
we have 


] (Ne) E (Nev) — AN oy — af 
a At at at J er (3) 


Cv 


The second term on the right side of Eq. 4—2 is a convective derivative of 
the extensive property as the system exits the control surface. Since, in 
general, AN/At = nAm/ At, and Am > pA¥, then 


AN_ AY 
At NP At 





Control volume 


Time t 


(a) 


Time ¢+ At 


(b) 


Fig. 4-5 
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As shown in Fig. 4—Sc, the rate at which a small volume of fluid particles 
will flow out of the control surface, having an area AA, is 
(AV )ou/At = AA ou ( V rics) out cos Bout | Since 2A „w can be expressed as 
a vector, then using the dot product,* we can also write 
AV oy, /At = (Vires our* AAout: Therefore, the above equation becomes 
(ANJA Nom T NP Vjes )our* AAout- For the entire exit control surface, 


out 


( V ncs Vout 


li E = (V ) - dA 
Gout A Hm At TI V f/cs J out out 
A Aout 






æ The same arguments apply for the last term in Eq. 4-9, so 


00 ( ANY 
tim, (= NPV fjes)in* dAin 


Notice that here the dot product will produce a negative result, since 








À Ain | Vyics)in is inward and dA,, is outward. In other words, (Vics) in ‚dAn 
(c) V rics) in dA;, cos 0, where 0 — 90", Fig. 4—5c. 
If we combine the above two terms, and express it as a "net" flow 
Fig. 4-5 (cont.) through the control volume, then with Eq. 4-3, Eq. 4-2 becomes 
(44) 
Local Convective 
change change 


This result is referred to as the Reynolds transport theorem since it was 
first developed by the British scientist Osborne Reynolds. In summary, 
it relates the time rate of change of any extensive property N of a system 
of fluid particles, defined from a Lagrangian description, to the changes 
of the same property from the viewpoint of the control volume, that is, 
as defined from a Eulerian description. The first term on the right side 
is the /ocal change, since it represents the time rate of change in the 
intensive property within the control volume. The second term on the 
right is the convective change, since it represents the ner flow of the 
intensive property through the control surfaces. 

The two terms on the right side of Eq. 4-4 form the material derivative 
of N, and that is why we have symbolized the left side by this operator. In 
Sec. 3.4 we discussed how the material derivative was used to determine 
the time rate of change of the velocity for a single fluid particle, when the 
velocity is expressed as a velocity field (Eulerian description). The 
Reynolds transport theorem does the same thing; however, here it relates 
these changes for a fluid property having a finite continuous number of 
particles within the system. 


*Recall that the dot product V;;,, * AA 5 Vies AA cos 0, wheretheangle 8 (0° = @ = 180°) 
is measured between the tails of the vectors. 
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Applications. When applying the Reynolds transport theorem, it is 
first necessary to specify the control volume that contains a selected 
portion of the fluid system. Once this is done, the local changes of the 
fluid property within the control volume can be determined, as well as 
the convective changes that occur through its open control surfaces. 
A few examples will illustrate how this is done. 


* As shown in Fig. 4—-6a, an incompressible fluid flows through the 
pipe transition at a steady rate. If we take the volume outlined in red 
as the fixed control volume, then there will be no local changes of the 
fluid within it because the mass flow is steady and the fluid mass 
within the control volume remains constant. Convective changes 
occur at each of the two open control surfaces because there is a flow 
of fluid mass across these surfaces. 


e Airis being pumped into the tank in Fig. 4—6b. If the control volume 
is taken as the entire volume within the tank, then local changes 
occur because the mass of the air in the tank is increasing with time. 
Also, convective changes occur at the open control surface or pipe 
connection. 


e Asair flows at a steady rate through the pipe in Fig. 4—6c, it is being 
heated. If we consider the region outlined in red as the control 
volume, then even though the heating will affect the density of the 
air, the mass within the control volume is constant, so no local time 
rate of change in mass will occur within the control volume. The 
density will change, however, this will cause the air to expand, and 
so the velocity of the air will increase at the exit. We have nonuniform 
flow. Convective changes occur at the inlet and outlet because the 
air is moving through these surfaces. 


* An incompressible liquid leaks out of the moving cart in Fig. 4-6d. 
The control volume that contains this liquid in the cart is both 
moving and deformable. Local changes occur because the mass in 
the control volume is decreasing with time. Convective change 
occurs at the open control surface (outlet). 


* The liquid on the moving blade in Fig. 4—6e is taken as a control 
volume. If we observe the motion from the blade, the flow will be 
steady, and so no local changes occur to the fluid mass within this 
control volume. Convective changes occur through the open control 
surfaces. 


Further examples of how to select a proper control volume, and specify 
the local and convective changes that occur, will be presented throughout 
the text whenever we use the Reynolds transport theorem as it relates to (e 
the conservation of mass, the principle of work and energy, and the 

principle of impulse and momentum. Fig. 4-6 
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EXAMPLE [41 


Time t + At 
(b) 
Fig. 4-7 


Important Points 


A Lagrangian description is used to describe the motion of a fluid 
particle within a system of particles, whereas a Eulerian description 
uses a fixed, moving, or deformable control volume to describe 
the flow of particles that enter and exit its open control surfaces. 


Fluid properties that depend upon volume or mass, such as 
energy and momentum, are called extensive properties, N. Those 
properties that are independent of mass, such as temperature and 
pressure, are called intensive properties, rj. Any extensive property 
can be made intensive by dividing it by the fluid's mass, n = N/m. 


The Reynolds transport theorem provides a means for relating 
the time rate of change of an extensive property N of a fluid, as 
measured for a system, to the time rate of change as measured 
from a control volume. The control volume change consists of 
two parts: a local change that measures the change of the extensive 
property within the control volume, and a convective change that 
measures the change in the net amount of this property that 
enters and exits the open control surfaces. This net amount must 
be measured relative to the control surfaces if they are moving. 


An ideal fluid flows through the divergent section of pipe in Fig. 4—7a 
such that it enters with a velocity Vj. If the flow is steady, determine 
the velocity V» at which it exits. 


SOLUTION 


Fluid Description. This is a case of one-dimensional, steady, 
nonuniform flow. It is nonuniform because the velocities are different 
at each location. Because the fluid is assumed to be ideal, its density is 
constant and the viscosity is zero. For this reason, the velocity profile 
will be uniform over each cross section. 


Analysis |. To analyze the flow, we will consider a fixed control 
volume to represent the fluid system within the divergent section, 
Fig. 4-7a. At time ¢ + Ar this system will move to the position 
shown in Fig. 4-7b. Therefore, the amount of mass moving out 
into the pipe of diameter d; during the time Ar is 
Ma PAlla- p(V4An(1 7 di), and the amount of mass lost at 
the entrance is equivalent to an amount of mass that would move 
through the pipe of diameter d}. Itis Min ^ p MV, — p(V4 A1) (3 7 di). 
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Due to steady flow, the mass of fluid within the control volume 
remains constant. Therefore, because the total amount of the 
system's mass is constant, we require 


Mow — my 7 O 
l 2 l "b er 
p( Våt) 4745 — p( Våt) 47 di —0 


~, {ay 
V> = Vi d. Ans. 
2 


The result indicates the velocity decreases, V; — Vj, something to be 
expected, since the flow is out of a larger area. 





Analysis Il. | Now let's see how we can obtain this same result by 
applying the Reynolds transport theorem. Here the extensive property 
is the mass N — m,so 9 — m/m — 1. Applying Eq. 4-4, we have 


Dm à 
— — -— dv + Vee dA 
( Dt ). at Je L = 


The term on the left is zero because the system mass does not change 
with time. Also, the first term on the right is zero because the flow is 
steady, that is, there is no local change of the mass within the control (c) 
volume, Fig. 4—7c. Because both the density and the velocity at each 

open control surface are constant, they can be factored out of the 

integral in the last term, and integration then yields the in and out 

control surface areas, A;n and A ow- These areas have positive outward 

directions, as shown in Fig. 4-7c, and so the dot product evaluation of 

the last term in the above equation reduces to 





0~ 0+ pV5AÀ out ni PVA in 


0=0 + vi(4 mdi) ~ vi(5 ma") 


— (ay 
V—Vi F3 Ans. 


We will extend this application of the Reynolds transport theorem 
further in Sec. 4.4. 
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4.3 Volumetric Flow, Mass Flow, and 
Average Velocity 


Due to viscosity, the velocity of individual fluid particles flowing through 
a conduit can vary substantially. To simplify an analysis, especially for 
problems involving one-dimensional flow, we can sometimes consider the 
fluid as having an average velocity, or describe the flow in terms of its 
volume or mass per unit time. We will now formally define these terms. 


Volumetric Flow. The rate at which a volume of fluid flows through 
a cross-sectional area A is called the volumetric flow, or simply the flow or 
discharge. It can be determined provided we know the velocity profile for 
the flow across the area. For example, consider the flow of a viscous fluid 
through a pipe, such that its velocity profile has the axisymmetric shape 
shown in Fig. 4-8. If particles passing through the differential area dA have 
a velocity v, then during the time dt, a volume element of fluid of length 
v dt will pass through the area. Since this volume is d* — (v dr)(dA), then 
the volumetric flow dQ through the area is determined by dividing the 
volume by dt, which gives dQ ^ d'V /dt ^ vdA. If we integrate this over 
the entire cross-sectional area A, we have 


Q — [oa 
A 


Here Q can be measured in m’*/s or ft*/s. 

Integration is possible if the velocity can be expressed as a function 
of the coordinates describing the area. For example, we will show in 
Chapter 9 that the velocity profile in Fig. 4-8 is a paraboloid, provided 
the flow is laminar. Sometimes, however, the velocity profile must be 
determined experimentally, as for turbulent flows, in which case a 
graphical integration of the velocity profile may be performed. In either 
case, the integral in the equation geometrically represents the volume 
within the velocity diagram shown in Fig. 4-8. 
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Streamline 


Fig. 4-9 


When calculating Q, it is important to remember that the velocity must 
be normal to the cross-sectional area through which the fluid flows. If 
this is not the case, as in Fig. 4-9, then we must consider the velocity’s 
normal component v cos @ for the calculation. By considering the area as 
a vector, dA, where its normal is positive outward, we can use the dot 
product, v-dA = vcos@dA, to express the integral in the previous 
equation in a more general form, namely 





(4-5) 





Average Velocity. When the fluid is considered ideal, then its 
viscous or frictional effects can be neglected. As a result, the velocity 
profile of the fluid over the cross section will be uniform as shown in 
Fig. 4-10. This type of profile also closely rese mbles the case of turbulent 
flow, where we have seen, in Fig. 3-3 how turbulent mixing of the fluid 
tends to flatten the velocity profile to be somewhat uniformly distributed. 
For the case of, v ^ V, Eq. 4-5 gives 


- 


Here V is the average velocity and A is the area of the cross section. 

For any real fluid, the average velocity can be determined by requiring 
the flow to be equivalent for both the actual and the average velocity 
distributions, Fig. 4-8 and Fig. 4—10, so that 





Inviscid or ideal fluids produce an 
average velocity distribution 


Fig. 4-10 
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The mass flow of air through this duct must 
be determined by using the open area of 
the duct and the velocity component that 
is perpendicular to this area. 


Therefore, the average velocity is 


[van 
A 


r^ 4 (4—7) 


Most often, however, the average velocity of the flow is determined if we 
know Q through the cross-sectional area A. Combining Eqs. 4—5 and 4-7, 
it is 


(4-8) 





Mass Flow. Since the mass of the element in Fig. 4-8 is 
dm — pd'V — p(v d))dA, the mass flow or mass discharge of the fluid 
through the entire cross section becomes 


1 ME 
m — == [ov "dA (4-9) 
dt JA 


Measurements can be made in kg /s or slug /s. 
If the fluid is incompressible, then p is constant, and for the special case 
of a uniform velocity profile Eq. 4—9 gives 


Important Points 


* The volumetric flow or discharge through an area is determined from 
= m V+ dA, where v is the velocity of each fluid particle passing 
through the area. The dot product is used because the calculation 
requires the velocity to be perpendicular to the area. Here Q can 
have units of m? /s or ft*/s. 


In many problems involving one-dimensional flow, the average 
velocity V can be used. If the flow is known, then it can be 
determined from V — Q/A. 


* The mass flow is determined from m = / pv*dA, or for an 
incompressible fluid having an average velocity, m — pV*A. 
Here m can have units of kg /s or slug /s. 
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EXAMPLE | 42 


The velocity profile for the steady laminar flow of water through a 
0.4-m-diameter pipe is defined by v = 3(1 = 25r) m/s, where r is in 
meters, Fig. 4-11a. Determine the volumetric flow through the pipe 
and the average velocity of the flow. 


v —73(1-725r?)m/s 








(a) (b) 
Fig. 4-11 


SOLUTION 
Fluid Description. Here one-dimensional steady flow occurs. 


Analysis. The volumetric flow is determined using Eq. 4-5. A 
differential ring element of thickness dr is selected, Fig. 4-115, so that 
dA — 2m rdr. Thus 


0 = E 3(1 — 25?) 2ardr 
A 0 


= 6n| (2) - (254) ]" 
(5) a 4 Jl. 
= 0.1885 m?/s — 0.188 m?/s Ans. 


To avoid this integration, Q can also be determined by calculating the 
volume under the “velocity paraboloid” of radius 0.2 m and height 
3 m/s. It is 


1 


= Ped 
0 7 


rh = 5 70.2 m) (3 m/s) — 0.188 m?/s Ans. 


The average velocity is determined from Eq. 4-4. 


— Q _ 0.1885 m*/s 


EX s i 
a 7(02 my 5m/s Ans 
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Local change 

of fluid mass 

occurs within 
the control volume. 





Convective 
change in fluid 
mass occurs at 

control surfaces. 





Fig. 4-12 


Fixed 


control volume 





XV.A-0 
-V4 A4 — VgApg + VcAc=0 


Steady flow of an 
incompressible fluid 


Fig. 4-13 


4.4 Conservation of Mass 


The conservation of mass states that within a region, apart from any nuclear 
process, matter can neither be created nor destroyed. From a Lagrangian 
point of view, the mass of all the particles in a system of particles must be 
constant over time, and so we require the change in the mass to be 
(dm / dt) ys = 0. In order to develop a similar statement that relates to a 
control volume, we must use the Reynolds transport theorem, Eq. 44. Here 
the extensive property N =m, and so the corresponding intensive property 
is Mass per unit mass, or y ~ m/m = 1. Therefore, the conservation of 
mass requires 





à / 
2 f pay + m zig (4-12) 
Cv cs 
Local mass Convective 
change net mass flow 


This equation is often called the continuity equation. It states that the 
local rate of change of mass within the control volume, plus the net 
convective rate at which mass enters and exits the open control surfaces, 
must equal zero, Fig. 4-12. 


Special Cases. Provided we have a control volume with a fixed size 
that is completely filled with an incompressible fluid, then there will be no 
local change of the fluid mass within the control volume. In this case, the 
first term in Eq. 4-12 is zero, and so the net mass flow into and out of the 
open control surfaces must be zero. In other words, “what flows in must 
flow out.” Thus for both steady and unsteady flow, 


][ ^ = Emgq,-— Xm; — 0 (4-13) 


cs , 
Incompressible flow 


Assuming the average velocity occurs through each control surface, then 
V will be constant, and integration yields 


~pV°-A = Xm,,-— Xm; ~ O0 (4-14) 
Incompressible flow 
Finally, if the same fluid is flowing at a steady rate into and out of the 
control volume, then the density can be factored out, and we have 
2V:A = Yuu — 2Oin = 0 (4-15) 
Incompressible steady flow 
A conceptual application of this equation is shown in Fig. 4-13. By our 
sign convention, notice that whenever fluid exits a control surface, V and 
A, are both directed outward, and by the dot product this term is 


positive. If the fluid enters a control surface, V is directed inward and A, 
is directed outward, and so their dot product will be negative. 
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Important Points 


^ The continuity equation is based on the conservation of mass, 
which states that the mass of all the particles within a system 
remains constant. 


If the control volume is entirely filled with an incompressible 
fluid, then there will be no local change in the control volume as 
the fluid flows through its open control surface. Instead, only 
convective changes occur. 





The mass flow of air through this duct 
assembly must be calculated in order to 
balance the airflow out of each of the room 
vents. 


Procedure for Analysis 


The following procedure can be used when applying the continuity equation. 
Fluid Description 


* Classify the flow as steady or unsteady, uniform or nonuniform. Also, determine if the fluid can be assumed 
inviscid and/or incompressible. 


Control Volume 


* Establish the control volume and determine what type it should be. Fixed control volumes are generally 
used for objects that are at rest and have a fixed amount of fluid passing through them, like pipes. Moving 
control volumes are used for objects, such as pump or turbine blades, and changing control volumes can be 
used for containers that have a variable amount of fluid within them. Care should be taken to orient the 
open control surfaces so that their planar areas are perpendicular to the flow. Also, locate these surfaces in 
a region where the flow is uniform and well established. 


Continuity Equation 


* Consideration must be given both to the rate of change of mass within the control volume and to the rate at 
which mass enters and exits each open control surface. For application, we will always write the fundamental 
equation, Eq. 4-12, and then show how this equation reduces to a specific case. For example, if the control 
volume does not deform and is completely filled with an incompressible fluid, then the local change of the 
mass within the control volume will be zero, so “what flows in must flow out,” as indicated by Eqs. 4-13 
through 4-15. 


Remember that planar areas A of open control surfaces are defined by vectors that are always directed 
outward, normal to the control surface. Thus, flow into a control surface will be negative since V and A will 
be in opposite directions, whereas flow out of a control surface is positive since both vectors are outward. 
If a control surface is moving, then for steady flow, the velocity of flow into or out of a control surface must 
be measured relative to the moving surface, that is, V ~ V;,)., in the above equations. 
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EXAMPLE [43 





Water flows into the 6-in-diameter fire hydrant at Qc — 4 ft /s, 
Fig. 4—14a. If the velocity out the 2-in.-diameter nozzle at A is 60 ft/s, 
determine the discharge out the 3-in.-diameter nozzle at B. 


SOLUTION 


Fluid Description. This is a condition of steady flow, where the 
water will be considered an ideal fluid. Therefore, average velocities 
will be used. 


Control Volume. We will take the control volume to be fixed and 
have it enclose the volume within the fire hydrant and extended 
portions of hose as shown in the figure. There is no local change within 
the control volume because the flow is steady. Convective changes 
occur through the three open control surfaces. 
Since the flow at C is known, the average velocity there is 
Control volume 









4 ft /s 
Ve — fc = a = 20.37 ft/s 
C oom (= i) 
60 ft /s B Ve 12 

3 in. Continuity Equation. For steady, incompressible flow, 

à 
2] oe | pv-aa =o (1) 
0 = VcAc + VaAg t VgAg 0 (2) 


0) 


Ve $ | Y DS 
i 0 — (20.37 i/s) a( 2 i) | + (60 %/s)| »( 3 i) | ds Vom 12 i) | 
Vg — 54.82 ft/s 


The discharge at B is therefore 
L5 Y 
Qs 7 VgAg 7 (54.82 is) «(45 i) | — 2.60 fÜ/s — Ans. 


This solution is actually a direct application of Eq. 4-15, represented 
here by Eq. 2. Also, notice that since Qc ^ VoAc and Qj T VpAp, it was 
really not necessary to calculate Vc and Vg as an intermediate step. 
But be careful to recognize that if Qc is used in Eq. 2, then it is a 
negative term, i.e., Eq. 2 becomes 0 — Qc + V4Ay + Qg 70. 


NOTE: If the viscosity of the water was considered, and a specific 
velocity profile, like the one shown in Fig. 4-14), was established, then 
the solution would require integration of the second term in Eq. 1. 
(b) (See the first step in Example 4.1.) 


Fig. 4-14 
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EXAMPLE [44 





Air flows into the gas heater in Fig. 4—15 at a steady rate, such that at 
A its absolute pressure is 203 kPa, its temperature is 20°C, and its 
velocity is 15 m/s. When it exits at B, it is at an absolute pressure of 
150 kPa and a temperature of 75 C. Determine its velocity at B. 


SOLUTION 


Fluid Description. As stated, we have steady flow. We will neglect 
viscosity and use average velocities through the pipe. Due to the 
pressure and temperature changes within the heater, the air changes 
its density, and so we must include the effects of compressibility. 





Control Volume. As shown, the control volume is fixed and consists 
of the region of pipe within the heater, along with short extensions 
from it. Here there are no local changes of the mass within the control 
volume because the flow remains steady. Convective changes occur, 
however, due to the flow through the open control surfaces at A and B. 


Continuity Equation. The pressure and the temperature affect the air 
density at the open control surfaces. The flow of air in at A is negative. 


à 
= | paw foxa =o 
at cv cs 


O — paVsAg + ppVpAp ~ 0 
—p4(15 m/s) [7(0.05 m] -- pgVg[7(0.075 my] = 0 


V, = 6.667( 2) (1) 


Ideal Gas Law. The densities at A and B are obtained from the 
ideal gas law. We have 


Pa = paRTs;  203(10°) N/m? = p4R(20 + 273) K 
ps ^ pgRTg; — 150(107) N/m* = ppR(75 + 273) K 


The value of R for air is tabulated in Appendix A, although here it can 
be eliminated by division. 
— DA 


LID Sas 
Pg 


Substituting this into Eq. 1 yields 
Vg 7 6.667(1.607) — 10.7 m/s Ans. 
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EXAMPLE [4:5 











Fig. 4-16 


The tank in Fig. 4-16 has a volume of 1.5 m? and is being filled with 
air, which is pumped into it at an average rate of 8 m/s through a hose 
having a diameter of 10 mm. As the air enters the tank, its temperature 
is 30°C and its absolute pressure is 500 kPa. Determine the rate at 
which the density of the air within the tank is changing at this instant. 


SOLUTION 
Fluid Description. Due to mixing, we will assume the air has a 


uniform density within the tank. This density is changing because the 
air is compressible. The flow into the tank is steady. 


Control Volume. We will consider the fixed control volume to be 
the air contained within the tank. Local changes occur within this 
control volume because the mass of air within the tank is changing 
with time. The average velocity of the air stream will be considered at 
the open control surface at A. 


Continuity Equation. Applying the continuity equation, realizing 


that the control volume (tank) has a constant volume, and assuming 
that the density within it is changing in a uniform manner, we have 


à 
= | pav + foxa =o 
at ev cs 


Apa - 

a — paVaAg ~ O (1) 
Ideal Gas Law. The density of air flowing into the tank is determined 
using the ideal gas law. From Appendix A, R — 286.9 J/(kg * K), and 
SO 


Pa = paRT,; — 500(10°) N/m? = p4| 286.9 J/(kg+ K)|(30 + 273) K 


pA ^ 5.752 kg/m? 


Therefore, 
“Pe (1.5 m?) — [(5.752 kg/m?)(8 m/s) ]|v(0.005 m?] 7 0 
E = 2.41 (107°) kg/(m°- s) Ans. 


This positive result indicates that the density of the air within the tank 
is increasing, which is to be expected. 
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EXAMPLE | 4.6 





The rocket sled in Fig. 4-17 is propelled by a jet engine that burns 
fuel at a rate of 60 kg/s. The air duct at A has an opening of 0.2 m* 
and takes in air having a density of 1.20 kg/m’, If the engine exhausts 
the gas relative to the nozzle at B with an average velocity of 300 m/s, 
determine the density of the exhaust. The sled is moving forward at a 
constant rate of 80 m/s and the nozzle has a cross-sectional area 
of 0.35 m°. 


SOLUTION 
Fuel Description. The air-fuel system is compressible, and so its 80 m/s 


B —— 
density will be different at the inlet A and exhaust B. We will use 
aoe =e 
Control Volume. The control volume is represented by the A 

enclosed region within the engine that accepts the air and fuel, Fig. 4-17 

burns it, and exhausts it. We will assume it moves with the rocket. 

From this viewpoint (as a passenger), the flow is steady, so there is 

no local time rate of change of the air-fuel mass within the control 

volume. Convective changes occur at the air intake, the fuel line 


intake, and the nozzle. Also, assuming the outside air is stationary, 
then the relative velocity of airflow at the intake A is 





t Va = Ves + V A/cs 
0 7 80 m/s + V4, 
Vajs ~ —80 m/s — 80 m/s — 


At B, Vg, — 300 m/s because the velocity of the exhaust gas is 
measured relative to the control surface. 


Continuity Equation. The mass flow of fuel is m, ^ 60kg/s, and 
since there is no local change, we have 


à _ 
=| em + f Nyaa =0 


0 — PaV Ars AA * p,Vpis Ag — my — 0 
— 1.20 kg/m?(80 m/s)(0.2 m?) -- p,(300 m/s)(0.35 m?) — 60 kg/s = 0 
p, ^ 0.754 kg/m* Ans. 


Notice that if the selected control volume were in a fixed location in 
space, and the rocket sled were passing this location, then local changes 
would occur within the control volume as the rocket sled passed by. In 
other words, the flow through the control volume would appear as 
unsteady flow. 
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EXAMPLE [47 





The 2-ft-diameter tank in Fig. 4—18a is being filled with water using a 
1-ft-diameter pipe, which has a discharge of 4 ft^/s. Determine the 
rate at which the level of water is rising in the tank. 


SOLUTION 


Fluid Description. This is a case of steady flow. We assume the 
water to be an incompressible fluid so that p,, is constant. 


Control Volume |. We will choose a fixed control volume, which 
consists of the volume of the entire tank, Fig. 4-18a. Although we have 
steady flow into this control volume, local changes occur because the 
control volume is not entirely filled with water. In other words, the 
amount of mass within the control volume changes with time. 
Convective changes occur at the open control surface at A. We will 
exclude the local change of the air mass within the tank, which equals 
its mass flow out from the top of the tank. To calculate the volume of 
water within the tank, we will assume that as the water falls it maintains 
a constant diameter of 1 ft as shown.* 





Continuity Equation. Applying the continuity equation, realizing 
Fig. 4-18 that Q, — V4A,, we have 


à 
a] om [ 57 0 


dV 
T -pA t) 
Pw dt p. QA 


Here Y is the total volume of water within the control volume at the 
instant the depth is y. Factoring out p,,, we have 


P na ft)’y + 7(0.5 f)°(6 ft — y)] — (4f¢/s) = 0 


d 
—(0.75y + 1.5) =4 
T4, 9 Sy 5) 


d 
0752 + 0 = £ 
dt T 
y — 1308 Á 
-— — A t E 
di /s ns 


*[f this water column disperses, the same volume would fall into the tank. 
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Control Volume Il. We can also work this problem by considering a 
fixed control volume consisting only of the water within the tank, 
Fig. 4-18). In this case no local changes occur because the water 
within this control volume is considered incompressible, so that the 
mass remains constant. But convective changes occur because water 
flows into the control surface of area 7(0.5 ft)* at A, and it flows out of 
the control surface at B, having an area of | z(1ft)? — z(0.5ft)? |. 


Continuity Equation. Since Q4, ^ V4A,4, we have 


A 
2 f pay + ] v ~ 0 
or cv es 


0 — VsAq + VpAg = 0 
—(4 ft/s) + Val (71 fy? — 70.5 fH?)] = 0 


dy 
Vg dr = 1.70 ft/s Ans. 
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2. S. Vogel, Comparative Biomechanics, Princeton University Press, Princeton, 
NJ, 2003. 


3. S.Glasstone and A. Sesonske, Nuclear Reactor Engineering, D. van Nostrand, 
Princeton, NJ, 2001. 


197 





198 CHAPTER 4 CONSERVATION OF MASS 


iJ FUNDAMENTAL PROBLEMS 


Sec. 4.3 F4-3. Water has an average velocity of 8 m/s through the 
pipe. Determine the volumetric flow and mass flow. 





F4-1. Water flows into the tank through a rectangular 
tube. If the average velocity of the flow is 16 m/s, determine 
the mass flow. Take p,, = 1000 kg/m’. 


300 mm 


8 m/s 





F4-3 






(0.05 m) sin 60 F4-4. Crude oil flows through the pipe at 0.02 m? /s. If the 


velocity profile is assumed to be as shown, determine the 
maximum velocity Vj of the oil and the average velocity. 


F4-1 





v = Va G -25rP) m/s 


F4-2. Air flows through the triangular duct at 0.7 kg/s when F4-4 
the temperature is 15°C and the gage pressure is 70 kPa. 
Determine its average velocity. Take Pam ~ 101 kPa. 


F4-5. Determine the mass flow of air having a temperature 
of 20°C and pressure of 80 kPa as it flows through the 
circular duct with an average velocity of 3 m/s. 


400 mm 


3 m/s 





F4-2 F4-5 
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F4-6. If the velocity profile for a very viscous liquid as F4-8. Aliquid flows into the tank at A at 4 m/s. Determine 
it flows through a 0.5-m-wide rectangular channel is the rate, dy/dt, at which the level of the liquid is rising in the 
approximated as u — (65?) m/s, where y is in meters, tank. The cross-sectional area of the pipe atA is A4 — 0.1 m. 
determine the volumetric flow. 





u = (6y’) m/s 


F4-6 





Sec. 4.4 


F4-7. The average velocity of the steady flow at A and B 
is indicated, Determine the average velocity at C. The pipes 


have cross-sectional areas of A4 ^ Ac — 0.1m? and 
Ag ^ 0.2m*. F4-9. As air exits the tank at 0.05 kg/s, it is mixed with 


water at 0.002 kg/s. Determine the average velocity of the 
mixture as it exits the 20-mm-diameter pipe if the density of 
the mixture is 1.45 kg/m". 





F4-7 


F4-9 
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F4-10. Air at a temperature of 16°C and gage pressure of F4-12. Determine the required diameter of the pipe at C 
200 kPa flows through the pipe at 12 m/s when it is at A. so that water flows through the pipe at the rates shown. 
Determine its average velocity when it exits the pipe at B if 

its temperature there is 70°C. 





F4-10 
F4-12 
F4-11. Determine the rate at which water is rising in the F4-13. Oll flows into the tank with an average velocity of 
triangular container when ¢ ~ 10 s if the water flows from 4 m/s through the 50-mm-diameter pipe at A. It flows out of 
the 50-mm-diameter pipe with an average speed of 6 m/s. the tank at 2 m/s through the 20-mm-diameter pipe at B. 
The container is 1 m long. Att — 0s, /1 — 0.1 m. Determine the rate at which the depth v of the oil in the 


tank is changing. 


6 m/s 





F4-11 F4-13 





Sec. 4.1-4.2 


4-1. Water flows steadily through the pipes with the 
average velocities shown. Outline the control volume that 
contains the water in the pipe system. Indicate the open 
control surfaces, and show the positive direction of their 
areas. Also, indicate the direction of the velocities through 
these surfaces. Identify the local and convective changes 
that occur. Assume water to be incompressible. 


C 






1.5 m/s 


2m/s 


4m/s 
A 


Prob. 4-1 


4-2. Wateris drawn steadily through the pump. The average 
velocities are indicated. Select a control volume that contains 
the water in the pump and extends slightly past it. Indicate 
the open control surfaces, and show the positive direction of 
their areas. Also, indicate the direction of the velocities 
through these surfaces. Identify the local and convective 
changes that occur. Assume water to be incompressible. 


8 m/s 
— 
12 m/s 
— o 


Prob. 4-2 
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EE 


4-3. The average velocities of water flowing steadily 
through the nozzle are indicated. If the nozzle is glued onto 
the end of the hose, outline the control volume to be the 
entire nozzle and the water inside it. Also, select another 
control volume to be just the water inside the nozzle. In each 
case, indicate the open control surfaces, and show the positive 
direction of their areas. Specify the direction of the velocities 
through these surfaces. Identify the local and convective 
changes that occur. Assume water to be incompressible. 


2.5 m/s 4 Lm P LN 
Prob. 4-3 


*4-4. Air flows through the tapered duct, and during this 
time heat is being added that changes the density of the air 
within the duct. The average velocities are indicated. Select 
a control volume that contains the air in the duct. Indicate 
the open control surfaces, and show the positive direction 
of their areas. Also, indicate the direction of the velocities 
through these surfaces. Identify the local and convective 
changes that occur. Assume the air is incompressible. 


2m/s 
2m/s 7 m/s 
———————A 





Prob. 44 


4-5. The tank is being filled with water at A at a rate 
faster than it is emptied at B; the average velocities are 
shown. Select a control volume that includes only the water 
in the tank. Indicate the open control surfaces, and show 
the positive direction of their areas. Also, indicate the 
direction of the velocities through these surfaces. Identify 
the local and convective changes that occur. Assume water 
to be incompressible. 







r 6 m/s 


2m/s p 


Prob. 4-5 
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44. The toy balloon is filled with air and is released. At 
the instant shown, the air is escaping at an average velocity 
of 4 m/s, measured relative to the balloon, while the balloon 
is accelerating. For an analysis, why is it best to consider the 
control volume to be moving? Select this control volume so 
that it contains the air in the balloon. Indicate the open 
control surface, and show the positive direction of its area. 
Also, indicate the direction of the velocity through this 
surface. Identify the local and convective changes that 
occur. Assume the air to be incompressible. 


*4-8. The blade on the turbine is moving to the left at 
6 m/s. Water is ejected from the nozzle at A at an average 
velocity of 2 m/s. For the analysis, why is it best to consider 
the control volume as moving? Outline this moving control 
volume that contains the water on the blade. Indicate the 
open control surfaces, and show the positive direction of 
their areas through which flow occurs. Also, indicate the 
magnitudes of the relative velocities and their directions 
through these surfaces. Identify the local and convective 
changes that occur. Assume water to be incompressible. 





Prob. 4-6 


4-7. Compressed air is being released from the tank, and 
at the instant shown it has a velocity of 3 m/s. Select a 
control volume that contains the air in the tank. Indicate the 
open control surface, and show the positive direction of its 
area. Also, indicate the direction of the velocity through t his 
surface. Identify the local and convective changes that 
occur. Assume the air to be compressible. 


BET 





Prob. 4-7 


4-9. The jet engine is moving forward with a constant 
speed of 800 km/h. Fuel from a tank enters the engine and 
is mixed with the intake air, burned, and exhausted with an 
average relative velocity of 1200 km/h. Outline the control 
volume as the jet engine and the air and fuel within it. For 
an analysis, why is it best to consider this control volume to 
be moving? Indicate the open control surfaces, and show 
the positive direction of their areas. Also, indicate the 
magnitudes of the relative velocities and their directions 
through these surfaces. Identify the local and convective 
changes that occur. Assume the fuel is incompressible and 
the air is compressible. 


"T z 
. "ria P **tsssoeee Lc. "a 
'" "aas 





800 km/h 


Prob. 4-9 





4-10. The balloon is rising at a constant velocity of 3 m/s. 
Hot air enters from a burner and flows into the balloon at A 
at an average velocity of 1 m/s, measured relative to the 
balloon. For an analysis, why is it best to consider the control 
volume as moving? Outline this moving control volume that 
contains the air in the balloon. Indicate the open control 
surface, and show the positive direction of its area. Also, 
indicate the magnitude of the velocity and its direction 
through this surface. Identify the local and convective changes 
that occur. Assume the air to be incompressible. 


[5m 





Prob. 4-10 


4-11. The hemispherical bow] is suspended in the air by 
the water stream that flows into and then out of the bowl 
at the average velocities indicated, Outline a control 
volume that contains the bowl and the water entering and 
leaving it. Indicate the open control surfaces, and show 
the positive direction of their areas. Also, indicate the 
direction of the velocities through these surfaces. Identify 
the local and convective changes that occur. Assume 
water to be incompressible. 





Prob. 411 
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Sec. 4.3 


*4-12. Water flows along a rectangular channel having a 
width of 0.75 m. If the average velocity is 2 m/s, determine 
the volumetric discharge. 





Prob. 4-12 


4-13. Water flows along the triangular trough with an 
average velocity of 5 m/s. Determine the volumetric disch arge 
and the mass flow if the vertical depth of the water is 0.3 m. 


x 






0.3 m 


Prob. 4-13 
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4-14. Air enters the turbine of a jet engine at a rate of 
40 kg/s. If it 1s discharged with an absolute pressure of 
750 kPa and temperature of 120°C, determine its average 
velocity at the exit. The exit has a diameter of 0.3 m. 





Prob. 4-14 


4-15. Determine the mass flow of CO, gas in a 4-in.- 
diameter duct if it has an average velocity of 20 ft/s. The gas 
has a temperature of 70°F, and the pressure ts 6 psi. 


*4-16. Carbon dioxide gas flows through the 4-in.- 
diameter duct. If it has an average velocity of 10 ft/s and the 
gage pressure is maintained at 8 psi, plot the variation of 
mass flow (vertical axis) versus temperature for the 
temperature range (^F = T = 100°F. Give values for 
increments of AT — 20". 





Probs. 4-15/16 


4-17. Water flowing at a constant rate fills the tank to a 
height of 73 m in 5 minutes. If the tank has a width of 1.5 
m, determine the average velocity of the flow from the 
0.2-m-diameter pipe at A. 


4-18. Water flows through the pipe at a constant average 
velocity of 0.5 m/s. Determine the relation between the 
time needed to fill the tank to a depth of h 7 3 m and 
the diameter D of the pipe at A. The tank has a width 
of 1.5 m. Plot the time in minutes (vertical axis) versus 
the diameter 0.05m = D = 0.25m. Give values for 
increments of AD — 0.05 m. 





a 


Probs. 4-17/18 


4-19. Determine the mass flow of air in the duct if it has 
an average velocity of 15 m/s. The air has a temperature of 
30°C, and the (gage) pressure is 50 kPa. 


*4-20. Air flows through the duct at an average velocity 
of 20 m/s. If the temperature is maintained at 20°C, plot the 
variation of the mass flow (vertical axis) versus the (gage) 
pressure for the range of 0 = p = 100 kPa. Give values for 
increments of Ap — 20 kPa. The atmospheric pressure is 
101.3 kPa. 





Probs. 4-19/20 


PROBLEMS 205 


4-21. A fluid flowing between two plates has a velocity *4-24. Determine the average velocity V of a very viscous 
profile that is assumed to be linear as shown. Determine the fluid that enters the 8-ft-wide rectangular open channel and 
average velocity and volumetric discharge in terms of U max eventually forms the velocity profile that is approximated 
The plates have a width of w. by u = 0.8(1.25y + 0.25y°) ft/s, where y is in feet. 





Prob. 4-24 


Prob. 4-21 


4-25. Determine the mass flow of a very viscous fluid 
that enters the 3-ft-wide rectangular open channel and 
eventually forms the velocity profile that is approximated 
by u = 0.8(1.25y + 0.25y°) ft/s, where y is in ft. Take 

4-22. The velocity profile of a liquid flowing through the y 7 40lb/fť. 

pipe is approximated by the truncated conical distribution 
as shown. Determine the average velocity of the flow. Hint: 
The volume of a cone is'* — i rh. 








Prob. 4-25 





Prob. 4-22 4-26. The velocity field for a flow is defined by 
u = (6x)m/s and v = (4y?) m/s, where x and y are in 
meters. Determine the discharge through the surfaces at A 
and at B. 


4-23. The velocity profile of a liquid flowing through the 
pipe is approximated by the truncated conical distribution 
as shown. Determine the mass flow if the liquid has a 
specific weight of y — 54.7 Ib/ft. Hint: The volume of a 
cone is * = imh. 





Prob. 4-23 Prob. 4-26 
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4-27. The velocity profile in a channel carrying a very 
viscous liquid is approximated by u = 3(e°*” — 1) m/s, 
where y is in meters. If the channel is 1 m wide, determine 
the volumetric discharge from the channel. 


u — 3 (e? — 1) m/s 





Prob. 4—27 


*4-28. The velocity profile in a channel carrying a very 
viscous liquid is approximated by u — 3(e?? - 1) m/s, 
where y is in meters. Determine the average velocity of the 
flow. The channel has a width of 1 m. 


u 7 3 (e"?* — 1) m/s 





Prob. 4—28 


4-29. The velocity profile for a fluid within the circular 
pipe for fully developed turbulent flow is modeled using 
Prandtl's one-seventh power lawu — U(y/R)'". Determine 
the average velocity for this case. 


4-30. The velocity profile for a fluid within the circular 
pipe for fully developed turbulent flow is modeled using 
Prandtl's one-seventh power lawu — U(y / R)'?. Determine 
the mass flow of the fluid if it has a density p. 





Probs. 4-29/30 


4-31. The velocity profile for a liquid in the channel is 
determined experimentally and found to fit the equation 
u 7 (8y!3) m/s, where y is in meters. Determine the 
volumetric discharge if the width of the channel is 0.5 m. 


*4-32. The velocity profile for a liquid in the channel is 
determined experimentally and found to fit the equation 
u (8y!°) m/s, where yisin meters. Determine the average 
velocity of the liquid. The channel has a width of 0.5 m. 





Probs. 4—31/32 


4-33. A very viscous liquid flows down the inclined 
rectangular channel such that its velocity profile is 
approximated by u = 4(0.5y? - 1.5y) ft/s, where y is in 
feet. Determine the mass flow if the channel width is 2 ft. 
Take y — 60 lb/ft’. 


4-34. A very viscous liquid flows down the inclined 
rectangular channel such that its velocity profile is 
approximated by u = 4(0.5y? + 1.5y) ft/s, where y is in 
feet. Determine the average velocity of the liquid if the 
channel width is 2 ft. 


ft/s 





Probs. 4-33/34 


4-35. Determine the volumetric flow through the 
50-mm-diameter nozzle of the fire boat if the water stream 
reaches point B, which is R — 24 m from the boat. Assume 
the boat does not move. 


*4-36. Determine the volumetric flow through the 
50-mm-diameter nozzle of the fire boat as a function of the 
distance R of the water stream. Plot this function of flow 
(vertical axis) versus the distance for 0 = R = 25 m. Give 
values for increments of AR — 5 m. Assume the boat does 
not move. 





Probs. 4-35/36 


4-37. For a short time, the flow of carbon tetrachloride 
through the circular pipe transition can be expressed as 
O = (0.8t + 5)( 10°) m?/s, where tis in seconds. Determine 
the average velocity and average acceleration of a particle 
located at A and B when 1 ^72 s. 





Prob. 4-37 


4-38. Air flows through the gap between the vanes at 
0.75 m/s. Determine the average velocity of the air passing 
through the inlet A and the outlet B. The vanes have a width 
of 400 mm and the vertical distance between them is 200 mm. 





Prob. 4—38 
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4-39, The human heart has an average discharge of 
0.1(10 7) m*/s, determined from the volume of blood 
pumped per beat and the rate of beating. Careful 
measurements have shown that blood cells pass through the 
capillaries at about 0.5 mm/s. If the average diameter of a 
capillary is 6 um, estimate the number of capillaries that 
must be in the human body. 





Prob. 4-39 


*4-40. Rain falls vertically onto the roof of the house with 
an average speed of 12 ft/s. On one side the roof has a width 
of 15 ft and is sloped as shown. The water accumulates in 
the gutter and flows out the downspout at 6 ft^/min. 
Determine the amount of falling rainwater in a cubic foot of 
air. Also, if the average radius of a drop of rain is 0.16 in., 
determine the number of raindrops in a cubic foot of air. 







--— 
o o o o o o o o o o 
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441. Acetate flows through the nozzle at 2 ft'/s. 
Determine the time it takes for a particle on the x axis to 
pass through the nozzle, from x — 0 to x — 6 in. if x — Oat 
t — 0. Plot the distance-versus-time graph for the particle. 


4-42. Acetate flows through the nozzle at 2 ft'/s. 
Determine the velocity and acceleration of a particle on the 
x axis at x — 3 in. When ! — 0,x — 0. 





Probs. 4—41/42 


4-43. The tapered pipe transfers ethyl alcohol to a mixing 
tank such that a particle at A has a velocity of 2 m/s. 
Determine the velocity and acceleration of a particle at B, 
where x — 75 mm. 


*4—44. The tapered pipe transfers ethyl alcohol to a mixing 
tank such that when a valve is opened, a particle at A has a 
velocity at A of 2 m/s, which is increasing at 4 m/'s*. Deter- 
mine the velocity of the same particle when it arrives at B, 
where x — 75 mm. 


200 mm 








Probs. 4—43/44 


4-45. The radius of the circular duct varies as 
r^" (0.05e*) m, where x is in meters. The flow of a fluid 
at A is Q — 0.004 m/s at t = 0, and it is increasing at 
dQ/dt — 0.002 m*/s?. If a fluid particle is originally 
located at x ^ 0 when : — 0, determine the time for this 
particle to arrive at x — 100 mm. 





4-46. The radius of the circular duct varies as 
r ^ (0.05e 7") m, where x is in meters. If the flow of the fluid 
at A is Q — 0.004 m/s at t ^ 0, and it is increasing at 
dQ /dt — 0.002 m*/s?, determine the time for this particle to 
arrive at x — 200 mm. 





Sec. 4.4 


4-47, Water flows through the pipe at A at 300 kg/s, and 
then out the double wye with an average velocity of 3 m/s 
through B and an average velocity of 2 m/s through C. 
Determine the average velocity at which it flows through D. 


*4-48. If water flows at 150 kg/s through the double wye at 
B. at 50 kg/s through C, and at 150 kg/s through D, determine 
the average velocity of flow through the pipe at A. 





Probs. 4—47/48 


4-49. Air having a specific weight of 0.0795 Ib/ft^ flows 
into the duct at A with an average velocity of 5 ft/s. If its 
density at B is 0.00206slug/ft*, determine its average 
velocity at B. 


ft 





Prob. 4—49 
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4-50. An oscillating water column (OWC), or gully 
generator, is a device for producing energy created by ocean 
waves. As noted, a wave will push water up into the air 
chamber, forcing the air to pass through a turbine, producing 
energy. As the wave falls back, the air is drawn into the 
chamber, reversing the rotational direction of the turbine, 
but still creating more energy. Assuming a wave will reach an 
average height of h = 0.5 m in the 0.8-m-diameter chamber 
at B, and it falls back at an average speed of 1.5 m/s, 
determine the speed of the air as it moves through the 
turbine at A, which has a net area of 0.26 m?. The air 
temperature at A is T, ~ 20°C, and at Bitis Ty ~ 10°C. 


451. An oscillating water column (OWC), or gully 
generator, is a device for producing energy created by ocean 
waves. As noted, a wave will push water up into the air 
chamber, forcing the air to pass through a turbine, producing 
energy. As the wave falls back, the air is drawn into the 
chamber, reversing the rotational direction of the turbine, 
but still creating more energy. Determine the speed of the air 
as it moves through the turbine at A, which has a net open 
area of 0.26 m?, if the speed of the water in the 0.8-m- 
diameter chamber is 5 m/s. The air temperature at A is 
T, = 20°C, and at B it is Ty = 10°C. 





Probs. 4-50/51 


*4-52. A jet engine draws in air at 25 kg/s and jet fuel at 
0.2 kg/s. If the density of the expelled air-fuel mixture is 
1.356 kg/m', determine the average velocity of the exhaust 
relative to the plane. The exhaust nozzle has a diameter 
of 0.4 m. 





Prob. 4-52 
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4-53. Carbon dioxide flows into the tank at A at V, ~ 4 m/s, 
and nitrogen flows in at B at Vg ~ 3 m/s. Both enter at a 
gage pressure of 300kPa and a temperature of 250°C. 
Determine the steady mass flow of the mixed gas at C. 


4-54. Carbon dioxide flows into the tank at A at 


V4, — I0 m/s, and nitrogen flows in at B with a velocity of 
Vg — 6 m/s. Both enter at a gage pressure of 300 kPa and a 
temperature of 250°C. Determine the average velocity of 
the mixed gas leaving the tank at a steady rate at C. The 
mixture has a density of p = 1.546 kg/m‘. 





Probs. 4-53/54 


4-55. The flat strip is sprayed with paint using the six 
nozzles, each having a diameter of 2 mm. They are attached 
to the 20-mm-diameter pipe. The strip is 50 mm wide, and 
the paint is to be 1 mm thick. If the average speed of the 
paint through the pipe is 1.5 m/s, determine the required 
speed V of the strip as it passes under the nozzles. 





Prob. 4-55 


*4-56. The flat strip is sprayed with paint using the six 
nozzles, which are attached to the 20-mm-diameter pipe. 
The strip is 50 mm wide and the paint is to be 1 mm thick. If 
the average speed of the paint through the pipe is 1.5 m/s, 
determine the required speed V of the strip as it passes 
under the nozzles as a function of the diameter of the pipe. 
Plot this function of speed (vertical axis) versus diameter 
for 10 mm = D = 30mm. Give values for increments of 


AD = 5 mm. 





Prob. 4-56 


4-57. Pressurized air in a building well flows out through the 
partially opened door with an average velocity of 4 ft/s. 
Determine the average velocity of the air as it flows down 
from the top of the building well. Assume the door is 3 ft wide 
and @ = 30°, 


4-58. Pressurized air in a building well flows out through 
the partially opened door with an average velocity of 4 ft/s. 
Determine the average velocity of the air as it flows down 
from the top of the building well as a function of the door 
opening 8. Plot this function of velocity (vertical axis) versus 
# for 0° = @ = 50°. Give values for increments of A@ — 10°. 


n 
| 
AF. 
~ B 





Probs. 4-57/58 








4-59, Drilling fluid is pumped down through the center 
pipe of a well and then rises up within the annulus. 
Determine the diameter d of the inner pipe so that the 
average velocity of the fluid remains the same in both 
regions. Also, what is this average velocity if the discharge is 
0.02 m? /s? Neglect the thickness of the pipes. 


*4-60. Drilling fluid is pumped down through the center 
pipe of a well and then rises up within the annulus. 
Determine the velocity of the fluid forced out of the well as 
a function of the diameter d of the inner pipe, if the velocity 
of the fluid forced into the well is maintained atV;, — 2 m/s. 
Neglect the thickness of the pipes. Plot this velocity (ver tical 
axis) versus the diameter for 50 mm = d = 150 mm. Give 
values for increments of Ad ^ 25 mm. 


200 m 





Probs. 4-59/60 


4-61. The unsteady flow of glycerin through the reducer is 
such that at A its velocity is V4 — (0.807) m/s, where t is in 
seconds. Determine its average velocity at B, and its average 
acceleration at A, when t — 2 s. The pipes have the diameters 
shown. 
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4-62. Oil flows into the pipe at A with an average velocity 
of 0.2 m/s and through B with an average velocity of 
0.15 m/s. Determine the maximum velocity V, of the oil 
as it emerges from C if the velocity distribution is parabolic, 
defined by ve = Vmall — 100, where r is in meters 
measured from the centerline of the pipe. 





Prob. 4-62 


4-63. The unsteady flow of linseed oil is such that at A it 
has a velocity of V4 — (0.7t + 4) m/s, where t is in seconds. 
Determine the acceleration of a fluid particle located at 
x = 0.2 m when t — 1 s. Hint. Determine V = V(x, t), then 
use Eq. 3-4. 


*4-64. The unsteady flow of linseed oil is such that at A it 
has a velocity of V4 — (0.47) m/s, where t is in seconds. 
Determine the acceleration of a fluid particle located at 
x =0.25m when ¢ = 2s. Hint: Determine V = Vix, 9, 
then use Eq. 3-4. 











4-59, Drilling fluid is pumped down through the center 
pipe of a well and then rises up within the annulus. 
Determine the diameter d of the inner pipe so that the 
average velocity of the fluid remains the same in both 
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200 m 





Probs. 4-59/60 


4-61. The unsteady flow of glycerin through the reducer is 
such that at A its velocity is V4 — (0.807) m/s, where t is in 
seconds. Determine its average velocity at B, and its average 
acceleration at A, when t — 2 s. The pipes have the diameters 
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4-62. Oil flows into the pipe at A with an average velocity 
of 0.2 m/s and through B with an average velocity of 
0.15 m/s. Determine the maximum velocity V, of the oil 
as it emerges from C if the velocity distribution is parabolic, 
defined by ve = Vmall — 100, where r is in meters 
measured from the centerline of the pipe. 





Prob. 4-62 


4-63. The unsteady flow of linseed oil is such that at A it 
has a velocity of V4 — (0.7t + 4) m/s, where t is in seconds. 
Determine the acceleration of a fluid particle located at 
x = 0.2 m when t — 1 s. Hint. Determine V = V(x, t), then 
use Eq. 3-4. 


*4-64. The unsteady flow of linseed oil is such that at A it 
has a velocity of V4 — (0.47) m/s, where t is in seconds. 
Determine the acceleration of a fluid particle located at 
x =0.25m when ¢ = 2s. Hint: Determine V = Vix, 9, 
then use Eq. 3-4. 
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4-65. Water flows through the nozzle at a rate of 0.2 m? /s. 
Determine the velocity V of a particle as it moves along the 
centerline as a function of x. 


4-66. Water flows through the nozzle at a rate of 0.2 m? /s. 
Determine the acceleration of a particle as it moves along 
the centerline as a function of x. 


4() mm 





—— 
2 
L. mm 
Probs. 4—65/66 
467. The cylindrical plunger traveling at 


V,, = (0.004r'’*) m/s, where t is in seconds, injects a liquid 
plastic into the mold to make a solid ball. If d ~ 50 mm, 
determine the amount of time needed to do this if the 
volume of the ball is ¥ = frr. 

*4-68. The cylindrical plunger traveling at 
V,, = (0.004r'/*) m/s, where t is in seconds, injects a liquid 
plastic into the mold to make a solid ball. Determine the 
time needed to fill the mold as a function of the 
plunger diameter d. Plot the time needed to fill the 
mold (vertical axis) versus the diameter of the plunger 
for 10mm = d = 50 mm. Give values for increments of 
Ad = 10 mm. The volume of the ball is ¥ = 3 rr. 





Probs. 4—67/68 


4-69. The pressure vessel of a nuclear reactor is filled 
with boiling water having a density of p, = 850 kg/m’. 
Its volume is 185 m^. Due to failure of a pump needed 
for cooling, the pressure release valve A is opened and 
emits steam having a density of p, ^ 35 kg/m^ and an 
average speed of V — 400 m/s. If it passes through the 
40-mm-diameter pipe, determine the time needed for all the 
water to escape. Assume that the temperature of the water 
and the velocity at A remain constant. 


M 
—- 


A 





Prob. 4-69 


4-70. ‘The pressure vessel of a nuclear reactor is filled with 
boiling water having a density of p,, = 850 kg/m’. Its volume 
is 185 m*. Due to failure of a pump, needed for cooling, the 
pressure release valve is opened and emits steam having a 
density of p, ^ 35 kg/m?. If the steam passes through the 
40-mm-diameter pipe, determine the average speed through 
the pipe as a function of the time needed for all the water to 
escape. Plot the speed (vertical axis) versus the time for 
0-1-3h. Give values for increments of. Ar — 0.5 h. 
Assume that the temperature of the water remains constant. 


X 


A — 


Prob. 4-70 


4-71. The wind tunnel is designed so that the lower 
pressure outside the testing region draws air out in order to 
reduce the boundary layer or frictional effects along the 
wall within the testing tube. Within region B there are 
2000 holes, each 3 mm in diameter. If the pressure is 
adjusted so that the average velocity of the air through each 
hole is 40 m/s, determine the average velocity of the air 
exiting the tunnel at C. Assume the air is incompressible. 





A B C 


Prob. 4-71 


*4-72. Water flows through the pipe such that it has a 
parabolic velocity profile V = 3(1 — 10077) m/s, where r is 
in meters. Determine the time needed to fill the tank to a 
depth of h Z 1.5 m if h — 0 when : — 0. The width of the 
tank is 3 m. 


200 mm 


2m 





Prob. 4-72 
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4-73. Ethyl alcohol flows through pipe A with an average 
velocity of 4 ft/s, and oil flows through pipe B at 2 ft/s. 
Determine the average density at which the mixture flows 
through the pipe at C. Assume uniform mixing of the fluids 
occurs within a 200 in? volume of the pipe assembly. Take 
Pex — 1.53 slug/ft® and p, = 1.70 slug/ft’. 


4-74. Ethyl alcohol flows through pipe A at 0.05 ft^ /s, and 
oil flows through pipe B at 0.03 ft /s. Determine the average 
density of the two fluids as the mixture flows through the 
pipe at C. Assume uniform mixing of the fluids occurs 
within a 200 in? volume of the pipe assembly. Take 
P. 7 1.53 slug/ft? and p, — 1.70 slug/ft^. 





Probs. 4—73/74 


4-75. Water flows into the tank through two pipes. At A 
the flow is 400 gal/h, and at B it is 200 gal/h when d > 6 in. 
Determine the rate at which the level of water is rising in 
the tank. There are 7.48 gal/ft’. 





Prob. 4-75 
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*4-76. Water flows into the tank through two pipes. At A 
the flow ts 400 gal/h. Determine the rate at which the level 
of water is rising in the tank as a function of the discharge of 
the inlet pipe B. Plot this rate (vertical axis) versus the 
discharge for 0 —- Q4 - 300 gal/h. Give values for 
increments of AQ, = 50 gal/h. There are 7.48 gal/ft^. 





Prob. 4-76 


4-77. The piston is traveling downward at V,, ~ 3 m/s, and 
as it does, air escapes radially outward through the entire 
bottom of the cylinder. Determine the average speed of the 
escaping air. Assume the air is incompressible. 


4-78. The piston is travelling downward with a velocity 
Vp and as it does, air escapes radially outward through 
the entire bottom of the cylinder. Determine the average 
velocity of the air at the bottom as a function of V,,. Plot 
this average velocity of the escaping air (vertical axis) 
versus the velocity of the piston for 0 = V, = 5 m/s. Give 
values for increments of AV, ^ 1 m/s. Assume the air is 
incompressible. 


2mm 





Probs. 4-77/78 


4-79. The cylindrical syringe is actuated by applying a 
force on the plunger. If this causes the plunger to move 
forward at 10 mm/s, determine the average velocity of the 
fluid passing out of the needle. 


10 mm/s 
—EAEE-——:- 
l 


20 mm —_ 


Prob. 4-79 


*4-80. Water enters the cylindrical tank at A with an 
average velocity of 2 m/s, and oil exits the tank at B with an 
average velocity of 1.5 m/s. Determine the rates at which 
the top level C and interface level D are moving. Take 
p, — 900 kg/m’. 





4-81. The tank contains air at a temperature of 20°C and 
absolute pressure of 500 kPa. Using a valve, the air escapes 
with an average speed of 120 m/s through a 15-mm-diameter 
nozzle. If the volume of the tank is 1.25 m^, determine the 
rate of change in the density of the air within the tank at this 
instant. Is the flow steady or unsteady? 





Prob. 4-81 


4-82. The natural gas (methane) and crude oil mixture 
enters the separator at A at 6 ft^/s and passes through the 
mist extractor at B. Crude oil flows out at 800 gal/min 
through the pipe at C, and natural gas leaves the 
2-in-diameter pipe at D at Vy, — 300 ft/s. Determine the 
specific weight of the mixture that enters the separator at A. 
The process takes place at a constant temperature of 68°F. 
Take p, = 1.71 slug/ft’, p,,. = 1.29( 107°) slug/ft. Note 
| ft? — 7.48 gal. 


4-83. The natural gas (methane) and crude oil mixture 
having a density of 0.51 slug/ft? enters the separator at.A at 
6 ft/s, and crude oil flows out through the pipe at C at 
800 gal/min. Determine the average velocity of the natural 
gas that leaves the 2-in.-diameter pipe at D. The process 
takes place at a constant temperature of 68°F. 
Take p, = 1.71 slug/ft*, Pme 7 1.29(10°) slug/fť?. Note 
| ft? = 7.48 gal. 





Probs. 4-82/83 
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*4-84, The cylindrical storage tank is being filled using a 
pipe having a diameter of 3 in. Determine the rate at which 
the level in the tank is rising if the flow into the tank at A is 
40 gal/min. Note 1 ft? = 7.48 gal. 


4-85. The cylindrical storage tank is being filled using a 
pipe having a diameter D. Determine the rate at which the 
level is rising as a function of D if the velocity of the flow 
into the tank is 6 ft/s. Plot this rate (vertical axis) versus the 
diameter for 0 = D = 6 in. Give values for increments of 
AD — lin. 


pt 10 ft—— | 





Probs. 4-84/85 


4-86. Airis pumped into the tank using a hose having an 
inside diameter of 6 mm. If the air enters the tank with an 
average speed of 6m/s and has a density of 1.25 kg/m’, 
determine the initial rate of change in the density of the air 
within the tank. The tank has a volume of 0.04 m°. 





Prob. 4-86 
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4-87. As air flows over the plate, frictional effects on its 
surface tend to form a boundary layer in which the velocity 
profile changes from that of being uniform to one that is 
parabolic, defined by u = [1000y — 83.33(10°)y°] m/s, 
where y is in meters, 0 — y — 6 mm. If the plate is 0.2 m 
wide and this change in velocity occurs within the distance 
of 0.5 m, determine the mass flow through the sections 
AB and CD. Since these results will not be the same, how 
do you account for the mass flow difference? Take 
p = 1226kg/m*. 





*4-88. Kerosene flows into the rectangular tank through 
pipes A and B, at 3 ft/s and 2 ft/s, respectively. It exits at C 
at a constant rate of 1 ft/s. Determine the rate at which the 
surface of the kerosene is rising. The base of the tank is 6 ft 
by 4 ft. 


4-89. Kerosene flows into the 4-ft-diameter cylindrical 
tank through pipes A and B, at 3 ft/s and 2 ft/s, respectively. 
It exits at C at a constant rate of 1 ft/s. Determine the time 
required to fill the tank if y — 0 when: — 0. 





4-90. The conical shaft is forced into the conical seat at a 
constant speed of Vg. Determine the average velocity of the 
liquid as it is ejected from the horizontal section AB as a 
function of y. Hint: The volume of a cone is ¥ = 477A. 


iv 










Prob. 4-90 


4-91. The 0.5-m-wide lid on the barbecue grill is being 
closed at a constant angular velocity of w — 0.2 rad/s, 
starting at @ ~ 90°. In the process, the air between A and B 
will be pushed out in the radial direction since the sides of 
the grill are covered. Determine the average velocity of the 
air that emerges from the front of the grill at the instant 
0 — 45? rad. Assume that the air is incompressible. 


i — 0.2 rad/s 


Prob. 4-91 


*4-92. The cylinder is pushed down into the tube at a rate 
of V — 5 m/s. Determine the average velocity of the liquid 
as it rises in the tube. 


4-93. Determine the speed V at which the cylinder must 
be pushed down into the tube so that the liquid in the tube 
rises with an average velocity of 4 m/s. 





4-94. The tank originally contains oil. If kerosene having a 
mass flow of 0.2 kg/s enters the tank at A and mixes with 
the oil, determine the rate of change of the density of the 
mixture in the tank if 0.28 kg/s of the mixture exits the tank 
at the overflow B. The tank is 3 m wide. 
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4-95. Benzene flows through the pipe atA with an average 
velocity of 4 ft/s, and kerosene flows through the pipe at B 
with an average velocity of 6 ft/s. Determine the required 
average velocity Vc of the mixture from the tank at C so 
that the level of the mixture within the tank remains 
constant at y — 3 ft. The tank has a width of 3 ft. What is the 
density of the mixture leaving the tank at C? Take 
p, — 1.70 slug/ft^ and p,, — 1.59 slug/ft*. 


y 





Prob. 4-95 


*4-96. Benzene flows through the pipe at A with an 
average velocity of 4 ft/s, and kerosene flows through the 
pipe at B with an average velocity of 6 ft/s. If the average 
velocity of the mixture leaving the tank at C is Ve = 5 ft/s, 
determine the rate at which the level in the tank is changing. 
The tank has a width of 3 ft. Is the level rising or falling? 
What is the density of the mixture leaving the tank at C? 
Take p, = 1.70 slug/fť and pye 7 1.59 slug/ft’. 





Prob. 4-96 
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4-97. The three pipes are connected to the water tank. If the 
average velocities of water flowing through the pipes are 
V, — 4 ft/s, Vg 7 6 ft/s, and V- — 2 ft/s, determine the rate 
at which the water level in the tank changes. The tank has a 
width of 3 ft. 


6 ft/s 
c- 





Prob. 4-97 


4-98. The 2-m-diameter cylindrical emulsion tank is being 
filled at A with cyclohexanol at an average rate of V; ~ 4 m/s 
and at B with thiophene at an average rate of Vz — 2 m/s. 
Determine the rate at which the depth increases as a function 
of depth h. 


4-99. The 2-m-diameter cylindrical emulsion tank is being 
filled at A with cyclohexanol at an average rate of 
V, = 4m/s and at B with thiophene at an average rate of 
Vg — 2 m/s. Determine the rate at which the depth of the 
mixture is increasing when /| — | m. Also, what is the 
average density of the mixture? Take p,, = 779 kg/m’, and 
p, = 1051 kg/m’. / 


40 mm 





Probs. 4-98/99 


*4-100. Hexylene glvcol is flowing into the trapezoidal 
container at a constant rate of 600 kg/min. Determine the 
rate at which the level is rising when vy — 0.5 m. The 
container has a constant width of 0.5 m. p,, = 924 kg/m’. 


4-101. Hexylene glycol is flowing into the container at a 
constant rate of 600 kg/min. Determine the rate at which 
the level is rising when y — 0.5 m. The container is in the 
form of a conical frustum. Hint: The volume of a cone is 
VY = i narh. Prhe ~ 924 kg/m’. 





Probs. 4-100/101 


4-102. Water in the triangular trough is at a depth of 
y = 3 ft. If the drain is opened at the bottom, and water 
flows out at a rate of V — (8.02y'?) ft/s, where y is in feet, 
determine the time needed to fully drain the trough. The 
trough has a width of 2 ft. The slit at the bottom has a cross- 
sectional area of 24 in’. 


4-103. Water in the tnangular trough is at a depth of 
y ~ 3 ft. If the drain is opened at the bottom, and water 
flows out at a rate of V — (8.02y'?) ft/s, where y is in feet, 
determine the time needed for the water to reach a depth of 
y = 2 ft. The trough has a width of 2 ft. The slit at the bottom 
has a cross-sectional area of 24 in’. 





Probs. 4—102/103 


*4-104. As part of a manufacturing process, a 0.1-m-wide 
plate is dipped into hot tar and then lifted out, causing the 
tar to run down and then off the sides of the plate as shown. 
The thickness w of the tar at the bottom of the plate 
decreases with time ¢, but it still is assumed to maintain a 
linear variation along the height of the plate as shown. If the 
velocity profile at the bottom of the plate is approximately 
parabolic, such that u — |0.5(10 5x /w)'? | m/s, where x 
and w are in meters, determine w as a function of time. 
Initially, when t: — 0, w — 0.02 m. 






(.5(1075) m/s 


Prob. 4-104 


4-105. The cylindrical tank in a food-processing plant is filled 
with a concentrated sugar solution having an initial density of 
p, ^ 1400 kg/m?. Water is piped into the tank at A at 
0.03 m" /s and mixes with the sugar solution. If an equal flow 
of the diluted solution exits at B, determine the amount of 
water that must be added to the tank so that the density of the 
sugar solution is reduced by 10% of its original value. 


= 





Prob. 4-105 
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4-106. The cylindrical pressure vessel contains methane at 
an initial absolute pressure of 2 MPa. If the nozzle is opened, 
the mass flow depends upon the absolute pressure and is 
m — 3.5(10 *)p kg/s, where p is in pascals. Assuming the 
temperature remains constant at 20°C, determine the time 
required for the pressure to drop to 1.5 MPa. 


4-107. The cylindrical pressure vessel contains methane at 
an initial absolute pressure of 2 MPa. If the nozzle is opened, 
the mass flow depends upon the absolute pressure and is 
m = 3.5(10°)p kg/s, where p is in pascals. Assuming the 
temperature remains constant at 20°C, determine the 
pressure in the tank as a function of time. Plot this pressure 
(vertical axis) versus the time for 0 — ¢ = 15s. Give values 
for increments of At ^ 3 s. 





Probs. 4-106/107 


*4-108. As nitrogen is pumped into the closed cylindrical 
tank, the mass flow through the tube ism — (0.8p '?) slug/s. 
Determine the density of the nitrogen within the tank when 
t — 5s from the time the pump is turned on. Assume that 


initially there is 0.5 slug of nitrogen in the tank. 


4-109. As nitrogen is pumped into the closed cylindrical 
tank, the mass flow through the tube ism — (0.8p '?) slug/s. 
Determine the density of the nitrogen within the tank when 
t — 10s from the time the pump is turned on. Assume that 
initially there is 0.5 slug of nitrogen in the tank. 


ell 





Probs. 4—108/109 
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4-110. Water flows out of the stem of the funnel at an 4-111. A part is manufactured by placing molten plastic 
average speed of V — (3e NAN m/s, where t is in seconds. into the trapezoidal container and then moving the 
Determine the average speed at which the water level is cylindrical die down into it at a constant speed of 20 mm/s. 
falling at the instant y — 100 mm. At t — 0, v — 200 mm. Determine the average speed at which the plastic rises in 


the form as a function of y,. The container has a width of 


I— 200 mm ——] 150 mm. 





150 mm 





Prob. 4-110 Prob. 4-111 


zi CONCEPTUAL PROBLEMS 





P4-1. Aur flows to the left through this duct transition. P4-2. As water falls from the opening, it narrows as shown 
Will the air accelerate or decelerate? Explain why. and forms what is called a vena contracta. Explain why this 
occurs,and why the water remains together in a stream. 





P4-1 P4-2 
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A control volume ts used for a Eulerian description of the flow. 
Depending on the problem, this volume can be fixed, be moving, or 
have a changing shape. 


Using the Reynolds transport theorem, we can relate the time rate 
of change of a fluid property N for a system of particles to its time 
rate of change as measured from a control volume. Determining the 
control volume change requires measuring both a local change 
within the control volume, and a convection change, as the fluid 
passes through its open control surfaces. 


The volumetric flow or discharge Q through a planar area A is 
determined by finding the velocity of the flow perpendicular to the 
area. If the velocity profile is known, then integration must be used 
to determine Q. If the average velocity V is used, then Q = V-A. 


The mass flow depends on the density of the fluid and on the velocity 
profile passing through the area. If the average velocity V is used, 
then m ^ pV * A. 


The continuity equation is based on the conservation of mass, which 
requires that the mass of a fluid system remain constant with respect 
to time. In other words, its time rate of change is zero. 


We can use a fixed, a moving, or a changing control volume to apply 
the continuity equation. In particular, if the control volume is 
completely filled with fluid and the flow is steady, then no local 
changes will occur within the control volume, so only convective 
changes need be considered. 


If the control volume is attached to a body, moving with constant 
velocity, then steady flow will occur, and so at the control surface 
V = Ves must be used when applying the continuity equation. 





Chapter 5 





The design of fountains requires application of the principles of work and 
energy. Here the velocity of the flow out of the nozzles is transformed into 
lifting the water to its maximum height. (© Don Andreas/Fotolia) 





Work and Ener 
of Moving Fluids 





9.1 Euler's Equations of Motion 


In this section we will apply Newton’s second law of motion to study the 
motion of a single fluid particle as it travels along a streamline with 
steady flow, Fig. 5—la. Here the streamline coordinate s is in the direction 
of motion and tangent to the streamline. The normal coordinate 7 is 
directed positive toward the streamline’s center of curvature. The 
particle has a length As, height An, and width Ax. Since the flow is 
steady, the streamline will remain fixed, and since it happens to be 
curved, the particle will have two components of acceleration. Recall 
from Sec. 3.4 the tangential or streamline component a, measures the 
time rate of change in the magnitude of the particle's velocity. It is 
determined from a, = V(dV/ds). The normal component a, measures the 
time rate of change in the direction of the velocit v. It is determined from 
a, — V?/R, where R is the radius of curvature of the streamline at the 
point where the particle is located. 





n Streamline 


o 


Ideal fluid particle 
(a) 


Fig. 5-1 
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Free-body diagram 
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Fig. 5-1 (cont.) 








Horizontal 


The free-body diagram of the particle is shown in Fig. 5-15. If we 
assume the fluid is inviscid, then the shearing forces of viscosity are not 
present, and only the forces caused by weight and pressure act on the 
particle. If the pressure at the center of the particle is p, then there will be 
a change in press ure, as noted on each face of the particle, due to its finite 
size.* Finally, the weight of the particle is AW = pgA¥V = pg (AsAnAx), 
and its mass is Am = pAV = p(AsAnAx). 


s Direction. Applying the equation of motion =F, = ma, in the s 
direction, we have 


dp A dp A 
(> = ands -— (» + P As) Anar — pe(AsAnAx)sin 0 
ds 2 ds 2 
IV 
= passnanv( ©) 
ds 
Dividing through by the mass, p(AsAnAx), and rearranging the terms 
yields 
1 dp (2) i | 
—— + V| — ]} + gsind = 0 5- 
» T gsin 0 (5-1) 
As noted in Fig. 5-1c, sin 0 — dz /ds. Therefore, 
dp | 
P + VdV + gdz =0 (5-2) 


n Direction. Applying the equation of motion XF, = ma, in the n 
direction, Fig. 5-15, we have 


dp | ip . 
( - 7 22 Jasas -— (» + 2 2 asas — pg( AsAnAx)cos 0 
y? 
= p(AsAnAx)| — 
p(AsAn of -) 


Using cos 0 — dz/dn, Fig. 5-1d, and dividing by the volume, ( 3s Ax), 
this equation reduces to 


re (5-3) 


Equations 5-2 and 5-3 are differential forms of the equations of motion 
that were originally developed by the Swiss mathematician Leonhard 
Euler. For this reason they are often called Euler's differential equations 
of motion. They apply only in the s and n directions, to the steady flow of 
an inviscid fluid particle that moves along a streamline. We will now 
consider a few important applications. 

*For this change, we have considered only the first term in a Taylor series expansion at 


this point, since the higher-order terms will cancel out as the particle’s size becomes 
infinitesimal. (See the footnote on page 52.) 
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Steady Horizontal Flow of an Ideal Fluid. Shown in Fig. 5-2 
are straight horizontal open and closed conduits, where an ideal fluid is 
flowing at constant velocity. In both cases, the pressure at A is p4, and we 
wish to determine the pressure at points B and C. Since A and B lie on the 
same streamline, we can apply Euler’s equation in the s direction, Eq. 5-2, n, z 
and integrate it for a particle traveling between these two points. Here 
V4, — Vg — V, and because there is no elevation change, dz — 0. Also, 






since the fluid density is constant, we have V . 
dp 
P + VdV + gdz = 0 C 
Open conduit 
l Pu V 
al p+ | vav+0=0 - 
P. Pa JV "^ 
l 
—(Pe— Pà +0+0=0 or pg = pa 
P EA 





Thus, for an ideal fluid, the pressure along both the open and closed 
conduits remains constant in the horizontal direction. This result is to be a 
expected because no viscous friction forces have to be overcome by the Closed conduit 
pressure that pushes the fluid forward. Fig. 5-2 

To determine the pressure at C, notice that A and C lie on different 
streamlines or s axes, Fig. 5-2. However, C is on the n axis, which has its 
origin at A. Since the radius of curvature of the horizontal streamline at 
A is R — ~, Eq. 5-3 becomes 


dp dz _ pV _ 
dn Sda R 
—dp — pgdz = 0 
Integrating from A to C, noting that Cis at z — —/ from A, we have 


Pc ah 
-f dp — ps | dz = 0 
p 0 


—-pc * p, — pg(—h — 0) — 0 
Pc = pa + pet 


This result indicates that in the vertical direction, the pressure is the same 
as if the fluid were static; that is, it is the same result as Eq. 2-5. The term 
"static pressure" is often used here, since it is a measure of the pressure 
relative to the flow, in which case the fluid will appear to be at rest. 

Notice that if the conduit, and hence the streamlines, were curved, then 
we would not obtain this result, because particles at A and C would move 
along streamlines having different radii of curvature, so they would change 
the directions of their velocities at different rates. In other words, the term 
pV^/R * 0, andsothe smaller R becomes, the larger the pressure required 
to change the fluid particles' direction and keep them on their streamline. 
The following example should help to illustrate this point. 
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EXAMPLE [5:1 








(a) 








Fig. 5-3 





A tornado has winds that essentially move along horizontal circular 
streamlines, Fig. 5-3a. Within the eye, 0 = r = r, the wind velocity is 
V = wr, which represents a forced vortex, that is, flow rotating at a 
constant angular rate w as described in Sec. 2.14. Determine the 
pressure distribution within the eye of the tornado as a function of r, if 
at r = r the pressure is p = py. 


SOLUTION 


Fluid Description. We have steady flow, and we will assume the air 
is an ideal fluid, that is, it is inviscid and has a constant density p. 


Analysis. The streamline for a fluid particle having a radius r is 
shown in Fig. 5-3. To find the pressure distribution as a function of r 
(positive outward), we must apply Euler’s equation in the n direction 
(positive inward). 


(dp dp pv 


dn PS dn R 


Since the path is horizontal, dz — 0. Also, for the chosen streamline, 
R — r and dn — —dr. Since the velocity of the particle is V = wr, 
Fig. 53b, the above equation becomes 


dp  _ pwn? 
dr r 


dp — por dr 


Notice that the pressure increases, +dp, as we move away +dr from 
the center. This pressure is needed to change the direction of the 
velocity of the air particles and keep them on their circular path. By 
comparison, this same effect occurs in a cord that maintains the 
motion of a ball swinging in a horizontal circular path. The longer the 
cord, the greater the force the cord must exert on the ball to maintain 
the same rotation. 


Since p = po atr = rg, then 


Po Ty 
f dp = pur rdr 
p 


£z 2 D Ans. 
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9.2 The Bernoulli Equation 


As we have seen, Euler's equations represent the application of Newton's 
second law of motion to the steady flow of an inviscid fluid particle, 
expressed in terms of the streamline coordinates s and n. Since particle 
motion only occurs in the s direction, we can integrate Eq. 5-2 along a 
streamline and thereby obtain a relationship between the motion of a 
particle and the pressure and gravitational forces that act upon it. We have 


dp 
B + [VdV + | edz =0 


Provided the fluid density can be expressed as a function of pressure, 
integration of the first term can be carried out. The most common case, 
however, is to consider the fluid to be ideal, that is, both inviscid and 
incompressible. Since we previously assumed the fluid is inviscid, we now 
have an ideal fluid. For this case, integration yields 


[E] 


V TM 
T — + gz = const. (5-4) 


v Is 





Here z is the elevation of the particle, measured from an arbitrarily chosen 
fixed horizontal plane or datum, Fig. 5-4. For any particle above this 
datum, z is positive, and for any particle below it, z is negative. For a 
particle on the datum, z = 0. 

Equation 5-4 is referred to as the Bernoulli equation, named after 
Daniel Bernoulli, who stated it around the mid-18th century. Sometime 
later, though, it was expressed as a formula by Leonhard Euler. When it 
is applied between any two points, 1 and 2, located on the same streamline, 
Fig. 5-4, it can be written in the form 


(5-5) 





steady flow, ideal fluid, same streamline 


If the fluid is a gas, such as air, the elevation terms can generally be 
neglected, since the density of a gas is small. In other words, its weight is 
not considered a significant force compared to that caused by the pressure 
within the gas. 
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Datum 





Fig. 5-5 


Interpretation of Terms. As noted by its derivation, the 
Bernoulli equation is actually an integrated form of Newton’s second 
law of motion, written for the steady flow of an ideal fluid in the s 
direction. However, it can be interpreted as a statement of the principle 
of work and energy, as it applies to a particle representing a unit mass of 
fluid. To show this, we first rewrite it as 





V+ A (^ n 
"^"^ 191. —ITtkEUS —2 
t 2 p g (zi 2) 


Here each of the terms in parentheses has units of energy or work per unit 
mass, J/kg or ft - Ib/slug. In the form shown, this equation states that the 

change in kinetic energy of the particle of unit mass is equal to the work 

done by the pressure and gravitational forces, as the particle moves from 
position 1 to position 2. Recall that work is the product of the component 

of force in the direction of displacement, times the displacement. The 

work of the pressure force is called flow work, and it is always directed 
along the strea mline, Fig. 5-5. The gravitational work is done in the vertical 
direction (z) since the weight is in this direction. We will discuss these 
concepts further in Sec. 5.5, where we will show that the Bernoulli 

equation is actually a special case of the energy equation. 
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Limitations. It is very important to remember that the Bernoulli 
equation can only be applied when we have steady flow of an ideal fluid — 
one that is incompressible (p is constant) and inviscid (w = 0). As 
developed here, its application is between any two points lying on the 
same streamline. If these conditions cannot be justified, then application 
of this equation will produce erroneous results. With reference to Fig. 5-6, 
the following is a list of some common situations in which the Bernoulli 
equation should not be used. 


Many fluids, such as air and water, have rather low viscosities, so in 
some situations they may be assumed to be ideal fluids. However, 
realize that in certain regions of the flow, the effects of viscosity can 
not be ignored. For example, viscous flow will always predominate 
near a solid boundary, such as the walls of the pipe in Fig. 5—6. This 
region is called the boundary layer, and we will discuss it in more 
detail in Chapter 11. Here the velocity gradient is high, and the fluid 
friction, or shear, which causes boundary lay er formation, will produce 
heat and thereby remove energy from the flow. The Bernoulli 
equation cannot be applied within the boundary layer because of this 
resulting energy loss. 


Sudden changes in the direction of a solid boundary can cause the 
boundary layer to thicken and result in flow separation from 
the boundary. This has occurred in Fig. 5-6 along the inside wall of the 
pipe at the bend. Here turbulent mixing of the fluid not only produces 
frictional heat loss, but greatly affects the velocity profile and causes a 
severe pressure drop. The streamlines within this region are not well 
defined, and so the Bernoulli equation does not apply. Flow through 
connections, such as "tees" and valves, can produce similar energy 
losses due to flow separation. Furthermore, flow separation and the 
development of turbulent mixing within the flow also occur at the 
pipe-tube interface AA in Fig. 5-6. Hence the Bernoulli equation does 
not apply across this interface. 


Energy changes within the flow occur within regions of heat removal 
or heat application, such as between B and C. Also, pumps or 
turbines can supply or remove energy from the flow,such as between 
D and E. The Bernoulli equation does not account for these energy 
changes, and so it cannot be applied within these regions. 


If the fluid is a gas,then its density will change as the speed of the flow 
increases. Normally, as a general rule for engineering calculations, a 
gas can be considered incompressible provided its speed remains 
below about 30% of the speed at which sound travels within it. For 
example, at 15 C the sonic speed in air is 340 m /s, so a limiting value 
would be 102 m/s. For faster flows, compressibility effects will cause 
heat loss, and this becomes important. For these high speeds, the 
Bernoulli equation will not give acceptable results. 


Heat 
added 







Rotational 
flow eddies 








Viscous 
friction Flow 
separation 


Places where the Bernoulli 
equation does not apply 


Fig. 5-6 
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Fig. 5-7 





5.3 Applications of the Bernoulli Equation 


In this section we will provide some basic applications of the Bernoulli 
equation to show how to determine either the velocity or the pressure at 
different points on a streamline. 


Flow from a Large Reservoir. When water flows from a tank or 
reservoir through a drain, Fig. 5-7, the flow is actually unsteady. This 
happens because when the distance A is large, then due to the greater 
water pressure at the drain, the water level will drop at a faster rate than 
when A is small. However, if the reservoir has a large volume and the 
drain has a relatively small diameter, then the movement of water within 
the reservoir is very slow and so, at its surface, V4 ^ 0, Fig. 5-7. Under 
these circumstances it is reasonable to assume steady flow through the 
drain. Also, for small -diameter openings, theelevation difference between 
C and D is small and so Ve ~ Vp ~ Vp. Furthermore, the pressure at 
the centerline B of the opening is atmospheric, as it is at C and D. 

If we assume that water is an ideal fluid, then the Bernoulli equation 
can be applied between points A and B that lie on the selected 
streamline in Fig. 5-7. Setting the gravitational datum at B, and using 
gage pressures, where p, — pg — 0, we have 


) V2 ) Vg 
p 2 p 2 


Vi 
0+ 0+ gh=0+ +0 


This result is known as Torricelli’s law since it was first formulated by 
Evangelista Torricelli in the 17th century. As a point of inte rest, it can be 
shown that V, is the same as that obtained by a fluid particle that is 
simply dropped from rest at the same height A, even though the time of 
travel for this freely falling particle is much shorter than for the one 
flowing through the tank. 
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Flow around a Curved Boundary. As a fluid flows around a 
smooth obstacle, the energy of the fluid will be transformed from one form 

into another. For example, consider the horizontal streamline that m 
intersects the front of the curved surface in Fig. 5-8. Since B is a stagnation 
point, fluid particles moving from A to B must decelerate as they approach 
the boundary,so that their velocity at B momentarily becomes zero, before 
the flow begins to separate and then move along the sides of the surface. If 
we apply the Bernoulli equation between points A and B, we have 





Fig. 5-8 
Pa, Va, Pe Va 
Vi PB 
PA, 4+ 9 = into 
2 p 
Vi 
Pa = Pa +t P» 
Stagnation Static Dynamic 
pressure pressure pressure 


This pressure is referred to as the stagnation pressure because it represents 

the total pressure exerted by the fluid at the stagnation point, B. As note d a 
in the previous section, the pressure p is a static pressure because it is 

measured relative to the flow. Finally, the increase in pressure, pV /2, is 
called the dynamic pressure because it represents the additional pressure 
required to bring the fluid to rest at B. 











Flow in an Open Channel. One method of determining the T roti 
velocity of a moving liquid in an open channel, such as a river, is to h us 
immerse a bent tube into the stream and observe the height / to which 
the liquid rises within the tube, Fig. 5-9. Such a device is called a 
stagnation tube, or a Pitot tube, named after Henri Pitot who invented it 
in the early 18th century. — 
To show how it works, consider the two points A and B located on the 
horizontal stre amline. PointA is upstream within the fluid, where the velocity 


of flow is V, and the pressure is p4 — pgd. Point B is at the opening of the 





tube. It is the stagnation point, since the velocity of flow has momentarily Pitot tube 
been reduced to zero due to its impact with the liquid within the tube. The 
liquid at this point produces both a static pressure, which causes the liquid in Fig. 5-9 


the tube to rise to a level d, and a dynamic pressure, which forces additional 
liquid farther up the vertical segment to a height /: above the liquid surface. 
Thus the total pressure of the liquid at B is pg = pg(d + h). Applying the 
Bernoulli equation with the gravitational datum on the streamline, we have 
p Vi p Vg 
A A B B 
—Q-—-cBEeE we cba 
7 SZA p 7 Szp 
d Va d+h 
pst NA 5 £8. T 


2 
Va = V2gh 


Hence, by measuring / on the Pitot tube, the velocity of the flow can be 
determined. 


TU T .U 
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Flow in a Closed Conduit. If the liquid is flowing in a closed 
conduit or pipe, Fig. 5-10a, then it will be necessary to use both a 
piezometer and a Pitot tube to determine the velocity of the flow. The 
piezometer measures the static pressure at A. This pressure is caused by 
the internal pressure in the pipe, pgh, and the hydrostatic pressure pgd, 
caused by the weight of the fluid. The total pressure at A is therefore 
pg(h + d). The total pressure at the stagnation point B will be larger than 
this, due to the dynamic pressure pV;/2. If we apply the Bernoulli 
equation at points A and B on the streamline, using the measurements A 
and (/ + h) from these two tubes, the velocity V, can be obtained. 


Static 
pressure 





Vi Vj 
PA At ge, = B+ Et gry 
p 2 p 2 
h+d) Vi h+d+l 
path + a) + ZA + 0 — psih +a +l) + 0 + 0 
p 2 

Piezometer and pitot tubes Rather than use two separate tubes in the manner just described, a more 
(a) elaborate single tube called a Pitot-static tubeis often used to determine 


the velocity of the flow in a closed conduit. It is constructed using two 
concentric tubes as shown in Fig. 5—10b. Like the Pitot tube in Fig. 5-10u, 
the stagnation pressure at B can be measured from the pressure tap at E 
in the inner tube. Downstream from B there are several open holes D on 
the outer tube. This outer tube acts like the piezometer in Fig. 5-10a so 
that the static pressure can be measured from the pressure tap at C. Using 
these two measured pressures and applying the Bernoulli equation 
between points A and B, neglecting any elevation differences between C 
and £F, we have 





? ? 
pA , Và ps , Và 
— +— tgzA4—7— t— FT BZ 
2 SZA p 2 Szp 
pc* pgh , Vi Pe + pgh 
coe +4495 10+0 
p 2 p 
2 
Va = ? (PE — Po) 
Pitot-static tube 
(b) In actual practice, the difference in pressure can be determined either by 


using a manometer, attached to the outlets C and £E, and measuring the 
differential height of the manometer liquid; or by using a pressure 
transducer. Corrections are sometimes made to the readings since the 
flow may be slightly disturbed at the side inlet holes D, due to its 
movement around the front of the tube at B and past its vertical segment. 


Fig. 5-10 
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Venturi meter. A venturi meter is a device that can also be used to 
measure the average velocity or the flow of an incompressible fluid 
through a pipe, Fig. 5-11. It was conceived of by Giovanni Venturi in 
1797, but the principle was not applied until about one hundred years 
later by the American engineer Clemens Herschel. This device consists 
of a reducer followed by a venturi tube or throat of diameter d», and then 
a gradual transition segment back to the original pipe. As the fluid flows 
through the reducer, the flow accelerates, causing a higher velocity and 
lower pressure to be developed within the throat. Applying the Bernoulli 
equation along the center streamline, between point 1 in the pipe and 
point 2 in the throat, gives 


: 
— 4+ — + g7, = = 4+ — +4 pz, 
p 2 Sz] p 2 822 
Vi Vi 
Ay ty 9 = 24-249 
p 2 p 2 





In addition, the continuity equation can be applied at points 1 and 2. For 
steady flow we have 


Venturi meter 


Fig. 5-11 


a 
— pav + | pv-aa = 0 
ar CV cs 


0—V ay ey (4) =o 
17 4 277 A] 


Combining these two results and solving for V, we get 


y, = [22 —r)Lp 
| | — (dj /d;)* 


The static pressure difference (p; — p) is often measured using a pressure 
transducer or a manometer. For example, if a manometer is used, as in 
Fig. 5-11, and p is the density of the fluid in the pipe, and pp is the density 
for the fluid in the manometer, then applying the manometer rule, we have 


p; * pgh' — pogh — pg(h' — h) — p, 
p2 — Pi = (p — podgh 
Once the measurement for /: is made, the result (p; — pj) is substituted 


into the above equation to obtain V;. The volumetric flow can then be 
determined from Q = VA}. 
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Important Points 


^ The Euler differential equations of motion apply to a fluid 
particle that moves along a streamline. These equations are based 
on the steady flow of an inviscid fluid. Because viscosity is 
neglected, the flow is affected only by pressure and gravitational 
forces. In the s direction these forces cause a change in magnitude 
of a fluid particle’s velocity, giving it a tangential acceleration; 
and in the n direction these forces cause a change in direction of 
the velocity, thereby producing a normal acceleration. 


When the streamlines for the flow are straight horizontal lines, 
the Euler equations show that for an ideal (frictionless) fluid 
having steady flow, the pressure po in the horizontal direction is 
constant. Furthermore, since the velocity does not change its 
direction, there is no normal acceleration. Consequently, in a 
horizontal open or closed conduit, the pressure variation in the 
vertical direction is hydrostatic. In other words, this is a measure 
of static pressure because it can be made relative to the moving 
fluid. 


The Bernoulli equation is an integrated form of Euler’s equation 
in the s direction. It can be interpreted as a statement of the fluid’s 
work and energy. It is applied at two points located on the same 
streamline, and it requires steady flow of an ideal fluid. This 
equation cannot be applied to viscous fluids, or at transitions 
where the flow separates and becomes turbulent. Also, it cannot 
be applied between points where fluid energy is added or 
withdrawn by external sources, such as pumps and turbines, or in 
regions where heat is applied or removed. 





The Bernoulli equation indicates that if the flow is horizontal, 
then z is constant, and so p/p + V7/2 = const. Therefore, 
through a converging duct or nozzle, the velocity will increase and 
the pressure will decrease. Likewise, for a diverging duct, the 
velocity will decrease and the pressure will increase. (See the 
photo on the next page.) 


A Pitot tube can be used to measure a fluid’s velocity at a point in 
an open channel. The flow creates a dynamic pressure pV?/2 at 
the tube's stagnation point, which forces the fluid up the tube. For 
a closed conduit, both a piezometer and a Pitot tube must be used 
to measure velocity. A device that combines both of these is 
called a Pitot-static tube. 


A venturi meter can be used to measure the velocity or volumetric 
flow of a fluid through a closed duct or pipe. 
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Procedure for Analysis 


The following procedure provides a means for applying the Bernoulli 
equation. 


Fluid Description. 


Be sure that the fluid can be assumed to be an ideal fluid, that is, 
incompressible and inviscid. Also, steady flow must occur. 


Bernoulli Equation. 


Select two points on the same streamline within the flow, where some 
values of pressure and velocity are known. The elevation of these 
points is measured from an arbitrarily established fixed datum. At 
pipe outlets to the atmosphere, and at open surfaces, the pressure 
can be assumed to be atmospheric, that is, the gage pressure is zero. 


The velocity at each point can be determined if the volumetric 
flow and cross-sectional area of a conduit are known, V = Q/A. 


Tanks or reservoirs that drain slowly have liquid surfaces that are 
essentially at rest; that is, V = 0. 


When the ideal fluid is a gas, elevation changes, measured from 
the datum, can generally be neglected. 


Once the known and unknown values of p, V, and z have been 
identified at each of the two points, the Bernoulli equation can be 
applied. When substituting the data, be sure to use a consistent 
set of units. 


If more than one unknown is to be determined, consider relating 
the velocities using the continuity equation, or the pressures 
using the manometer equation if it applies. 





As noted by the water level in the 
piezometers, the pressure of the water 
flowing through this pipe will vary in 
accordance with the Bernoulli equation. 
Where the diameter is small, the velocity is 
high and the pressure is low; and where the 
diameter is large, the velocity is low and the 
pressure is high. 
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EXAMPLE [5:2 





Fig. 5-12 








The jet plane in Fig. 5-12 is equipped with a piezometer and a Pitot 
tube. The piezometer indicates an absolute pressure of 47.2 kPa, 
while the Pitot tube B reads an absolute pressure of 49.6 kPa. Determine 
the altitude of the plane and its speed. 


SOLUTION 

The piezometer measures the static pressure in the air, and so the 
altitude of the plane can be determined from the table in Appendix A. 
For an absolute pressure of 47.2 kPa, the altitude is approximately 


h=6km Ans. 


Fluid Description. We will assume that the speed of the plane is slow 
enough so that the air can be considered incompressible and inviscid — 
an ideal fluid. Doing so, we can apply the Bernoulli equation, provided 
we observe steady flow. This can be realized if we view the motion from 
the plane.* Thus, the air at A, which is actually at rest, will have the same 
speed as the plane when observed from the plane, V, = V,,. The air at 
B, a stagnation point, will appear to be at rest when observed from the 
plane, Vz = 0. From Appendix A, for air at an elevation of 6 km, 
p, — 0.6601 kg /m*. 


Bernoulli Equation. Applying the Bernoulli equation at points A 
and B on the horizontal streamline, we have 


vi V2 
dta un 


p 2 2 dn 
412(10)N/m | V; o — 225 (10°) N/m? m 
0.6601 kg /m? 2 0.6601 kg /m? 
V, ^ 85.3 m/s Ans. 


NOTE: We will show in Chapter 13 that this speed is about 25% the 
speed of sound in air, and since 25% < 30%, our assumption of air 
being incompressible is valid. Most planes are equipped with either a 
piezometer and a Pitot tube, or a combination Pitot-static tube. The 
pressure readings are directly converted to altitude and air speed and 
are shown on the instrument panel. If more accuracy is needed, 
corrections are made by factoring in a reduced density of the air at high 
altitudes. Finally, realize that for proper operation, the opening of any 
Pitot tube must be free of debris, such as caused by nesting insects or 
ice formation. 


*If the flow is observed from the ground, then the flow is unsteady since the velocity 
of the air particles will change with time as the plane flies past these particles. Remember 
that the Bernoulli equation does not apply for unsteady flow. 
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SON ee 





Determine the average velocity of the flow of water in the pipe in 
Fig. 5-13, and the static and dynamic pressure at point B. The water 
level in each of the tubes is indicated. Take p, — 1000kg/m/. 


^ 








ha = 90mm 


SOLUTION Fig. 5-13 


Fluid Description. We have steady flow. Also, we will consider the 
water to be an ideal fluid. 


Bernoulli Equation. At A the total pressure is the static pressure 
found from py = p,gh,, and at B the total (or stagnation) pressure is a 
combination of static and dynamic pressures found from pz = p,,ghpz. 
Knowing these pressures, we can determine the average velocity of 
flow V , using the Bernoulli equation, applied at points A and B, where 
B is a stagnation point on the streamline. We have 








h 
PA, Và Pp B 
-5 t Á 4+ 92, =— +— + ez 
p 7 ZA p 7 87B 
„gha VÀ i 
Pusha , VA o =B 0+0 
Pw 2 W 


2 


V 
E3 — g(hg — h4) — (9.81 m/s?)(0.150m — 0.090 m) 


V, = 1.085 m/s = 1.08 m/s 
The static pressure at both A and B is determined from the piezometric 
head. 


(Pa)static = (Pp)static = Pwh, = (1000 kg/m*)(9.81 m/s*)(0.09 m) = 883Pa Ans. 


Ans. 


The dynamic pressure at B is determined from 


(1.085 m/s)? 


V2 
E = (1000 kg/m*)— ——— = 589Pa Ans. 


This value can also be obtained by noticing that 


hay, 7 0.15 m — 0.09 m = 0.06 m 
so that 


(Pp)ayn = Pw&Mayn = (1000 kg/m*)(9.81 m/s?)(0.06 m) = 589Pa Ans. 
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EXAMPLE | 3.4 





A transition is placed in a rectangular air duct as shown in Fig. 5-14. If 
3 lb/s of air flows steadily through the duct, determine the pressure change 
that occurs between the ends of the transition. Take y,, = 0.075 1b/ft’. 


SOLUTION 


Fluid Description. We have steady flow. At slow velocities the air 
passing through the duct will be considered an ideal fluid, that is, 
incompressible and inviscid. 


Analysis. To solve this problem, we will first use the continuity 
equation to obtain the average velocity of flow at A and at B. Then we 
will use the Bernoulli equation to determine the pressure difference 
between A and B. 


Continuity Equation. We will consider a fixed control volume that 
contains the air within the duct, Fig. 5-14. Thus, for steady flow, 


à 
E pdv fwa =o 
| c Cs 


V 
0 - VAa + Vgåg = O 
Q = VAa = Vpåpg 





But ; 

3 Ib/s)/32.2 ft/: 

Q- m LE ns Oft /s 

P (0.075 Ib/ft*) /32.2 ft/s? 

so that 
Q 40 ft^ /s 
= = ———- = 266 
VA 774, Gstouty — 2997 fs 

and 


2 __ 40ft/s 
— Ag (0.5 f0(1.5 ft) 


Bernoulli Equation. Selecting points at A and B on the horizontal 
streamline, we have 


2 
Ba Ab gn +t ez 
DA (26.67 ft/s)? m (53.33 ft/s)? 
0075Ib/f®\ 2 + /007SIb/ft\ 2 
( 32.2 ft/s? ) ( 32.2 ft/s? ) 
lft \* , 
(Pa — Pg) = (2.484 w/t?) SE) = 0.0173 psi Ans. 


This small drop in pressure, or the low velocities, will not significantly 
change the density of the air, and so here it is reasonable to have 
assumed the air to be incompressible. 
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EXAMPLE [5:5 





Water flows up through the vertical pipe that is connected to the 
transition, Fig. 5-15. If the volumetric flow is 0.02 m/s, determine the 
height h to which the water will rise in the Pitot tube. The piezometer 
level at A is indicated. 


SOLUTION 


Fluid Description. The flow is steady, and the water is assumed to 
be an ideal fluid, where p,, = 1000 kg/m’. 


Bernoulli Equation. From the piezometer reading, the pressure at 
A is 
Datum 


Ps = Pugh, = (1000 kg/m*)(9.81 m/s?)(0.165 m) = 1618.65 Pa 


This total pressure is caused by the static pressure in the water. In other 
words, it is the pressure within the enclosed pipe at this level. 
Since the flow is known, the velocity at A can be determined. 





0 = ViA; 0.02 m? /s 
V4 


V4[ 7(0.05 my | 
2.546 m/s 


Also, since B is a stagnation point, Vg = 0. We can now determine the 
pressure at B by applying the Bernoulli equation at points A and B on 
the vertical streamline in Fig. 5—15. The datum is placed at A, and so 


PA Vi Pr B 
—+—+ =—+— gl 
x 2 RZA p. 7 SZg 
1618.65 N/m? (2.546 m/s? 
Locis (2.546 m/s)? des s + 0 + (9.81 m/s?)(0.4 m) 
1000 kg /m 2 1000 kg /m 
pg — 936.93 Pa 


Since B is a stagnation point, this total pressure is caused by both 
static and dynamic pressures at B. For the Pitot tube we require 


936.93 P 
h = E LL —- = 0.09551 m = 95.5mm Ans. 
Pw8 — (1000 kg/m^)(9.81 m/s^) 


NOTE: Although it is not part of this problem, the pressure at D can 
be obtained (pp — 734 Pa) by applying the Bernoulli equation along 
the streamline CD. First, though, the velocity Vj, — 0.6366 m/s must 
be obtained by applying GQ = VpAp. 
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ieee 


After a long time storage, the gas tank contains a 6-in. depth of gasoline 
and a 2-in. depth of water as shown in Fig. 5-16. Determine the time 
needed to drain the water if the drain hole has a diameter of 0.25 in. 
The tank is 1.5 ft wide and 3 ft long. The specific weight of gasoline is 
y, ^ 454 Ib/ft, and for water, Y, = 62.4 Ib/ft". 


1.5 ft — 





Fig. 5-16 





SOLUTION 


Fluid Description. The gasoline is on top of the water because its 
specific gravity is less than that of water. Because the tank is large 
relative to the drain hole, we will assume steady flow and will consider 
the two fluids to be ideal. 


Bernoulli Equation. Here we will select the vertical streamline 
containing points B and C, Fig. 5-16. At any instant the level of water 
is h, as measured from the datum, and so the pressure at B is due to 
the weight of the gasoline above it, that is 


Ps — Yap = (45.4 wÉ J = 22.70 lb/ft? 
To simplify the analysis for using the Bernoulli equation, we will 


neglect the velocity at B since V; ^ 0, and so Vj will be even smaller. 
Since C is open to the atmosphere, pce = 0. Thus, 


Pe Vj Pe Ve 
== j} = + mE 5 
p 2 Eg p 3 gzc 
22.70 1b/ft? ve 
—————— + 0 + (322ft/)h = 0 + —+0 
E Ib /ft° ( /s’) 2 
32.2 ft/s? 


Vc — 8.025 0.3638 + h (1) 
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Continuity Equation. The continuity of flow at B and C will allow 
us to relate the actual nonzero Vg to Ve. We will choose a control 
volume that contains all the water up to the depth h. Since Vg is 
downward and A is positive upward, then at the top control surface, 
Vg = ~dh /dt. Thus, 


à 
— | pd'V c ] v^ — 0 
dt CV cs 


0 — VgAg + VeAc = 0 
dh 0125 V] — 
0 — (- A Jta.s ft)(3 f] + vd a(S i) | =0 


dh _ _ 6 
"km 75.152(10 5)V.- 





Now, using Eq. 1, 


= = —75.752(10*)| (8.025) Vh + 0.3638 | 


or 


D = —607.91 (10%) Vh + 0.3638 (2) 


Notice that when h = 2in. = 0.1667 ft, Vg = dh/dt = —0.443( 10 ?) ft/s, 
which is very slow by comparison to Vc = 5.84 ft/s, as determined 
from Eq. 1. 

If t; is the time needed to drain the tank, then separating the 
variables in Eq. 2 and integrating, we get 


0 dh ty 
f —— -- f 607.91(10 5)at 
cma Vh + 0.3638 0 


0 
2Vh + 0.3638 


— —607.91(10 5):, 





(2/12) f 
Evaluating the limits, we get 


—0.2504 — —607.91(10 $)r, 
ty = 412 s = 6.87 min. Ans. 
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9.4 Energy and Hydraulic Grade Lines 


For some applications involving liquids, it is convenient to substitute 
y = pg into the Bernoulli equation and rewrite it in the form 


(5-6) 





Here each term is expressed as energy per unit weight, having units of 
J/N or ft - Ib/Ib. However, we can also consider these terms as having 
units of length, m or ft. Then the first term on the right represents the 
static pressure head, which is the height of a fluid column supported by 
a pressure p acting at its base. The second term is the Kinetic or velocity 
head, which indicates the vertical distance a fluid particle must fall from 
rest to attain the velocity V. And finally,the third term is thegravitational 
head, which is the height of a fluid particle placed above (or below) a 
selected datum. The total head H is the sum of these three terms, and a 
plot of this value along the length of a pipe or channel that contains the 
fluid is called the energy grade line (EGL). Although each of the terms 
in Eq. 5-6 may change, their sum H will remain constant at every point 
along the same streamline, provided there are no frictional losses and 
there is no addition or removal of energy by an external source, such as 
a pump or turbine. Experimentally, can be obtained at any point using 
a Pitot tube, as shown in Fig. 5-17. 

For problems involving the design of pipe systems or channels, it is 
often convenient to plot the energy grade line and also its counterpart, 
the hydraulic grade line (HGL). This line shows how the hydraulic head 
p/y + zwill vary along the pipe (or channel). Here a piezometer can be 
used to experimentally obtain its value, Fig. 5-17. By comparison, notice 
that the EGL will always lie above the HGL by a distance of V ?/2g. 





P itot tube Piezometer! 1°" tube 





Energy and hydraulic grade lines 


Fig. 5-17 
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EGL 


HGL 
Datum 





Fig. 5-18 


Figure 5-18 shows how the HGL varies along the streamline at the 
centerline of a pipe. With practically no velocity, the HGL and EGL 
originally coincide at the water surface of the reservoir A. As the water, 
assumed here to be an ideal fluid, begins to flow through the pipe at B, it 
accelerates to a velocity V}. This causes the HGL to drop by Vj? /2g. Due 
to continuity of flow, this velocity must be maintained throughout the pipe 
BCDE. Consequently, the gravitational head z follows the centerline of 
the pipe, and the pressure head p/y is above it. Specifically, within the 
section BC, the HGL is at p;/y + z,, and along the inclined section CD, 
the pressure head will increase in proportion to a drop in the gravitational 
head. Continuity then requires an increase in velocity out of the transition 
E to V5, and this speed is then maintained along the pipe EF. This increased 
velocity causes the pressure head to drop to zero (or atmospheric 
pressure), both within and just outside of the pipe at F, so that the HGL 
is then defined only by its gravitational head z, above the datum*. In other 
words, as we have discussed in Sec. 5.1, uniform flow of an ideal fluid 
through a straight horizontal pipe does not require a pressure difference 
along the pipe's length to push the fluid through the pipe since the 
pressure does not have to overcome frictional resistance. 





Important Points 


* The Bernoulli equation can be expressed in terms of the total head 
H of fluid. This head is measured in units of length and remains 
constant along a streamline provided no friction losses occur, and 
no energy is added to the fluid or withdrawn fr om it due to external 
sources. H = p/y + V?/2g + z = const. 


A plot of the total head H versus the distance in the direction of flow 
is called the energy grade line (EGL). For the cases considered here, 
this line will always be horizontal, and its value can be calculated 
from any point along the flow where p, V, and z are known. 


* The hydraulic grade line (HGL) is a plot of the hydraulic head, 
p/y + z, versus the distance in the direction of flow. If the EGL is 
known, then the HGL will always be V?/2g below the EGL. 





* Actually there will be a hydrostatic difference in pressure along the diameter of the pipe 
as noted on p.225 because the fluid within the pipe is supported by the pipe. Once the fluid is 
ejected then it is in free fall and at atmospheric pressure. 
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EXAMPLE [5:7 





Water flows through the 2-in.-diameter pipe at 0.2 ft? /s, Fig. 5-19a. If the 
pressure at A is 30 psi, determine the pressure at C, and construct the 
energy and hydraulic grade lines from A to D. Take y,, = 62.4 lb/ft’. 


Datum 





SOLUTION 


Fluid Description. We have steady flow, and we will assume water 
is an ideal fluid. 





Bernoulli Equation. The average velocity of flow through the pipe is 


1 2 
O = VA; 0.2 ft/s = v a(t) | 
V — 9.167 ft/s 


Since the pipe has a constant diameter over its length, this velocity 
remains constant in order to satisfy the continuity equation. 

The pressure at A and B is the same since segment AB is horizontal. 
We can find the pressure at C (and D) by applying the Bernoulli 
equation at points B and C, which lie on the same streamline. With the 
gravitational datum through AB, noting that Vg = Ve = V, we have 


2 2 
(301b/in?)(12 in./1ft)? — (9.167 ft/s)? 
62.4 Ib/ft^ y 2( 32.2 ft/s”) 
Pc (9.167 ft/s) 


—— -+ + (4 ft) sin 30° 
6241b/fü 2(32.2 ft/s) Si 


1 ft \? 
Pc = Pp = (4195.2 w2) = 29.1 psi Ans. 


Notice that the pressure at C has dropped because the pressure at B 
has to do work to lift the fluid to C. 
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Gravitational 
head 





(b) 


EGL and HGL. The total head remains constant because there are no 
friction losses. This head can be determined from the conditions at any 
point along the pipe. Using point B, we have 


n Ph 4 V m E (30 Ib /in^)(12 in. /ft)? (9.167 ft/s)? 
12007 n 62.4 Ib/ fc 2(322 ts!) 
= 70.5 fi 


The EGL is located as shown in Fig. 5-19b. 
The velocity throughout the pipe is constant, and so the velocity 
head is 


? — (9.167 ft/sy 
iue eee = 1.30 ft 
2g — 2(322 ft/s?) 


Now that this is known, the HGL is plotted 1.30 ft below the EGL, 
Fig. 5-195. Notice that the HGL can also be calculated along AB as 


30 Ib /in? (12 in. /ft)? 
Bl Rd — 692ft 
Y 62.4 lb/ft 
or along CD as 
Pc 4195.2 Ib/ft | 
== + Zop = + (4 ft) sin 30° = 69.2 ft 
y 62.4 lb/ft 


Along BC the gravitational head increases, and the pressure head will 
correspondingly decrease (pc/y — pg/y). 
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EXAMPLE [-5:8 





Water flows out of the large tank and through the pipeline shown in 
Fig. 5-20. Construct the energy and hydraulic grade lines for the pipe. 


y? 
B 
y = 0.5625 m 





Fig. 5-20 


SOLUTION 


Fluid Description. We will assume the water level in the tank 
remains essentially constant so that steady flow will be maintained. 
The water is assumed to be an ideal fluid. 


Energy Grade Line. We will take the gravitational datum through 
DE. At A the velocity and pressure heads are both zero, and so the 
total head is equal to the gravitational head, which is at a level of 


V2 
Pa A +7 =04+0+(4m+5m) =9m 


H = 
y 2g 


The EGL remains at this level since the fluid is ideal, and so there are 
no energy losses due to friction as the water flows through the pipe. 
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Hydraulic Grade Line. Since the (gage) pressure at both A and £ is 
zero, the velocity of the water exiting the pipe at E can be determined 
by applying the Bernoulli equation at these points, which lie on the 
same streamline. 
2 2 
P au c E 
Y 2g Y 2g 


7? 


=- 


V 
0+0+9m=0+——— 
2(9.81 m/s?) 


Ve = 13.29 m/s 


The velocity of the water through pipe BC can now be determined 
from the continuity equation, considering the fixed control volume to 
contain the water within the entire pipe. We have 


à 
rA pav + | pv-aa =0 


0 — VgAg + VeAp = 0 
—V,| 7(0.1 my] + 13.29 m/s| (0.05 m)?| = 0 
Vg — 3.322 m/s 


The HGL can now be established. It is located below the EGL, a 
distance defined by the velocity head V?/2g. For pipe segment BC this 
head is 


Vg (3.322 m/s)’ 


= = 0.5625 m 

2g — 2(9.81 m/s?) 
The HGL is maintained at 9 m — 0.5625 m — 8.44 m until the 
transition at C changes the velocity head within CDE to 


V? (13.29 m/s)? 
uem ——, =9m 
2g — 2(9.81 m/s?) 


This causes the HGL to drop to 9 m — 9 m — 0. In other words, along 
pipe CDE the HGL is at the gravitational datum. Along CD, z is always 
positive, Fig. 5-20, and therefore, a corresponding negative pressure 
head —p/y must be developed within the flow to maintain a zero 
hydraulic head, i.e., p/y + z = 0. If this negative pressure becomes 
large enough, it can cause cavitation, something we will discuss in the 
next example. Finally, along DE, z — 0 and also pp— pr — 0. 
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EXAMPLE [75:9 





The siphon in Fig. 5-21a is used to draw water from the large open 
tank. If the absolute vapor pressure for the water is p, — 1.23 kPa, 
determine the shortest drop length L of the 50-mm-diameter tube 
that will cause cavitation in the tube. Draw the energy and hydraulic 
grade lines for the tube. 


SOLUTION 


Fluid Description. As in the previous example, we will assume the 
water is an ideal fluid, and the level in the tank remains essentially 
fixed, so that we have steady flow. y = 9810 N/m’. 


Bernoulli Equation. To obtain the velocity at C, we will apply the 
Bernoulli equation at points A and C, which lie on the same streamline. 
With the gravitational datum at C, we have 

Ve Ve 

Pa, oA, PC, 4 2 
Datum Y 2g Y 2g 
V 2 

O A 
2(9.81 m /s*) 


(a) Vo = 4.429V/(L — 0.2 m) (1) 


Fig. 5-21 This result is valid provided the pressure at any point within the tube 
does not drop to or below the vapor pressure. If it does, it will cause 
the water to boil (cavitate), causing a “hissing” noise and energy loss. 
Of course, this will invalidate the appli cation of the Bernoulli equation. 
Since the flow is assumed to be steady, and the tube has a constant 
diameter, then due to continuity, V7/2g is constant throughout the 
tube, and so the hydraulic head (p/y + z) must also be constant. 

The smallest pressure in the tube occurs at B, where z, measured 
from the datum, is a maximum. Using standard atmospheric pressure 
of 101.3 kPa, the gage vapor pressure for the water is 1.23 kPa — 
101.3 kPa = —100.07 kPa. Assuming this negative pressure develops at 
B, then applying the Bernoulli equation at points B and C, realizing 
that Vg = Vc, we have 





0+0+(L—-0.2m)=0+ 


Ver V 
ie ee ee 
Y 2g Y 2g 
—100.07(10°)N/m*? y? y? 
HR E -*— -(L-03m)20-—-40 
9810 N/m 2g 2g 


L + 0.3 m = 10.20 m 
L = 9.90 m Ans. 
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From Eq. 1 the critical velocity is 


Vc = 4.429 V (9.90 m — 0.2 m) — 13.80 m/s 


If L is equal to or greater than 9.90 m, cavitation will occur in the 
siphon at B because then the pressure at B will be equal to or lower 
than —100.07 kPa. 

Notice that we can also obtain this result by applying the Bernoulli 
equation, first between A and B, to obtain Vp, then between B and C 
to obtain L. 


EGL and HGL. Since Vg = V- = 13.80 m/s, the velocity head is* 
V? — (13.80 m/s) 
2g — 2(9.81 m/s?) 


Using this result the total head can be determined from C, 


-— 9.70 m 


2 
Pe go = 04+9.70m +0 =9.70m 

Y 2g 

Both the EGL and the HGL are shown in Fig. 5-215. Here the HGL 
drops 9.70 m from A, which is caused by the corresponding abrupt 
increase in the velocity head. The HGL remains at zero because the 
velocity through the tube is constant and so H — V?/2g. Along the 
tube, the pressure head p/y decreases from zero at A to 
p/y = —100.07(10*) N/m?/9810 N/m? — —10.2 m at B, while the 
gravitational head z increases from L = 9.70 m to 9.70 m+ 0.5 m = 
10.2 m, Fig. 5-215. After rounding the top of the pipe at B, the pressure 
head increases, while the gravitational head decreases by a 
corresponding amount. 


H 










0.2 m 
` Gravitational head z 
^ & 
< 


EGL 


Flow through the tube 
is at constant speed 






2 
2g 


HGL 
Datum 


+ 
-10.2 m 


(b) 


*Cavitation is prevented when Ve is actually slightly less than this value. 
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X 









Turbine work out 


Inlet control 


surface Outlet control 


surface 


Zout 


_ ie, Heat energy in 


Datum 


Fig. 5-22 





9.9 The Energy Equation 


In this section we will expand our application of work and energy methods 
beyond the limitation of the Bernoulli equation a nd will include heat and 
viscous fluid flow, along with work input from a pump and work output 
to a turbine. Before we begin, however, we will first discuss the various 
forms of energy that a fluid system can have when it is contained within 
the control volume shown in Fig. 5-22. 


System Energy. At any instant, the total energy E of the fluid 
system consists of three parts: 


Kinetic energy. Thisis energy ofmotion that depends upon the macroscopic 
speed of the particles, as measured from an inertial reference frame. 


Gravitational potential energy. This is energy due to the vertical 
position of the particles, measured from a selected datum. 


Internal energy. Internal energy refers to the vibrational or microscopic 
motion of the atoms and molecules that compose the fluid s ystem. It also 
includes any stored potential energy within the atoms and molecules that 
cause the binding of the particles due to nuclear or electrical forces. 


The total of these three energies, E, is an extensive property of the system, 
since it depends upon the amount of mass within the system. However, it 
can be expressed as an intensive property e by dividing E by the mass. In 
this case the above three energies are then expressed as energy per unit 
mass, and so for the system, we have 


| E 
e= a +ez+u (5-7) 


Let us now consider the various forms of heat energy and work done by 
the fluid system in Fig. 5-22. 


Heat Energy. Heat energy dQ can be added or drawn through an open 
control surface, via the process of conduction, convection, or radiation. It 
increases the total energy of the system within the control volume if it flows in 
(system heated) and decreases the total energy if it flows out (system cooled). 


Work. Work dW can be done by the enclosed system on its 
surroundings through an open control surface. Work decreases the total 
energy of the system when it is done by the system, and it increases the 
total energy of the system when it is done on the system. In fluid 
mechanics we will be interested in three types of work. 


Flow Work. When a fluid is subjected to a pressure, it can push a 
volume d of the system's mass outward from a control surface opening. 
This is flow work, dW, To calculate it, consider the small volume of the 
system dV = dAds in Fig. 5-22 being pushed outward by the (gage) 
pressure p within the system. Since dA is the cross-sectional area of this 
volume, then the force exerted by the system is dF = p dA. If the distance 
the volume moves outward is ds, then the flow work for this small volume 
is dW, = dF ds — p(dA ds) — p dV. 


Shaft Work. If work is performed on a turbine by the fluid system 
within the control volume, then the work will subtract energy from the 
system at an open control surface, Fig. 5-22. However, it is also possible 
for work to be performed on the system by a pump, thereby adding 
external energy to the fluid. In both cases, this type of work is called 
shaft work because a shaft is used to input or extract the work. 


Shear Work. The viscosity of any real fluid will cause shear stress7 to 
develop tangent to the control volume’s inner surface. Because of the 
no-slip condition on a fixed control surface, no work can be done on the 
surface since the shear stress does not move along the surface. Only along 
an open control surface can this shear stress move, thereby creating shear 
work dW,. Here, however, we will neglect this form of work because any 
open control surfaces will always be selected perpendicular to the flow of 
the fluid coming into and passing out of the control volume. Because of 
this, no displacement of fluid occurs tangent to an open control surface, 
and so no work due to shear stress is done.* 


Energy Equation. The conservation of energy for a fluid system 
contained within the control volume is formalized by the first law of 
thermodynamics. This law states that the time rate at which heat is added or 
put into the system, Qin, minus the rate of work done by the system as output, 
is equal to the time rate of change of the total energy within the system. 


* * dE 
mE = | = 5-8 
Qin — Wou ( P ). (5-8) 


*Normal viscous stress can occur if the flow is nonuniform. However, any work done by 
this stress will be zero provided the fluid is inviscid; or if it is considered viscous, then the 
normal stress will equal the pressure if the streamlines are parallel. We will consider this 
to be the case in this text. Also, see the footnote on page 402. 


5.5 THE ENERGY EQUATION 


an 





252 CHAPTER 5 WoRK AND ENERGY OF MOVING FLUIDS 


Outlet control 
surface 
V d 






Inlet control) 
surface 


"e 


Fig. 5-22 


The term on the right can be converted to the rate of change of energy 
within the control volume using the Reynolds tra nsport theorem, Eq. 3-17, 
where  — e, defined by Eq. 5-7. We now have 


; j 
Qin — Wout = =} ep dV + ] ova 
UV cs 

The two terms on the right indicate the local rate of change of energy per 
unit mass within the control volume, plus the net convective amount of 
energy per unit mass passing through the open control surfaces. Assuming 
the flow is steady, then this first term will be equal to zero. Substituting 
Eq. 5-7 for e into the last term yields 

à . l | 

Qin — Wo = 0 + [Gv tgz «oV d (5-9) 
The time rate of output work can be represented by the rates 
of its flow work and shaft work. As stated previously, the flow 
work is caused by pressure, where dW, = p(dA ds), and thus 
the rate of flow work out through a control surface is 


dW, Is 

p as 
W, = — —dA | = V -dA 
! dt Jo dt J? 


A turbine will produce output shaft work (positive), dWwurb» 
and a pump will produce input shaft work (negative), € Wpump- 
Therefore, the time rate of total work out of the system can be 


expressed as 





Wout — ] v^ + Wer u W rump 


Datum S 


Substituting this result into Eq. 5—9 and rearranging the terms gives 


) ] E 
Po, a + gz +ulpV-dA (5-10) 





Qi; — Wu t Wpump = f 
The integration must be carried out over the outlet (out) and inlet (in) 
control surfaces. For our case we will assume the flow is uniform and one 
dimensional, and so average velocities will be used. Also, we will assume 
that the pressure p and location z at each opening are constant, Fig. 5—22. 
Continuity requires the mass flow in to be equal to the mass flow out, so 
M = pPinVinAin = PouMour4ou, and therefore, Eq. 5-10 now becomes 


* 


Qin — Weurb + Wono — 
Pou Vost ) & Vis ) . 
— t —— t gzw * 9] 7| + + gza + uin) imh (5-11) 
[e 2 frome Pn 2 "m^ m mE 


This is the energy equation for one-dimensional steady flow, and it applies 
to both compressible and incompressible fluids. 
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Incompressible Flow. If we assume the flow is steady and 
incompressible, then pj, = Poy, — p. Furthermore, if Eq. 5-11 is divided 
by m, and the terms are rearranged, we obtain 


p Vu 
in in 
p | 7 + 8Zin * Wpump 


7 
Pout Vout 
E E T 7» F 8Zour + Wir + Mou ~ Yin ~ Find 


Here each term represents energy per unit mass, J/kg or ft-Ib/slug. 
Specifically, Wyump and Wy are the shaft work per unit mass, performed 
by the pump and turbine, respectively; and the term gin, a scalar, is the heat 
energy per unit mass that goes into the system. 

Later, in Chapter 7, we will express the friction losses that produce the 
change in internal energy (uj, — Min) in terms of velocity coefficients. 
Here, we will simply state it collectively as /7 (friction loss). Finally, if we 
exclude problems involving heat transfer, then g,, = 0; and so for our 
purposes, a general expression of the energy equation becomes 


43 ? 
Pin Via u Pout V out / 
= + 7 T Sin + Wpump = p + 73 + Zom E Warb t fl (5-12) 


This equation states that the total available energy per unit mass passing 
through the inlet control surfaces, plus the work per unit mass that is added 
to the fluid within the control volume by a pump, is equal to the total energy 
per unit mass that passes through the outlet control surfaces, plus the energy 
removed from the fluid within the control volume by a turbine, plus the 
energy losses that occur within the control volume due to fluid friction. 

If Eq. 5-12 is divided by g, then the terms represent energy per unit 
weight or “head of fluid.” 


Occurs within 


| | l control volume 


2 
out 


T Zin + fm zm EL Ah (5-13) 
Y 2g OUT 


OI I etm 


control surfaces 


Pa | Ya. 





The last term is called the head loss, h; = fl/g, and the terms Apump and 
I4 are referred to as the pump head and turbine head, respectively. 
Therefore, this form of the energy equation requires that the total input 
head plus the pump head equals the total output head plus the turbine 
head plus the head loss. Note that Eq. 5-13 reduces to the Bernoulli 
equation if there is no shaft work and no change in the fluid's internal 
energy, h; = 0. 
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Compressible Fluid. For compressible gas flow, Eq. 5-11 is generally 
expressed in terms of the enthalpy of a unit mass of gas.Enthalpy h is defined 
as the sum of the flow work and internal energy. Since the flow work for a 
volume of fluid is p d¥, then for a unit mass, p dV'/dm = p/p. Therefore, 


h=p/pt+u (5-14) 


If we substitute this into Eq. 5-11, we get 





i Vout Vin l | 
Qi; 7 Wu + pump — Pow + ? + SZ ] — Ain + P + gZin } jm (5-15) 


Application of this equation will become important in Chapter 13, where 
we discuss compressible flow. 


Power and Efficiency. The power output of a turbine or power 
input of a pump is defined as its time rate of doing work, W = dW /dt. In 
the SI system, power is measured in watts (1 W = J/s), and in the FPS 
system, it is measured in ft * Ib/s or in horsepower, where 1 hp = 550 ft « Ib/s. 
We can express the power in terms of the pump or turbine head, where 
either is referred to as the shaft head, h, by noting w, = W,/m or 
W, = w,m. From the derivation of Eq. 5-13, recall that h, = w,/g, 
or w, = h,g, and since n — pQ — yQ/g.then 





* 


W, = mgh, = Oyh, (5-16) 


Since pumps (and turbines) have friction losses, they will never be 100% 
efficient. For pumps, mechanical efficiency e is the ratio of mechanical 
power delivered to the fluid (W,),,, divided by the electrical power 
required to run the pump, (W, )in- Thus, 


— (Ws )ou 
(W , in 


Nonuniform Velocity. Integration of the velocity term in the energy 
equation, Eq.5-10, was possible because we assumed a uniform or constant 
flow occurs over the inlet and outlet control surfaces. However, within 
pumps and turbines, the flow is never steady as the fluid passes through the 
machine. Although this is the case under constant rotational speed, the flow 
is cyclic, and most often these cycles are fast. Provided the time considered 
for observing the flow is larger than that of a single cycle, then the time 
average of a quantity of flow through the open control surfaces can be 
reasonably determined using the energy equation. We refer to this flow 
passing through the open control surfaces as quasi-steady flow. 

Also, if a velocity profile for the flow at the inlet and outlet control 
surfaces is nonuniform, as it is in all cases of viscous flow, then the velocity 
profile must be known in order to carry out the integration in Eq. 5-10. 
One way of representing this integration is to use a dimensionless kinetic 
energy coefficient o, and express the integration of the velocity profile in 


e 0cecl (5-17) 


terms of the average velocity V of the profile, as determined from Eq. 4-3, 
that is, V = I v dA /A. In other words, the velocity term in Eq. 5-10 can be 


written as / 1V?pV dA — ad V?m, so that 


cs 





l 
& = ; | viov-aa (5-18) 
mV~ Jes 


Therefore, in cases where it may be necessary to consider the nonuniformity 
of the velocity at a control surface, we can substitute the terms involving V? 
in the energy equation with aV?. For example, it will be shown in Chapter 9 
that for laminar flow, the velocity profile for the fluid in a pipe is a 
paraboloid, Fig. 5—23a, and so for this case, integration will yield a = 2.* 
For turbulent flow it is usually sufficient to take « — 1 since turbulent 
mixing of the fluid will cause the velocity profile to become approximately 
uniform, Fig. 5-23b. 

The examples that follow illustrate various applications of the energy 
equation to problems involving heat and head losses due to viscous 
friction, and the additional work due to turbines and pumps. Further 
applications of this important equation will be given in other chapters 
throughout the text. 


Important Points 


The energy equation is based upon the first law of thermodynamics, 
which states that the time rate of change of the total energy 
within a fluid system is equal to the rate at which heat is added to 
the system minus the rate of work done by the system. 


In general, the system's total energy E within a control volume 
consists of the kinetic energy of all the fluid particles, their 
potential energy, and their atomic or molecular internal energies. 


The work done by a system can be flow work due to pressure, 
shaft work due to a pump or turbine, or s/iear work caused by 
viscous friction on the sides of an open control surface. Shear 
work is not considered here, since the flow will always be 
perpendicular to any open control surface. 


The energy equation is identical to the Bernoulli equation when 
no internal friction losses and heat transfer occur, and no shaft 
work is done on or by the fluid system. 





*See Prob. 5-77. 
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Velocity profile for 
laminar flow 


(a) 





Mean velocity profile for 
turbulent flow 


(b) 


Fig. 5-23 
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Procedure for Analysis 


The following procedure can be used when applying the various 
forms of the energy equation. 


* Fluid Description. As developed here, the energy equation 
applies to one-dimensional steady flow of either compressible or 
incompressible fluids. 


* Control Volume. Select the control volume that contains the 
fluid, and indicate the open control surfaces. Be sure that these 
surfaces are located in regions where the flow is uniform and well 
defined. 


Establish a fixed datum to measure the elevation (potential 
energy) of the fluid moving into and out of each control surface. 


Remember that if the fluid is assumed inviscid or ideal, then its 
velocity profile is uniform as it passes through an open control 
surface. The average velocity V can then be used. If a viscid fluid 
is considered, then the coefficient a can be determined using 
Eq. 5-17, and aV? is used instead of V?. The average velocities 
"in" and “out” of the open control surfaces can be determined if 
the volumetric flow is known, Q — VA. 


Energy Equation. Write the energy equation, and below it 
substitute in the numerical data using a consistent set of units. 
Heat energy dQ;, is positive if heat flows into the control volume, 
and it is negative if heat flows out. 


Reservoirs, or large tanks that drain slowly, have liquid surfaces 
that are essentially at rest, V — 0. 


The terms (p/y + z) in Eq. 5-13 represent the hydraulic head at 
the “in” and “out” control surfaces. This head remains constant 
over each surface, and so it may be calculated at any point on the 
surface. Once this point is selected, its elevation z is positive if it is 
above a datum and negative if it is below a datum. 


If more than one unknown is to be determined, consider relating 
the velocities using the continuity equation or relating the 
pressures using the manometer equation if it applies. 
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EXAMPLE [5:10 





The turbine in Fig. 5-24 is used in a small hydroelectric plant, along 
with a 0.3-m-diameter pipe. If the discharge at B is 1.7 m? /s, determine 
the amount of power that is transferred from the water to the turbine 
blades. The frictional head loss through the pipe and turbine is 4 m. 


SOLUTION 


Fluid Description. This is a case of steady flow. Here viscous 
frictional losses occur within the fluid. We consider the water to be 
incompressible, where y,, = 9810 N/m’. 





Control Volume. A portion of the reservoir, along with water within 


the pipe and turbine, is selected to be the fixed control volume. The (a) 
average velocity at B can be determined from the discharge. 
3 Fig. 5-24 
Q — VpAg; 1.7 m/s = Vs[v(0.15 m)*| 
Vg = 24.05 m/s 





Energy Equation. For convenience, vertical measurements z to the 
datum are made from the centerline of the pipe.* Applying the energy 
equation between A (in) and B (out), with the gravitational datum set 
at B, we have 


pa , V4 ps , Vg 
— eae ——r— E»ect NC CEN 
| (24.05 m/s)” 
UFU Fm Tiat OT ee 
2(9.81 m/s?) 
hub = 26.52 m 


As expected, the result is positive, indicating that energy is supplied 
by the water (system) to the turbine. 


Power. Using Eq. 5-16, the power transferred to the turbine is 
therefore 


W, = Qy,hs — (1.7 m3/s) (9810 N/m3 )(26.52 m) 
= 442 kW Ans. 


Notice that the power /ost due to the effects of friction is 
W, — Qy,h; — (1.7 m/s)(9810 N/m?)(4 m) — 66.7 kW 


As a point of interest, the section of pipe that transfers the water from 
the reservoir to the turbine is called a penstock. 


"Since the hydraulic head H — p/* + z is constant over the cross section of the 
horizontal segment of the pipe, measurement to any point on the cross section can be 
considered. See the following example. 
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EXAMPLE [5-11 


Water is flowing with an average velocity of 6 m/s when it comes down 
the spillway of a dam as shown in Fig. 5-25. Within a short distance a 
hydraulic jump occurs, which causes the water to transition from a 
depth of 0.8 m to 2.06 m. Determine the energy loss caused by the 
turbulence within the jump. The spillway has a constant width of 2 m. 


Datum 





Fig. 5-25 


SOLUTION 


Fluid Behavior. Steady flow occurs before and after the jump. The 
water is assumed to be incompressible. 


Control Volume. Here we will consider a fixed control volume that 
contains the water within the jump and a short distance from it, Fig.5—25. 
Steady flow passes through the open control surfaces because these 
surfaces are removed from the regions within the jump where the flow is 
not well defined. 


Continuity Equation. Since the cross sections of AB and DE are 
known, we can determine the average velocity out of DE using the 
continuity equation. 


d 
— | pVdA + ] v^ = 0 
at Cv es 


0 — (1000 kg/m?) (6 m/s)(0.8 m)(2 m) -- (1000 kg/m? )V,,(2.06 m)(2 m) — 0 
Vout = 2.3301 m/s 
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Energy Equation. We will place the datum at the bottom control 
surface, Fig. 5-25. From this we can determine the hydraulic head 
(p/y + z) at each open control surface. If we select points A and D, 
then since pj, = Pow = 0, we get 


fo 4 =0+08m=08m 
y 
Pout e E 
pj IU TT 
If instead we take points B and £F, then since p = yh, we again have 


Pin | y(0.8 m) 


+ Zi, = -0-208m 
T y 
2.06 m 
Patt LL TI + 0 = 2.06 m 


Finally, if we use intermediate points C and F, then once again 


CL eee 


*4n 


0.3 m — 0.8 m 


E Im 
Pet 2, = + 1.06 m = 2.06m 


In all cases we obtain the same results, and so it does not matter which 
pair of points on the control surface we choose. Here we will choose 
points A and D. Since no shaft work is done, we have 


> 9 
Pin Vin _ Pout Vout 
p ta. ^mt pm tg tte P + A 
(6 m/sy (2.3301 m/s)? 
——— + 0.8m + 0 = 0 - —7— ——- 2.06 m + 0 + hy 
2(9.81 m/s?) 2(9.81 m/s?) 
h, = 0.298 m Ans. 


This energy loss produces turbulence and frictional heating within 
the jump. 


299 
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EXAMPLE | 5.42 





The irrigation pump in Fig. 5—26a is used to supply water 
to the pond at B at a rate of 2 ft^ /s. If the pipe is 6 in. in 
diameter, determine the required horsepower of the 
pump. Assume the frictional head loss per foot length of 
pipe is 0.1 ft/ft. Draw the energy and hydraulic grade 
lines for this system. 


SOLUTION 


Fluid Description. Here we have steady flow.The water 
is assumed to be incompressible, but viscous friction losses 
occur. y,, = 62.4 lb/ft’. 





Control Volume. We will select a fixed control volume that contains 
the water within the reservoir A, along with that in the pipe and pump. 
For this case, the velocity at A is essentially zero, and the pressure at 
Fig. 5-26 the inlet and outlet surfaces A and B is zero. Since the volumetric flow 
is known, the average velocity at the outlet is 


2 
Q=V,Az;_ 2 ft*/s = v ($ i) | 


Vg = 10.186 ft/s 


(a) 





Energy Equation. Establishing the gravitational datum at A, and 
applying the energy equation between A (in) and B (out), we have 


2 " 
DA A Dg , Vg 
y 2g A pump y 2g B turb L 


— o , (20.186 ft/s)? 
a 2(32.2 ft/s?) 
11.11 ft 


+ 8 ft + 0 + (0.1 ft/ft)(15 ft) 


> 
Il 


This positive result indicates the pump head or energy per weight of 
water that is transferred into the system by the pump. 


Power. The pump must therefore have a power of 


| | hp 
= = 3 ; 


= 2.52 hp Ans. 


Of this amount, the power needed to overcome the frictional head 
loss is 

| ; | hp 
W, — Qy,h, — (210/s)(62.4 Ib/f )(1.5 ft) 


———— } = 0.340 
IW AUR 
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EGL and HGL. Recall the EGL is a plot of the total head 
H = p/y + V?/2g + zalong the pipe. The HGL lies V*/2g below the 
EGL. Before we draw these lines, we will first determine the pressure 
head at C and D using the energy equation. Notice that the velocity 
head is 


v? (10.186 ft/s)? 


= = 1.61 fi 
2g  2(322 ft/s? ) ' 


It remains constant since the pipe has the same diameter throughout its 
length. At C, the pressure head is 


9.61 ft 








8 ft 


2 
PA V4 
— +—* + 7 + hey = 


2 
pec Vé 
vom dul m L 


Y 2g 
Energy added 


00 0€ 0— "5 e L6IL fte 0€ 0 € (0.1 f/fC fO by pun 









Pe = 2311 ft 
y 
And at D, C nr 
2 2 L | A 
Pa Vi Pp V5 Friction | 1.5 ft 
— — =_ — 7 ft on LOSS 
y F 2g "M ZA 2 h pump y T 2g T <p - hab + hy along pipe 






0+0+0+0=% + 1611 f+ 8 +0 + (0.1 f/fOQS fü 3.11 ft 


PD. auf (b) 
: 


The signs indicate a negative pressure caused by the suction of the 
pump. The total head at A, C, D, and B is therefore 


gn 

Y 2g 
H,=0+0+0=0 
Ho = —2.311 ft + 1.611 ft + 0 = —0.7 ft 
Hy = —11.11 ft + 1.611 ft + 8 ft = —1.5 ft 
Hg = 0 + 1.611 ft + 8 ft = 9.61 ft 


Stretching the pipe out, these values are plotted in Fig. 5—26b to 
produce the EGL. The HGL lies 1.61 ft below the EGL. 
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=O ie 





The pump in Fig. 5-27 discharges water at 4000 gal/h. The pressure at 
A is 20 psi, whereas the exit pressure in the pipe at B is 60 psi. The pipe 
filler causes the internal energy of the water to increase by 
400 ft - Ib /slug at its exit due to frictional heating, while there is a heat 
conduction loss from the water of 20ft:Ib/s. Determine the 
horsepower that is developed by the pump. 


SOLUTION 


Fluid Description. We have steady flow into and out of the pump. 
The water is considered incompressible, but viscous frictional losses 
Datum occur. y,, = 62.4 lb/ft. 





Control Volume. The fixed control volume contains the water 
within the pump, filter, and pipe extensions. Since there is 7.48 gal in 
1 ft? of water. the volumetric and mass flows are 


4000 gal\/ lh | fe ) i 
—X —_—_— —— — ———— ——— — . 4 - ‘ 
2 h Xm (zs EI 


(= lb/ft? 


32.2 ft/s? 
Therefore, the velocities at A (in) and B (out) are 


15 V 
Q — V,A,4; 0.1485 ft /s — v (2 i) | VA 


2 
Q = V pA pg; 0.1485 ft /s = ZEE i) | Vn 


Fig. 5-27 


and 





m = pQ = Jioiass ft^ /s) — 0.2879 slug/s 


3.026 ft/s 


27.235 ft/s 


Energy Equation. Since there is heat conduction loss, Qin is 
negative; that is, the heat flows out. Also, there is no ele vation change 
in the flow from A to B. For this problem we will apply Eq. 5-11. 


" 
" : . Pr Vg 
DNO W pump = [C DN t gzp + 2 


- 20 ft-Ib/s - 0 -- W 


pump 
60 Ib /in*(12 in. /ft* 27.235 ft/s)? 
— (es T E + 0 + 400 it-Ib/stug ) 
62.4 lb/ft? /32.2 ft/s 7 
20 Ib/in7(12 in. /ft)? 3.026 ft/s)? 
- EE CAT Oa o) | (0.2879 slug /s) 

62.4 Ib/ f? /32.2 ft/s 2 

_ (1096.2 ft- 1b | hp )- 

Womp ^ ( : Ys ft- Ib/s = 1.99 hp Ans. 


The positive result indicates that indeed energy is added to the water 
within the control volume using the pump. 
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EXAMPLE | 5.174 


The turbine in Fig. 5-28 takes in steam with an enthalpy of 
h4 — 2.80 MJ/kg at 40 m/s. A steam-water mixture exits the turbine with 
an enthalpy of 1.73 MJ/kg at 15 m/s. If the heat loss to the surroundings 
during this process is 500 J/s, determine the power the fluid supplies to 
the turbine. The mass flow through the turbine is 0.8 kg /s. 


SOLUTION 


Fluid Description. Outside the turbine, uniform steady flow occurs 
because the steam is located away from the turbine's moving blades. 
Compressibility and frictional effects occur and are reported in terms 
of the change in enthalpy. 


Control Volume. We will consider the control volume to contain 
the steam within the turbine and within a portion of the pipes at the 
entrance A (in) and the exit B (out). Uniform steady flow occurs 
through these open control surfaces since they are located away from 
the internal moving parts of the turbine. 


Energy Equation. Since part of the energy is reported in terms of the 
steam’s enthalpy (h = p/p + u), we will use Eq. 5-15. Here the elevation 
change for the steam is zero. Also, heat flows out from the control 
volume, so this is a negative numerical quantity. Thus, 


. l Ve Te . 
Qin ~ Warb + Woump = IC + sg + iz, -— (m + ps + sza ) ji 


-500 J/s — Wauw + 0 = 


(15 m/s) (40 m/s)? 


- 0) - (20(10) ier. 7 o) os kg/s) 


Win = 856 kW Ans. 


(1730109) J/kg + 


The result is positive, which indicates that energy or power is indeed 
drawn out of the system and transferred to the turbine. 
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E FUNDAMENTAL PROBLEMS 


Sec. 5.2-5.3 





FS-3. The fountain is to be designed so that water is 


ejected from the nozzle and reaches a maximum elevation 
F5-l. Water flows through the pipe at A at 6m/s. of 2 m. Determine the required water pressure in the pipe 
Determine the pressure at A and the velocity of the water at A, a short distance AB from the nozzle exit. 

as it exits the pipe at B. 


6 m/s 
— 








FS-1 





F5-3 


F5-2. Olilis subjected to a pressure of 300 kPa at A, where 


z B2 2 is eee E ROCI Se Nee Ero F5-4. Water flows through the pipe at 8 m/s. Determine the 


pressure reading on the gage C if the pressure at A is 80 kPa. 


0.2 m 


7m/s 120 mm 
oOo — 


80 mm 





F5-2 F5-4 


FS-S. The tank has a square base and is filled with water 
to the depth of y — 0.4 m. If the 20-mm-diameter drain pipe 
is opened, determine the initial volumetric flow of the water 
and the volumetric flow when v — 0.2 m. 





F5-6. Air at a temperature of 80 C flows through the pipe. 
At A, the pressure is 20 kPa, and the average velocity is 
4 m/s. Determine the pressure reading at B. Assume the air 


is incompressible, 





200 mm 


F5-6 
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Sec. 5.4-5.5 


F5-7. Water flows from the reservoir through the 
100-mm-diameter pipe. Determine the discharge at B. Draw 
the energy grade line and the hydraulic grade line for the 
flow from A to B. 





F5-7 


FS-8. Crude oil flows through the 50-mm-diameter pipe 
such that at A its average velocity is 4 m/s and the pressure is 
300 kPa. Determine the pressure of the oil at B. Draw the 
energy grade line and the hydraulic grade line for the flow 
from A to B. 
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F5-9. At A, water at a pressure of 400 kPa and a velocity 
of 3 m/s flows through the transitions. Determine the 
pressure and velocity at B and C. Draw the energy grade 


F5-11. Water is supplied to the pump at a pressure of 
80 kPa and a velocity of V, — 2 m/s. If the discharge is 
required to be 0.02 m?/s through the 50-mm-diameter pipe, 


determine the power that the pump must supply to the 
water to lift it 8 m. The total head loss is 0.75 m. 


line and the hydraulic grade line for the flow from A to C. 








FS-10. Water from the reservoir flows through the 150-m- 
long, 50-mm-diameter pipe into the turbine at B. If the head 
loss in the pipe is 1.5 m for every 100-m length of pipe, and FS-11 
the water exits the pipe at C with an average velocity of 

8 m/s, determine the power output of the turbine. The 

turbine operates with 60% efficiency. 


F5-12. The jet engine takes in air and fuel having an 
enthalpy of 600 kJ/kg at 12 m/s. At the exhaust, the enthal py 
is 450 kJ/kg and the velocity is 48 m/s. If the mass flow is 
2 kg/s, and the rate of heat loss is 1.5 kJ/s, determine the 
power output of the engine. 





F5-10 F5-12 


STPROBLEMS 


Unless otherwise stated, in the following problems, 
assume the fluid is an ideal fluid, that is, incompressible 
and frictionless. 


Sec. 5.1-5.3 


5-1. Water flows in the horizontal tapered pipe. Determine 
the average decrease in pressure in 4 m along a horizontal 
streamline so that the water has an acceleration of 0.5 m/s’. 
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5-3. Air at 60°F flows through the horizontal tapered 
duct. Determine the acceleration of the air if on a 
streamline the pressure is 14.7 psi and 40 ft away the 
pressure is 14.6 psi. 


*S-4. Air at 60°F flows through the horizontal tapered 
duct. Determine the average decrease in pressure in 40 ft, 
so that the air has an acceleration of 150 ft/s’. 





Prob. 5-1 


5-2. The horizontal 100-mm-diameter pipe is bent so that 
its inner radius is 300 mm. If the pressure difference 
between points A and B is pg — p, — 300 kPa, determine 
the volumetric flow of water through the pipe. 







400 mm 


cM. 


300 mm 


Prob. 5-2 


5-5. An ideal fluid having a density p flows with a velocity V 
through the horizontal pipe bend. Plot the pressure variation 
within the fluid as a function of the radius r, where r; — r — r, 
and r, = 2r; 





Prob. 5-5 
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5-6. Water flows through the horizontal circular section 
with a uniform velocity of 4 ft/s. If the pressure at point D is 
60 psi, determine the pressure at point C. 


8-7. Solve Prob. 5-6 assuming the pipe is vertical. 





*8-8. By applying a force F, a saline solution ts ejected from 
the 15-mm-diameter syringe through a 0.6-mm-diameter 
needle. If the pressure developed within the syringe 1860 kPa, 
determine the average velocity of the solution through the 
needle. Take p = 1050 kg/m’. 


8-9. By applying a force F, a saline solution is ejected from 
the 15-mm-diameter syringe through a 0.6-mm-diameter 
needle. Determine the average velocity of the solution 
through the needle as a function of the force F applied to the 
plunger. Plot this velocity (vertical axis) as a function of the 
force for 0 = F = 20N. Give values for increments of 
AF = 5N. Take p = 1050 kg/m’, 


15 mm 





Probs. 5-8/9 


5-10. An infusion pump produces pressure within the 
syringe that gives the plunger A a velocity of 20 mm/s. If 
the saline fluid has a density of p, — 1050 kg/'m*, determine 
the pressure developed in the syringe at B. 


40 mm 


20 mm/s 
———- 





Prob. 5-10 


5-11. If the fountain nozzle sprays water 2 ft into the air, 
determine the velocity of the water it leaves the nozzle at A. 





Prob. 5-11 


*8-12. The jet airplane is flying at 80 m/s in still air, A, at 
an altitude of 3 km. Determine the absolute stagnation 
pressure at the leading edge B of the wing. 


5-13. The jet airplane is flying at 80 m/s in still air, A, at an 
altitude of 4 km. If the air flows past point C near the wing at 
90 m/s, determine the difference in pressure between the air 
near the leading edge B of the wing and point C. 





Probs. 5-12/13 








5-14. A river flows at 12 ft/s and then turns and drops as a 
waterfall, from a height of 80 ft. Determine the velocity of 
the water just before it strikes the rocks below the falls. 


5-15. Water is discharged through the drain pipe at B from 
the large basin at 0.03 m? /s. If the diameter of the drainpipe is 
d — 60 mm, determine the pressure at B just inside the drain 
when the depth of the water is — 2 m. 





Prob. 5-15 


*5-16. Water is discharged through the drain pipe at B 
rom the large basin at 0.03 m? /s. Determine the pressure 
at B just inside the drain as a function of the diameter d of 
the drainpipe. The height of the water is maintained at 
h — 2m. Plot the pressure (vertical axis) versus the 
diameter for 60mm — d < 120mm. Give values for 
increments of Ad — 20 mm. 





Prob. 5-16 
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5-17. A fountain is produced by water that flows up the 
tube at Q — 0.08 m'/s and then radially through two 
cylindrical plates before exiting to the atmosphere. Determine 
the velocity and pressure of the water at point A. 


S-18. A fountain is produced by water that flows up the 
tube at Q — 0.08 m^/s and then radially through two 
cylindrical plates before exiting to the atmosphere. 
Determine the pressure of the water as a function of the 
radial distance r. Plot the pressure (vertical axis) versus r for 
200 mm = r = 400 mm. Give values for increments of 
Ar = 50 mm. 





ly 


Probs. 5-17/18 


5-19. The average human lung takes in about 0.6 liter of 
air with each inhalation, through the mouth and nose, A. 
This lasts for about 1.5 seconds. Determine the power 
required to do this if it occurs through the trachea B having 
a cross-sectional area of 125 mmr. Take p, = 1.23 kg/m’. 
Hint: Recall that power is force F times velocity V, where 
F — pA. 





Prob. 5-19 
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*8-20. Water flows from the hose at B at the rate of 4 m/s 
when the water level in the large tank is 0.5 m. Determine the 
pressure of air that has been pumped into the top of the 
tank at A. 


5-21. If the hose at A is used to pump air into the tank 
with a pressure of 150 kPa, determine the discharge of water 
at the end of the 15-mm-diameter hose at B when the water 
level is 0.5 m. 





Probs. 5-20/21 


5-22. Piston C moves to the right at a constant speed of 
5 m/s, and as it does, outside air at atmospheric pressure 
flows into the circular cylinder through the opening at B. 
Determine the pressure within the cylinder and the power 
required to move the piston. Take p, — 1.23 kg/m?. Hint: 
Recall that power is force F times velocity V, where F— pA. 


5-23. A fountain ejects water through the four nozzles, 
which have inner diameters of 10 mm. Determine the 
pressure in the pipe and the required volumetric flow 
through the supply pipe so that the water stream always 
reaches a height of h = 4m. 





Prob. 5-23 


*5-24. A fountain ejects water through the four nozzles, 
which have inner diameters of 10 mm. Determine the 
maximum height h of the water stream passing through 
the nozzles as a function of the volumetric flow rate into the 
60-mm-diameter pipe at E. Also, what is the corresponding 
pressure at E as a function of h? 





Prob. 5-24 


5-25. Determine the velocity of water through the pipe if 
the manometer contains mercury held in the position 
shown. Take py, = 13 550 kg/m’. 





Prob. 5-22 


Prob. 5-25 


5-26. A water-cooled nuclear reactor is made with plate 
fuel elements that are spaced 3 mm apart and 800 mm long. 
During an initial test, water enters at the bottom of the 
reactor (plates) and flows upward at 0.8 m/s. Determine 
the pressure difference in the water between A and B. Take 
the average water temperature to be 80°C. 


800 mm 








A 


3 mm 
60 mm 


Prob. 5-26 


5-27. Blood flows from the left ventricle (LV) of the heart, 
which has an exit diameter of d; = 16 mm, through the 
stenotic aortic valve of diameter d; — 8 mm, and then into 
the aorta A having a diameter of d; — 20 mm. If the cardiac 
output is 4 liters per minute, the heart rate is 90 beats per 
minute, and each ejection of blood lasts 0.31 s, determine 
the pressure change over the valve. Take p, — 1060 kg/m". 


ST 





Prob. 5—27 
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*5-28. Air enters the tepee door at A with an average 
speed of 2 m/s and exits at the top B. Determine the 
pressure difference between these two points and find 
the average speed of the air at B. The areas of the openings 
are A, — 0.3 m^ and Aj — 0.05 m°. The density of the air is 
Pa = 1.20 kg/m. 


E 





Prob. 5-28 


5-29, One method of producing energy is to use a tapered 
channel (TAPCHAN), which diverts sea water into a 
reservoir as shown in the figure. As a wave approaches the 
shore through the closed tapered channel at A, its height will 
begin to increase until it begins to spill over the sides and 
into the reservoir. The water in the reservoir then passes 
through a turbine in the building at C to generate power and 
is returned to the sea at D. If the speed of the water at A is 
V4 — 2.5 m/s, and the water depth is h, = 3 m, determine 
the minimum height Ag at the back B of the channel to 
prevent the water from entering the reservoir. 





Prob. 5-29 
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5-30. The large tank is filled with gasoline and oil to the 
depth shown. If the valve at A is opened, determine the 
initial discharge from the tank. Take p, = 1.41 slug/ ft’ and 
p, = 1.78 slug/ft’. 





Prob. 5-30 


S-31. Determine the air pressure that must be exerted at 
the top of the kerosene in the large tank at B so that the 
initial discharge through the drainpipe at A is 0.1 m?/s once 
the valve at A is opened. 


*8-32. If air pressure at the top of the kerosene in the 
large tank is 80 kPa, determine the initial discharge through 
the drainpipe at A once the valve is opened. 





Probs. 5-31/32 


10 m/s 


5-33. Water flows up through the vertical pipe such that 
when it is at A, it is subjected to a pressure of 150 kPa and 
has a velocity of 3 m/s. Determine the pressure and its 
velocity at B. Set d — 75 mm. 


S-34. Water flows through the vertical pipe such that when 
it is at A, it is subjected to a pressure of 150 kPa and has a 
velocity of 3 m/s. Determine the pressure and velocity at B 
as a function of the diameter d of the pipe at B. Plot the 
pressure and velocity (vertical axis) versus the diameter for 
25 mm = d = 100mm. Give values for increments of 
Ad = 25 mm. If dy = 25 mm, what is the pressure at B? Is 
this lower region of the graph reasonable? Explain. 





00 mm 





Probs. 5-33/34 


5-35. If the velocity of water changes uniformly along the 
transition from V, = 10 m/s to Vg = 4 m/s, determine the 
pressure difference between A and x. 


*5-36. If the velocity of water changes uniformly along the 
transition from V, = 10 m/s to Vg = 4 m/s, find the pressure 
difference between A and x = 1.5 m. 


4m/s 





B 


Probs. 5-35/36 


5-37. Water flows up through the vertical pipe. Determine 
the pressure at A if the average velocity at B is 4 m/s. 





Iv, 


Prob. 5—37 


5-38. Water flows along the rectangular channel such that 
after it falls to the lower elevation, the depth becomes 
h — 0.3 m. Determine the volumetric discharge through the 
channel. The channel has a width of 1.5 m. 


5-39, Water flows at 3 m/s at A along the rectangular 
channel that has a width of 1.5 m. If the depth at A is 0.5 m, 
determine the depth at B. 





Probs. 5-38/39 
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*8-40. Air at a temperature of 40°C flows into the nozzle 
at 6 m/s and then exits to the atmosphere at B, where the 
temperature is 0°C. Determine the pressure at A. 





Prob. 5-40 


5-41. Water flows through the pipe at A with a velocity of 
6 m/s and at a pressure of 280 kPa. Determine the velocity 


of the water at B and the difference in elevation A of the 
mercury in the manometer. 








5-42. In order to determine the flow in a rectangular 
channel, a 0.2-ft-high bump is added on its bottom surface. 
If the measured depth of flow at the bump is 3.30 ft, 
determine the volumetric discharge. The flow is uniform, 
and the channel has a width of 2 ft. 





Prob. 5-42 
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8-43. As water flows through the pipes, it rises within the 
piezometers at A and B to the heights Ah, — 1.5 ft and 
hy = 2 ft. Determine the volumetric flow. 


*8-44. The volumetric flow of water through the transition 
is 3 ft^/s. Determine the height it rises in the piezometer at A 
if hg = 2ft. 





1.25 ft 


Probs. 5—43/44 


5-45. Determine the flow of oil through the pipe if the 
difference in height of the water column in the manometer 
is h= 100 mm. Take p, = 875 kg/m’. 


5-46. Determine the difference in height h of the water 
column in the manometer if the flow of oil through the pipe 
is 0.04 m?/s. Take p, = 875 kg/m’. 


300 mm 


150 mm 





Probs. 5—45/46 


8-47. Air at 60°F flows through the duct such that the 
pressure at A is 2 psi and at B it is 2.6 psi. Determine the 
volumetric discharge through the duct. 


*5-48. Air at 100°F flows through the duct at A at 200 ft/s 
under a pressure of 1.50 psi. Determine the pressure at B. 





Probs. 5-47/48 


5-49. Carbon dioxide at 20°C flows past the Pitot tube B 
such that mercury within the manometer ts displaced 50 mm 
as shown. Determine the mass flow if the duct has a cross- 
sectional area of 0.18 m°. 


IE 
A B 
———- E 
50 mm 
Prob. 5—49 
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5-50. Oil flows through the horizontal pipe under a 5-53. Due to the effect of surface tension, water from a 
pressure of 400 kPa and at a velocity of 2.5 m/s at A. faucet tapers from a diameter of 0.5 in. to 0.3 in. after 
Determine the pressure in the pipe at B if the pressure at falling 10 in. Determine the average velocity of the water 
C is 150 kPa. Neglect any elevation difference. Take at A and at B. 


p, = 880 kg/m’, 


5-51. Oil flows through the horizontal pipe under a 
pressure of 100 kPa and at a velocity of 2.5 m/s at A. 
Determine the pressure in the pipe at C if the pressure at B 
is 95 kPa. Take p, = 880 kg/m’, 





23mm. M Prob. 5-53 
Probs. 5-50/51 


5-54. Due to the effect of surface tension, water from a 
faucet tapers from a diameter of 0.5 in. to 0.3 in. after falling 


10 in. Determine the mass flow in slug/s. 
*§-52. Water flows through the pipe transition at a rate of 


6 m/s at A. Determine the difference in the level of mercury 
within the manometer. Take py, = 13 550 kg/m’. 


150 mm 





Prob, 5—52 Prob. 5-54 





E 


276 CHAPTER 5 WoRK AND ENERGY OF MOVING FLUIDS 


5-55. Air at 15°C and an absolute pressure of 275 kPa 
flows through the 200-mm-diameter duct at V, — 4 m/s. 
Determine the absolute pressure of the air after it passes 
through the transition and into the 400-mm-diameter 
duct B. The temperature of the air remains constant. 


*8-56. Air at 15°C and an absolute pressure of 250 kPa 
flows through the 200-mm-diameter duct at V, — 20 m/s. 
Determine the rise in pressure, Ap — pg — p4, when the air 
passes through the transition and into the 400-mm-diameter 
duct. The temperature of the air remains constant. 


400 mm 





Probs. 5-55/56 


5-57. Water flows in a rectangular channel over the 
1-m drop. If the width of the channel is 1.5 m, determine the 
volumetric flow in the channel. 


Ve 





Prob, 5—57 


5-58. Air at the top A of the water tank has a pressure of 
60 psi. If water issues from the nozzle at B, determine the 
velocity of the water as it exits the hole, and the average 
distance d from the opening to where it strikes the ground. 


5-59. Air is pumped into the top A of the water tank, and 
water issues from the small hole at B. Determine the 
distance d where the water strikes the ground as a function 
of the gage pressure at A. Plot this distance (vertical axis) 
versus the pressure p, for 0 = p, = 100 psi. Give values for 
increments of Ap, = 20 psi. 


C 


aap“ 


Probs. 5-58/59 





*5-60. Determine the height A of the water column and 
the average velocity at C if the pressure of the water in the 
6-in.-diameter pipe at A is 10 psi and water flows past this 
point at 6 ft/s. 


5-61. If the pressure in the 6-in,-diameter pipe at A is 
10 psi, and the water column rises to a height of ^ — 30 ft, 
determine the pressure and velocity in the pipe at C. 





Probs. 5-60/61 
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5-62. Determine the velocity of the flow out of the vertical *5-64. At the instant shown, the level of water in the 
pipes at A and B, if water flows into the Tee at 8 m/s and conical funnel is y = 200mm. If the stem has an inner 
under a pressure of 40 kPa. diameter of 5 mm, determine the rate at which the surface 


level of the water is dropping. 


5-65. If the stem of the conical funnel has a diameter of 
5 mm, determine the rate at which the surface level of the 
water is dropping as a function of the depth y. Assume 
steady flow. Note: For a cone, = 4 arh. 





50 mm 
Datum 





5-63. The open cylindrical tank is filled with linseed oil. A 
crack having a length of 50 mm and average height of 2 mm Probs. 5-64/65 
occurs at the base of the tank. How many liters of oil 


will slowly drain from the tank in eight hours? Take 
p, — 940 kg/m*. 5-66. Water flows from the large container through the 


nozzle at B. If the absolute vapor pressure for the water is 
0.65 psi, determine the maximum height h of the contents so 
that cavitation will not occur at B. 


0.5 ft 





Prob. 5-63 Prob. 5-66 
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5-67. Water drains from the fountain cup A to cup B. 
Determine the depth h of the water in B in order for steady 
flow to be maintained. Take d = 25 mm. 


*8—68. Water drains from the fountain cup A to cup B. If 
the depth in cup B is h = 50 mm, determine the velocity of 
the water at C and the diameter d of the opening at D so 
that steady flow occurs. 





Probs. 5-67/68 


5-69. As air flows downward through the venturi 
constriction, it creates a low pressure A that causes ethyl 
alcohol to rise in the tube and be drawn into the air stream. 
If the air is then discharged to the atmosphere at C, 
determine the smallest volumetric flow of air required to do 
this. Take p, — 789 kg/m' and p, = 1.225 kg/m’. 


20 mm 


40 mm 





Prob. 5—69 


5-70. As air flows downward through the venturi 
constriction, it creates a low pressure at A that causes ethyl 
alcohol to rise in the tube and be drawn into the air stream. 
Determine the velocity of the air as it passes through the tube 
at B in order to do this. The air ts discharged to the atmosphere 
at C. Take p,, — 789 kg/m? and p, — 1.225 kg/m*. 


40 mm 





Prob. 5-70 


5-71. Water from the large closed tank is to be drained 
through the lines at A and B. When the valve at B is opened, 
the initial discharge is Qj — 0.8 ft^/s. Determine the pressure 
at C and the initial volumetric discharge at A if this valve is 
also opened. 


*8—72. Water from the large closed tank is to be drained 
through the lines at A and B. When the valve at A is opened, 
the initial discharge is Q, = 1.5 ft/s. Determine the 
pressure at C and the initial volumetric discharge at B when 
this valve is also opened. 





Probs. 5-71/72 
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5-73. Determine the volumetric flow and the pressure in 5-75. If water flows into the pipe at a constant rate of 
the pipe at A if the height of the water column in the Pitot 30 kg/s, determine the pressure acting at the inlet A when 
tube is 0.3 m and the height in the piezometer is 0.1 m. y — 0.5 m. Also, what is the rate at which the water surface at 


B is rising when v — 0.5 m? The container is circular. 





Prob. 5-73 





Prob. 5-75 


5-74. The mercury in the manometer has a difference in 

elevation of h = 0.15 m. Determine the volumetric discharge 

of gasoline through the pipe. Take p,,, = 726 kg/m’. *5-76. Carbon dioxide at 20°C passes through the 
expansion chamber, which causes mercury in the manometer 
to settle as shown. Determine the velocity of the gas at A. 
Take py, = 13 550 kg/m’. 


150 mm 





100 mm 


Prob. 5-74 Prob. 5-76 
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Sec. 5.4-5.5 


5-77. Determine the kinetic energy coefficient æ if the 
velocity distribution for laminar flow in a smooth pipe has a 
velocity profile defined by u = Uyyax(1 — (r/R)’). 





Prob. 5-77 


5-78. Determine the kinetic energy coefficient œ if the 


velocity distribution for turbulent flow in a smooth pipe is 


assumed to have a velocity profile defined by Prandtl’s one- 
seventh power law,u = Uml — rj R)". 





5-79. Oil flows through the constant-diameter pipe such 
that at A the pressure is 50 kPa, and the velocity is 2 m/s. 
Determine the pressure and velocity at B. Draw the energy 
and hydraulic grade lines for AB using a datum at B. Take 
p, — 900 kg/m’. 


*8-80. Oil flows through the constant-diameter pipe such 
that at A the pressure is 50 kPa, and the velocity is 2 m/s. 
Plot the pressure head and the gravitational head for AB 
using a datum at B. Take p, — 900 kg/m". 





Probs. 5-79/80 


5-81. Water at a pressure of 80 kPa and a velocity of2 m/s 
at A flows through the transition. Determine the velocity 
and the pressure at B. Draw the energy and hydraulic grade 
lines for the flow from A to B using a datum at B. 


5-82. Water at a pressure of 80 kPa and a velocity of2 m/s 
at A flows through the transition. Determine the velocity 
and the pressure at C. Plot the pressure head and the 
gravitational head for AB using a datum at B. 





Probs. 5-81/82 


5-83. Water flows through the constant-diameter pipe 
such that at A it has a velocity of 6 ft/s and a pressure of 
30 psi. Draw the energy and hydraulic grade lines for the 
flow from A to F using a datum through CD. 





ee 


Prob. 5-83 
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*8-84. The hose is used to siphon water from the tank. 5-87. Gasoline is siphoned from the large open tank. 
Determine the smallest pressure in the tube and the Determine the volumetric discharge from the 0.5-in.- 
volumetric discharge at C. The hose has an inner diameter diameter hose at B. Draw the energy and hydraulic grade 
of 0.75 in. Draw the energy and hydraulic grade lines for the lines for the hose using a datum at B. 


hose using a datum at C. 


5-85. The hose is used to siphon water from the tank. 
Determine the pressure in the hose at points A' and B. The 
hose has an inner diameter of 0.75 in. Draw the energy and 
hydraulic grade lines for the hose using a datum at B. 


2 ft 





2 ft 


„| 








Prob. 5-87 


Probs. 5-84/85 *5-88. The pump discharges water at B at 0.05 m" /s. If the 
friction head loss between the intake at A and the outlet at 
B 1s 0.9 m, and the power input to the pump is 8 kW, 
determine the difference in pressure between A and B. The 
efficiency of the pump is e — 0.7. 


5-89. The power input of the pump is 10 kW and the 
friction head loss between A and B is 1.25 m. If the pump 
has an efficiency of e = 0.8, and the increase in pressure 
from A to B is 100 kPa, determine the volumetric flow of 
water through the pump. 


5-86. Water is siphoned from the open tank. Determine 
the volumetric discharge from the 20-mm-diameter hose. 
Draw the energy and hydraulic grade lines for the hose 
using a datum at B. 





Prob. 5—86 Probs. 5-88/89 
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5-90. As air flows through the duct, its absolute pressure 
changes from 220 kPa at A to 219.98 kPa at B. If the 
temperature remains constant at T = 60°C, determine the 
head loss between these points. Assume the air is 
incompressible. 





Prob. 5—90 


5-91. Water in the reservoir flows through the 
0.2-m-diameter pipe at A into the turbine. If the discharge 
at B is 0.5 m/s, determine the power output of the turbine. 
Assume the turbine runs with an efficiency of 65%. Neglect 
frictional losses in the pipe. 


*85-92, Water in the reservoir flows through the 
0.2-m-diameter pipe at A into the turbine. If the discharge 
at B is 0.5 m/s, determine the power output of the turbine. 
Assume the turbine runs with an efficiency of 65%, and 
there is a head loss of 0.5 m through the pipe. 


20m 





= = 


Probs. 5-91/92 





8-93. A 300-mm-diameter horizontal oil pipeline extends 
8 km, connecting two large open reservoirs having the same 
level. If friction in the pipe creates a head loss of 3 m for 
every 200 m of pipe length, determine the power that must 
be supplied by a pump to produce a flow of 6 m? /min 
through the pipe. The ends of the pipe are sub merged in the 
reservoirs. Take p, = 880 kg/m’. 


5-94. A pump is used to deliver water from a large reservoir 
to another large reservoir that is 20 m higher. If the friction 
head loss in the 200-mm-diameter, 4-km-long pipeline is 
2.5 m for every 500 m of pipe length, determine the required 
power output of the pump so the flow is 0.8 m/s. The ends of 
the pipe are submerged in the reservoirs. 


5-95. Water is drawn from the well at B through the 3-in.- 
diameter suction pipe and discharged through the pipe of 
the same size at A. If the pump supplies 1.5 kW of power to 
the water, determine the velocity of the water when it exits 
at A. Assume the frictional head loss in the pipe system is 
1.5V2/2g. Note that 746 W = | hp and | hp = 550 ft- Ib/s. 


*5-96, Draw the energy and hydraulic grade lines for the 
pipe BCA in Prob. 5-95 using a datum at point B. Assume 
that the head loss is constant along the pipe at 1.5V?/2g. 





Probs. 5-95/96 


5-97, Determine the initial volumetric flow of water from 
tank A into tank B, and the pressure at end C of the pipe 


when the valve is opened. The pipe has a diameter of 0.25 ft. 


Assume that friction losses within the pipe, valve, and 
connections can be expressed as 1.28V?/2e, where V is the 
average velocity of flow through the pipe. 


5-98. Draw the energy and hydraulic grade lines between 
points A and B using a datum set at the base of both tanks. 
The valve is opened. Assume that friction losses within the 
pipe, valve, and connections can be expressed as 1.28V" /2g, 
where V is the average velocity of flow through the 
0.25-ft-diameter pipe. 





2 ft 


Probs. 5-97/98 


5-99, Water is drawn into the pump, such that the pressure 
at the inlet A is —35 kPa and the pressure at B is 120 kPa. If 
the discharge at B is 0.08 m*/s, determine the power output 
of the pump. Neglect friction losses. The pipe has a constant 
diameter of 100mm. Take h — 2 m. 


*5-100. Draw the energy and hydraulic grade lines for the 
pipe ACB in Prob. 5—99 using a datum at A. 





Probs. 5—99/100 
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5-101. Water is drawn into the pump, such that the 
pressure at A is —6 Ib/ir^ and the pressure at B is 20 Ib/in?. 
If the volumetric flow at B is 4 ft*/s, determine the power 
output of the pump. The pipe has a diameter of 4 in. Take 
h = 5 ft and p„ — 1.94 slug/ft^. 


5-102. Draw the energy and hydraulic grade lines for the 
pipe ACB in Prob. 5-101 with reference to the datum at A. 





Probs. 5-101/102 


5-103. The pump draws water from the large reservoir A 
and discharges it at 0.2 m? /s at C. If the diameter of the pipe 
is 200 mm, determine the power the pump delivers to the 
water. Neglect friction losses, Construct the energy and 
hydraulic grade lines for the pipe using a datum at B. 


*5-104. Solve Prob. 5-103, but include a friction head loss 
in the pump of 0.5 m, and a friction loss of 1 m for every 5 m 
length of pipe. The pipe extends 3 m from the reservoir to B, 
then 12 m from B to C. 





Probs. 5-103/104 
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5-105. The turbine removes potential energy from the 
water in the reservoir such that it has a discharge of 20 ft /s 
through the 2-ft-diameter pipe. Determine the horsepower 
delivered to the turbine. Construct the energy and hydraulic 
grade lines for the pipe using a datum at point C. Neglect 
friction losses. 





Prob. 5-105 


5-106. The turbine C removes 300 kW of power from the 
water that passes through it. If the pressure at the intake A 
is p, — 300 kPa and the velocity is 8 m/s, determine the 
pressure and velocity of the water at the exit B. Neglect the 
frictional losses between A and B. 


5-107. The pump has a volumetric flow of 0.3 ft^ /s as it 
moves water from the pond at A to the one at B. If the hose 
has a diameter of 0.25 ft, and friction losses within it can be 
expressed as 5 V’/2, where V is the average velocity of the 
flow, determine the horsepower the pump supplies to 
the water. 





Prob. 5-107 


*5-108. Water from the reservoir passes through a turbine 
at the rate of 18 ft^ /s. If it is discharged at B with a velocity 
of 15 ft/s, and the turbine withdraws 100 hp, determine the 
head loss in the system. 





Prob. 5-106 


Prob. 5-108 


5-109. The vertical pipe is filled with oil. When the valve at 
A is closed, the pressure at A is 160 kPa, and at B it is 90 kPa. 
When the valve is open, the oil flows at 2 m/s,and the pressure 
at A is 150 KPa and at B it is 70 kPa. Determine the head loss 
in the pipe between A and B. Take p, = 900 kg/m’, 


A 





Tan 
Prob. 5-109 


5-110. It is required that a pump be used to discharge 
water at 80 gal/min from a river to a pond, at B. If the 
frictional head loss through the hose is 3 ft, and the hose has 
a diameter of 0.25 ft, determine the required power output 
of the pump. Note that 7.48 gal = 1 ft’. 





Prob. 5-110 


5-111. A 6-hp pump with a 3-in-diameter hose is used to 
drain water from a large cavity at B. Determine the discharge 
at C. Neglect friction losses and the efficiency of the pump. 
| hp — 550 ft * Ib/s. 
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*8-112. The pump is used with a 3-in.-diameter hose to 
draw water from the cavity. If the discharge is 1.5 ft^ /s, 
determine the required power developed by the pump. 
Neglect friction losses. 


5-113. Solve Prob. 5-112 by including frictional head losses 
in the hose of 1.5 ft for every 20 ft of hose. The hose has a total 
length of 130 ft. 





Probs. 5-111/112/113 


an absolute inlet pressure of 180 kPa, a temperature of 15°C, 
and a velocity of 10 m/s. Farther downstream a 2-kW exhaust 
system increases the outlet velocity to 25 m/s. Determine the 
density of the air at the outlet, and the change in enthalpy of 
the air. Neglect heat transfer through the pipe. 


5-114. The flow of air through a 200-mm-diameter duct has a 








Prob. 5-114 


5-115. Nitrogen gas having an enthalpy of 250 J/kg is 
flowing at 6 m/s into the 10-m-long pipe at A. If the heat 
loss from the walls of the duct is 60 W, determine the 
enthalpy of the gas at the exit B. Assume that the gas is 
incompressible with a density of p = 1.36 kg/m’. 


0.15 m 






Prob. 5-115 
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*S-116. The measured water pressure at the inlet and exit 
portions of the pipe are indicated for the pump. If the flow 
is 0.1 m? /s, determine the power that the pump supplies to 
the water. Neglect friction losses. 


300 kPa 





Prob. 5-116 


S-117. The wave overtopping device consists of a floating 
reservoir that is continuously filled by waves, so that the 
water level in the reservoir is always higher than that of the 
surrounding ocean. As the water drains out at A, the energy 
is drawn by the low-head hydroturbine, which then 
generates electricity. Determine the power that can be 
produced by this system if the water level in the reservoir is 
always 1.5 m above that of the ocean, The waves add 
0.3 m? /s to the reservoir, and the diameter of the tunnel 
containing the turbine is 600 mm. The head loss through the 
turbine is 0.2 m. Take p,, — 1050 kg/m’. 


5-118. Crude oil is pumped from the test separator at A to 
the stock tank using a galvanized iron pipe that has a 
diameter of 4 in. If the total pipe length is 180 ft, and the 
volumetric flow at A 1s 400 gal/min, determine the required 
horsepower supplied by the pump. The pressure atA is 4 psi, 
and the stock tank is open to the atmosphere. The frictional 
head loss in the pipe is 0.25 in,/ft, and the head loss for each 
of the four bends is K(V?/2e), where K — 0.09 and V is the 
velocity of the flow in the pipe. Take y, = 55 lb/ft’. Note 
that 1 f — 7.48 gal. 





Prob. 5-118 


5-119. The pump is used to transport water at 90 ft/min 
from the stream up the 20-ft embankment. If frictional head 
losses in the 3-in.-diameter pipe are h; — 1.5 ft, determine 
the power output of the pump. 





Prob. 5-117 


Prob. 5-119 


*$-120. The pump is used to transfer carbon tetrachloride 
in a processing plant from a storage tank A to the mixing 
tank C. If the total head loss due to friction and the pipe 
fittings in the system is 1.8 m, and the diameter of the pipe 
is 50 mm, determine the power developed by the pump 
when A — 3 m. The velocity at the pipe exit is 10 m/s, and 
the storage tank is opened to the atmosphere. Take 
Pa = 1590 kg/m’, 





5-121. The pump takes in water from the large reservoir 
at A and discharges it at B at 0.8 ft'/s through a 6-in.- 
diameter pipe. If the frictional head loss is 3 ft, determine the 
power output of the pump. 





Prob. 5-121 
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5-122. Air and fuel enter a turbojet engine (turbine) 
having an enthalpy of 800 kJ/kg and a relative velocity of 
15 m/s. The mixture exits with a relative velocity of 60 m/s 
and an enthalpy of 650 kJ/kg. If the mass flow is 30 kg/s, 
determine the power output of the jet. Assume no heat 
transfer occurs. 





Prob. 5-122 


5-123. Water flows into the pump at 600 gal/min and has 
a pressure of 4 psi. It exits the pump at 18 psi. Determine 
the power output of the pump. Neglect friction losses. Note 
that 1 f? — 7.48 gal. 


*5-124. The 5-hp pump has an efficiency of e — 0.8 and 
produces a velocity of 3 ft/s through the pipe at A. If the 
frictional head loss within the system is 8 ft, determine the 
difference in the water pressure between A and B. 





Probs. 5-123124 


5-125. The water tank is being drained using the 
l-in.-diameter hose. If the flow out of the hose is 5 ft/min, 
determine the head loss in the hose when the water depth is 
d = 6ft. 





Prob. 5-125 
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5-126. The pump at C produces a discharge of water at B 
of 0.035 m/s. If the pipe at B has a diameter of 50 mm and 
the hose at A has a diameter of 30 mm, determine the power 
output supplied by the pump. Assume frictional head losses 
within the pipe system are determined from 3Vj /2g. 





Prob. 5-126 


5-127. Determine the power output required to pump 
sodium coolant at 3 ft^ /s through the core of a liquid metal 
fast-breeder reactor if the piping system consists of 
23 stainless steel pipes, each having a diameter of 1.25 in. 
and length of 4.2 ft. The pressure at the inlet A is 47.5 lb/ft 
and at the outlet B it is 15.5 lb/ft. The frictional head loss 
for each pipe is 0.75 in. Take yy, = 57.9 Ib/ft*. 





Prob. 5-127 


*5-128. Ifthe pressure at A is 60 kPa, and the pressure at 8 
is 180 kPa, determine the power output supplied by the 
pump if the water flows at 0.02 m*/s. Neglect friction losses. 


5-129. The pump supplies a power of 1.5 kW to the water 
producing a volumetric flow of 0.015 m‘/s. If the total 
frictional head loss within the system is 1.35 m, determine 
the pressure difference between the inlet A and outlet B of 


the pipes. 


75 mm 





Probs. 5-128/129 


S-130. The circular hovercraft draws in air through the 
fan A and discharges it through the bottom B near the ground, 
where it produces a pressure of 1.50 kPa on the ground. 
Determine the average velocity of the air entering at A that 
is needed to lift the hovercraft 100 mm off the ground. The 
open area at A is 0.75 mr. Neglect friction losses. Take 
Po = 1.22 kg/m’. 





Prob. 5-130 
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The level of coffee is measured by the standpipe A. When air flows through the hose, it causes the 
If the valve is pushed open and the coffee begins to flow out, paper to rise. Explain why this happens. 
will the level of coffee in the standpipe go up, go down, or 
remain the same? Explain. 





The ball is suspended in the air by the stream of air 
produced by the fan. Explain why it will return to this 
position if it is displaced slightly to the right or left. 
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CHAPTER REVIEW 







For an inviscid fluid, the steady flow of a particle 
along a streamline is caused by pressure and 
gravitational forces. The Euler differential 
equations. describe. this. motion. Along the 
streamline or s direction, the forces change the 
magnitude of the particle's velocity, and along 
the normal or n direction, they change the 
direction of its velocity. 


The Bernoulli equation is an integrated form of 
Euler’s equation in the s direction. It applies 
between two points on the same streamline for 
steady flow of an ideal fluid. It cannot be used at 
points where energy losses occur, or between 
points where fluid energy is added or withdrawn 
by external sources. When applying the Bernoulli 
equation, remember that points at atmospheric 
openings have zero gage pressure and that the 
velocity is zero at a stagnation point or at the top 
surface of a large reservoir. 


Pitot tubes can be used to measure the velocity of a 
liquid in an open channel. To measure the velocity 
of a liquid in a closed conduit, it is necessary to use 
a Pitot tube along with a piezometer, which 
measures the static pressure in the liquid. A venturi 
meter can also be used to measure the average 
velocity or the volumetric flow. 








dp 
T + VdV+ ede =0 








Rotational 
flow eddies 


Viscous 
friction 


Places where the Bernoulli 
equation does not apply 


P| 


Vi P» 2 
"T tp T Tt G 
p p 


2 2 
steady flow, ideal fluid, same streamline 


The Bernoulli equation can be expressed in 
terms of the total head H of the fluid. A plot of 
the total head is called the energy grade line, 
EGL, which will always be a constant horizontal 
line, provided there are no frictional losses. The 
hydraulic grade line, HGL, is a plot of the 
hydraulic head, p/y + z. This line will always be 
below the EGL by an amount equal to the kinetic 
head, V?/2g. 


When the fluid is viscous and/or energy is added 
to or removed from the fluid, the energy equation 
should be used. It is based on the first law of 
thermodynamics, and a control volume must be 
specified when it is applied. It can be expressed in 
various forms. 


Power is the rate of doing shaft work. 
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Pitot tube Piezometer Pitot tube 


Energy and hydraulic grade lines 
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Chapter 6 





(© Sander van der Werf/Shutterstock) 


Impulse and momentum principles play an important role in the design of 
both windmills and wind turbines. 





Fluid Momentum 





6.1 The Linear Momentum Equation 


The design of many hydraulic structures, such as floodgates and flow 
diversion blades, as well as pumps and turbines, depends upon the forces 
that a fluid flow exerts on them. In this section we will obtain these 
forces by using a linear momentum analysis, which is based on Newton's 
second law of motion, written in the form XF ^a -— d(mV)/dt. For 
application of this equation, it is important to measure the time rate of 
change in the momentum, mV, from an inertial or nonaccelerating frame 
of reference, that is, a reference that either is fixed or moves with 
constant velocity. 

Because of the fluid flow, a control volume approach works best for 
this type of analysis, and so we will apply the Reynolds transport theorem 
to determine the time derivative d(mV)/dt before we apply Newton's 
second law. Linear momentum is an extensive property of a fluid, where 
N = mV, and so yn ^ mV/m = V. Therefore, Eq. 4-11 becomes 


dN à 
— — dY + V-dA 
( dt ). ar fw f 


d(mV) _ @ 
— — — | VpdV + | VpV-dA 
dt | syst Ot J oy cs 


Now, substituting this result into Newton’s second law of motion, we 
obtain our result, the /inear momentum equation. 
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Control Volume 
(a) 


Inertial 
coordinate 
system 
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Pressure 


Force 
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Free-Body Diagram 
(b) 


Fig. 6-1 


(out) 


Shear 
Force 


Pressure 
Force 


à mn 
sr =< | vpav + | vov-aa (6-1) 
ev 


cs 





It is very important to realize how the velocity V is used in the last 
term of this equation. It stands alone as a vector quantity V, and as a 
result it has components along the x,y,z axes. But it is also involved in 
the dot product operation with dA in order to define the mass flow 
through an open control surface, that is, pV*dA. This is a scalar 
quantity, and so it does not have components. To emphasize this point, 
consider the flow of an ideal fluid into and out of the two control 
surfaces in Fig.6-1a. In the x direction, the last term in Eq. 6-1 becomes 
J Vxp V- dA ~ (Vin)x(—p VinA in) + (Vout) (PV our A out): Here (Vin). 
and (V ou) are the x components of Vin and Vau- They both actin the + x 
direction, Fig. 6-la. When writing the expression for the dot products, 
we have followed our positive sign convention, that is, Aj, and A, are 
both positive out, but Vj, is negative, since it is directed into the control 
volume. For this reason, p V,, Aj, is a negative quantity. 


Steady Flow. If the flow is steady, then no local change of 
momentum will occur within the control volume, and the first term on 
the right of Eq. 6-1 will be equal to zero. Therefore 


SF = f VpV-dA (6-2) 
Steady flow 


Furthermore, if we have an ideal fluid, then p is constant and viscous 
friction is zero. Thus the velocity will be uniformly distributed over the 
open control surfaces, and so integration of Eq. 6-2 gives 


SF = SVpV-A (6-3) 


Steady ideal flow 


The above equations are often used in engineering, to obtain the fluid 
forces acting on various types of surfaces that deflect or transport the 
flow. 


Free-Body Diagram. When Eq. 6-1 is applied, there will 
generally be three types of external forces XF that can act on the fluid 
system contained within the control volume. As shown on its free-body 
diagram, Fig. 6-1b, they are shear forces that act tangent to the closed 
control surface, pressure forces that act normal to the open and closed 
control surface s, and weight that acts through the center of gravity of the 
mass of fluid within the control volume. For analysis, we will represent 
the resultant shear and pressure forces by their single resultant force. 
The opposite of this resultant is the effect of the fluid system on this 
surface. It is referred to as the dynamic force. 
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6.2 Applications to Bodies at Rest 


On occasion a vane, pipe, or other type of conduit can be subjected to fluid 
forces because it can change the direction of the flow. For these cases, the 
following procedure can be used to apply a linear momentum analysis to 
determine the resultant force caused by press ure and shear that a moving 
fluid exerts on its fixed surface. 


Procedure for Analysis 


Fluid Description. 


* Identify the type of flow as steady, unsteady, uniform, or nonuniform. 
Also specify if the fluid is compressible, incompressible, viscous, or 
inviscid, 

Control Volume and Free-Body Diagram. 





* The control volume can be fixed, moving, or deformable, and, 
depending upon the problem, it can include both solid and fluid 
parts. Open control surfaces should be located in a region where . 
the flow is uniform and well established. These surfaces should be | Tre i aa i Lag — piate aa 
oriented so that their planar areas are perpendicular to the flow. ice of ac MUN: out of the opening 

For inviscid and ideal fluids, the velocity profile will be uniform and striking the plate. 


over the cross section, and so represents an average velocity. 





* The free-body diagram of the control volume should be drawn to 
identify all of the external forces acting on it. These forces generally 
include the weight of the contained fluid and the weight of any solid 
portions of the control volume, the resultant of the frictional shear 
and pressure forces or their components that act on a closed control 
surface, and the pressure forces acting on the open control surfaces. 
Note that the pressure forces will be zero if the control surface is 
open to the atmosphere; however, if an open control surface is 
contained within the fluid, then the pressure on this surface may 
have to be determined by using the Bernoulli equation. 


Linear Momentum. 


* |f the volumetric flow is known, the average velocities at the open 
control surfaces can be determined using V = Q/A, or by applying the 
continuity equation, the Bernoulli equation, or the energy equation. 


Establish the inertial x, v coordinate system, and apply the linear 
momentum equation, using the x and y components of the velocity, 
shown on the open control surfaces, and the forces shown on the 
free-body diagram. Remember,the term pV * dA inthe momentum 
equation is a scalar quantity that represents the mass flow through 
the area A of each open control surface. The product pV: A is 
negative for mass flow into a control surface since V and A are in 
opposite directions, whereas pV * A is positive for mass flow out of 
a control surface, since then V and A are in the same direction. 
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EXAMPLE [56:1 








The end of a pipe is capped with a reducer as shown in Fig. 6—2a. If the 
water pressure within the pipe at A is 200 kPa, determine the shear 
force that glue along the sides of the pipe exerts on the reducer to 
hold it in place. 





(a) (b) 


Fig. 6-2 


SOLUTION 


Fluid Description. We have steady flow, and we will assume water 
is an ideal fluid, where p, — 1000kg /m*. 


Control Volume and Free-Body Diagram. We will select the 
control volume to represent the reducer along with the portion of 
water within it, Fig. 6-2a. The reason for this selection is to show or 
“expose” the required shear force Fp on the free-body diagram of the 
control volume, Fig. 6-25. Also shown is the water pressure pa, 
developed at the inlet control surface A. There is no pressure force at 
the outlet control surface since the (gage) pressure is pg ~ 0. 
Excluded is the symmetric horizontal or normal force of the wall of 
the pipe on the reducer. We have also excluded the weight of the 
reducer, along with the weight of water within it, since here they can 
be considered negligible. 


6.2 APPLICATIONS TO BODIES AT REST 


Continuity Equation. Before applying the momentum equation 
we must first obtain the velocity of the water at A and B. Applying 
the continuity equation for steady flow, we have 


à 
JES [ pv-aa =o 


0 - pV4AA “+ pVg Ag —0 
—V4[7(0.05 mf | - V&[ 7(0.0125 m? | 7 0 
Vz = 16V, (1) 


Bernoulli Equation. Since the pressures at A and B are known, the 
velocities at these points can be determined by using Eq. 1 and 
applying the Bernoulli equation to points on a vertical streamline 
passing through A and B.* Neglecting the elevation difference from 
A to B, we have 


2 2 
PA A, TUR LH, 
Y 2g Y 2g 
200(10°) N/m? v2 ene (16V4)? 
(1000 kg/m?) (9.81 m/s?) 2(9.81 m/s?) - 2(9.81 m/s?) 
V4 — 1.252 m/s 


Vg — 16(1.252 m/s) — 20.04 m/s 


Linear Momentum. To obtain Fp, we can now apply the momentum 
equation in the vertical direction. 


a 
xr -2 | vody + ] vov a 


Since the flow is steady, no local change in momentum occurs, and so 
the first term on the right is zero. Also, since the fluid is ideal, p,, is 
constant and average velocities can be used. Thus, 


T[ZF, 0-7 Va(p,, VgAgn) + (V4)( p, VAA A) 
*]XF, — p,(ViAg — V4AA) 
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| 200( 10°) N/m? ] | 7(0.05m)?] — Fe = (1000kg/m*) | (20.04 m/s (70.0125 m? — (1.252 m/s)'(Y0.05 m)? | 


Fg 7 1.39 kN Ans. 


This positive result indicates that the shear force acts downward on 
the reducer (control surface), as initially assumed. 


*Actually a fitting such as this will generate frictional losses, and so the energy 
equation should be used. This will be discussed in Chapter 10. 
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EXAMPLE | 6.2 











(b) 


Water is discharged from the 1-in.diameter nozzle of a fire hose at 
180 gal/min, Fig. 6—3a. The flow strikes the fixed surface such that 
3/4 flows along B, while the remaining 1/4 flows along C. Determine 
the x and y components of force exerted on the surface. 





(a) 


Fig. 6-3 


SOLUTION 


Fluid Description. This is a case of steady flow. We consider the 
water as an ideal fluid, for which y,, — 62.4 lb/ft. 


Control Volume and Free-Body Diagram. We will select a fixed 
control volume that contains the water from the nozzle and on the 
surface, Fig. 6-3a. The pressure distributed over the surface creates 
resultant horizontal and vertical reaction components, F, and F,, on 
the closed control surface. We will neglect the weight of the water 
within the control volume. Also, because the (gage) pressure on all the 
open control surfaces is zero, no force is acting on these surfaces. 

If we apply the Bernoulli equation to a point on the fluid stream 
along A, and another point on the fluid stream along B (or C), 
neglecting elevation changes between these points, and realizing that 
the (gage) pressure is zero, then p/y + V*/2g + z = const. shows 
that the speed of the water onto and along the fixed surface is the 
same everywhere. That is, V, = Vg © Vc. The surface only changes 
the direction of the velocity. 
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Linear Momentum. The velocity can be determined from the flow 
at A, because here the cross-sectional area is known. 


— 180 gal (1 min\/_ 1 ft" j 3 
Ma Tin (= \ sas a MEAE 


For this case of steady flow, the linear momentum equation becomes 


a 
sr 72 | vody + ] vov a^ 
Cv cs 
XF = 0 V&(pVg Ag) + Ve(pVcAc) + Val —pV, Aa) 


Notice that the last term is negative because the flow is info the control 
volume. Because Q = VA, then 


XF — p(QsVg t QcVc — Q4VA) 
Now when we resolve this equation in the x and y directions, only the 


velocities, V, will have components. The flows, Q © VA, are scalar 
quantities. Thus, 


E - AF, = p ( QgVg, T QcVc, v Q4VA.) 


-F, = € 0 -- 1(0.4011 f£ /s) | (73.53 ft/s) cos 60^ | 
| 32.2 ft/s- 
— (0.4011 ft? /s)| (73.53 ft/s) cos 45? | 
F, — -3327]b — 33.3 lb — Ans. 
*1ZF, = p[Ox(—Vay) + QcVey — Q4(-V4,) ] 
_ 62.4 lb/ft’ 


" "28/4 3(0.4011 f? /s )(—73.53 ft/s) - 1(0.4011f0 /s) | (73.53 ft/s) sin 60° ] 
f " S 


— (0.4011 f? /s) | —(73.53 ft/s) sin 45° ] | 


F, — 9.923 lb 1 Ans. 


These results produce a resultant force of 34.7 lb that acts on the 
water. The equal but opposite dynamic force acts on the surface. Note 
that if the nozzle is directed perpendicular to a flat surface, a similar 
calculation shows that the force is 57.2 lb. This can become quite 
dangerous if the stream is directed at someone! 
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EXAMPLE f6:3 





Air flows through the duct in Fig. 6—4a such that at A it has a 
temperature of 30°C and an absolute pressure of 300 kPa, whereas due 
to cooling, at B it has a temperature of 10°C and an absolute pressure 
of 298.5 kPa. If the average velocity of the air at A is 3 m/s, determine 
the resultant frictional force acting along the walls of the duct between 
these two locations. 


V473myjs 
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(a) 





SOLUTION 


Fluid Description. Here, because of a change in density, we have 
steady flow of a viscous, compressible fluid. We consider the air to be 
an ideal gas at the temperatures and pressures considered. 


Control Volume and Free-Body Diagram. The air within the duct 
will be taken as the fixed control volume, Fig. 6—4a. The friction force 
F that acts on the control surface along the walls of the duct is the 
result of the viscous effect of the air, Fig. 6-45. The weight of the air 
can be neglected, but the pressure forces at A and B must be 
considered. (Pressure forces on the closed or side control surfaces are 


6.2 APPLICATIONS TO BODIES AT REST 


not shown since they produce a zero resultant, and they act 
perpendicular to the flow.) To obtain F we must apply the momentum 
equation, but first we must determine the density of the air at A 
and B, and the average velocity at B. 


Ideal Gas Law. From Appendix A, R — 286.9J/(kg - K) so that 
Pa ~ pARTA 
300(10°) N/m? = py [286.9 J/(kg - K) (30?C + 273) K 
pA ^ 3451 kg/m? 


Pa ~ pgRTg 


298.5(10°) N/m? = pp| 286.9 J/(kg-K)|(10°C + 273) K 


pg ^ 3.676 kg/m? 


Continuity Equation. Although the velocity profile is affected by 
the frictional effects of viscosity, primarily along the inside surface of 
the duct, here we will use average velocities." We can determine this 
(average) velocity of the air at B by applying the continuity equation. 
For steady flow, we have 


a 
JA foya =o 
at Cv cs 


0 — p,VAA4 * pgVgAg — O0 
0 — (3.451 kg/m? )(3 m/s)(0.3 mY(0.1 m) *- (3.676kg/m*)(V,)(0.3 m)(0.1 m) = 0 
Vg — 2.816 m/s 
Linear Momentum. Because steady compressible flow occurs, 


à 
XF =È | Voay + | vov-aa 
at ^i cs 


+ XF = 0 t Vg(pgVgAg) ^ (Va)(—pAVAAA) 


1 300( 10?) N/m? |(0.3m)(0.1 m) — (298.5(10?) N/m? (0.3my(0.1 m) — F 
= 0 + (2.816 m/s){ (3.676 kg/m? (2.816 m/s)(0.3 m)(0.1 m) | 
— (3 m/s)| (3.451 kg/m? )(3 m/s)(0.3 m)(0.1 m) | 


F = 45.1N Ans. 
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EXAMPLE | 6.4 





When the sluice gate G in Fig. 6—Sa is in the open position as shown, 
water flows out from under it at a depth of 2 ft. If the gate is 5 ft wide, 
determine the resultant horizontal force that must be applied by its 
supports to hold the gate in place. Assume the channel behind the 
gate maintains a constant depth of 10 ft. 


@ 





Datum 


(a) 


Fig. 6-5 


SOLUTION 


Fluid Description. Since the channel depth is assumed constant, 
the flow will be steady. We will also assume water to be an ideal fluid 
so that it will flow with an average velocity through the gate. Take 
y = 62.4 lb/ft’. 


Control Volume and Free-Body Diagram. To determine the force 
on the gate, the fixed control volume will include a control surface 
along the face of the gate, and a volume of water on each side of the 
gate, Fig. 6—5a. There are three forces acting on this control volume in 
the horizontal direction as shown on the free-body diagram, Fig. 6-5). 
They are the unknown pressure force resultant of the gate Fg, and the 
two hydrostatic pressure force resultants from the water on the control 
surfaces at A and B. The viscous frictional forces acting on the closed 
control surfaces on the gate and on the ground are neglected since we 
have assumed the water to be inviscid. (Actually, this force will be 
comparatively small.) 


6.2 APPLICATIONS TO BODIES AT REST 


Bernoulli and Continuity Equations. We can determine the 
average velocities at A and B by applying the Bernoulli equation (or 
the energy equation) and the continuity equation, Fig. 6—Sa. When a 
streamline is chosen through points 1 and 2, the Bernoulli equation 


gives* 
V? y? 
Ayo, = yee, 
Y 2g Y 28 
Vi _ Vé 
TeS | Tele cem EN 
2(32.2 ft/s?) 2(32.2 ft/s?) 
Vi — V2 = 515.2 (1) 
For continuity, 


a 
= pav + | pv-aa =o 


0 — V4(10 fo(5 ft) - Vy2fo(5f) — 0 
Ve ~ 5V4 (2) 
Solving Eqs. 1 and 2 yields 


V, — 4.633ft/s and Vg 7 23.17 ft/s 


Linear Momentum 


a 
sr =4 | vpar + ] vov a^ 
i ev C 


LEF, — 0-t Vg(pVgAg) * (VA)(7pVAAA) 
— 0 * p(VdAg — V4AA4) 
Referring to the free-body diagram, Fig. 6-55, 
3| (62.4 1b/f?)(10 ft) (LO FHS ft) — 3 (62.4 15/f?)( fo (2 fo(5 fo — Fa 





= (= sug/& [(23.17 ft/s) (2 ft)(5 ft) — (4.633 ft/s)'(10ft)(5 ft) ] 


Fg 7 66561lb — 6.66kip Ans. 
As a point of comparison, the hydrostatic force on the gate is 


(Fc), ^ deyh)nb = 1| (62.4 Ib/f? )(10ft — 2f) |(10 ft — 2 fü(5 ft) — 9.98 kip 


*All the particles on the surface will eventually pass under the gate. Here we have 
chosen the particle at point 1 that happens to wind up at point 2. 
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SON ieee 





Oil flows through the open pipe AB in Fig. 6-6a such that at the 
instant shown, it has a velocity at A of 16 ft/s, which is increasing at 
2 ft/s?. Determine the pump pressure at B that creates this flow. Take 
Yo — 56 lb/ft’. 


16 ft /s 
2 ft/s? 


Pa 9 


Pp 


(b) 





(a) 


Fig. 6-6 


SOLUTION 


Fluid Description. Because of the acceleration, we have a case of 
unsteady flow. We will assume the oil is an ideal fluid. 


Control Volume and Free-Body Diagram. Here we consider a 
fixed control volume that contains the oil within the vertical section 
AB of the pipe, Fig. 6-6a. The forces shown on its free-body diagram 
are the weight of oil within the control volume, W, = yV» and the 
pressure at B, Fig. 6-6b.* The (gage) pressure at A is zero. 


*The horizontal pressure caused by the sides of the pipe on the control volume s urface 
is not included here since it will produce a zero resultant force. Also, friction along the 
sides is excluded because the oil is assumed to be inviscid. 
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Linear Momentum. Because an ideal fluid produces average 
velocities, the momentum equation becomes 


a 
zr 7 2 f voev [vev-as 
at cv cs 


_ a 
+126, 5È | VpdY + Va(oVa Aa) + (Va)(-PVnAn) 
CY 


Since p is constant and A} = Apg, the continuity equation requires 
V, — Vg — V — l6ft/s. As a result, the last two terms will cancel 
each other. In other words, the flow is uniform, and so there is no net 
convective effect. 

The unsteady flow term (local effect) indicates that the momentum 
changes within the control volume due to the time rate of change in 
the flow velocity (unsteady flow). Since both this rate of change, 
2 ft/s’, and the density are constant throughout the control volume, 
the above equation becomes 


_ dV _ dV 
+{XF, Soph BAB WVo ~ pV (1) 


pal (0.5 ft)? ] — (56 Ib/ft)[ (0.5 fy7(4 ft) | = (2 va sug/f )[ m0. ft)*(4 ft) | 


Ift V 
p (237.91b/8¢)( E ) = 1.65 psi Ans. 


Notice that Eq. 1 is actually the application of XF, — ma,, Fig. 6-6b. 





6.3 Applications to Bodies Having 
Constant Velocity 


For some problems, a blade or vane may be moving with constant velocity, 
and when this occurs, the forces on the blade can be obtained by selecting 
the control volume so that it moves with the body. Provided this is the case, 
the velocity and the mass flow terms in the momentum equation are then 
measured relative to each control surface, so that V = Vies and therefore 
Eq. 6-1 becomes 


a 
=F =Å f Vapa + [Vi pV pcs * dA 


C 


With this equation, the solution is simplified, because the flow will appear 
to be steady flow relative to the control volume, and the first term on the 
right side will be zero. 

Using the procedure for analysis outlined in Sec. 6.2, the following 
examples illustrate application of the momentum equation for a body 
moving with constant velocity. In Sec. 6.5 we will consider application of 
this equation to propellers and wind turbines. 
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EXAMPLE | 6.6 





The truck in Fig. 6—7a is moving to the left at 5 m/s into a 
50-mm-diameter stream of water, which has a discharge of 8 liter /s. 
Determine the dynamic force the stream exerts on the truck if it is 
deflected off the windshield as shown. 





(a) 





F, 
Fy 
(b) 
Fig. 6-7 


SOLUTION 


Fluid Description. In this problem the driver will observe steady 
flow, and so we will fix the x, y inertial coordinate system to the truck, 
so that it moves with constant velocity. We will assume water to be an 
ideal fluid, and so average velocities can be used because friction is 
negligible. p = 1000 kg/m’, 


Control Volume and Free-Body Diagram. We will consider the 
moving control volume to include the portion AB of the water stream 
that is in contact with the truck, Fig. 6-7a. As shown on its free-body 
diagram, Fig. 6—7b, only the horizontal and vertical components of force 
caused by the truck on the control volume will be considered significant. 
(The pressure forces at the open control surfaces are atmospheric and 
the weight of the water is neglected.) 
The nozzle velocity of the stream is determined first. 


8 liter \ / 107° m? 
Q = VA; (225 (mnm) — V[v(0.025m?] V = 4.074 m/s 
s l liter 
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Relative to the control volume (or driver), the velocity of the water 
at A is therefore 


“(Vyes)a ~ Vr — Vev 
(Veics)a — 4.074 m/s — (—5 m/s) — 9.074 m/s 
Application of the Bernoulli equation will show that this relative 
average speed is maintained as the water flows off the windshield at B 
(neglecting the effect of elevation). Also, the size of the cross -sectional 
area at B (open control surface) must remain the same as at A to 


maintain continuity, V,A, — VgAg — VA, although its shape will 
certainly change. 


Linear Momentum. For steady incompressible flow we have 


— a 
ZEN" Ef Vice p dV + ]w- P F fics © dA 
cV 5S 


C € 


2F= 0+ (Vjjes)al PCV f/es)BA B] + (Vyies)al PCV pies) a] 





Carefully note that here we only must consider the components of the 
velocity Vy... whereas the mass flow terms pV;).,A are scalars. 
Applying this equation in the x and y directions yields 


4 LF, = 0 + [(V yes) cos 40°] [p (Veies)pA gw] — (Vyies)a LP (Vics) a] 
—F, ^ [(9.074m/s) cos 40* ] | (1000 kg /m? )(9.074 m/s) [ 7(0.025 m)? ] | 
— (9.074 m/s) | ( 1000kg /m? )(9.074 m/s) [7(0.025 m)" ] | 


F. = 37.83N 
+T2F, = (Vics) sin 40° || p (Vyics)pAp| =p 


F, = [(9.074 m/s) sin 40°]| (1000 kg/m*)(9.074 m/s){ 77(0.025 m)?] | — 0 
= 103.9N 
Thus, 
F = V (37.83N)? + (103.9N)* = 111N Ans. 


This (dynamic) force also acts on the truck, but in the opposite direction. 
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EXAMPLE | 6.7 





The jet of water having a cross-sectional area of 2(10 ?) m? and a 
velocity of 45 m/s strikes the vane of a turbine, causing it to move at 
20 m/s, Fig. 6-8a. Determine the dynamic force of the water on the 
vane, and the power output caused by the water. 


45 m/s A 








(b) 
Fig. 6-8 


SOLUTION 


Fluid Description. To observe steady flow, the x, y reference is fixed 
to the vane. It can be considered as an inertial coordinate system since 
it moves with constant velocity. We assume the water is an ideal fluid, 
where p — 1000 kg /m*. 


Control Volume and Free-Body Diagram. We will take the moving 
control volume to contain the water on the vane from A to B, Fig. 6-8a. 
As shown on its free-body diagram, Fig. 6-8), the force components of 
the vane on the control volume are denoted as F, and F,. The weight of 
the water is neglected, and the pressure forces on the open control 
surfaces are atmospheric. 
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Linear Momentum. The velocity of the jet relative to the control 
surface at A is 


$ Vjes 7 Vp — Ve 
Vy; — 45 m/s — 20 m/s — 25 m/s 


With negligible elevation change, the Bernoulli equation will show 
that water leaves the vane at B with this same speed, and so to satisfy 
continuity, A, — Ag — A. For steady ideal fluid flow, the momentum 
equation becomes 


_ da 
=F = on f Vries p dV + f V (ics pV gis * dA 
cv cs 


ZF-—0- ( Vos) | e (Voc) 5An ] + (Vges)AL ^9 (Voies) aAA ] 


As in the previous example, the velocity Vj; has components in this 
equation. The mass flow terms pV,,,,A are scalars. Therefore, 


i ZF,-— [-(Vrs)a cos 30" |[p (Viics) pA B] + AN (V jjes)aAa ] 


—F, = [—(25 m/s) cos 30°]| (1000 kg /m*)(25 m/s)(2(10~*) m?) | 





—(25 m/s)[(1000 kg/m*)(25 m/s)(2(10-*) m?) | 
F, = 2333N 
* 1ZF, 7 [-(Vj.)n sin 30*][p (Vj.)gA a] — 0 
-F, = [—(25 m/s) sin 30°] (1000 kg/m*)(25 m/s)(2(10-*) m?)] 
F, = 625N 


F = V/(2333N)? + (625N)* = 2.41 kN Ans. 


The equal but opposite force acts on the vane. This represents the 
dynamic force. 


Power. By definition, power is work per unit time, or the product of 
a force and the parallel component of velocity. Here only F, produces 
power since F, does not displace up or down, and hence does no work. 
Since the vane is moving at 20 m/s, 


W=F-V; | W- (2333N)Q0 m/s) = 46.7kW Ans. 
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Angular momentum r X mV 


Fig. 6-9 


6.4 The Angular Momentum Equation 


The angular momentum of a particle is the moment of the particle’s linear 
momentum mV about a point or axis. Using the vector cross product to 
define this moment, the angular momentum becomes r X mV, where r is 
the position vector extending from the moment point O to the particle, 
Fig. 6—9. If we perform the cross product operation with r and Newton's 
second law of motion, F — ma — d(mV)/dt, then it follows that the sum 
of the moments of the external forces acting on the system, X(r X F), is 
equal to the time rate of change of the system's angular momentum, 
Le., EM — X(r X F) — d(r X mV)/dt. For a Eulerian description, we can 
obtain the time derivative of r X mV, using the Reynolds transport 
theorem, Eq. 4-11, where N — r X mV, so that n © r X V. We have 


dN ð 
— = adv + V-dA 
( dt ). ðt |» | 


a 
< (rx mV) =f ex V)p d? + fex V)oV * dA 


Ç 





v US 


Therefore, the angular momentum equation becomes 


XM, =” 5 [ ex vr + ] ex ovas (6-4) 
c cv cs 
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Steady Flow. If we consider steady flow, the first term on the right will 
be zero. Also, if the average velocity through the open control surfaces is 
used, and the fluid density remains constant, as in the case of an ideal 
fluid, then the second term on the right can be integrated, and we obtain 


XM -7 Xí(r x V)pV- A (6-5) 
Steady flow 


This final result is often used to determine the torque on the shaft of a 
pump or turbine, as will be shown in Example 5.10 and in Chapter 14. It 
can also be used for finding reactive forces or couple moments on static 
structures subjected to steady flow. 


Procedure for Analysis 


Application of the angular momentum equation follows the same 
procedure as that for linear momentum. 


Fluid Description 


Define the type of flow, whether it is steady or unsteady and uniform 
or nonuniform. Also define the type of fluid, whether it is viscous, 
compressive, or if it can be assumed to be an ideal fluid. For an ideal 
fluid, the velocity profile will be uniform, and the density will be 
constant. 


Control Volume and Free-Body Diagram 


Select the control volume so its free-body diagram includes the 
unknown forces and couple moments that are to be determined. 
The forces on the free-body diagram include the weight of the fluid 
and any solid portion of the body, the pressure forces at the open 
control surfaces, and the components of the resultant pressure and 
frictional shear forces acting on closed control surfaces. 


Angular Momentum 


If the flow is known, the average velocities through the open control 
surfaces can be determined using V = Q/A, or by applying the 
continuity equation, the Bernoulli equation, or the energy equation. 
Set up the inertial x,y,z coordinate axes, and apply the angular 
momentum equation about an axis so that a se lected unknown force 
or moment can be obtained. 








The impulse of water flowing onto 
and off the blades of this waterwheel 
causes the wheel to turn. 
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EXAMPLE [6.8 





Water flows out of the fire hydrant in Fig. 6-10a at 2 ft/s. If the 
pressure in the pipe at A is 35 psi, determine the reactions at the fixed 
support necessary to hold the fire hydrant in place. 





Fig. 6-10 


SOLUTION 


Fluid Description. This is a case of steady flow. The water will be 
assumed to be an ideal fluid, where y = 62.4 Ib/ft’. 





Control Volume and Free-Body Diagram. We will consider the 
entire fire hydrant and water contained within it as a fixed control 
volume. Since the support at A is fixed, three reactions act on its free- 
body diagram, Fig. 6-105. Also, the pressure force p,A, acts on the 
open control surface at A. Since atmospheric pressure exists at B, 
there is no pressure force at B. Here we will neglect the weight of the 
fire hydrant and the water within it. 


Bernoulli Equation. We must first determine the pressure at A. 
The velocities at A and B are 


2 
O=ViAys (287s) = v (s i) | V4 7 22.92 ft/s 


S V 
Q^7Vyayg (287/s) = va =(= i) | Vg 7 40.74 ft/s 


6.4 THE ANGULAR MOMENTUM EQUATION 


Thus, with the datum at A, 


V2 V2 
PA Ap PE LR, 
Y 2g Y 2g 
22.92 m/s) 40,74 m/s) 
——— * DEM *07024 EE + 2ft 
62.4 lb/ft’ — 2(322 ft/s?) 2(32.2 ft/s?) 


p, ^ 1224.4 lb/ft 


Linear and Angular Momentum. The force reactions at the support 
are obtained from the linear momentum equation. For steady flow, 


à 
=F - | voav + ] v ova 
C Cv es 
XF — 0 * Vg(pVgAg) * VA(—-pVAAA) 
Considering the x and y components of the velocities, we have 


i ZF, E Vg, ( pVgAg) + 0 


sug/#? )(40.74 t (+3 a) | 


F, — 1581b Ans. 
-1ZF, —0- (Vay) ( -pV4A4) 


(1224.4 Ib/ ft? ) LC i) 


62.4 
32.2 





F, = (40.74 mys 


^? 


— 


— = : 62.4 3 À 2 : 
| F, = —(22.92 mys 37 Slue/f (2292 is) «( 3 i) | 


F, — 196 Ib Ans. 


We will apply the angular momentum equation about point A, in order 
to eliminate the force reactions at this point. 


à 
XM, "lk X V)pdV fex V) pV * dA 
C Cv cs 


C*XM, = O + (rVg)(pVpAg) 


Here the vector cross product has been evaluated as a scalar moment 
of V 5 about point A. Therefore, 


M, 7 [2ft(40.74 DE slug / ft’ Jaoza i n «J| 


— 316 Ib: ft Ans. 


313 





314 CHAPTER 6 FLUID MOMENTUM 


EXAMPLE |6.9 





The arm of the sprinkler in Fig. 6-lla rotates at a constant rate of 
w — 100 rev/min. This motion is caused by water that enters the base at 
3 liter/s and exits each of the two 20-mm-diameter nozzles. Determine 
the frictional torque on the shaft of the arm that keeps the rotation 
rate constant. 








(V Ara 





Fig. 6-11 





SOLUTION 


Fluid Description. As the arm rotates, the flow will be quasi steady, 
that is, it is cyclic and repetitive. In other words, on the average the 
flow can be considered steady. We also will take the water to be an 
ideal fluid, where p = 1000 kg/m’. 


Control Volume and Free-Body Diagram. Here we will choose a 
control volume that is fixed and contains the moving arm and the 
water within it, Fig. 6-11a.* As shown on the free-body diagram, 
Fig. 6-115, the forces acting on this control volume include the weight W 
of the arm and the water, the pressure force pcAc from the water 
supply, and the frictional torque M on the base of the arm at the axle. 
The fluid exiting the nozzles is at atmospheric pressure, and so there 
are no pressure forces here. 


*If we chose a rotating control volume consisting of the arms and the fluid within it, 
then the coordinate system, which rotates with it, would not be an inertial reference. 
Its rotation would complicate the analysis since it produces additional acceleration 
terms that must be accounted for in the momentum analysis, See Ref. [2]. 


6.4 THE ANGULAR MOMENTUM EQUATION 


Velocity. Due to symmetry, the discharge through each nozzle can 
be determined from half of the flow. Thus, the velocity relative to each 
nozzle is 


s Gee] een 


V 7 (Vpha 7 (VAXa 7 4.775m/s 


The rotation of the arms causes the nozzles at A and B to have a 
velocity of 


t =y =, = Tev_\/27rad \/1 min — : 
VA Vs or (10 SE X m X 60 s ) 3m 3.141m/s 


Therefore, the tangential exit velocity of the water from A (or B) as 
seen by a fixed observer looking down on our fixed control volume, 
Fig. 6-11a, is 


VA — —-VàÀ t (V4AXa (1) 
Va = —3.141 m/s + 4.775 m/s = 1.633 m/s 


Angular Momentum. If we apply the angular momentum equation 
about the z axis, then no angular momentum occurs at the control inlet 
surface C since the velocity of the flow is directed along the z axis. The 
tangential velocity V4 (and Vg) of the fluid stream as it exits the control 
surfaces will, however, produce angular momentum about the z axis. The 
vector cross products for the moments of V4 and Vg can be written in 
terms of the scalar moment of these velocities. Since they are equal, and 
the flow is steady, we have 


à 
XM ui (r X V)p dř + fo X V)pV * dA 
XM. — 0 + 2r VA(pV4AAA) T 2ra VipA a (2) 
M — 2(0.3 m(1.633 m/s) (1000 kg /m?)| (0.01 m)? | 
M = 0.503N -m Ans. 


It is interesting to note that if this frictional torque on the shaft were 
equal to zero, there would be an upper limit to the rotation w of the 
arm. To determine this, V4” — «(0.3 m) and so Eq. 1 then becomes 


V, — —@(0.3m) + 4.775 m/s 
Substituting this result into Eq. 2 yields 
0 = 0 + 2(0.3m)[—@ (0.3m) + 4.775m/s}*(1000 kg/m*)| 77(0.01 m)*| 


w = 15.9 rad/s = 152 rev/min 
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EXAMPLE [6:10 





Pexit 





The axial-flow pump in Fig. 6-12a has an impeller with blades having a 
mean radius of r,, ~ 80mm. Determine the average torque T that must 
be applied to the impeller, in order to create a flow of water through 
the pump of 0.1 m*/s while the impeller rotates at @ = 120 rad/s. The 
open cross-sectional area through the impeller is 0.025 m*. The flow of 
water is delivered onto each blade along the axis of the pump, and it 
exits the blade with a tangential component of velocity of 5m/'s, as 
shown in Fig. 6-125. 






w 7 120 rad /s 


V2 
2 V, ~4m/s 
(V,). =5 m/s Flow off 
the blade 


V, ~4m/s 


Flow onto 
the blade 


(a) (b) 


SOLUTION 


Fluid Description. Flow through the pump is cyclic unsteady flow, 
but on a time average basis it may be considered mean steady flow. 
Here we will consider water as an ideal fluid, where p = 1000kg/m*. 

Since we are looking for the torque developed by the pump on the 
shaft, we must apply the angular momentum equation. 


Control Volume and Free-Body Diagram. As in the previous 
example, we will consider a fixed control volume that includes the 
impeller and the water surrounding yet slightly removed from it, 
Fig. 6-12a. The forces acting on its free-body diagram, Fig. 6-12c, 
include the pressure of the water acting on the entrance and exit 
control surfaces, and the torque T on the impeller shaft. The weight of 
the water and blades, along with the pressure distribution around the 
rim of the closed control surfaces, is not shown since they produce no 
torque about the shaft. 


6.4 THE ANGULAR MOMENTUM EQUATION 


Continuity Equation. The axial flow through each open control 
surface is maintained since their areas are equal. That is, 


à 

a vear + | pv-da=0 

ðt cV cs 

0 — PV gå + pV anA T 0 
Va ~ Va 


Therefore, flow in the axial direction is constant, and so 


O = V.A; 0.1m?/s = V,(0.025m°) 
V, 4m/s 


Angular Momentum. Applying the angular momentum equation 
about the axis of the shaft, for steady flow we have 


à 
XM =i fex V)p dY — fex V)pV * dA 


T fon V,pVadA (1) 
cs 


Here the vector cross product is replaced by the moment of the 
tangential component V, of the water’s velocity V. Only this component 
produces a moment about the axis of the shaft, Fig. 6—12b. Also, notice 
that the flow through the open control surfaces is determined only 
from the axial component of V, that is, pV-dA — pV,dA. Therefore, 
integrating over the area, we get 


The flow through the open control surfaces, onto and off a blade, is 

shown in Fig, 6-125. Here it can be seen that there is no initial tang ential 

component of velocity, V,, = 0, because the flow is delivered to the 

blade in the axial direction at the rate of V, ^ 4 m/s. At the top of the 

blade, the impeller has given the water a velocity V, — V, + (V,)2, but 

as stated, only the tangential component creates angular momentum. 
Substituting the data into Eq. 2, we therefore have 


T — (0.08mX(5 m/s)| (1000 kg/m?)(4 m/s)(0.025 m?) | — 0 
= 40N-m Ans. 


A more thorough analysis of problems involving axial-flow pumps is 
covered in Chapter 14. 
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Pressure variation 


(b) 


Velocity variation 


(c) 


Free-body diagram 
(d) 


Fig. 6-13 


6.5 Propellers and Wind Turbines 


Propellers and wind turbines both act like a screw by using several blades 
mounted on a rotating shaft. In the case of a boat or airplane propeller, 
applying a torque causes the linear momentum of the fluid in front of the 
propeller to increase as it flows towards then through the blades. This change 
in momentum creates a reactive force on the propeller, which then pushes it 
forward. A wind turbine works the opposite way, extracting fluid energy or 
developing a torque from the wind, as the wind passes through the propeller. 
The design of both of these devices is actually based on the same principles 
used to design airfoils (or airplane wings). See, for example, Refs. [3] and [5]. 
In this section, however, we will provide some insight into how these devices 
operate, using a simplified analysis. First we will discuss the propeller and 
then the wind turbine. In both cases we will assume the fluid to be ideal. 


Propeller. So that the flow appears to be steady flow, a control volume 
of fluid, shown in Fig. 6-13a, will be observed relative to the center of the 
propeller, which we will assume to be stationary.* This volume excludes 
the propeller but includes the portion of the fluid slipstream that passes 
through it. Fluid at the left control surface, 1, is moving toward the 
propeller with a velocity V;. The fluid within the control volume from 1 to 
3is accelerated because of the reduced pressure along the control volume, 
Fig. 6-135. If we assume the propeller has many thin blades, then the 
velocity V is essentially constant as the fluid passes through the propeller 
from 3 to 4, Figs. 6-13a and 6-13c. The increased pressure that occurs on 
the right side of the propeller, Fig. 6-135, pushes the flow and further 
accelerates it from 4 to 2. Finally, because of continuity of mass flow, the 
control surface or slipstream boundary narrows, such that the velocity at 
the far right control surface, 2, is increased to V5, Fig. 6-13a. 

Realize that this description of the flow is somewhat simplistic, since it 
neglects the interactive effects between the fluid and the housing to 
which the propeller is attached. Also, the boundary of the upper and 
lower closed control surface, from 1 to 2 in Fig. 6-13«, has a discontinuity 
between the outside still air and the flow within the control volume, 
when actually there is a smooth transition between the two. Finally, in 
addition to the axial motion we are considering, the propeller will also 
impart a rotary motion, or whirl, to the air. In the analysis that follows, 
we will neglect these effects. 


Linear Momentum. If the linear momentum equation is applied in 
the horizontal direction to the fluid within the control volume, then the 
only force acting on the control volume’s free-body diagram is that caused 
by the force of the propeller on the fluid, Fig. 6-134. (During operation, 
the pressure on all outside control surfaces remains constant and equal to 
the atmospheric pressure of the undisturbed fluid. In other words, the 
gage pressure is zero.) Therefore, 


*We can also consider the center of the propeller to be moving to the left at V}, since 
the analysis is the same for both cases. 
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à 
sr 75 | voa ] Voas 
W J cv es 


$ ZF = 0 + VXpV;A5) + Vi(—pV\A)) 


Since Q = V,A, = V\A, = VA = VrR?, where R is the radius of the 
propeller, then 


F = p[|V(wR?)|(V2 — Vi) (6-6) 


As noted in Fig. 6-13c, the velocities V, = V, = V, and so no 
momentum change occurs between sections 3 and 4. Therefore, the 
force F of the propeller can also be expressed as the difference in pressure 
that occurs on each side of the propeller, that is, F = (p4 — p3)7R?, 
Fig. 6-135. Thus, the above equation becomes 


pa — pi — pV(V5 — V4) (6-7) 


It is now necessary to express V in terms of V; and V5. 


Bernoulli Equation. The Bernoulli equation, p/y * V^/2g ^ z 
= const. can be applied along a streamline between points at 1 and 3 and 
between points at 4 and 2.* Neglecting any elevation change, and 
realizing that the (gage) pressuresp, — p; — 0, we have 


V p. V 
0-—-0-7^*4-—40 
f p 2 
and 
4 V? y, 
B. .0-704— 40 
p 2 2 


If we add these equations and solve for p, — pi, we obtain 


l 
P4 — PT 5 UV? - vi?) 


Finally, equating this e quation to Eq. 6-7, we get 


_V,+V> 


: (6-8) 


This result is known as Froude’s theorem, after William Froude, who first 
derived it. It indicates that the velocity of the flow through the propeller 
is actually the average of the upstream and downstream velocities, If it is 
substituted into Eq. 6-6, then the force or thrust developed by the 
propeller on the fluid becomes 


_ pr R? 


5 (WX - Vi) (6-9) 


*This equation cannot be applied between points at 3 and 4 because energy is added to 
the fluid by the propeller within this region. Also, within this region the flow is unsteady. 





The rotation c of the propeller will cause 
points along its length to have a different 
velocity in accordance with the equation 
v — wr. To maintain a constant angle of 
attack with the air stream, the blade is 
given a noticeable angle of twist. 
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(a) 


Fig. 6-13a 


Power and Efficiency. The power output of the propeller is caused 
by the rate of work done by the thrust F. If we think of the fluid ahead 
of the propeller as being at rest, Fig. 6-13a, and the propeller fixed to 
an airplane and moving forward at V;, then the power output produced 
by Fis 


W, = FV, (6-10) 


The power input is the rate of work needed to maintain the increase of 
velocity of the slipstream from V, to V3. Since this requires the fluid to 
have a velocity V through the propeller, then the power input is 





W; = FV (6-11) 
Finally, the ideal efficiency e is the ratio of the power output to the power 
input. Using Eq. 6-8, we have 
W, — 2V] ( 6-1 2) 
e Pr —1 
PeP èë W Vi--*V 
In general, a propeller’s actual efficiency will increase as the speed of the 
aircraft or boat to which it is attached is increased, although it can never 
be equal to 1 (or 100%) because of frictional losses. As the speed 
increases, though, there is a point at which the efficie ncy will start to drop 
off. This can occur on aircraft propellers when the tips of the blades reach 
or exceed the speed of sound. When this occurs, the drag force on the 
propeller will significantly increase due to compressibility of the air. 
Also, in the case of boats, efficiency is reduced because cavitation can 
occur if the pressure at the tips of the blades reaches the vapor pressure. 
Experimental tests on airplane propellers show that their actual 
efficiencies are in the range of about 60% to 80%. Boats, with their 


smaller-diameter propellers, have lower efficiencies, often in the range of 
40% to 60%. 
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Wind Turbine. Wind turbines and windmills extract kinetic energy 
from the wind. The flow pattern for these devices is somewhat opposite 
to that of a propeller, and it looks like that shown in Fig. 6—14, where the 
slipstream gets larger as it passes through the blades. Using a similar 
analysis as that for propellers, we can show that Froude’s theorem also 
applies, that is, 


_V,+V> 


5 (6-13) 


Power and Efficiency. Using a derivation that compares with 


Eq. 6-9 for F, we have 
R? : 
F= pu G uu vi) 





9 


-— 


Here the parcel of air drawn into the blades has an area of A = mR? 
and is given a velocity V, so the power output is W, — FV which can be 
written as 


TED 
Wo 2 
This result actually represents the time rate of loss in the kinetic energy 
of the wind once it passes through the blades. 

It is customary to measure the power input as the time rate of change 
of the kinetic energy of the wind passing through the area swept by 
the blades, R?, but without the blades being present to disturb the velocity 
V,. Since m = pAV,, then W; =4mV? =4(pAV,)V?. Therefore, the 
efficiency of a wind turbine is 


pVA(V? — V+) (6-14) 


.W, ipeva(v?-V2) _ V( VP — vi) 


W, 1(pAVi)V? Vi 


Substituting Eq. 6-13, and simplifying, we get 


mAH e 


If e, is plotted as a function of V5/V,, we can show that the curve passes 
through a maximum of ey, ^ 0.593 when V5/V, — 1/3.* In other words, 
a wind turbine can extract a maximum of 59.3 % of the total power of the 
wind. This is known as Bette’s law, named after the German physicist 
who derived it in 1919. Wind turbines have a rated power at a specified 
wind speed, but those currently used in the power industry base their 
performance on a capacity factor. This is a ratio comparing the actual 
energy output for a year to its rated power output for the year. For 
modern-day wind turbines, the capacity factor is usually between 0.30 
and 0.40. See Ref. [6]. 


*See Prob. 6-91. 





Wind Turbine 


Fig. 6-14 





Wind turbines are gaining in popularity as 
a device for harnessing energy. Like an 
airplane propeller, each blade acts as an 
airfoil. The simplified analysis presented 
here indicates the basic principles; 
however, a more complete analysis would 
include treating the propeller as a wing. 
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The motor on a small boat has a propeller with a radius of 2.5 in., 
Fig. 6-15a. If the boat is traveling at 5 ft/s, determine the thrust on the 
boat and the ideal efficiency of the propeller if it discharges water 
through it at 1.2 ft*/s. 


SOLUTION 


Fluid Description. We consider the flow to be uniform steady flow 
and the water to be incompressible, where y = 62.4 lb/ft’. 


Analysis. The average velocity of the water flowing through the 
propeller is 


ZR M 
Q — VA; Zils v| a( 238) | 
V — 8.801 ft/s 


To achieve steady flow, the control volume moves with the propeller, 
and so the flow into it is V, — 5 ft/s, Fig. 6-15a. We can now obtain 
the flow out, V5, from Eq. 6-8. 


_~Vi;t+ V2. 
aa 
Applying Eq. 6-9 to find the thrust on the boat, Fig. 6-155, we have 


V V», — 2(8.801 ft/s) — 5 ft/s = 12.60 ft/s 


pr R? 


F (V? — Vj) 


62.4 : 23) 

7 t slug /ft )«( 12 i) 
2 

— 17.68 Ib — 17.71b Ans. 


[(12.60 ft/s? — (5 ft/s)?) 


The power output and input are determined from Eqs. 6-10 and 6-11, 
respectively. 
W, — FV, — (17.681b)(5 ft/s) — 88.38 ft-Ib/s 
W, — FV — (17.681b)(8.801 ft/s) ^ 155.56 ft-Ib/s 
Thus the ideal efficiency of the propeller is 


_ W, _ 88.38 ft-Ib/s _ ore 4 
^ "W, I5556ftlb/s ` E = 


This same result can also be obtained from Eq. 6-12. 


4 duy 2(5 ft/s) 


Lll] oí DD 
Vi + V,  (5ft/s) * (12.60 ft/s) 


e 
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6.6 Applications for Control Volumes 
Having Accelerated Motion 


For some problems, it will be convenient to choose a control volume that 
is accelerating. If Newton’s second law is written for the fluid system 
within this accelerating control volume, we have 


dV 
XF = m (6—16) 


If the fluid velocity V, is measured from a fixed inertial reference, then 


it is equal to the velocity of the control volume, V,,, plus the velocity of 
the fluid measured relative to its control surface, V. that is 


V, ~ Vey + V fes 
Substituting this equation into Eq. 6-16, we get 


dN o + dV ps 
d dt 








XF = m (6-17) 
The Reynolds transport theorem does not depend upon the control volume’s 
motion, dV,,/dt, rather the velocities in this relationship must only be 
measured relative to the control surfaces. Therefore, since m is constant, for a 
Eulerian description, using the Reynold’s transport theorem, the last term in 
the above equation becomes 


(—) - 2 [| vu, pdY ^. | Vy -(pVjs dA) 
m di at a fiex P a fics\ PY fics * € 


Substituting this into Eq. 6-17, we get 








.. dV. a ra 
=F =m re + zl Vous pdV + | Voie PV pics* dA) (6-18) 


This result indicates that the sum of the external forces acting on the 
accelerating control volume is equal to the inertial effect of the entire 
mass contained within the control volume, plus the local rate at which 
the momentum of the fluid is changing within the control volume, plus 
the convective rate at which momentum is lea ving or entering the control 
surfaces. We will consider important applications of this equation in the 
following two sections. 


324 CHAPTER 6 FLUID MOMENTUM 





Axial 


Fuel 
Compressors 


Injector 


Turbojet Engine 
(a) 





Injector Compressors 


Turbofan Engine 
(b) 


Fig. 6-16 








(b) 


Fig. 6-17 


6.7 Turbojets and Turbofans 


A turbojet or turbofan engine is used mainly for the propulsion of aircraft. 
As shown in Fig. 6—-16a, a turbojet operates by taking in air at its front, and 
then increasing its pressure by passing it through a series of fans called a 
compressor. Once the air is under high pressure, fuel is injected and 
ignited in the combustion chamber. The resulting hot gases expand and 
then move at a high velocity through a turbine. A portion of the kinetic 
energy of the gas is used to turn the shaft connected to both the turbine 
and the compressor. The remaining energy is used to propel the aircraft, 
as the gas is ejected through the exhaust nozzle. Like a propeller, the 
efficiency of a turbojet increases as the speed of the aircraft increases. A 
turbofan engine works on the same principles, except that a fan is added 
on the front of the turbine and turns with the shaft to supply additional 
incoming air by propelling some of it through a duct surrounding the 
turbojet, and thereby developing an increased thrust, Fig. 6-165. 

To analyze the motion and thrust of a turbojet (or turbofan), we will 
consider the engine represented in Fig. 6-17a.* Here the control volume 
surrounds the engine and contains the gas (air) and fuel within it. In this case 
the control volume will accelerate with the engine, and so we must apply 
Eq. 6-18, where measurements are made from a fixed (inertial) coordinate 
system. For simplicity, we will consider one-dimensional, incompressible 
steady flow through the engine. The forces acting on the free-body diagram 
of the control volume, Fig. 6—-17b, consist of the weight of the engine W and 
the atmospheric drag Fp. The gage pressure acting at the intake and exit 
control surfaces is zero since here the air is at atmospheric pressure. Thus, for 
steady flow, Eq. 6-18, applied along the engine, becomes 


+ = dV c 
7 |-Wcos@ — Fp ~ m d +0 + Mies p V piso dA 


The last term on the right can be evaluated by noting that at the intake 
the air flow has a relative velocity of V, ^ —V ,,, and at the exhaust the 
fuel and air mixture has a relative velocity of Vses ~ Ve- Therefore, using 
our sign convention, 





dV., 
dt + (—Viv)(—PaVevAi) + (—V.)(ParpVeAc) 





—W cos — Fp™ m 


At the intake m, ^ p,V.yA;, and at the exhaust m, t m, ^ (pj, V,A,). 
Therefore, 


dV oy 





—W cos @ — Fp © m * mQVu — (m, my)V, (6-19) 


dt 

The thrust of the engine must overcome the two forces on the left side of 

this equation, along with the inertia caused by the mass of the engine and 

its cont ents, that is, m(dV ., / dr). The thrust is therefore the result of the last 
two terms on the right side. 

T — m,V., — (m, m pV. (6-20) 


*In this discussion, the engine ts assumed to be free of an airplane or a fixed support. 


Notice that we have not shown this force on the free-body diagram of the 
control volume because it is the “effect” caused by the mass flow. 





6.8 Rockets 


A rocket engine burns either solid or liquid fuel that is carried within the 
rocket. A solid-fueled engine is designed to produce a constant thrust, 
which is achieved by forming the propellant into a shape that provides 
uniform burning of the fuel. Once it is ignited, it cannot be controlled. A 
liquid-fueled engine requires a more complex design, involving the use of 
piping, pumps, and pressurized tanks. It operates by combining a liquid 
fuel with an oxidizer as the fuel enters a combustion chamber. Control of 
the thrust is then achieved by adjusting the flow of the fuel. 

The performance of either of these types of rockets can be studied by 
applying the linear momentum equation in a manner similar to that used 
for the turbojet. If we consider the control volume to be the entire rocket, 
as shown in Fig. 6-18, then Eq. 6-19 can be applied, except here the 
weight is vertically downward, and m, — O0 since only fuel is used. 
Therefore, for a rocket we have 


| —~ Wy, ou 
(*1)-W — Fp ~ M mV, (6-21) 


A numerical application of this equation is given in Example 6.13. 


Important Points 


* Propellers are propulsion devices that act as a screw, causing the 
linear momentum of the fluid in front of the propeller to increase 
as the fluid flows towards and then past the blades. Wind turbines 
act in an opposite manner, removing energy from the wind, and 
thus decreasing the wind's momentum. A simple analysis of the 
flow can be made for both of these devices using the linear 
momentum and Bernoulli equations. 


If the control volume is selected to have accelerated motion, then 
the momentum equation must include an additional term, 
m(dW ,,/ dt), which accounts for the inertia of the mass within the 
control volume. This term is required because Newton's second 
law forms the basis of the momentum equation, and measurements 
must be made from a nonaccelerating or inertial reference frame. 


The resulting momentum equation can be used to analyze the 
motion of turbojets a nd rockets. The thrust produced is not shown 
on the free-body diagram because it is the result of the terms 
involving the mass flow out of the engine. 
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Turbofan engine for a commercial jet liner. 


|v. 


v| l m, 


Fig. 6-18 
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EXAMPLE p6:12 





The jet plane in Fig. 6-19a is in level flight with a constant speed of 
140 m/s. Each of its two turbojet engines burns fuel at a rate of 3kg /s. 
Air, at a temperature of 15°C, enters the intake, which has a cross- 
sectional area of 0.15 m?. If the exhaust has a velocity of 700 m/s, mea- 
sured relative to the plane, determine the drag acting on the plane. 


140 m /s W 
-——————— 


F, 
(a) (b) 





Fig. 6-19 


SOLUTION 


Fluid Description. We consider this a case of steady flow when 
measured relative to the plane. Within the engine the air is 
compressible; however, in this problem we do not have to account for 
this effect since the resulting exhaust velocity is known. From 
Appendix A, at T ^ 15'C, p, ^ 1.23 kg/m*. 


Analysis. To determine the drag we will consider the entire plane, 
its two engines, and the air and fuel within the engines as the control 
volume, Fig. 6-19a. This control volume moves with a constant speed 
of Va — 140 m/s, so the mass flow of the air delivered to each 
engine is 





Ma p,VA 7 (1.23 kg/m')(140 m/s)(0.15 m?) 
— 25.83 kg/s 
Conservation of mass requires that this same mass flow pass through 


the engine. The free-body diagram of the control volume is shown in 
Fig. 6-195. Applying Eq. 6-19, realizing there are two engines, we have 


cv 


dV 
(+) —W cos@ — Fy =m 2 





tona — (m, mj)V. 
0 — Fy = 0 + 2[(25.83 kg/s)(140 m/s) — (25.83 kg/s + 3 kg/s)(700 m/s) | 
Fp = 33.1(10°) N = 33.1 KN Ans. 


Because the plane is in equilibrium, this force is equivalent to the 
thrust provided by the engines. 
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EXAMPLE |6.173 





The rocket and its fuel in Fig. 6-20 have an initial mass of 5 Mg. When 
it takes off from rest, the 3 Mg of fuel is consumed at the rate of 
m, — 80 kg/s andis expelled at a constant speed of 1200 m/s, relative 
to the rocket. Determine the maximum velocity of the rocket. Neglect 
the change in gravity due to altitude and the drag resistance of the air. 


SOLUTION 

Fluid Description. The flowis steady when measured from the rocket. 
Compressibility effects of the air on the rocket are not considered here, 
since the drag resistance is not considered. 


Analysis. The rocket and its contents are selected as an accelerating 
control volume, Fig. 6-20a.The free-body diagram is shown in Fig. 6—20b. 
For this problem, Eq. 6-19 becomes 





dV. 
(+7) -W = moy v. 


Here Ve — V.Atany instant t during tl the flight, the mass of the rocket 
ism — (5000 — 80r) kg, and since W = mg, we S 


—[(5000 — 80r) kg](9.81 m/s?) = [(5000 — 807) ke) — (80 kg/s)(1200 m/s) 


(a) 





In this equation, the thrust of the engine is represented by the last 
term. Separating the variables and integrating, where V ~ 0 when 


t = 0, we have 
80( 1200) ) 
[w- ‘oe — 80r 9.8] jdt 


t 


V — —12001n(5000 — 80r) — 9.81t 
0 








5000 — =) ue 


Maximum velocity occurs at the instant all the fuel has been exhausted. 
The time rf’ needed to do this is 


V — 1200 »( 


(b) 


m, — myt'; 3(105) kg — (80 kg/s)t', t! 7375s Fig. 6-20 
Therefore, 
5000 
V... ^ 1200In | ———————— | — 9.81(37.5 
max : E = aa) eee) 
Pc HAN Ans. 


Because of this high speed, compressibility effects will affect the drag on 
the rocket. Including air resistance complicates the solution, and it will 
be discussed further in Chapter 13. 
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Mni FUNDAMENTAL PROBLEMS 


Sec. 6.1-6.2 


F6-2. The 5-kg shield is held at an angle of 60° to deflect 
the 40-mm-diameter water stream, which is discharged at 


F6-1. Water is discharged through the 40-mm-diameter 0.02 m? /s. If measurements show that 30% of the discharge 


elbow at 0.012 m/s. If the pressure at A is 160 kPa, is deflected upwards, determine the resultant force needed 
determine the resultant force the elbow exerts on the pipe. to hold the shield in place. 





F6-1 





F6-2 


F6-3. Water is flowing at 10 m/s from the 50-mm-diameter 
open pipe AB. If the flow is increasing at 3 m/s’, determine 
the pressure in the pipe at A. 





F6-3 


F6-4. Crude oil flows at the same rate out of each branch 
of the wye fitting. If the pressure at A is 80 kPa, determine 
the resultant force at A to hold the fitting to the pipe. 
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Sec. 6.3 


F6-5. The table fan develops a slipstream that has a 
diameter of 0.25 m. If the air is moving horizontally at 
20 m/s as it leaves the blades, determine the horizontal 
friction force that the table must exert on the fan to hold it 
in place. Assume that the air has a constant density of 
1.22 kg/m’, and that the air just to the right of the blade is 
essentially at rest. 





F6-5 


F6-6. As water flows out the 20-mm-diameter pipe, it 
strikes the vane, which is moving to the left at 1.5 m/s. 
Determine the resultant force on the vane needed to deflect 
the water 90° as shown. 
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Unless otherwise stated, in the following problems, 
assume the fluids are ideal fluids, that is, incompressible 
and frictionless. 


Sec. 6.1-6.2 


6-1. Determine the linear momentum of a mass of fluid in 
a 0.2-m length of pipe if the velocity profile for the fluid is a 
paraboloid as shown. Compare this result with the linear 
momentum of the fluid using the average velocity of flow. 
Take p = 800 kg/m’. 


u 74(1-— 100 7) m/s 





 -— 0.2 — 


Prob. 6-1 


6-2. Flow through the circular pipe is turbulent, and the 
velocity profile can be modeled using Prandtl’s one-seventh 
power law, v ^ Ving (1 — r/R)". If p is the density, show 
that the momentum of the fluid per unit time passing 
through the pipe is (49/72)7R7pV2,,,. Then show that 
Vma  (60,/49)V, where V is the average velocity of the 
flow. Also, show that the momentum per unit time is 
(50/49) R?pV ?. 





Prob. 6-2 


6-3. Oil flows at 0.05 m/s through the transition. If the 
pressure at the transition C is 8 kPa, determine the resultant 
horizontal shear force acting along the seam AB that holds 
the cap to the larger pipe. Take p, = 900 kg/m’. 


300 mm 


A 200 mm 


D 












B 


Prob. 6-3 


| PROBLEMS 





*6—4. A small marine awidian called a styela fixes itsef on 
the sea floor and then allows moving water to pass through it 
in order to feed. If the opening at A has a diameter of 2 mm, 
and at the exit B the diameter is 1.5 mm, determine 
the horizontal force needed to keep this organism attached to 
the rock at C when the water is moving at 0.2 m/s into the 
opening at A. Take p — 1050 kg/m’. 


A 





Prob. 6-4 


6-5. Water exits the 3-in.-diameter pipe at a velocity of 
12 ft/s and is split by the wedge diffuser. Determine the 
force the flow exerts on the diffuser. Take @ = 30°. 


[i ft/s 





3 in. 


Prob. 6-5 


6—6. Water exits the 3-in.-diameter pipe at a velocity of 
12 ft/s and is split by the wedge diffuser. Determine the 
force the flow exerts on the diffuser as a function of the 
diffuser angle 8. Plot this force (vertical axis) versus 8 for 
0° = A = 30°. Give values for increments of A@ = 5°. 


|i ft /s 





3 in. 


Prob. 6—6 


6-7. Water flows through the hose with a velocity of4 m/s. 
Determine the force that the water exerts on the wall. 
Assume the water does not splash back off the wall. 





Prob. 6-7 
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*6-8. The nozzle has a diameter of 40 mm. If it discharges 
water with a velocity of 20 m/s against the fixed blade, 
determine the horizontal force exerted by the water on the 
blade. The blade divides the water evenly at an angle of 
@ = 45°. 


6-9. The noz4e has a diameter of 40 mm. If it discharges 
water with a velocity of 20 m/s against the fixed blade, 
determine the horizontal force exerted by the water on the 
blade as a function of the blade angle 8. Plot this force 
(vertical axis) versus @ for 0° = @ S 75°. Give values for 
increments of A@ — 15°. The blade divides the water evenly. 





Probs. 6-8/9 


6-10. A speedboat is powered by the jet drive shown. 
Seawater is drawn into the pump housing at the rate of 
20 ftè/s through a 6-in.-diameter intake A. An impeller 
accelerates the water and forces it out horizontally through 
a 4-in.-diameter nozzle B. Determine the horizontal and 
vertical components of thrust exerted on the speedboat. 
The specific weight of seawater is y,,, = 64.3 lb/ft. 





A 


Prob. 6-10 
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6-11. Water flows out of the reducing elbow at 0.4 ft /s. 
Determine the horizontal and vertical components of force 
that are necessary to hold the elbow in place at A. Neglect 
the size and weight of the elbow and the water within it. The 
water is discharged to the atmosphere at B. 


0.5 ft 





Prob. 6-11 


*6-12. Oil flows through the 100-mm-diameter pipe with 
a velocity of 5 m/s. If the pressure in the pipe at A and B is 
80 kPa, determine the x and y components of force the flow 


exerts on the elbow. The flow occurs in the horizontal plane. 


Take p, — 900 kg /m*. 


5 m/s 





Prob. 6-12 


6-13. The speed of water pasing through the ebow on a 
buried pipe is V — 8 ft/s. Assuming that the pipe connections 
at A and B do not offer any force resistance on the elbow, 
determine the resultant horizontal force F that the soil must 
exert on the elbow in order to hold it in equilibrium. The 
pressure within the pipe at A and B is 10 psi. 





Prob. 6-13 


6-14. Water flows through the 200-mm-diameter pipe at 
4 m/s. If it exits into the atmosphere through the nozzle, 
determine the resultant force the bolts must develop at the 
connection AB to hold the nozzle onto the pipe. 


200 mm 


4 m/s 





A 
Prob. 6-14 


6-15. The apparatus or “jet pump” used in an industrial 


plant is constructed by placing the tube within the pipe. 


Determine the increase in pressure (pg — p4) that occurs 
between the back A and front B of the pipe if the velocity of 
the flow within the 200-mm-diameter pipe is 2 m/s, and the 
velocity of the flow through the 20-mm-diameter tube is 
40 m/s. The fluid is ethyl alcohol having a density of 
Pea ^ 790 kg/m?. Assume the pressure at each cross section 
of the pipe is uniform. 





Prob. 6-15 


*6-16. The jet of water flows from the 100-mm-diameter 
pipe at 4 m/s. If it strikes the fixed vane and is deflected as 
shown, determine the normal force the jet exerts on the vane. 


6-17. The jet of water flows from the 100-mm-diameter 
pipe at 4 m/s. If it strikes the fixed vane and is deflected as 
shown, determine the volume flow towards A and 
towards B if the tangential component of the force that the 
water exerts on the vane is zero. 





4 m/s 


Probs. 6—16/17 
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6-18. As water flows through the pipe at a velocity of 
5 m/s, it encounters the orifice plate, which has a hole in its 
center. If the pressure at A is 230 kPa, and at B it is 180 k Pa, 
determine the force the water exerts on the plate. 


5 m/s 





200 mm 


Prob. 6-18 





6-19. Water enters A with a velocity of 8 m/s and pressure 
of 70 kPa. If the velocity at C is 9 m/s, determine the 
horizontal and vertical components of the resultant force 


that must act on the transition to hold it in place. Neglect 
the size of the transition. 





Prob. 6-19 
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*6-20. Crude oil fbws thraugh the horizontal tapered 45° 
elbow at 0.02 m? /s. If the pressure at A is 300 kPa, determine 
the horizontal and vertical components of the resultant force 
the oil exerts on the elbow. Neglect the size of the elbow. 





Prob. 6—20 


6-21. The hemispherical bow! of massrr is held in equilibrium 
by the vertical jet of water discharged through a nozzle of 
diameter d. If the volumetric flow is Q, determine the height / 
at which the bowl is suspended. The water density is p,- 


6-22. The 500-g hemspherical bowl is held in equilibrium 
by the vertical jet of water discharged through the 
10-mm-diameter nozzle. Determine the height/ of the bowl 
as a function of the volumetric flow Q of the water through 
the nozzle. Plot the height A% (vertical axis) versus Q 
for 0.5(10°)m?/s = Q = 1(10°)m?/s. Give values for 
increments of AQ — 0.1(10 ?) m/s. 


Probs. 6-21/22 


6-23. Water flows into the rectangular tank at the rate of 
0.5 ft /s from the 3-in.-diameter pipe at A. If the tank has a 
width of 2 ft and an empty weight of 150 Ib, determine the 
apparent weight of the tank caused by the flow at the instant 
h= 3 ft. 





3,5 ft 


Prob. 6-23 


*6-24. The barge is being loaded with an industrial waste 
liquid having a density of 1.2 Mg/m^. If the average velocity 
of flow out of the 100-mm-diameter pipe is V4, = 3 m/s, 
determine the force in the tie rope needed to hold the barge 
stationary. 


6-25. The barge is being loaded with an industrial waste 
liquid having a density of 1.2 Mg/m*. Determine the 
maximum force in the tie rope needed to hold the barge 
stationary. The waste can enter the barge at any point within 
the 10-m region. Also, what is the speed of the waste exiting 
the pipe at A when this occurs? The pipe has a diameter 
of 100 mm. 





Probs. 6-24/25 


6-26. A nuclear reactor is cooled with liquid sodium, 
which is transferred through the reactor core using the 
electromagnetic pump. The sodium moves through a pipe at 
A having a diameter of 3 in., with a velocity of 15 ft/s and 
pressure of 20 psi, and passes through the rectangular duct, 
where it is pumped by an electromagnetic force giving it a 
30-ft pumphead. If it emerges at B through a 2-in.-diameter 
pipe, determine the restraining force F on each arm, needed 
to hold the pipe in place. Take yy, = 53.2 Ib/ft'. 


15 ft/s 





Prob. 6-26 


6-27. Aur flows through the 1-m-wide closed duct with à 
uniform velocity of 0.3 m/s. Determine the horizontal force F 
that the strap C must exert on the transition to hold it in 
place. Neglect any force at the slip joints A and B. Take 
Pa — M22 kg/m*. 





Prob. 6-27 
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*6-28. As oil flows through the 20-m-long, 200-mm- 
diameter pipeline, it has a constant average velocity of 
2 m/s. Friction losses along the pipe cause the pressure at B 
to be 8 kPa less than the pressure at A. Determine 
the resultant friction force on this length of pipe. Take 
p, ^ 880kg/m*. 





6-29, Oil flows through the 50-mm-diameter vertical pipe 
assembly such that the pressure at A is 240 kPa and the 
velocity is 3 m/s. Determine the horizontal and vertical 
components of force the pipe exerts on the U-section AB of 
the assembly. The assembly and the oil within it have a 
combined weight of 60 N. Take p, = 900 kg/m’. 


| 3 m/s 
50m 
A 
0.4m 
B 
0.4m 
Prob. 6-29 
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6-30. Water flows into the tank at the rate of 0.05 m/s 
from the 100-mm-diameter pipe. If the tank is 500 mm on 
each side, determine the compression in each of the four 
springs that support its corners when the water reaches a 
depth of h = 1 m. Each spring has a stiffness of k ~ 8 KN/m. 
When empty, the tank compresses each spring 30 mm. 


B 
l 


Prob. 6-30 





6-31. The 300-kg circular craft is suspended 100 mm from 
the ground. For this to occur, air is drawn in at 18 m/s 
through the 200-mm-diameter intake and discharged to the 
ground as shown. Determine the pressure that the craft 
exerts on the ground. Take p, = 1.22kg/m’. 


1.5 EP 





Prob. 6-31 


*6-32. The cylindrical needle valve is used to control the 
flow of 0.003 m‘/s of water through the 20-mm-diameter 
tube. Determine the force F required to hold it in place 
when x — I0 mm. 


6-33. The cylindrical needle valve is used to control the 
flow of 0.003 m^/s of water through the 20-mm-diameter 
tube. Determine the force F required to hold it in place for 
any position x of closure of the valve. 


20 mm 
F 
x 


Probs. 6-32/33 


6-34. The disk valve is used to control the flow of 
0.008 m*/s of water through the 40-mm-diameter tube. 
Determine the force F required to hold the valve in place 
for any position x of closure of the valve. 





Prob. 6-34 


6-35. The toy sprinkler consists of a cap and a rigid tube 
having a diameter of 20 mm. If water flows through the tube 
at 0.7(10~*) m?/s, determine the vertical force the wall of 
the tube must support at B. Neglect the weight of the 
sprinkler head and the water within the curved segment of 
the tube. The weight of the tube and water within the 
vertical segment AB is 4 N. 


*6—36. The toy sprinkler consists of a cap and a rigid tube 
having a diameter of 20 mm. Determine the flow through 
the tube such that it creates a vertical force of 6 N in the 
wall of the tube at B. Neglect the weight of the sprinkler 
head and the water within the curved segment of the tube. 
The weight of the tube and water within the vertical 
segment AB is 4 N. 





Probs. 6-35/36 


6-37. Air flows through the 1.5-ft-wide rectangular duct at 
900 ft/min. Determine the horizontal force acting on the 
end plate B of the duct. Take p, = 0.00240 slug/ft?. 





Prob. 6-37 
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6-38. Air at a temperature of 30°C flows through the 
expansion fitting such that its velocity at A is 15 m/s and the 
absolute pressure is 250 kPa. If no heat or frictional loss 
occurs, determine the resultant force needed to hold the 
fitting in place. 


6-39. Air at a temperature of 30°C flows through the 
expansion fitting such that its velocity at A is 15 m/s and the 
absolute pressure is 250 kPa. If heat and frictional loss due to 
the expansion cause the temperature and absolute pressure 
of the air at B to become 20°C and 7.50 kPa, determine the 
resultant force needed to hold the fitting in place. 


15 m/s 





250 mm 
Probs. 6-38/39 


*6-40. Water flows through the pipe C at 4 m/s. Determine 
the horizontal and vertical components of force exerted by 
elbow D necessary to hold the pipe assembly in equilibrium. 
Neglect the size and weight of the pipe and the water within 
it. The pipe has a diameter of 60 mm at C, and at A and B 
the diameters are 20 mm. 
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6—41. The truck dumps water on the ground such that it 
flows from the truck through a 100-mm-wide opening at an 
angle of 60°. The length of the opening is 2 m. Determine 
the friction force that all the wheels of the truck must exert 
on the ground to keep the truck from moving at the instant 
the water depth in the truck is 1.75 m. 


6-43. The fountain sprays water in the direction shown. If 
the water is discharged at 30° from the horizontal, and the 
cross-sectional area of the water stream is approximately 
2 in*, determine the normal force the water exerts on the 


wall at B. 





Prob. 6-41 


6—42. The firefighter sprays a 2-in.-diameter jet of water 
from a hose at the burning building. If the water is 
discharged at 1.5 ft'/s, determine the magnitude of the 
velocity of the water when it splashes on the wall. Also, find 
the normal reaction of both the firefighter's feet on the 
ground. He has a weight of 180 Ib. Neglect the weight of 
the hose, the water within it, and the normal reaction of the 
hose on the ground. 





Prob. 6—42 


*6—44. The 150-lb firefighter is holding a hose that has a 
nozzle diameter of 1 in. If the nozzle velocity of the water ts 
50 ft/s, determine the resultant normal force acting on both 
the man's feet at the ground when 0 — 30°. Neglect the 
weight of the hose, the water within it, and the normal 
reaction of the hose on the ground. 


6-45. The 150-Ib firefighter is holding a hose that has a 
nozzle diameter of 1 in. If the velocity of the water is 50 ft/s, 
determine the resultant normal force acting on both the 
firefighter's feet at the ground as a function of 0. Plot this 
normal reaction (vertical axis) versus 8 for 0^ — 8 — 30". 
Give values for increments of 48 — 5*. Neglect the weight 
of the hose, the water within it, and the normal reaction of 
the hose on the ground. 






50 ft /s 





Probs. 6—44/45 


6-46. The 1%)-lb firefighter is holding a hose that has a 
nozzle diameter of 1 in. If the nozzle velocity of the water is 
50 ft/s, determine the resultant normal force acting on both 
the man's feet at the ground if he holds the hose directly 
over his head at à. — 90". Neglect the weight of the hose, the 
water within it, and the normal reaction of the hose on the 
ground. 





Prob. 6—46 


6—47. Water at A flows out of the 1-in.-diameter nozzle at 
8 ft/s and strikes the 0.5-Ib plate. Determine the height /1 
above the nozzle at which the plate can be supported by 
the water jet. 


*6—48. Water at A flows out of the 1-in.-diameter nozzle at 
18 ft/s. Determine the weight of the plate that can be 
supported by the water jet — 2 ft above the nozzle. 





| 


Probs. 6—47/48 
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Sec. 6.3 


6-49. Water flows through the hose with a velocity of 
2 m/s. Determine the force F needed to keep the circular 
plate moving to the right at 2 m/s. 





Prob. 6-49 


6-50. Water flows through the hose with a velocity of 
2 m/s. Determine the force F needed to keep the circular 
plate moving to the left at 2 m/s. 





Prob. 6-50 
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6-51. The large water truck releases water at the rate of 
45 ft’/min through the 3-in.-diameter pipe. If the depth of 
the water in the truck is 4 ft, determine the frictional force 
the road has to exert on the tires to prevent the truck from 
rolling. How much force does the water exert on the truck if 
the truck is moving forward at a constant velocity of 4 ft/s 
and the flow is maintained at 45 ft^ / min? 





Prob. 6-51 


*6-52. A plow located on the front of a truck scoops up a 
liquid slush at the rate of 12ft'/s and throws it off 
perpendicular to its motion, 8 — 907. If the truck is 
traveling at a constant speed of 14 ft/s, determine the 
resistance to motion caused by the shoveling. The specific 
weight of the slush is y, = 5.5 Ib/ft’. 


6-53. The truck is traveling forward at 5 m/s, shoveling a 
liquid slush that is 0.25 m deep. If the slush has a density of 
125 kg/m? and is thrown upward at an angle of 0 = 60° 
from the 3-m-wide blade, determine the traction force of 
the wheels on the road necessary to maintain the motion. 
Assume that the slush is thrown off the shovel at the same 
rate as it enters the shovel. 





un 
tad 


Probs. 6-52/ 


6-54. The boat is powered by the fan, which develops a 
slipstream having a diameter of 1.25 m. If the fan ejects air 
with an average velocity of 40 m/s, measured relative to the 
boat, and the boat is traveling with a constant velocity of 
8 m/s, determine the force the fan exerts on the boat. 
Assume that the air has a constant density of 
Pa 7 1.22 kg/m? and that the entering air at A is essentially 
at rest relative to the ground. 


1.25 m 
L 
B 
T 





Prob. 6-54 


6-55. A 25-mm-diameter stream flows at 10 m/s against 
the blade and is deflected 180^ as shown. If the blade is 
moving to the left at 2 m/s, determine the horizontal force 
F of the blade on the water. 


*6-56. Solve Proh 6-55 if the blade is moving to the right 
at 2 m/s. At what speed must the blade be moving to the 
right to reduce the force F to zero? 





25mm 4 


Probs. 6—55/56 


6-57. The vane is moving at 80 ft/s when a jet of water 
having a velocity of 150 ft/s enters at A. If the cross- 
sectional area of the jet is 1.5 in’, and it is diverted as shown, 
determine the horsepower developed by the water on the 
blade. 1 hp — 550 ft* Ib /s. 





Prob. 6-57 


6-58. The car is used to scoop up water that is lying in a 
trough at the tracks. Determine the force needed to pull the 
car forward at constant velocity v for each of the three case s. 
The scoop has a cross-sectional area A and the density of 
water Is p,,. 





(a) (b) 





(c) 
Prob. 6-58 


6-59. Flow from the water stream strikes the inclined 
surface of the cart. Determine the power produced by the 
stream if, due to rolling friction, the cart moves to the right 
with a constant velocity of 2 m/s. The discharge from the 
50-mm-diameter nozzle is 0.04 mř/s. One-fourth of the 
discharge flows down the incline, and three-fourths flows up 
the incline. 





Prob. 6-59 
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*6-60. Water flows at0.1 m?/s through the 100-mm-diameter 
nozzle and strikes the vane on the 150-kg cart, which 1s 
originally at rest. Determine the velocity of the cart 
3 seconds after the jet strikes the vane. 


6-61. Water flows at 0.1 m'/s through the 100-mm- 
diameter nozzle and strikes the vane on the 150-kg cart, 
which is originally at rest. Determine the acceleration of the 
cart when it attains a velocity of 2 m/s. 


100 mm 





Probs. 6-60/61 


6-62. Determine the rolling resistance on the wheels if 
the cart moves to the right with a constant velocity of 
V. — 4 ft/s when the vane is struck by the water jet. The jet 
flows from the nozzle at 20 ft/s and has a diameter of 3 in. 


6-63. Determine the velocity of the 50-lb cart in 3s 
starting from rest if a stream of water, flowing from the 
nozzle at 20 ft/s, strikes the vane and ts deflected upward. 
The stream has a diameter of 3 in. Neglect the rolling 
resistance of the wheels. 





Probs. 6-62/63 
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Sec. 6.4 


*6—64. Water flows through the Tee fitting at 0.02 m/s. If 
the water exits the fitting at B to the atmosphere, determine 
the horizontal and vertical components of force, and the 
moment that must be exerted on the fixed support at A, in 
order to hold the fitting in equilibrium. Neglect the weight 
of the fitting and the water within it. 


6-65. Water flows through the Tee fitting at 0.02 m?/s. If 
the pipe at B is extended and the pressure in the pipe at B is 
75 kPa, determine the horizontal and vertical components 
of force, and the moment that must be exerted on the fixed 
support at A, to hold the fitting in equilibrium. Neglect the 
weight of the fitting and the water within it. 





Probs. 6—64/65 


6-66. Water flows into the bend fitting with a velocity of 
3 m/s. If the water exits at B into the atmosphere, determine 
the horizontal and vertical components of force, and the 
moment at C, needed to hold the fitting in place. Neglect 
the weight of the fitting and the water within it. 





Prob. 6-66 


6-67. Water flows into the bend fitting with a velocity of 
3 m/s. If the water at B exits into a tank having a gage 
pressure of 10 kPa, determine the horizontal and vertical 
components of force, and the moment at C, needed to hold 
the fitting in place. Neglect the weight of the fitting and the 
water within it. 


3 m/s 





Prob. 6-67 


*6-68. Water flows into the pipe with a velocity of 5 ft/s. 
Determine the horizontal and vertical components of force, 
and the moment at A, needed to hold the elbow in place. 
Neglect the weight of the elbow and the water within it. 





6-69. The bend is connected to the pipe at flanges A and 
B as shown. If the diameter of the pipe is 1 ft and it carries 
a volumetric flow of 50 ft! /s, determine the horizontal and 
vertical components of force and the moment exerted at 
the fixed base D of the support. The total weight of the 
bend and the water within it is 500 Ib, with a mass center at 
point G. The pressure of the water at A is 15 psi. Assume 
that no force is transferred to the flanges at A and B. 





Prob. 6-69 


6-70. The fan blows air at 6000 ft*/min. If the fan has a 
weight of 40 Ib and a center of gravity at G, determine the 
smallest diameter d of its base so that it will not tip over, 
Assume the airstream through the fan has a diameter of 
2 ft. The specific weight of the air is y, = 0.076 lb/ft’. 





Prob. 6-70 
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6-71. When operating, the airjet fan discharges air with a 
speed of V — 18 m/s into a slipstream having a diameter of 
0.5 m. If the air has a density of 1.22 kg/m’, determine the 
horizontal and vertical components of reaction at C, and 
the vertical reaction at each of the two wheels, D. The fan 
and motor have a mass of 25 kg and a center of mass at G. 
Neglect the weight of the frame. Due to symmetry, both of 
the wheels support an equal load. Assume the air entering 
the fan at A is essentially at rest. 


*6-72. If the air has a density of 1.22 kg/m’, determine the 
maximum speed V at which the air-jet fan can discharge air 
into the slipstream having a diameter of 0.5 m at B, so that the 
fan does not topple over. The fan and motor have a mass of 
25 kg and a center of mass at G. Neglect the weight of the 
frame. Due to symmetry, both of the wheels support an equal 
load. Assume the air entering the fan at A is essentially at rest. 


© 


5m 


d 







V 


lI 075m 


0.25 m 


Probs. 6-71/72 


6-73. Water flows through the curved pipe at a speed of 
5 m/s. If the diameter of the pipe is 150 mm, determine the 
horizontal and vertical components of the resultant force, 
and the moment acting on the coupling at A. The weight of 
the pipe and the water within it is 450 N, having a center of 
gravity at G. 





Prob. 6-73 
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6-74. The chute is used to divert the flow of water. If the 
flow is 0.4 m?/s and it has a cross-sectional area of 0,03 m, 
determine the horizontal and vertical force components at 
the pin A, and the horizontal force at the roller B, necessary 
for equilibrium. Neglect the weight of the chute and the 
water on it. 





Prob. 6—74 


6-75. Water flows through A at 400 gal/min and is 
discharged to the atmosphere through the reducer at B. 
Determine the horizontal and vertical components of force, 
and the moment acting on the coupling at A. The vertical 
pipe has an inner diameter of 3 in. Assume the assembly and 
the water within it has a weight of 40 Ib and a center of gravity 
at G. 1 f — 7.48 gal. 





Prob. 6-75 


*6—76. The waterwheel consists of a series of flat plates 
that have a width b and are subjected to the impact of water 
to a depth A, from a stream that has an average velocity of 
V. If the wheel is turning at w, determine the power supplied 
to the wheel by the water. 






SO 
X D» 





Prob. 6-76 


6-77. Air enters into the hollow propeller tube atA with a 
mass flow of 3 kg/s and exits at the ends B and C with a 
velocity of 400 m/s, measured relative to the tube. If the 
tube rotates at 1500 rev/min, determine the frictional 
torque M on the tube. 





Prob. 6-77 


6-78. The lawn sprinkler consists of four arms that rotate 
in the horizontal plane. The diameter of each nozzle is 
10 mm, and the water is supplied through the hose at 
0.008 m^/s and is ejected horizontally through the four 
arms. Determine the torque required to hold the arms from 
rotating. 


6-79. The lawn sprinkler consists of four arms that rotate 
in the horizontal plane. The diameter of each nozzle ts 
10 mm, and the water is supplied through the hose at 
0.008 m*/s and is ejected horizontally through the four 
arms. Determine the steady-state angular velocity of the 
arms. Neglect friction. 





Probs. 6—78/79 


*6-80. The 5-mm-diameter arm of a rotating lawn 
sprinkler have the dimensions shown. Water flows out 
relative to the arms at 6 m/s, while the arms are rotating at 
10 rad/s. Determine the frictional torsional resistance at the 
bearing A, and the speed of the water as it emerges from the 
nozzles, as measured by a fixed observer. 





Prob. 6-80 


PROBLEMS 345 


Sec. 6.5-6.8 


6-81. The airplane is flying at 250 km/h through still air as 
it discharges 350 m°/s of air through its 1.5-m-diameter 
propeller. Determine the thrust on the plane and the ideal 
efficiency of the propeller. Take p, — 1.007 kg/m*. 





Prob. 6-81 


6-82. The airplane travels at 400 ft/s through still air. If 
the air flows through the propeller at 560 ft/s, measured 
relative to the plane, determine the thrust on the 
plane and the ideal efficiency of the propeller. Take 
p, ^ 2.15(10 7?) slug/ft?. 


— 


w 
= 





Prob. 6-82 


6-83. A boat has a 250-mm-diameter propeller that 
discharges 0.6 m/s of water as the boat travels at 35 km/h 
in still water. Determine the thrust developed by the 
propeller on the boat. 


*6-84. A ship has a 2.5-m-diameter propeller with an ideal 
efficiency of 40%. If the thrust developed by the propeller ts 
1.5 MN, determine the constant speed of the ship in still 
water and the power that must be supplied to the propeller 
to operate it. 
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6-85. The fan is wed to circulate air within a large 

industrial building. The blade assembly weighs 200 Ib and 
consists of 10 blades, each having a length of 6 ft. Determine 
the power that must be supplied to the motor to lift the 
assembly off its bearings and allow it to freely turn without 
friction. What is the downward air velocity for this to occur? 
Neglect the size of the hub H. Take p, — 2.36(10 ?) slug/ft’. 





Prob. 6—85 


6-86. The 12-Mg helicopter is hovering over a lake as the 
suspended bucket collects 5 m? of water used to extinguish 
a fire. Determine the power required by the engine to hold 
the filled water bucket over the lake. The horizontal blade 
has a diameter of 14 m. Take p, — 1.23 kg/m’. 





Prob. 6-86 


6-87. The airplane has a constant speed of 250 km/h in 
still air. If it has a 2.4-m-diameter propeller, determine the 
force acting on the plane if the speed of the air behind the 
propeller, measured relative to the plane, is 750 km/h. Also, 
what is the ideal efficiency of the propeller, and the power 
produced by the propeller? Take p, = 0.910 kg/m’, 


250 km/h 





*6-88. The 12-kg fan develops a breeze of I0 m/s using a 
0.8-m-diameter blade. Determine the smallest dimension d 
for the support so that the fan does not tip over. Take 
Pa — 1.20 kg/m’. 





06d 044 


Prob. 6-88 


6-89, The airplane is flying at 160 ft/s in still air at an 
altitude of 10 000 ft. The 7-ft-diameter propeller moves the 
air at 10 000 ft^/s. Determine the power required by the 
engine to turn the propeller, and the thrust on the plane. 


6-90. The airplane is flying at 160 ft/s in still air at an 
altitude of 10 000 ft. The 7-ft-diameter propeller moves the 
air at 10 000 ft^ /s. Determine the prope ller's ideal e fficiency, 
and the pressure difference between the front and back of 
the blades. 





160 ft/s 
— 


Probs. 6-89/90 


6-91. Plot Eq.6-15 andshow that the maximum efficiency 
of a wind turbine is 59.3% as stated by Betz’s law. 


*6-92. The wind turbine hasa rotor diameter of 40 m and 
an ideal efficiency of 50% in a 12 m/s wind. If the density of 
the air is p, — 1.22 kg/m’, determine the thrust on the blade 
shaft, and the power withdrawn by the blades. 


6-93. The wind turbine has arotor diameter of 40m andan 
efficiency of 5095 in a 12 m/s wind. If the density of the air is 
p, — 1.22 kg/m*, determine the difference between the 
pressure just in front of and just behind the blades. Also find 
the mean velocity of the air passing through the blades. 


12 m/s aditus 





Probs. 6—92/93 


PROBLEMS 347 


6-94, The jet engine on a plane flying at 160 m/s in still air 
draws in air at standard atmospheric temperature and 
pressure through a 0.5-m-diameter inlet. If 2 kg /s of fuel is 
added and the mixture leaves the 0.3-m-diameter nozzle at 
600 m/s, measured relative to the engine, determine the 
thrust provided by the turbojet. 





6-95. The jet engine is mounted on the stand while it is 
being tested. Determine the horizontal force that the engine 
exerts on the supports, if the fuel-air mixture has a mass 
flow of 11 kg/s and the exhaust has a velocity of 2000 m/s. 





Prob. 6-95 
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*6-96. The jet plane has a constant velocity of 750 km/h. 
Air enters its engine nacelle at A having a cross-sectional 
area of 0.8 m?. Fuel is mixed with the air at m, — 2.5 kg/s 
and is exhausted into the ambient air with a velocity of 
900 m/s, measured relative to the plane. Determine the 
force the engine exerts on the wing of the plane. Take 
p, ^ 0.850 kg/m*. 





Prob. 6-96 


6-97. The jet engine is mounted on the stand while it is 
being tested with the braking deflector in place. If the 
exhaust has a velocity of 800 m/s and the pressure just 
outside the nozzle is assumed to be atmospheric, determine 
the horizontal force that the supports exert on the engine. 
The fuel-air mixture has a flow of 11 kg /s. 


6-98. If an engine of the type shown in Prob. 6-97 is 
attached to a jet plane, and it operates the braking deflector 
with the conditions stated in that problem, determine the 
speed of the plane in 5 seconds after it lands with a touch- 
down velocity of 30 m/s. The plane has a mass of 8 Mg. 
Neglect rolling friction from the landing gear. 





Probs. 6—97/98 


6-99, The boat has a nass of 180 kg and is traveling 
forward on a river with a constant velocity of 70 km/h, 
measured relative to the river. The river is flowing in the 
opposite direction at 5 km/h. If a tube is placed in the water, 
as shown, and it collects 40 kg of water in the boat in 80 s, 
determine the horizontal thrust 7 on the tube that is 
required to overcome the resistance due to the water 
collection. 





*6-100. The jet is traveling at a constant velocity of 
400 m/s in still air, while consuming fuel at the rate of 
1.8 kg/s and ejecting it at 1200 m/s relative to the plane. If 
the engine consumes 1 kg of fuel for every 50 kg of air that 
passes through the engine, determine the thrust produced 
by the engine and the efficiency of the engine. 


400 m/s 


nae. 


Prob. 6-100 


6-101. The jet boat takes in water through its bow at 
0.03 m^/s, while traveling in still water with a constant 
velocity of 10 m/s. If the water is ejected from a pump 
through the stern at 30 m/s, measured relative to the boat, 
determine the thrust developed by the engine. What would 
be the thrust if the 0.03 m/s of water were taken in along 
the sides of the boat, perpendicular to the direction of 
motion? If the efficiency is defined as the work done per 
unit time divided by the energy supplied per unit time, then 
determine the efficiency for each case. 
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6-103. The jet is traveling at a speed of 500 mi/h, 30* 
above the horizontal. If the fuel is being spent at 10 Ib/s, 
and the engine takes in air at 900 Ib /s, whereas the exhaust 
gas (air and fuel) has a relative spee d of4000 ft/s, determine 
the acceleration of the plane at this instant. The drag 
resistance of the air is Fp — (0.071?) Ib, where the speed is 
measured in ft/s. The jet has a weight of 15 000!b. Note 
| mi — 5280 ft. 





Prob. 6-101 


6-102. The 10-Mg jet plane has a constant speed of 
860 km/h when it is flying horizontally. Air enters the intak e7 
at the rate of 40 m/s. If the engine burns fuel at the rate of 
2.2 kg/s, and the gas (air and fuel) is exhausted relative to 
the plane with a speed of 600 m/s, determine the resultant 
drag force exerted on the plane by air resistance. Assume 
that the air has a constant density of p, = 1.22 kg/m’. 


s 


Prob. 6-102 


Prob. 6-103 


*6-104. The 12-Mg jet airplane has a constant speed of 
950 km/h when it is flying along a horizontal straight line. 
Air enters the intake scoops 5S at the rate of 50 m/s. If the 
engine burns fuel at the rate of 0.4 kg /s, and the gas (air and 
fuel) is exhausted relative to the plane with a speed of 
450 m/s, determine the resultant drag force exerted on the 
plane by air resistance. Assume that air has a constant 
density of 1.22 kg/m’. 


v = 950 km/h 
e- 





Prob. 6-104 
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6-105. A commercial jet aircraft has a mass of 150 Mg and is 
cruising at a constant speed of 850 km/h in level flight (@ = 0°). 
If each of the two engines draws in air at a rate of 1000 kg /s 
and ejects it with a velocity of 900 m/s relative to the aircraft, 
determine the maximum angle at which the aircraft can fly 
with a constant speed of 750 km/h. Assume that air resistance 
(drag) is proportional to the square of the speed, that is, 
Fp ^ cV?, where cis a constant to be determined. The engines 
are operating with the same power in both cases. Neglect the 
amount of fuel consumed. 





Prob. 6-105 


6-106. A missile has a mass of 1.5 Mg (without fuel). If it 
consumes 500 kg of solid fuel at a rate of 20 kg/s and ejects 
it with a velocity of 2000 m/s relative to the missile, 
determine the velocity and acceleration of the missile at the 
instant all the fuel has been consumed. Neglect air resistance 
and the variation of gravity with altitude. The missile is 
launched vertically starting from rest. 


6-107. The rocket has a weight of 65 000 Ib, including the 
solid fuel. Determine the constant rate at which the fuel must 
be burned, so that its thrust gives the rocket a speed of 
200 ft/s in 10s starting from rest. The fuel is expelled from the 
rocket at a speed of 3000 ft/s relative to the rocket. Neglect 
air resistance and the variation of gravity with altitude. 





Probs. 6—106/107 


*6-108. The rocket is traveling upwards at 300 m/s and 
discharges 50 kg/s of fuel with a velocity of 3000 m/s 
measured relative to the rocket. If the exhaust nozzle has a 
cross-sectional area of 0.05 nr, determine the thrust of the 
rocket, 





Prob. 6-108 


6-109. The balloon has a mass of 20 g (empty) and it is 
filled with air having a temperature of 20°C. If it ts released, 
it begins to accelerate upward at 8 m/s*. Determine the 
initial mass flow of air from the stem. Assume the balloon is 
a sphere having a radius of 300 mm. 


fs m/s? 





5mm 


Prob. 6-109 


6-110. The rocket has an initial total mass mp, including 
the fuel. When it is fired, it ejects a mass flow of m, with a 
velocity of v, measured relative to the rocket. As this 
occurs, the pressure at the nozzle, which has a cross- 
sectional area A,, 1s p,. If the drag force on the rocket 1s 
Fp = ct, where t is the time and c is a constant, determine 
the velocity of the rocket if the acceleration due to gravity 
is assumed to be constant. 





Prob. 6-110 


6-111. The cart has a mass M and is filled with water 
that has an initial mass my. If a pump ejects the water 
through a nozzle having a cross-sectional area A, at a 
constant rate of v, relative to the cart, determine the 
velocity of the cart as a function of time. What is the 
maximum speed of the cart, assuming all the water can be 
pumped out? The frictional resistance to forward motion 
is F. The density of the water is p. 





Prob. 6-111 
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*6-112. The 10-Mg helicopter carries a bucket containing 
500 kg of water, which is used to fight fires. If it hovers over 
the land in a fixed position and then releases 50 kg/s of 
water at IO m/s, measured relative to the helicopter, 
determine the initial upward acceleration of the helicopter 
as the water is being released. 





Prob. 6-112 


6-113. The missile has an initial total weight of 8000 Ih 
The constant horizontal thrust provided by the jet engine 
is T — 7500 Ib. Additional thrust is provided by two rocket 
boosters B. The propellant in each booster is burned at a 
constant rate of 80 Ib/s, with a relative exhaust velocity of 
3000 ft/s. If the mass of the propellant lost by the jet 
engine can be neglected, determine the velocity of the 
missile after the 3-s burn time of the boosters. The initial 
velocity of the missile is 375 ft/s. Neglect drag resistance. 





Prob. 6-113 
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6-114. The rocket has an initial mass mọ, including the 
fuel. For the comfort of the crew,it must maintain a constant 
upward acceleration dp. If the fuel is expelled from the 
rocket at a relative speed v,, determine the rate at which the 
fuel should be consumed to maintain the motion. Neglect 
air resistance, and assume that the gravitational acceleration 
is constant. 


fa, 





Prob. 6-114 





Pó-1. The water cannon ejects water from this tug in a 
characteristic parabolic shape. Explain what effect this has 
on the tug. 


6-115. The second stage B of the two-stage rocket weighs 
2500 Ib (empty) and is launched from the first stage with a 
velocity of 3000 mi/h. The fuel in the second stage weighs 
800 Ib. If it is consumed at the rate of 75 Ib/s, and ejected 
with a relative velocity of 6000 ft/s, determine the 
acceleration of the second stage B just after the engine is 
fired. What is the rocket's acceleration just before all the fuel 
is consumed? Neglect the effect of gravity and air resistance. 





Prob. 6-115 





ud CONCEPTUAL PROBLEMS 


P6-2. Water flows onto the buckets of the waterwheel 
causing the wheel to turn. Have the blades been designed in 
the most effective manner to produce the greatest angular 
momentum of the wheel? Explain. 





P6-1 


P6-2 


CHAPTER REVIEW 


The linear and angular momentum equations are 
often used to determine resultant forces and 
couple moments that a body or surface exerts on a 
fluid in order to change the fluid’s direction. 


Application of the momentum equations requires 
identifying a control volume, which can include 
both solid and fluid parts. The forces and couple 
moments acting on the control volume are shown 
on its free-body diagram. 


Since the momentum equations are vector 
equations, they can be resolved into scalar 
components along x, y, z inertial coordinate axes. 


If the control volume is in motion, then the 
velocity entering and exiting each open control 
surface must be measured relative to the control 
surface. 


A propeller acts as a screw, which causes the linear 
momentum of the fluid to increase as it flows 
toward, through, then past the blades. Wind 
turbines decrease the linear momentum of the 
flow and thereby remove energy from it. A simple 
analysis of the flow through these two devices can 
be made using the linear momentum and Bernoulli 
equations, 


If the control volume is chosen to have accelerated 
motion, as in the case of turbojets and rockets, 
then Newton’s second law of motion, or the 
momentum equation, must account for the 
acceleration of the mass of the control volume. 
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Hurricanes are a combination of free and forced vortices, referred to as a combined 
vortex. Their motion can be analyzed using the equation of differential fluid flow. 





Ditterential Fluid Flow 


CHAPTER OBJECTIVES 


m To introduce basic kinematic principles as they apply to a 
differential fluid element. 


m To establish the differential form of the equation of continuity 
and Euler's equations of motion using x, y, z coordinates. 


m To develop the Bernoulli equation for ideal fluid flow using x, y, z 
coordinates. 


m To present the idea of the stream function and potential function, 
and show how they can be used to solve various types of ideal 
fluid flow problems, including uniform flow, flow from a source, 
flow into a sink, and free-vortex flow. 


m To show how these flows can be superimposed to create more 
complicated flows, such as flow around a cylinder or an elliptical- 


shaped body. 


m To develop the Navier-Stokes equations, which apply to a 
differential element of viscous incompressible fluid. 


m To explain how complex fluid flow problems are solved using 
computational fluid dynamics. 


7.1 Differential Analysis 


In the previous chapters, we used a finite control volume to apply the 
conservation of mass, and the energy and momentum equations, to study 
problems involving fluid flow. There are situations, however, where we 
may have to determine the pressure and shear-stress variations over a 
surface, or find the fluid's velocity and acceleration profiles within a 
closed conduit. To do this, we will want to consider a differential-size 
element of fluid, since the variations we are seeking will have to come 
from the integration of differential equations. 

Later in this chapter we will see that for any real fluid, this differential 
flow analysis, as it is called, has limited analytical scope. This is because the 
effects of the fluid's viscosity and its compressibility cause the differential 
equations that describe the flow to be rather complex. However, if we 
neglect these effects and consider the fluid to be an ideal fluid, then the 
equations become more manageable, and their solution will provide 
valuable information for many common types of engineering problems. 
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The techniques used for solving ideal fluid flow problems form the basis 
of the field of hydrodynamics. This was the first branch of fluid mechanics 
since itis a theoretical investigation, without the need for any experimental 
measurements, apart from knowing the fluid’s density. Although this 
approach neglects the effects of viscosity, the results obtained from ideal 
fluid flow can sometimes provide a reasonable approximation for studying 
the general characteristics of any real fluid flow. Before we analyze 
differential fluid flow, however, we will first discuss some important 
aspects of its kinematics. 


7.2 Kinematics of Differential Fluid 
Elements 


In general, the forces acting on an element of fluid while it is flowing will 
tend to cause it to undergo a “rigid-body” displacement, as well as a 
distortion or change in its shape. The rigid-body motion consists of a 
translation and rotation of the element; the distortion causes elongation 
or contraction of its sides, as well as changes in the angles between them. 
For example, translation and linear distortion can occur when an ideal 
fluid flows through a converging channel, Fig. 7-1. And translation and 
angular distortion can occur if the fluid is viscous and the flow is steady, 
Fig. 7-2. In more complex flows, all these motions can occur simultaneously. 
But before we consider any general motion, we will first analyze each 
motion and distortion separately, and then show how it is related to the 
velocity gradient that causes it. 


time! timer+ Ar 










Element translation and linear distortion 


Fig. 7-1 


time f time ¢ + Af 





Element translation and angular distortion 


Fig. 7-2 
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Fig. 7-3 


Translation and Linear Distortion. Consider a differential 
element of fluid that is moving in an unsteady three-dimensional flow. 
The rate of translation of the element is defined by its velocity field 
V = Vx, y, z, t). If u is the velocity component in the x direction, Fig. 7-3, 
then during the time 4r, the element’s left face will translate in the x 
direction by an amount wAr, whereas the right face will move 
[u + (du/ax) Ax) At. The right face moves farther by | (du/ax) Ax] At 
because of an acceleration, that is, an increase du in its velocity.* We have 
expressed this change as a partial derivative because, in general,u will be 
a function of both the element’s location in the flow and the time; that is, 
u — uix, y, z, I). 

The result of the movement is therefore a rigid-body translation of 
u At and a linear distortion of |(du/ax) Ax | At. In the limit, as At —0 
and 4,x—0, the change in the volume of the element due to this 
distortion becomes d¥, = | (du/ax) dx |dy dzdt. If we consider velocity 
components v in the y direction, and w in the z direction, similar results 
are obtained. Thus, a general volume change of the element becomes 





ax ay 


The rate at which the volume per unit volume changes is called the 
volumetric dilatation rate. It can be expressed as 


Jw 
ôv = | T mas dy dz) dt 


(7-1) 


dt ax 





Here the vector operator “del” is defined as V — (8/ox)i + (0/dy)j + (0/0z)k, 
and the velocity field is V ~ ui + vj + wk. In vector analysis, this result 
V+ Vis referred to as the divergence of V, or simply div V. 


*Throughout this chapter and elsewhere, we will neglect the higher-order terms of this 


. è 1 r 7 . . * 
Taylor series expansion, such as he H (Ax) + --- since in the limit, as Ar —> 0, they 


will all be small compared to the first-order term. 
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(b) 





Fig. 7-4 


Rotation Criteria for rotation of a fluid element and its angular 
distortion can be established by considering the element shown in 
Fig. 7-4a, which moves from an initial rectangular shape into a deformed 
final shape during the time Ar. As this occurs, the side Ax rotates counter- 
clockwise about the z axis since its right end rises | (év/dx) Ax] Ar 
higher than its left end. Note carefully that this is caused by the 
change of v relative to x, since it is over the distance Ax. Therefore, the 
very small angle (alpha) œ = |[(dv/ax) Ax| At/ Ax = (@v/ax) At. This 
angle is measured in radians and is shown in Fig. 7—4b. In a similar 
manner, the side Ay rotates clockwise by a small angle (beta) 6 = 
[(0u/ày) Ay | Ar/Ay = (du/dy) At. Although these are different angles, 
we will define the average angular velocity w, (omega) of these two 
adjacent sides as the average time rate of change of a and B as Ar— 0. 
Using the right-hand rule, with the thumb directed along the +z axis 
(outward), then a is positive and f is negative. Therefore, the average 
angular velocity, measured in rad/s, is 


— „ lla- 


(. — lim 


1l. 
[o N02 At 7C B 


or 


(7-2) 





To summarize, the derivatives @ = dv/ax and B = ðu/ðy represent the 
angular velocities of the sides of the fluid element, and their average 
produces the average angular velocity w.. Because the bisector between 
a and B is at the angle a + 4(90° — (6 + a) = 45° + 4(a — B), then the 
time rate of change of this angle is là — B), and so you may also want 
to think of this as the angular velocity of the bisector of a and B. 

If the flow is three dimensional, then by the same arguments, we will 
have x and y components of angular velocity. Therefore, in general, 


— (2 z) 
= 2 dy az 


w, = es — =) (7-3) 


These three components can be written in vector form as 


w T wi + wj + wk 
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Shear strain 
(c) 
Fig. 7-4 (cont.) 
We can also express Eqs. 7-3 as one-half the curl of the velocity. The curl 


is defined in vector analysis by the vector cross product V X V. Since 
V Š ui + vj + wk, then 


i j k 
l 1| ð à a o. 
——VXxXV—-— = = 7-3 
" 2 2|ox oy a l ) 
u U w 


Angular Distortion Besides using the angles o and f to report the 
element's angular rotation, they can also be used to define the element's 
angular distortion, Fig. 7—4c. That is, the 90^ angle between the adjacent 
sides of the element becomes 90" — (a + B), and so the change in this 
angle is 90° — [90° — (a + B)] = a + B. This is called the shear strain 
Yw (gamma), which is measured in radians. Since fluids flow, we will be 
interested in the time rate of change in the shear strain, so in the limit as 
At— 0, we have 





(7-4) 





This equation is appropriate for two-dimensional flow, where angular 
distortion is about the z axis. If the flow is three dimensional, then in a 
similar manner, shear strains due to angular distortions about the x and y 
axes give shear strain rates about these two axes as well. In general, then, 


Yo a dy 

aw du 
le = + 7-5 
Yu x a (/—5) 
Yyz dy az 


Later in the chapter we will show how these shear-strain rates can be related 
to the shear stress that causes them, a consequence of the viscosity of the fluid. 
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Circulation 


Fi ig. 7-5 


7.3 Circulation and Vorticity 


Rotational flow is often characterized by either describing its circulation 
about a region, or reporting its vorticity. We will now define each of these 
characteristics. 


Circulation. The concept of circulation T (capital gamma) was first 
introduced by Lord Kelvin to study the flow around the boundary of a 
body. It defines the flow that follows along any closed three-dimensional 
curve. For a unit depth or two-dimensional volumetric flow, the 
circulation has units of m^/s or ft^/s. To obtain the circulation, we must 
integrate around the curve, the component of the velocity that is always 
tangent to the curve, Fig. 7-5. Formally, this is done using a line integral of 
the dot product V *ds ^ Vds cos 0, so that 


By convention, the integration is performed counterclockwise, that is, in 
the +z direction. 

To show an application, let’s calculate the circulation around a small 
fluid element located at point (x, y), which is immersed in a general two- 
dimensional steady flow field V © u(x, y)i + v(x, y)j, Fig. 7-6. The 
average velocities of the flow along each side of the element have the 
magnitudes and directions shown. Applying Eq. 7—6, we have 


r S ux + (v + ar )ay - (. + ay) ax — vAy 


which simplifies to 
r= (2 — HV vay 
ax ay 

Note that circulation about this small element, or, for that matter any other 
size body, does not mean that individual fluid particles “circle” around the 
boundary of the body. After all, the flow on opposite faces of the element 
is in the same direction, Fig. 7-6. Rather, the circulation is simply the net 
result of the flow around the body as determined from Eq. 7-6. 


y 





Circulation 


Fig. 7-6 
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Vorticity. We define the vorticity Z (zeta) at a point (x, y) as the 
circulation per unit area of an element located at the point. For example, 
for the element in Fig. 7—7a, dividing its area AxAy into l', we get 





(7-7) 
Ax 
: EL 5 Z Vorticity 
Comparing this with Eq. 7-2, we see that č = 2w,. Perhaps another way to Jr 
look at this is to imagine a fluid particle rotating at «. around a circular a 
path of radius Ar, Fig. 7—7b. Since this particle has a velocity V © w. Ar, (a) 
then the circulation is T = V(2a Ar) = 2aw, Ar’. The area of the circle 
is 7 Ar’, and so the vorticity becomes ¢ = 27w-. Ar*/m Ar? = 2w.. et Ai 


The vorticity is actually a vector. In this two-dimensional case, using 
the right-hand rule, it is directed along the z axis. If we were to consider 
three-dimensional flow, then by the same development, using Eq. 7—3, we 
would obtain 





QC 20 V X V (7-8) 
i . e n . (——— 
Irrotational Flow. The angular rotation, or the vorticity, provides a 
means of classifying the flow. Ife» # 0, then the flow is called rotational Vorticity 
flow; however, if w — 0 throughout the flow field, then it is termed » 
irrotational flow. 9) 
Ideal fluids exhibit irrotational flow because no viscous friction forces Fig. 7-7 


act on ideal fluid elements, only pressure and gravitational forces. 
Because these two forces are always concurrent, ideal fluid elements 
cannot be forced to rotate while they are in motion. 

The difference between rotational and irrotational flow can be illustrated 
by a simple example. The velocity profiles for an ideal fluid and a viscous 
(real) fluid are shown in Fig. 7-8. No rotation occurs in the ideal fluid 
because the entire element moves with the same velocity, Fig. 7—8a. This is 
irrotational flow. However, the top and bottom surfaces of the element in 
the viscous fluid move at different velocities, Fig. 7-8b, and this will cause 
the vertical sides to rotate clockwise at the rate B. As a result, this produces 
rotational flow «e. — (à — B)/2 = (0 — B)/2 = —B/2. 








Ideal fluid Viscous fluid 
(a) (b) 


Fig. 7-8 
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EXAMPLE [721 


U — 0.2 m/s 


(a) 








The ideal fluid in Fig. 7-9 has a uniform velocity of U = 0.2 m/s. 
Determine the circulation about the triangular and circular paths. 





0.2 m/s 
U = 0.2 m/s 
(b) 
Fig. 7-9 
SOLUTION 
Fluid Behavior. We have steady flow of an ideal fluid within the 
x-y plane. 


Triangular Path. Circulation is defined as positive counterclock- 
wise. In this case we do not need to integrate; rather we determine the 
length of each side of the triangle, and the component of velocity 
along each side. From Fig. 7—9a, for CA, AB, BC, we have 


i j V -ds = (0)(0.4 m cos 30°) + (0.2 m/s)(0.4 m sin 30^) 
— (0.2 m sin 30°)(0.4 m) 


=( Ans. 


Circular Path. The boundary of the cylinder is easily defined using 
polar coordinates, with @ positive counterclockwise as s hown in Fig. 7-14. 
Since ds — (0.1 m) d8, we have 


2T og 
p j V-ds= (—0.2 sin 8) (0.1 m) dð = 0.02(cos 0)| = 0 Ans. 
0 0 


Both of these cases illustrate a general point, that regardless of the 
shape of the path, for uniform flow an ideal fluid will not produce a 
circulation, and because č = I°/A,no vorticity is produced either. 
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EXAMPLE F72 


The velocity of a viscous fluid flowing between the parallel surfaces in 
Fig. 7-10a is defined by U — 0.002(1 — 10(10?)y?) m/s, where y is in 
meters. Determine the vorticity and shear-strain rate of a fluid e lement 
located at v — 5 mm within the flow. 





(a) 


SOLUTION 


Fluid Description. We have steady one-dimensional flow of a real 
fluid. 


Vorticity. Wemust applyEq.7-7,where u = 0.002 (1 — 10(10*)y*) m/s 


and v — 0 w, = 0.1 rad/s 





= oy _ 
ax dy 
= 0 — 0.002/0 — 10(10°)(2y)]} rad/s = 0.200 rad/s Ans. 


y — 0.005 m (b) 
This vorticity is a consequence of the fluid's viscosity, and since { # 0, 
we have rotational flow. Actually, the element has a rotation of 
w, — €/2 = 0.1 rad/s, Fig. 7-10b. It is positive because at y — 0.005 m, 
the velocity profile shows that the top of the fluid element is moving 
slower than its bottom, Fig. 7-10a. 


Shear-Strain Rate. Applying Eq. 7-4, 





z = o + B = av E ou 
Yy a óx ay 
oy” +B 
= 0 + 0.002| 0 — 10(10*)(2y) ]|rad/s = —0.200 rad/s Ans. (c) 
y — 0.005 m 
Fig. 7-10 


This is a negative rate change. It occurs because f is positive clock- 
wise, and the shear strain is defined as the difference in the angle 
90° — (90° + B) = —B, Fig. 7-10c. 
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7.4 Conservation of Mass 


In this section we will derive the continuity equation for an element of fluid 
flowing through a fixed differential control volume that only has open control 
surfaces, Fig. 7-9. We will assume three-dimensional flow, where the velocity 
field has components u © u(x, y, z, t) v — v(x, y, z, Nw Z w(x, y, Z, f). 
Point (x, y, z) is at the center of the control volume, and at this point the 
density is defined by the scalar field p © p(x, y, z, t). Within the control 
volume, local changes to the mass can occur due to the fluid’s compressi bility. 
Also, convective changes can occur from one control surface to another due 
to nonuniform flow. In Fig. 7-11 these convective changes are considered only 
in the x direction, as noted by the partial derivatives at each control surface. 
If we apply the continuity equation, Eq. 4-12, to the control volume in the x 


direction, we have 
a — 
«| av + f ov-aa=0 
at Cv cs 


dp (pu) =) ( Apu) =) _ 
— j j t d Z — — — m / toj Z — LS / > | Z — 
4 Ax Ay A (pu x ow Ay A pu a Av A 0 


Dividing by Ax Ay Az, and simplifying, we get 





r . 
ap à (pu) = 


7.9 
at ax ( 


If we include the convective changes in the y and z directions, then the 
continuity equation becomes 


à epu. o( pv A pw. 
dp , Apu) | Apv) | Xow) _ 


7 ] , (7-10) 
or ax dy az | 


Finally, using the gradient operator V = a/axi + d/dyj + a/dzk, and 
expressing the velocity as V ~ ui + vj + wk, we can write the continuity 
equation for the differential element in vector form as 


a 
z +V-pV=0 (7-11) 






(pu + c uy JAy Az 


Ax 


Fig. 7-11 


Two-Dimensional Steady Flow of an Ideal Fluid. Although 
we have developed the continuity equation in its most general form, 
often it has applications to two-dimensional steady-state flow of an ideal 
fluid. For this special case, the fluid is incompressible and sop is constant. 
As a result Eq. 7-10 then becomes 





(7-12) 
steady flow 
incompressible fluid 
Or, from Eq. 7-11, we can write 
VV —0 (7-13) 


As noted by Eq. 7-1, this is the same as saying the volumetric dilatation rate 
must be zero. In other words, the volume rate of change of the fluid element 
must be zero since the density of an ideal fluid is constant. For example, if a 
positive change in size occurs in the x direction (du/ax > 0), then by 
Eq. 7-12, a corresponding negative change in size (0v/ày — 0) must occur 
in the y direction. 


Cylindrical Coordinates. The continuity equation can also be 
expressed for a differential element in terms of cylindrical coordinates 
r,0. z, Fig. 7-12. For the sake of completeness, we will state the result here 
without proof, and then use it later to describe some important types of 
symmetrical flow. In the general case, 


j L Arpv, 1 pv Mpv.) _ | | 
ðt r ðr r o8 az 

If the fluid is incompressible and the flow is steady, then in two dimensions 

(r, 89) the continuity equation becomes 


v av ] àv | 
1 += 4+- (7-15) 
r ðr r o0 

steady flow 


incompressible fluid 


7.4 


CONSERVATION OF Mass 





Cylindrical coordinates 


Fig. 7-12 
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7.9 Equations of Motion for a Fluid Particle 


In this section we will apply Newton's second law of motion to a differential 
fluid element and express the result in its most general form. But before we 
do this, however, we must first formulate expressions that represent the 
effect of a force AF acting on a differential area 4A. As shown in Fig. 7-13a, 
AF will have a normal component AF. and two shear components AF, and 
AF,. Stress is the result of these surface force components. The normal 
component creates a normal stress on the area, defined as 
AF. 


«7 Haa 


and the shear components create shear stresses 


AF, AF, 
fe „lim — 7,7 limn — 
w  SA>0 AA 7 ——— AA—O0 AA 
The first letter (z) in this subscript notation represents the outward normal 
direction that defines the direction of the area element AA, and the 
second letter represents the direction of the stress. If we now generalize 
this idea and consider forces acting on the six faces of a volume element 
of fluid, then three components of stress will act on each face of the 
element as shown in Fig. 7-135. 
(b) At each point in the fluid there will be a stress field that defines these 
stresses. And because this field changes from one point to the next, the 
forces these stresses produce on a fluid particle (element) must account 
for these changes. For example, consider the free-body diagram of the fluid 
particle in Fig. 7-13c, which shows only the forces of the stress components 
that act in the x direction. The resultant surface force in the x direction is 


do do 
(AF) — (v. + — WT GN Ax jay Ap = (v. - " T XX Axa, Az 















[r., 272 7 = JAxAy ax ax 
or, Av Hs AyAz 9T Ay OT yx Ay : 
[rs - "3, [o ] y + T yx + ay 7 Ax Az Tx -— ay P Ax Az 
, Az ary, Az 
+ i — 207 
(a+? z 5 "P Ay e x 2 A as Ay 


a a Lm. A ' 
Waz + —- a |AyAz [Tz + FI = ]AxAz 
d T:y AZ 


Free-body diagram 
(c) 
Fig. 7-13 





7.5 EQUATIONS OF MOTION FOR A FLUID PARTICLE 


By collecting terms this can be simplified, and in a similar manner, the 
resultant surface forces produced by the stresses in the y and z directions 
can also be obtained. We have 


do,, OW, a., 
: ax ay az 








f . - — ————— — / X j ' f Z 
yt Va y oa : 
uu OT. OT ,- dd... 
(AF) "E + —~ |Ax Ay Az 
` ax dy az 


Apart from these forces, there is also the body force due to the weight 
of the particle. If Am is the particle's mass, this force is 
AW = (Am)g > pgAx Ay Az. To further generalize this de velopment, we 
will assume the x, y, z axes have some arbitrary orientation so that the 
weight will have components AW,, AW,, AW. along each axis. Therefore, 
the sums of all the body and surface force components acting on the fluid 
particle are 











_ m, Mys Ta 
AF, = | pg, * — t — + — ]Ax Ay Az 








ax ay az 
= Or, O0, OT, 

AF, = | pg, + — + —— + Ax Ay Az (7-16) 
ax oy dz 








_ i. We do. 
AF. = | pe, + — + — + — ]Ax Ay Az 
` ` ax dy az 
With these forces established, we can now apply Newton's second law of 
motion to the particle. Provided the particle's velocity is expressed as a 
velocity field, V = V(x, y, z, t), then the material derivative is used to 
determine the acceleration, Eq. 3-5. Thus, 


DV aV av av av 
=F = Am— = (pAx Ay so Z toam + v— + M 
Dt at ax dy az 


When we substitute Eqs. 7-16, factor out the volume Ax Ay Az, and then 
use V — ui + vj + wk, the x, y, z components of this equation become 


ng cope om p PL AEST PRACT HEN 


ck x Oy, TA — (2 ou ou x) 
ax ay az dy 


0T, Ay Ay fa ov ov ov | 
pg, t = et =F We tee tee tl (7-17) 
ax dy az at ax ay az | 





- 
Faus 


ÔT yz dT yz Oo TL aw aw aw aw 
~ pl + wu + ve + w— 
i x y 


In the next section we will apply these equations to study an ideal fluid. 
Then later, in Sec. 7.11 we will consider the more general case of a 
Newtonian fluid. 
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(b) 


Fig. 7-13 


7.6 The Euler and Bernoulli Equations 


If we consider the fluid to be an ideal fluid, then the equations of motion 
will reduce to a simpler form. In particular, there will be no viscous shear 
stress on the particle (element), and the three normal stress components 
will represent the pressure. Since these normal stresses have all been 
defined in Fig. 7-13b as positive outward, and as a convention, positive 
pressure produces a compressive stress, then o,, ~ Oy, ~ 0. — —p. AS 
a result, the general equations of motion for an ideal fluid particle become 


op — (2 du du x) 


-— — E ee cam 
P5x ax Pla ax “ay a 
óp w w Ov w ) "M 
, 5 77 p| *—J- aL pw 7-18 
PE y P ( a "ax ay a pre 
dp — [àw aw ðw ðw 
pz. -~— p — tuU tv-— tw 
- az at ax ay az 


These equations are called the Euler equations of motion, expressed in 
X, y, z coordinates. Recall that in Sec. 5.1 we derived them for streamline 
coordinates, s, n, where they took on a simpler form. 

Using the gradient operator, we can also write Eqs. 7-18 in a more 
compact form, namely 


j 
pg-Vp -— |x PIY Vv (7-19) 


Two-Dimensional Steady Flow. In many cases we will have 
steady two-dimensional flow, and the z component of velocity w = 0. 
If we orient the x and y axes so that g ~ —gj, then Euler’s equations 
(Eqs. 7-18) become 


lad du du 
P — — E 


— = u7 ~ (7-20) 

p ax dx dy 
la _ av av | 
= g—a— + o— (7-21) 
p ày ax dy | 


The velocity components u and v and the pressure p at any point within 
the fluid can now be determined, provided we can solve these two partial 
differential equations along with the continuity equation, Eq. 7-12. 

Although we have derived Euler's equations here for an x, y coordinate 
system, for some problems it will be convenient to express them in polar 
coordinates r, 0. Without proof, they are 


lap _ ðu, vgv, ve 


a 7-22 

p ðr "ar r à r ( 
Llop | Wg Ug Ag Vgtv, | | 
pr ae ar r að r ( 
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The Bernoulli Equation. In Sec. 5.2 we derived the Bernoulli 
equation by integrating the streamline component of the Euler 
equation. There it was shown that the result applies at any two points 
on the same streamline. If a condition of irrotational flow exists, meaning 
« — 0, then the Bernoulli equation can also be applied between any 
two points that are on different streamlines. To show this, assume we have 
irrotational two-dimensional flow so that œw, ^ O0 or du/dy = dv/ax, 
Eq. 7-2. If we substitute this condition into Eqs. 7-20 and 7-21, we get 


lop _ au av 


ae = 
p ax ax ax 

la |. 8u av 

E. — y~ + y~ 


1 
Pp ay 5 dy dy 


Since aur) /ax = 2u(du/dx), 0(1?)/àx — 2v(av/àax), a(u^)/ày — 2u(du/ày), 
and à(v?)/ày — 2v(àv/ày), the above equations become 
lap _ | ZU T v^) 
(px o2 wx 
] àp |] au? j v?) 
py E2 w 


Integrating with respect to x in the first e quation, and with respect to y in 
the second equation, yields 


M 


(u? + v^) "V 





rm | — 
mile 


p E 
— + f(y) = 
b f) 


y? 


w |= 


Z + ha) =E a + v4 = 
— = , xj" ~= (u“ = 
p P 2 


Here V is the fluid particle's velocity found from its components, 
V? — iw + v*. Equating these two results, it is then necessary that 
fly) = —gy + h(x). The solution requires that A(x) = Const., since x and 
y can vary independent of one another. As a result, the unknown function 
fiy) = ~gy + Const. Substituting this and A(x) = Const. into the above 
two equations, we obtain in either case the Bernoulli equation, that is, 


2 


E ' — Const 7—24 


P 





Steady irrotational flow, ideal fluid 


Thus, if the flow is irrotational, then the Bernoulli equation may be 
applied between any two points (x;,y,) and (x; y;) that are rot 
necessarily on the same streamline. Of course, as noted, we must also 
require the fluid to be ideal and the flow to be steady. 
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Important Points 


In general, when a differential element of fluid is subjected to 
forces, it tends to undergo “rigid-body” translation and rotation, 
as well as linear and angular distortions. 


The rate of translation of a fluid element is determined by the 
velocity field. 


Linear distortion is measured by the change in volume per unit 
volume of the fluid element. The rate at which this change occurs 
is called the volumetric dilatation rate, V * V. 


Rotation of a fluid element is defined by the rotation of the 
bisector of the fluid element, or the average angular velocities of 
its two sides. It is expressed as # = 4V x V. Rotation can also be 
specified by the vorticity € — V X V. 


If w = 0, then the flow is termed irrotational flow, that is, no 
angular motion occurs. This type of flow always occurs in an ideal 
fluid because viscous shear forces are not present to cause 
rotation. 


Angular distortion is defined by the rate of change in shear strain, 
or the rate at which the angle between adjacent sides of the fluid 
element will change. These strains are caused by shear stress, 
which is the result of the fluid’s viscosity. [deal or inviscid fluids 
have no angular distortions. 





Since an ideal fluid is incompressible, the continuity equation for 
steady flow states that the rate of change in volume per unit 
volume for a fluid element must be zero, V -V — 0. 


Euler’s equations relate the pressure and gravitational forces 
acting on a differential fluid particle of an ideal fluid to its 
acceleration. If these equations are integrated and combined, 
then for steady irrotational flow, they produce the Bernoulli 
equation. 


The Bernoulli equation can be applied between any two points 
not located on the same streamline, provided the fluid is ideal 
and the steady flow is irrotational, that is, w = 0. 
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EXAMPLE [Z3 


The velocity field V ^ (-—6xi - 6vyj] m/s defines the two-dimensional 
ideal fluid flow in the vertical plane shown in Fig. 7-14. Determine the 
volumetric dilatation rate and the rotation of a fluid element located 
at point B(1 m, 2 m). If the pressure at point A(1 m, 1 m) is 250 kPa, 
what is the pressure at point B? Take p = 1200 kg/m’. 


SOLUTION 


Fluid Description. Since the velocity is not a function of time, the 
flow is ste ady. The fluid is an ideal fluid. 


Volumetric Dilatation. Applying Eq. 7-1, where u = (—6x) m/s, 
v — (6y) m/s, and w — 0, we have 





oóV/dY à aw ð 
V u Ww, Ww 64 6 +0 =0 Ans. Fig. 7-14 
ðt ox dy « 


The result confirms that there is no change in the volume of the fluid 
element at B as it displaces. 


Rotation. The angular velocity of the fluid element at B is defined 
by Eq. 7-2. 


=i al = 
w, s E! ;-0 70 Ans. 


Therefore, the fluid element will not rotate about the z axis. Actually, 
the above two results apply at all points in the fluid, since they are 
independent of x and y. In other words, an ideal fluid is incompressible 
and produces irrotational flow. 





Pressure. Since the flow is irrotational and steady, we can apply the 
Bernoulli equation at two points not located on the same streamline, 
Fig. 7-14. The velocities at A and B are 


V4 ^ V[-6(DP + [6(1)]? = 8.485 m/s 
Ve — V[-6(1) |? + [6(2)]? = 13.42 m/s 


Therefore, with the datum at the x axis, we have 


Pa Ve =m Ve 
y 2g ^ y 2, 5 
250(10°) N/m? (8.485 m/s)’ B Pp (13.42 m/s)? 


(1200 kg/m?)(9.81 m/s?) — 2(9.81 m/s?) = (1200 kg/m?)(9.81 m/s?) — 2(9.81 m/s?) 


pg ^ 173kPa Ans. 
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Velocity is tangent to streamline 


Fig. 7-15 


7.7 The Stream Function 


In two dimensions, one method for satisfying the equation of continuity 
is to replace the two unknown velocity components wu and v by a single 
unknown function, thus reducing the number of unknowns, and thereby 
simplifying the analysis of an ideal fluid flow problem. In this section we 
will use the stream function as a means for doing this, and in the next 
section we will consider its counterpart, the potential function. 

The stream function (psi) is the equation that represents all the 
equations of the streamlines. In two dimensions, it is a function of x and y, 
and for the equation of each streamline it is equal to a specific constant 
W(x, y) = C. You may recall in Sec. 3.3 we developed the technique for 
finding the equation of a streamline as it relates to the velocity 
components u and v. Here we will review this procedure, and extend its 
usefulness. 


Velocity Components. By definition, the velocity of a fluid particle 
is always tangent to the streamline along which it travels, Fig. 7-15. As a 
result, we can relate the velocity components u and v to the slope of the 
tangent by proportion. As shown in the figure, dy/dx = v/u, or 


udy — vdx — 0 (7-25) 


Now, if we take the total derivative of the streamline equation W(x, y) = C, 
which describes the streamline in Fig. 7-15, we have 


diy = P dy + d =0 (7-26) 


Comparing this with Eq. 7-25, the two components of velocity can be 
related to v. We require 


HN = D .— (7-27) 


Therefore, if we know the equation of any streamline, (x, y) — C, we 
can obtain the velocity components of a particle that travels along it by 
using these equations. By obtaining the velocity components in this wa y, 
we can show that for steady flow the stream function automatically 
satisfies the equation of continuity. By direct substitution into Eq. 7-12, 
we find 


à 
ax ay ax \ dy dy \ ax 


ry Py _ A 
üxdy = dy ax 








Later we will see that in some problems, it will be convenient to express 
the stream function and the velocity components in terms of their polar 
coordinates, r and@, Fig. 7-16. Without proof, if Y(r,¢) = C is given, then 
the radial and transverse velocity components are 


(7-28) 





Volumetric Flow. The stream function can also be used to determine 
the volumetric flow between any two streamlines. For example, consider 
the triangular differential control volume in Fig. 7—17a that is located 
within the streamtube between the two streamlines Ww and ws + dus. Since 
we have two-dimensional flow, we will consider the flow dq through this 
element as a measure of flow per unit depth z, that is, as having units of 
m? /s or ft^/s. This flow only occurs within this streamtube, because the 
fluid velocity is always tangent to the streamlines, never perpendicular to 
them. Continuity requires the flow into the control surface AB to be equal 
to the flow out of the control surfaces BC and AC. In the case of BC, since 
the depth is 1 unit, the flow out is u|dy(1)|, but in the case of AC, by 
convention, v is positive upward, and so the flow outward is —v|dx(1)]. 
Applying the continuity equation, for steady incompressible flow, we have 


a 
=f pav + | pv-an =o 


0 — p dq * pu[dy()] — pv[dx(1)] = 0 
dq — udy — vdx 
Substituting Eqs. 7-27 into this equation, the right side becomes Eq. 7-26. 
Therefore, = 
dq — dy 


Thus, the flow dq between the two streamlines is simply found by finding 
their difference, (Uy -- di) — y — dy. The volume flow rate between ary 
two streamlines a finite distance apart can now be determined by 
integrating this result. If (x, v) — C, and vs(x, y) Z Ca, then 





Let's summarize our results. If the stream function W(x, y) is known, we can 
set it equal to various values of the constant W(x, y) = C to obtain the 
streamlines, and thus visualize the flow. We can then use Eqs. 7-27 (or 
Eqs. 7-28) to determine the velocity components of the flow along a 
streamline. Also we can determine the volumetric flow between any two 
streamlines, such as wWj(x, vy) — C, and We(x. y) ^ C; by finding the 
difference in their streamline constants, q ^ C; — Cj, Eq. 7-29. As we 
discussed in Sec. 3.3, once constructed, the distance between the streamlines 
will also provide an indication of the relative speed of the flow. This is based 
on the conservation of mass. For example, note how the fluid element in 
Fig. 7-17b must flatten asit moves through the streamtube in order to preserve 
its mass ( or volume). Thus, at locations where thestrearmlines are close together, 
the flow is fast, and when these streamlines are farther apan, the flow is slow. 
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Polar coordinates 


Fig. 7-16 





Conservation of mass 


(b) 
Fig. 7-17 
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EXAMPLE | 7.4 





A flow field is defined by the stream function v(x, v) ^ y^ — x. Draw the 
streamlines for p(x, y) = 0, p(x, y) ^ 2 m?/s, and y(x, y) ^ 4 m/s. 
What is the velocity of a fluid particle at y ^ 1 m on the streamline 
yox, y) 7 2 m^/s? 


SOLUTION 


Fluid Description. Since time is not involved, this is steady flow of 
an ideal fluid. 


Stream Functions. The equations for the three streamlines are 


y-x70 
y-x72 
y -x74 


These equations are graphed in Fig. 7-18. Each is a parabola and 
represents a streamline for the constant that defines it. 


Velocity. The velocity components along each streamline are 
_ ww _a 





= = 2 = 
Fig. 7-18 e Ån ll 2y) m/s 
e » aU -x)-Q»m/ 
= _ ð = — 
v= X E Ed = x) = —(-1) = 1 m/s 
For the streamline y? — x = 2, at y = 1 m, then x = —1 m, so at this 


point, u ~ 2m/s and v > | m/s. These two components produce the 
resultant velocity of a fluid particle at this location, Fig. 7-18. It is 


V = V(2 m/s) * (1 m/s? — 224 m/s Ans. 


Notice that the directions of the velocity components also provide a 
means for establishing the direction of the flow, as indicated by the 
small arrows on this streamline, Fig. 7-18. 

Although it is not part of this problem, imagine the streamlines for 
which y, — 0 and p, — 4 m^/s represent solid boundaries for a 
channel, Fig. 7-18. Then from Eq. 7-29, the volumetric flow per unit 
depth within this channel (or streamtube) would be 





q 7 a — d 7 Ama /s — 0 = 4m’/s 
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EXAMPLE [2:5 





Uniform flow occurs at an angle 0 with the y axis, as shown in Fig. 7-19. 
Determine the stream function for this flow. 


SOLUTION 


Fluid Description. We have steady uniform ideal fluid flow, since U 
is constant. 


Velocity. The x and y components of velocity are 
u — Usinó and v — —-Ucos6 


Stream Function. If we relate the velocity component u to the 
stream function, we have 





u = E U sin 0. — = 
dy dy 
Uniform flow 
Integrating with respect to y, to obtain v, yields 
Fig. 7-19 


y = (U sin 8)y + f(x) (1) 


Here f(x) is an unknown function that is to be determined. This can be 
done by doing the same thing for v, using Eq. 1. We have 


-— p os = 2 j , 
v ar U cos 0 x [(U sin #)y + fix) | 





U cos 0 — (0 + 29] 


Integrating, 
(U cos 0) x — f(x) - C 


For convenience, we will set the constant of integration C — 0 to 
produce the stream function. Substituting the result into Eq. 1, we get 


w(x, vy) — (U sin 0)y + (U cos @)x Ans. 


We can show that y(x, y) produces the velocity U by noting that the 
velocity components are u — ój/ày — U sin 0 and v — —ójr/àx — 
—U cos 8. Therefore, the resultant velocity of fluid particles on each 
streamline is 


V = V(U sin 0? + (—U cos 0} = U 


as noted in Fig. 7-19. 
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o 
Flow around a 90 corner 


Fig. 7-20 





The streamlines for steady ideal fluid flow around the 90° corner in 
Fig. 7-20 are defined by the stream function w(x, y) ^ (5xy) m/s. 
Determine the velocity of the flow at point x 7 2m, y — 3m. Can 
the Bernoulli equation be applied between any two points within 
this flow? 


SOLUTION 
Fluid Description. As stated, we have steady ideal fluid flow. 


Velocity. The velocity components are determined from Eqs. 7-27. 


NT M = Z Sw) = (5x) m/s 


dy 
= _ op = 9 >) = (—~Su 
x: = (Sxy) = (—Sy) m/s 


At point x — 2m,y — 3m, 


x 


u — 5(2) = 10 m/s 
v = —5(3) = —15 m/s 


The resultant velocity has a magnitude of 
V = V(10 m/s)? + (-15 m/s)? = 18.0 m/s Ans. 


Its direction is tangent to the streamline that passes through point 
(2 m,3 m), as shown in Fig. 7-20. To find the equation that defines this 
streamline, we require W(x, y) ^ 5(2)(3) ^ C — 30 m?/s. Thus 
u(x, vy) — Sxy — 30, orxy — 6. 

The Bernoulli equation can be applied since an ideal fluid has 
irrotational flow. Applying Eq. 7-2 to check this, we have 


= x) - 1m x2 | - 
w. = + — -= | = -4 —— - — | = 0 
2\ ax ay 


Therefore the Bernoulli equation can be used to find the pressure 
differences between any two points within the fluid. 


7.8 THE POTENTIAL FUNCTION 


7.8 The Potential Function 


In the previous section we related the velocity components to the stream 
function, which describes the streamlines for the flow. Another way of relating 
the velocity components to a single function is to use the velocity potential 
o (phi). It is defined by the potential function @ — (x, y). The velocity 
components are determined from dx, v) using the following equations. 


(7-30) 





The resultant velocity is therefore 


V =i t oj = Si+ j= vo (7-31) 


The potential function ó only describes irrotational flow. To show this, 
substitute the velocity components, as we have defined them, into 
Eq. 7-2. This gives 


=f 2(2) - 63] = - — NC Am 

2) ax\ay) — ay\ax 2, dxdy ayax 

Thus, if the flow is irrotational flow, then we can always establish a 
potential function (x, v), because this function automatically satisfies the 
condition «. — 0. 

Another characteristic of (x, y) is that the velocity will always be 
perpendicular to any equipotential line d(x, y) — C’. As a result, any 
equipotential line will be perpendicular to any intersecting streamline 
W(x, y) = C. This can be shown by taking the total derivative of 
d(x, y) — C', which gives 


dd x dx y dy — 0 


=udx + vdy — 0 


Or, 


du 

dx — —v 
Graphically, this indicates that the slope @ of the tangent of the streamline 
W(x, y) — C in Fig. 7-21 is the negative reciprocal of the slope of the 
equipotential line d(x, y) = C', Eq. 7-25. Therefore, as shown, streamlines 
are always perpendicular to equipotential lines. 


Fig. 7-21 
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(far apart W defines fixed ir close 
velocity is slow boundary. together 
velocity 

is fast 


yy = 
#@=C+A 
i — C-2AC 
$-C 
?97-C @=C+AC 
Flow net for 


ideal flow through a transition 


Fig. 7-22 





Finally, if polar coordinates are used to describe the equipotential 
function, then, without proof, the velocity components v, and v, are 
related to the potential function by 


(7-32) 





Flow Net. A family of streamlines and equipotential lines for 
various values of the constants C and C’ makes up a flow net, which can 
serve as a graphical aid for visualizing the flow. An example of a flow net 
is shown in Fig. 7-22. Here the streamlines and equipotential lines must 
be constructed so that they always interse ct perpendicular to one another 
and are spaced so that they maintain the same incremental distance AC 
and AC’. As noted, where the streamlines are closer together the 
velocity is high (fast flow), and vice versa. For convenience, a computer 
can be used to construct a flow net by plotting the equations for 
W(x. y) = Cand d(x, y) = C’, and then incrementally increasing the 
constants by AC and AC’. 


Important Points 


A stream function W(x, y) satisfies the continuity of flow. If y(x, y) 
is known, then it is possible to determine the velocity components 
at any point within the flow using Eqs. 7-27. Also, the flow 
between any two streamlines yx, y) — C, and (x, y) — C; can 
be determined by finding the difference between the streamline 
constants, g — C; — C,. The flow can either be rotational or 
irrotational. 


A potential function (x, y) satisfies the conditions of irrotational 
flow. If (x, y) is known, the velocity components at any point 


within the flow can be deter mined using Eqs. 7-30. 


Equipotential lines are always perpendicular to streamlines, and 
a set of both of these “lines” forms a flow net. 


If the velocity components for a flow are known, then the stream 
function (x, y) or the potentional function (x, y) is determined 
by integrating Eqs. 7-27 or Eqs. 7-30 and, for convenience, setting 
the integration constant equal to zero. 


The equations of a streamline and equipotentional line passing 
through a particular point (xı, yı) are determined by first 
obtaining the constants from wW(x;, y,;) ^ C, and d(x), vi) = Cy’, 
and then writing y/(x, v) — C, and (x, y) — C,'. 
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EXAMPLE LZ 


A flow has a velocity field defined by V = {4xy7i + 4x*yj}m/s. Is it 
possible to establish a potential function for this flow, and if so, what is 
the equipotential line passing through point x = 1 m, y = 1 m? 


SOLUTION 
Fluid Description. We have steady flow since V is not a function 
of time. 


Analysis. A potential function can be developed only if the flow is 
irrotational. To find out if it is, we apply Eq. 7-2. Here u — 4xy? and 
v = 4x’y, so that 


— ae — Hì) = 
w. (= E 7 (8%) 8xy) — 0 


Since we have irrotational flow, the potential function can be 
established. Using the x component of velocity, 


= — = ,4 
u T» 4xy 
Integrating, 
$ — 2x'y? * f(y) (1) 


The unknown function f(y) must be determine d. Using the y component 
of velocity, 
_ ob 
p 
dy 
0 
4xty = 5 [2x’y* + fo] 


, 





4x*y = Ax?y + Zio] 


à 

— f(v) ^0 

yf) 
Therefore, integration gives 

fy) = Cc’ 


The potential function is then determined from Eq. 1, where, for 
convenience C' — 0, so that 


dx, y) = 2x?y? 


To find the equipotential line passing through point (1 m, 1 m), we 
require (x, y) = 2(1)(1) = 2. Thus, 2x*y* = 2 or 


xy 71 Ans. 
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Flow through 
a channel 


(b) 
Fig. 7-23 


x 


The potential function for a flow is defined by (x,y) = 10xy. 
Determine the stream function for the flow. 


SOLUTION 


Fluid Description. This is steady fluid flow, and because it is defined 
by a potential function, the flow is also irrotational. 


Analysis. To solve, we will first determine the velocity components, and 
then from this, obtain the stream function. Using Eqs. 7-30, we have 


u = 29 — 0o, y= = jox 
ax | dy 


From the first of Eqs. 7-27 for u, we have 


u = = 10y = as 
dy dy 
Integrating with respect to y gives 
y 5 Sy? + fix) (1) 


Here f(x) has to be determined. Using the second of Eqs. 7-27, for v 
we have 


_ a ee B | ð | 
=——; 10x = ——[S5y + =-|0+— 
v 2 10x on Sy" + fx) | 0 ae | fo] 
so that 
à x 
E] foo] 10x 
Integrating yields 


fx) = -5x + C 


Setting C = 0 and substituting f(x) into Eq. 1, the stream function 
becomes 


pix, y) = 50° — x?) Ans. 


The flow net can be plotted by setting W(x, y) = 5(? — x?) ^ C and 
bix. y) Z 10xy = C' and then plotting these equations for different 
values of the constants C and C'. When this is done, the flow net will 
look like that shown in Fig. 7-23a. If we select two streamlines, say 
V, — C, and y, — C;,to model the sides of a channel, Fig. 7-23b, then 
our solution can be used to study the flow within the channel, 
assuming, of course, the fluid is ideal. 
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7.9 Basic Two-Dimensional Flows 


The flow of an ideal fluid must satisfy both the continuity and 
irrotational flow conditions. It was stated previously that the stream 
function i automatically satisfies continuity for incompressible flow. 
However, to ensure that it satisfies irrotationality, we require 
w., ~ (w /ax — du/dy) — 0. When we substitute the velocity components 
u — ój/ày and v — —oyr/àx into this equation, we get 
> x, 
Pe Pü 


? 


- 0 7-33 
at (7-33) 


Or. in vector form, 
Vy —0 


In a similar manner, since the potential function œ automatically satisfies 
the irrotational flow condition, then to satisfy continuity, 
(du/dax) + (dv/dy) = 0, we substitute the velocity components, u = dd /ax 
and v — dd/dy, into this equation and get 


o a 
P» VL, 
ax” aye 
or 
V$-—0 (7-34) 


The above two equations are a form of Laplace s equation. A solution for 
the stream function y in Eq. 7—33, or the potential function ó in the above 
equation, represents the flow field for an ideal fluid. When one of these 
equations is solved, the two constants of integration resulting from the 
solution are evaluated by applying the boundary conditions to the flow. 
For example, a boundary condition will require that a stream function 
follow a solid boundary, since no component of velocity can act normal 
to the surface of the boundary. 

Through the years, many investigators have determined v or œ for 
various types of ideal flow,either directly by solving the above equations, 
or indirectly by knowing the velocity components for the flow. See 
Refs. [10, 11]. It was this work that formed the basis of the science of 
hydrodynamics, which developed in the late 19th century. As a brief 
introduction to the methods used in hydrodynamics, we will now present 
the solutions for v and œ that involve five basic flow patterns. Once these 
flows have been introduced, we will then use the results to show how 
they can be superimposed with one another in order to represent other 
types of flow. 
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Uniform flow 
streamlines 


(a) 


Fig. 7-24 
Uniform Flow.  Ifthe flow is uniform and has a constant velocity U 
along the x axis, as shown in Fig. 724a, then its velocity components are 
u—U 
v=o 


Applying Eqs. 7-27, we can obtain the stream function. Starting with the 
velocity component u, 


E oy 





u U 
dy dy 
Integrating with respect to y, we get 
y = Uy + fix) 
Using this result, we now use the velocity component v. 
— Ẹ É 
v——x 0 = [Uy + fix)) 
à 
0 = uUo] 
Integrating with respect to x yields 
fox) —€ 
Thus, 
p — Uy - C 


We set the integration constant C — 0, and so the stream function 
becomes 


y = Uy 
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Uniform flow 
Equipotential lines 


Fig. 7-24 (cont.) 


The streamlines are plotted in Fig. 7—24a by assigning constant values 
for v. For example, when C — 0, then Uy = 0, which represents the 
streamline passing through the origin. Also, if i ^ 1 m?/s, then y = 1/U, 
and if  — 2m?/s, then y — 2/U, etc. Using Eq. 7-29, the flow 
between wy = I| m^/s and y — 2 m^/s can be determined, that is, 
q 72 m/s — | m/s = 1 m’/s, Fig. 7-24a. 

In a similar manner, using Eqs. 7-30,u — ó$/óx and v = dd /dy, we can 
obtain the potential function. Try integrating U = dd/dx and 0 = dd/ay, 
and obtain 





$ = Ux (7-35) 


Equipotential lines are obtained by assigning constant values to o. For 
example, @ = 0 corresponds to x ^ 0, and $ ^ 1 m?/s corresponds to 
x — I/U, etc. As expected, these lines will be perpendicular to the 
streamlines described by y, Fig. 7-24b. Together they form the flow net. 
Also, notice that, as required, both y / and $ will satisfy Laplace's equation, 
that is, Eqs. 7-33 and 7-34. 
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Line Source Flow. In two dimensions, the source of a flow q is 
defined from a line along the z axis from which the fluid flows radially 
outward, uniformly in all directions on the x-y plane, Fig. 7-25. Such a 
flow would approximate water slowly emerging from a pipe connected 
perpendicular to a horizontal plate, with a second plate just above it. 
Here q is measured per unit depth, along the z axis (line), so it has units 
of m? /s or ft^/s. Due to the angular symmetry, it is convenient to use 
polar coordinates r, 9 to describe tlis flow If we onsider a circle of 
radius r, then the flow through the circle having a unit depth passes 
through an area of A = 27r(1), and since q = v,A, we have 


q — v,(21mr)Y(1) 
The radial component of velocity is therefore 


— d 
io 


27r 
And due to symmetry, the transverse component is 


Va = 0 





The stream function is obtained using Eqs. 7-28. For the radial velocity 
component, we have 


y2lEÀ 4 219 

"or 2mr  r 00 
T ag 
" 2T 





Integrating with respect to 0, 


_ q4 
~~ 58 + fir) 
ST 


Now, considering the transverse velocity component, 


_ p — ja | | 
Ug — ——— 0 —-—1—-0- 
"6 ar ‘| AT fo 

ar fo 
Integrating with respect to r, 

fr) = C 
Thus, 
"LIE. 
AT 
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Line source flow 


Fig. 7-25 


Setting the integration constant C — 0, the stream function is 


= 7 i 
=z’ (7-36) 


Hence streamlines for which v equals any constant are radial lines at each 
coordinate 0 as expected, Fig. 7-25. For example, when C — 0, then 
(q/27)0 — 0 or 0 — 0, which represents the horizontal radial line. 
Likewise, if & = 1, then @ — 27/q, which defines the angular position of 
the radial streamline for f — 1, and so on. 

The potential function is determined by integrating Eqs. 7-32. 





y = 2%. 4 = % 
"o ar 2mr | ór 
^ roD r o 


Show that integration of these two equations yields 


= 47 E 
ab jr (7-37) 


Equipotential lines for which œ equals any constant are circles having a 
center at the source. For example, @ —^ 1 defines the circle of radius 
r — e^ etc. Fig. 7-25. Notice that the source is actually a mathematical 
singularity since v, — q/27r approaches infinity as r approaches zero. 
The flow net we have established, however, is still valid at distances away 
from the source. 
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Line sink flow 


Fig. 7-26 


Line Sink Flow. When the flow is radially inward toward a line 
source (z axis), then the strength of the flow q is negative and the flow is 
termed a line sink flow, Fig. 7-26. This type of flow is similar to the 
behavior of a shallow constant depth of water in a flat-bottom sink 
passing through a drain. Here the velocity components are 

= dd 


E 2rr 





vy — 0 
And the stream and potential functions become 


zd i 
y= -e (7-38) 


= d. x 
$7 -;-mnr (7-39) 


The flow net for these functions is shown in Fig. 7-26. 


Doublet. Whena line source and line sink come close to one another 
and then combine, they form a doublet. To show how to formulate the 
stream function and potential function for this case, consider the equal- 
strength source and sink shown in Fig. 7-27a. Using Eqs. 7-36 and 7-38, 
with 0, and 6, as the variables for the source and sink, respectively, 
we have 


+ 6, - 8) 


On 
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If we rearrange this equation and take the tangent of both sides, using the 
angle addition formula for the tangent, we get 


Aq — 
un (27£) — tan (0, — 805) — 


tan 0, — tan 0, (7-40) 
1 + tan 0, tan 0; 


From Fig. 7-27a, the tangents of 0; and @, can be written as 


tan (=) - p/«*2j- [»/« - 9] 


4 l + [0/0 * ay /(x — a)) | 


or 
— 4 -] —2ay ) 
—— t ss 
y 2m ETT 


As the distance a becomes smaller, the angles 0; — 0; — 0, and so the 
difference in the angles (0; — 0;) becomes smaller. When this happens, 
the tangent of the difference will approach the difference itself, that is, 
tan (0, — 05) — (0, — 65), sotan'! in the above equation can be elimina ted. 
If we then convert our result to polar coordinates, where ^ — x? ^ y?, 
and y — r sin 8, we get 


—  ga( rsin6 
V me ;) 


r —&d 


If a — 0, the flows from the source and sink would cancel each other. 
However, if we consider the strength q of both the source and sink as 
increasing as a — 0, then q — = so that the product qa remains constant. 
For convenience, if we define the strength of this doublet as K = qa/7, 
then in the limit, the stream function becomes 


_ —K sind 


y= (7-41) 
We can obtain the potential function in a similar manner. It is 
K cos 6 
$ ==> (7-42) 


The flow net for a doublet consists of a series of circles that all intersect 
at the origin, as shown in Fig. 7-27b. With it, in Sec. 7.10 we will show how 
it can be superimposed with a uniform flow to represent flow around 
a cylinder. 





(a) 





Doublet 
(b) 


Fig. 7-27 
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Free-vortex flow 


(a) 





a 


=> (a~ a) =0 


Irrotational flow 


(b) 


Fig. 7-28 


Free-Vortex Flow. A free vortex is irrotational flow that is 
circular. Here the streamlines are circles, and the equipotential lines 
are radial, Fig. 7-28a. We can represent this by selecting the stream 
function of a line source, Eq. 7-36, to be the potential function for the 
vortex. Then, considering the relationship for v; from Eqs. 7-28 and 
7-32, —ow/àr — (Vr)(0/38), we can obtain the stream function. The 
results are 

is = —k Int (7-43) 


$ = kð (7-44) 


where k = q/(2m)isa constant. Applying Eqs. 7-28, the velocity components 
are 


— l É» = 

u, TT v,— 0 (7-45) 
=- _ V —k 

Ug ar ` Va , (7—46) 


Note that v; becomes larger as r becomes smaller, and the center, r — 0, isa 
singularity since v; becomes infinite, Fig. 7-28a. This flow is irrotational 
since a potential function has been used to describe it. Consequently, fluid 
elements within the flow will distort in such a way that they do not rotate, 
Fig. 7-28b. Finally, note that this vortex is counterclockwise. To obtain a 
description of a clockwise vortex, the signs must be changed in Eq. 7-43 
and Eq. 7-44. 


Circulation. It is also possible to define the stream and potential 
functions for a free-vortex flow in terms of its circulation I’, defined by 
Eq. 7-6. If we choose circulation about the streamline (circle) at radius r, 


then 
27 k 
r= pv-as= | 7 (rdo) = 2nk 
0 


Using this result, Eqs. 7-43 and 7-44 become 


y E Inr (7-47) 
2T 
db = Te 7—48) 
2T ( 


We will use these results in the next section to study the effect of fluid 
pressure acting on a rotating cylinder. 
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Forced-Vortex Flow. A forced vortex is so named because an 
external torque is required to start or "force" the motion, Fig. 7-29a. Once 
it is started, the viscous effects of the fluid will eventually cause it to rotate 
as a rigid body; that is, the fluid elements maintain their shape and rotate 
about a fixed axis, Fig. 7-295. A typical example was discussed in Sec. 2.14. 
It is the rotation of a real fluid in a container. Since the fluid elements are 
"rotating," a potential function cannot be established. For this case, like 
the case discussed in Sec. 2.14, the velocity components are v, — 0 and 
Us — cor, where c is the angular velocity of the fluid, Fig. 7-29a. 


Ug ~ wr 


Excluding the constant of integration, the stream function is therefore 


-. 1 
y 5 or 





Forced-vortex flow 


(a) 
Fig. 7-29 


w 





(a ~ (~a)) =a 


l 
2 


Rotational flow 


(b) 
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EXAMPLE [2:9 





A tornado consists of a whirling mass of air such that the winds essentially 
move along horizontal circular streamlines, Fig. 7-30a. Determine the 
pressure distribution within the tornado as a function of r. 


— e ^ LI t E 7 


(a) 


Fig. 7-30 
SOLUTION 


Fluid Description. We will assume the air is an ideal fluid that has 
steady flow. Translational motion of the tornado will be neglected. 





© Jim Zuckerman/Alamy 


Free Vortex. From Eqs. 7-45 and 7-46, the velocity components are 


k 
v 0 and v ~ E (1) 


Bernoulli equation can be applied to two points, each lying on different 
streamlines. If we choose a point within the tornado, and another at the 
same elevation but remote, where the air velocity V — 0 and the (gage) 
pressure is p — 0, then using Eq. 7-24, we have 


E Because the flow within a free vortex is steady irrotational flow, the 
7 





? V 2 9 V? 
p 2 | p 2 E 
£ T x + = 0 + 0 + gz 
Res ee: si 
= pk? 5 
p "nm (2) 


Here k is a constant, as yet to be determined. The negative sign in this 
equation indicates that a suction pressure develops, and both this 
pressure and the velocity intensify as r becomes smaller. 

Notice that a free vortex such as this cannot actually exist in a real fluid 
since the velocity and pressure would have to approach infinity as r — 0. 
Instead, due to the increasing velocity gradient as r becomes smaller, the 
viscosity of the air will eventually create enough shear stress to cause the 
air in the core, or "eye," to rotate as a solid system having an angular 
velocity w. We will assume this transition occurs at a radius of r = rh, 
Fig. 7-30 a. 
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Forced Vortex. Because of its “rigid-body” motion, the core is a 
forced vortex, which we have analyzed using Euler’s equations of 
motion in Example 5-1. 

In that example, we showed that the pressure distribution is defined by 


2 
P ~ Po- E (ré - ri) (3) 


where p, is the pressure at rp. 

In order to fully study the pressure variation, we must now match the 
two solutions at r — r;. The constant k in Eq. 1 can now be determined 
since at ry the velocity in the forced vortex, vg ^ «ry, must equal that in 
the free vortex, that is, 


— aak a 
Ug ~ Why 7 so that k = wr? 


0 
The pressures in Eqs. 2 and 3 must also be equivalent at r = ry, so that 


peor) =, por (rd — n) 
202 Po "AM: Ü 
— _Po r 
Po 2 


Therefore, after substituting into Eq. 3 and simplifying, we have for the 
forced v ortex,r — 7, 








Vg T wr 
^t 
= PO 2 
p 2 (P = 2K ) 
And for the free vortex, r = rg, -5 sunt 
: 
m : 
Vg — — ~ parry? 
r 
2,4 
nc pe Ans. 
> 
2r“ 


Using these results, a plot of both the velocity and pressure variations 
is shown in Fig.7—30b. Notice that the largest suction (negative pressure) 
occurs at the center of the forced vortex, r ^ 0, and the highest velocity 
occurs at r © r. It is the combination of this low pressure and high 
velocity that makes tornadoes so destructive. In fact tornadoes often 
reach wind speeds over 200 mi/h (322 km/h). From weather reports 
you may have noticed their effect in leveling well-constructed houses, 
and lifting cars off the ground. 

The type of vortex we have considered here, that is, a combination 
of a forced vortex surrounded by a free vortex, is sometimes called a 
compound vortex. It not only occurs in tornadoes, but also forms in a 
kitchen sink as the water drains from the bottom, or in a river as the 
water flows off a boat oar or around a bridge pier. 





Fig. 7-30 (cont.) 
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symptote 


(c) 
Flow past a half body 


7.10 Superposition of Flows 


We noted in the previous section that for any ideal flow, both the stream 
function and the potential function must satisfy Laplace’s equation, that is, 
Eqs. 7-33 and 7-34. Because the second derivatives of yy and 4 are of the 
first power in this equation, that is, they are linear, then several different 
solutions can be superimposed, or added together, to form a new solution. 
For example, ij — V, ^ dr; or ó — o, + œ. In this way, complex flow 
patterns can be established from a series of basic flow patterns, such as the 
ones presented in the previous section. To date, many types of solutions 
have been produced by this method, oftentimes requiring the application 
of advanced mathematical analysis. These and other techniques used to find 
solutions are discussed in books related to hydrodynamics. See Ref. [10] 
and [11]. What follows are some basic applications using superposition. 


Flow Past a Half Body. If the results for uniform flow and line source 
flow are added together, the resulting streamline and potential functions are 


yw =o + vy =o + Ursine (7-49) 
2T 2T 
— 4 — q 
Ó — —Inr + Ux = —Inr + Urcosé (7-50) 
2T 2T 


Here we have used the coordinate transformation equations,x — rcos 6 
and y — r sin 0, to represent the results in polar coordinates. 

The velocity components can be determined from Eqs. 7-32 (or 
Eqs. 7-28). We have 


vo, 7 99 29... ucoso (7-51) 
adr |— 2mr 
196 ,. 
v = U sin 0 (7-32) 


The resultant flow looks like that shown in Fig. 7-31a. Any one of the 
streamlines can be selected as the boundary for a solid object that fits 
within this flow pattern. For example, streamlines A and A' form the 
boundary of an infinitely extended body of the shape shown shaded in 
Fig. 7-315. Here, however, we will consider the shape formed by the 
streamline that passes through the stagnation point P, Fig. 7—3lc. This 
point occurs where the velocity of flow from the source gq cancels the 
uniform flow U, Fig. 7-3la. The stagnation point is located at r = 1m, 
where the two components of velocity must be equal to zero, just before 
the flow begins to divide equally and pass around the body. For the 
transverse component, we find 


0 — —Usin 0 
0 —0,7 
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The root 0. — 7 gives the direction of rọ. For the radial component, 





0 — 1 T Ucos'T 
2Tr9 
_ 4 
— 7-53 
ro rU ( ) 


As expected, this radial position of P depends upon the magnitude of the 
uniform flow velocity U and the strength q of the source. 

The boundary of the body can now be specified by the streamline that 
passes through the point r — ry, 0 — 7. From Eq. 7-49, the constant for 
this streamline is 





— 4 q : — 4 
—— -+ — 
C 227 o(4) sin 77 > 


Therefore, the equation of the boundary of the body is 


4 4 + Ursiné = 
2T 


rm | 





symptote 


To simplify, we can solve for q in Eq. 7-53 and substitute it into this (e) 


equation. This gives Flow past a half body 
nk — 0) Fig. 7-31 (cont.) 


(7-54) 





sin 0 


Since the body extends an infinite distance to the right, its top and bottom 
surfaces approach asymptotes, and so it has no closure. For this reason, it 
is referred to as a half body. The half width A can be determined from 
Eq. 7-54, by noting that y — rsin@ — m(a — @), Fig. 7-3lc. As @ 
approaches 0 or 27, then y © th = tary = q/(2U). 

By selecting appropriate values for U and q, we can use the half body 
to model the front shape of a symmetrical object such as the front surface 
of an airfoil (wing) subjected to uniform flow U. But this has its 
limitations. By assuming the fluid to be ideal, we then have a finite value 
for velocity at the boundary of the body even though all real fluids 
require a “no-slip” zero velocity at the boundary due to their viscosity. In 
Chapter 11, we will show that this viscous effect is generally limited only 
to a very thin region near the boundary that is formed when fluids of 
relatively low viscosity, such as air, flow at high velocities. Outside this 
region the flow can generally be described by the analysis presented 
here, and indeed, the results have been found to agree rather closely with 
experimental results. 
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(b) 


Fig. 7-32 


Flow around a Rankine Oval. Whenuniform flowissuperimposed 
upon a line source and sink of equal strength, each located a distance a 
away from the origin, Fig. 7-32a, the streamlines so produced will look like 
those in Fig. 7-325. Using the established coordinates, we have 





- q q - . q 

V — Uy + 5-0) — 5-0) T Ursino +7- (0; — 61) (7-55) 
=m 1 AE. = 7, % e 

$ — Ux 2a Inr, + m Inra = Urcos + in In E (7-56) 


We can also express these functions in Cartesian coordinates, in 


which case 
ùY = Uy- = tan —————— (7-57) 
2T x»-y-g 


2m Vix- a+ y 


The velocity components are then 


- 9$ - Z[—te- — E 
“ ax 2mL(x - ay - y! (x — ay 4 y io 
= P = L e 2 —YX 
dy 1j- +a + y? (x — ay = (7-60) 
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Rankine oval 


(c) 
Fig. 7-32 (cont.) 


Setting Jy — 0 in Eq. 7-57, we obtain the shape shown in Fig. 7—32c. It 
passes through two stagnation points and forms a Rankine oval, named 
after the hydrodynamist William Rankine, who first developed this idea 
of combining flow patterns. 

To find the location of the stagnation points, we require u = v — 0. 
Thus from Eq. 7-60, with v — 0, we get y — 0. Then with u — 0 at 
x = b,y = 0, Eq. 7-59 gives 





q 2 1/2 
= | —a + 7—61 
b ( Un’ ) (7—61) 
This dimension also defines the half-length of the body, Fig. 7-32c. The 
half-width /: is found as the point of intersection of y — 0 with the y axis 
(x — 0). From Eq. 7-57, 








= — EN =F 2ah 
0 — Uh E tan m2 
Rearranging the terms yields 
_h-@ (=) 
h 22 tan á (7—62) 


A specific numerical solution for A in this transcendental equation will 
require a numerical procedure, as will be demonstrated in Example 7-10. 
In general, though, when seeking a solution, begin by choosing a number 
slightly smaller then g/(2U), because the half width of a Rankine oval is 
somewhat less than the half width of a corresponding half body. 
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Flow around a Cylinder. If a source and sink of equal strength 
are placed at the same point, producing a doublet, and this is superimposed 
with a uniform flow, we obtain the flow around a cylinder, Fig. 7—33a. 
Here a represents the radius of the cylinder, and so using Eqs. 7-34 and 
7-35, with x — rcos8 and y — rsin 60, and Eqs. 7-41 and 7-22, the stream 
functions and potential functions become 


K sin 0 
V — Ursing - —— 
K cos 0 
= Urcos 0 + 


If we set yy — 0, which passes through the two stagnation points, it will then 
define the boundary of the cylinder. Thus, (Ua — K/a) sin @ = 0, so the 
doublet strength must be K = Ua’. Therefore, 


2 

y= ul = T) sin (7-63) 
2 

b= v - Z) cos 0 (7—64) 


And the velocity components become 


Uniform flow around a cylinder 


Ideal flow 
(a) 


Fig. 7-33 


v, = = (i B =) cos 0 (7-65) 
2 
va = La = -u(1 + S) sin 0 (7-66) 


Notice that when r~a,thenv, — 0 due to the boundary, but 
vy — —2U sin 8. The stagnation points occur where v, = 0, that is, where 
sin — 0,or@ = 0° and@ = 180°, Since the streamlines are close together 
at the top (or bottom) of the cylinder, 6 = 90°, Fig. 7-33a, the maximum 
velocity occurs here. Itis (v5) 4, ^ 2U. For an ideal fluid, we can have this 
finite value for v,, but remember the viscosity of any real fluid would 
actually cause this velocity at the boundary to be zero, due to the no-slip 
condition for viscous flow. 
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The pressure at a point on or off the cylinder can be determined using 
the Bernoulli equation, applied at the point and at another one far 
removed from the cylinder where p © pọ and V © U. Neglecting 
gravitational effects, we have 


V? pg U? 
poate 
2 p 2 


vis 


OT 


E l 
p = po + 5? U* - y?) 


Since V — v, — —2U sin f along the surface,” = a, then when we substitute 
this into the above equation, we find that the pressure on the surface is 


l 
p^ po 5P? — 4sin’@) (7-67) 


A graph of the result (p — pp) is shown in Fig. 7-335. By inspection, this 
pressure distribution is symmetrical, and so it creates no net force on the 
cylinder. Something that is to be expected for an ideal fluid, since the flow 
does not include the effect of viscous friction. In Chapter 11, however, we 
will include this effect, and show how this alters the pressure distribution. 








Pressure distribution 
(b) 
Fig. 7-33 (cont.) 
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P<47Ua 
Two stagnation points 
(a) 


r= 4 mUa 
One stagnation point 
(b) 


S 


Te 
~ 





l> 4 mUa 
No stagnation point 
on surface of cylinder 
(c) 


Fig. 7-34 


Uniform and Free-Vortex Flow around a Cylinder. Ifa 
counterclockwise rotating cylinder is placed in the uniform flow of a real 
fluid, then the fluid particles in contact with the cylinder’s surface will 
stick to the surface, and because of viscosity, move with the cylinder. We 
can approximately model this type of flow using an ideal fluid by 
considering the cylinder as immersed in a uniform flow superimposed 
with a free vortex, written in terms of its circulation !', Eqs. 7-47 and 
7—48. Adding these flows results in the stream and potential functions 


y = uf = Z) sin@ — — hr (7—68) 
b= uf + 5) cos # + L (7-69) 


The velocity components are therefore 


Ad ? 
p, m (i = cose (7-70) 
or r 
_ 1 dd _ d. p | | 
— — — e + — e — — 
LN 20 (a JET + m (7-71) 


From these equations, notice that the velocity distribution around the 
surface of the cylinder, r — a, has components of 


v, 0 


vy — —2Usin 0 + £ (7-72) 
2ma 


It may be of interest to show that indeed the circulation around the 
cylinder is |. For this case, v — v; is always tangent to the cylinder, and 
since ds ^ a d0, we have 


t= dv-as= | (-2u sino + Jado 
« Jl 2Ta 


2T 


"r 





= (2av/c0s + Za) 


2T 0 


The location of the stagnation point on the cylinder is determined by 
setting v, — 0 in Eq. 7-72. We get 





sin — 
B 4mUa 
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As shown by the streamlines in Fig. 7—34a, if [ < 47Ua, then two 
stagnation points will occur on the cylinder since this equation will have 
two roots for 0. When [ — 47Ua, the points will merge and be located at 
0 — 907, Fig. 7-34b. Finally, if ' — 47 Ua, then no root exists, and the flow 
will not stagnate on the surface of the cylinder; rather, it occurs at a point 
off the cylinder, Fig. 7-34c. 

The pressure distribution around the cylinder is determined by 
applving the Bernoulli equation in the same manner as the previous case. 
We get 





= &doU 1 — (-25mo « L )] 
P^ Po P mUa 


The general shape of this distribution, (p — pp), is shown in Fig. 7—34d. 
Integrating this distribution over the surface of the cylinder in the x and 
y directions, we can find the components of the resultant force that the 
(ideal) fluid exerts on the cylinder per unit length. This yields 





Pressure distribution 


(d) 


2T 


F. = (p — py) cos 0 (a d0) — 0 
0 


2T 
F, = =} (p — po) sin 6(a d6) 
0 


1 of rv 
—paU 1—(—2sine + ——— | |sin 6 d6 
jh | | ( sin zr) [sin 


F, = —put (7-73) 








(e) 
Because of the symmetry about the y axis, the result F, — 0 indicates there 


is no “drag” or retarding force on the cylinder in the x direction.* Only a Fig. 7-34 (cont.) 
vertical downward force F, exists, Fig. 7-34e. Because this force is 
perpendicular to the uniform flow, it is referred to as “lift.” Throwing a 
spinning ball into the air will also produce lift and cause it to curve. This is 
called the Magnus effect, and we will discuss this effect further in Chapter 11. 


Other Applications. We can extend these ideas of superimposing 
ideal fluid flows to form other closed bodies having a variety of different 
shapes. For example, a body having the approximate shape of an airfoil 
or wing is shown in Fig. 7—35a. It is formed from a streamline that results 
from the superposition of a uniform flow, in combination with a single 
line source and a row of sinks having the same total strength as the source, 
but decreasing linearly in intensity. 





Superposition of a uniform flow 
with a source and in-line sinks 


*Historically, this has been referred to as d'Alembert's paradox, named after Jean le 
Rond d'Alembert, who in the 1700s was unable to explain why real fluids cause drag on a 
body. The explanation came later, in 1904, when Ludwig Prandtl developed the concept of Fig. 7-35 
the boundary layer, which we will cover in Chapter 11. 
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Important Points 


The stream function u(x, y) or the potential function dx, y) for a 
given flow can be determined by integrating Laplace’s differential 
equation, which satisfies both the continuity and the irrotational 
flow conditions. The various solutions form the basis of 
hydrodynamics and are valid only for ideal fluids. 


When the viscosity of a fluid is small and the velocity of flow is 
large, a thin boundary layer will form on the surface of a body 
placed in the flow. Thus, the viscous effects can be limited to the 
flow within this boundary layer, and the fluid beyond it can often 
be considered to have ideal flow. 


The basic solutions for W(x, y) and (x. y) have been presented for 
uniform flow, flow from a line source or to a line sink, a doublet, 
and free-vortex flow. From these solutions, one can obtain the 
velocity at any point within the flow, and also the pressure at a 
point can be obtained using the Bernoulli equation. 


Since a forced vortex is rotational flow, it has a solution only for 
u(x, y), not for d(x, y). 





Laplace's equation is a linear differential equation for y(x, y) or 
d(x, y), and so any combination of basic ideal flow solutions to 
this equation can be superimposed or added together to produce 
more complicated flows. For example, flow around a half body is 
formed by superimposing a uniform flow and a line source flow. 
Flow around a Rankine oval is formed by superimposing a uniform 
flow and an equal-strength line source and line sink that are not 
concurrent. And flow around a cylinder is formed by supe rimposing 
a uniform flow and a doublet. 


A drag is never produced on a symmetric body immersed in an 
ideal fluid because there are no viscous forces acting on the body 
that would produce drag. 
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EXAMPLE [7:10 


A Rankine oval is formed by superimposing a line source and line 
sink placed 2 m apart, each having a strength of 8 m/s, Fig. 7-36. If 
the uniform flow around the body is U — 10 m/s, determine the 
location b of the stagnation points, and find the equation that defines 
the boundary of the oval and its half width A. 


SOLUTION 
Fluid Description. We assume steady flow of an ideal fluid having a 
density p. 





Analysis. At the stagnation points, the velocity is zero. Using 
Eq. 7-61, we have 


_(4 
b= (te + 2) 

f 8m/s 

D (m m/s} 

=R ANS. 


1/2 
(lm) + (1 my) 


The stream function for the flow is defined by Eq. 7-57. Here it becomes 
2ay 
e+ y! —q 
2y 
Setting & = 0 gives the boundary of the body, since it contains the 
stagnation points. 


zx q =| 
yi y 5 an 


4 
= 10y — —tan™! 
T 





2y 
— = () 
rt+y-1 

2y 
xX +y -l 


= 4 -f 
y — 10y = tan 


tan (2.57y) — Ans. 
To find the half width of the body, set x = 0, y = h in this equation, 
Fig. 7-36. This gives 





h = tan (2.57rh) 

This same result can also be obtained by applying Eq. 7-62. To 
solve, we note that for a half body, its half width is 
q/ (2U) — (8 m^/s)/[2(10 m/s)] = 0.4 m. And so if we start with a 
slightly smaller value, say h — 0.35 m, then we can adjust it until it 
satisfies the equation. We find that 


h — 0.321m Ans. 
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7.11 The Navier-Stokes Equations 


In the previous sections we considered applications of the equations of 
motion to ideal fluids, where only the forces of gravity and pressure 
influence the flow. These forces form a concurrent system on each fluid 
particle or element, and so irrotational flow occurs. Real fluids, however, 
are Viscous, SO a more precise set of equations used to describe the flow 
should include the viscous forces as well. 

The general differential equations of motion for a fluid, determined 
from Newton’s second law of motion, were developed in Sec. 7.5 as 
Eqs. 7-17. For convenience, they are repeated here: 

dc, Wys OT (* ou au x) 
DEcR— 4p ador Wo 
ax ay dz at ax dy dz 


OT vy do yy OT xy = ( ov av av =) 
T += ~p 











— +2 + UT 
art ax dy az 





c | 7x | Wy _ dw dw aw ðw 
pg, t^. + —— — 050. tw. tV. + Ww 
Z ax ay az at ax y az 


To seek a general solution we will express these e quations in terms of the 
velocity components by relating the stress components to the viscosity of 
the fluid and the velocity gradients. Recall that for the one-dimensional 
flow of a Newtonian fluid, the shear stress and velocity gradient are related 
by Eq. 1-14, 7 — u(du/dy). However, for three-dimensional flow, similar 
expressions are more complicated. For the special case where the density 
is constant and we have a Newtonian fluid, both the normal and shear 
stresses are linearly related to their associated strain rates. It can be 
shown, see Ref. [9], that the stress-strain rate relationships then become* 





du 
Ox PpP + 2| — 
ax 


a av 

Op —p + 2m 
^ ay 
dw 

O, — —pt2u— 
z Į H x 


(7-74) 


au av 
T xy u T yx H p T ax 
aw dw 
Tz; ‘Tr "m ae + dy 


— au aw 
T xx Ty: H mE T nu 


az ax 


* Notice that the normal stresses are the result of both a pressure p, which represents the 
average normal stress on the fluid element, that is, p = —3(o,, + Tẹ, + a), and a viscosity 
term that is caused by the motion of the fluid. When the fluid is at rest (u = v — w — 0) 
then m,, = Owy ^ m. = —p.a consequence of Pascal's law. Also, when the streamlines for 
the flow are all parallel, and directed, say, along the x axis (one-dimensional flow), then 
v = w > O0soe,, = o,, T p. Additionally, with v = w = 0, for an incompressible fluid, 
the continuity equation, Eq. 7-9, becomes ñu/äx 7 0, and so also Fy ~ =p. 
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If we substitute these equations for the stress components into the 
equations of motion, and simplify these equations, we obtain 





Here, the terms on the left represent “ma,” and those on the right 
represent “SF,” caused by weight, pressure, and viscosity, respectively. 
These equations were developed in the early 19th century by the French 
engineer Louis Navier, and several years later by the British 
mathematician George Stokes. It is for this reason that they are referred 
to as the Navier-Stokes equations. They apply to uniform, nonuniform, 
steady, or nonsteady flow of an incompressible Newtonian fluid, for 
which p is constant.* Together with the continuity equation, Eq. 7-10, 


ap E Apu)  Apv) " (pw) . 


0 (7-76) 


at ax ay dz 





these four equations provide a means of obtaining the velocity components 
u, v, w and the pressure p within the flow. 

Unfortunately, there is no general solution, simply because the three 
unknowns u, v, w appear in a// the equations, and the first three are 
nonlinear and of the second order. In spite of this difficulty, for a few 
problems they all reduce to a simpler form, and thereby produce a 
solution. This occurs when the boundary and initia! conditions are simple, 
and laminar flow prevails. We will show one of these solutions in the 
example problem that follows, while others are given as proble ms. Later, 
in Chapter 9, we will also show how these equations can be solved for the 
case of laminar flow between parallel plates, and within a pipe. 


*They have also been developed for compressible flow and can be generalized to include a 
fluid of variable viscosity. See Ref. [9]. 
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Cylindrical Coordinates. Although we have presented the Navier- 
Stokes equations in terms of Cartesian x, y, z coordinates, they can also be 
developed in terms of cylindrical (or spherical) coordinates. Without proof, 
and for later use, in cylindrical component form, Fig. 7-37, they are 


v OV, | Ug OU, v} ov, 
(Ste ub TELE LVER| 





ðr r ô r “oz 
_ p | a =) v 18v, 2 dry — 
= —— + pe, + pl-— -= += — -4—4 — 
A ata ae ta 
MWg Wy Vagy | U,Ug 2) 
— tue tere te tee 
2 oar r ao r Ua 
| lp 1 af ov V va 10v, 20), zu 
i = -= + pentyl -—.,——S 4 ——.—2|(7- 
Polar Coodinates r 390 pgs n 2( m) 2t ua 139 ^ a (7-77) 
Fig. 7-37 v, Ww, war, ð, 
pl — + vo — + = — + v —~ 
ot or r o0 “dz 
_ ap à + (me) i a 
dz PST PUE or or r o az? 


And the corresponding continuity equation, Eq. 7-14, is 


à vU, A pv v. 
àp  l Xmv,) _ 1 Apr») | Kev.) Z a 


ð r or r o az (7-78) 


EXAMPLE [7211 


When the supply valve A is slightly opened, a very viscous Newtonian 
liquid in the rectangular tank overflows, Fig. 7-38a. Determine the 
velocity profile of the liquid as it slowly spills over the sides. 


SOLUTION 

Fluid Description. We will assume the liquid is an incompressible 
Newtonian fluid that has steady laminar flow. Also, after falling a 
short distance from the top, the liquid along the sides will continue to 
maintain a constant thickness a. 


Analysis. With the coordinate axes established as shown in Fig. 7-38), 


there is only a velocity u in the x direction. Furthermore, due to 
symmetry, u changes only in the y direction, not in the x or z direction, 
Fig. 7-38c. Because the flow is steady and the liquid is incompressible, 
the continuity equation becomes 


ap " (pu) E pv) T pw) . 0 
at ax 


For constant p, integrating yields 


u — uly) 
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Using this result, the Navier-Stokes equations in the x and y directions 
reduce to 


au au du uM ap Pu Pu Pu 
PEINE UE - A er eee 
X - 


ot ' z ax ax? ay? az 
dp ru 
Oo+0+0+0= -= + Ot eo + 0 1 
US a (1) 


( 2 LU Jis õp (2.295,28) 
i ; Psy dy P a ay a 


à 
0-0*04070-— 404040 


This last equation shows that the pressure does not change in the y 
direction; and since p is atmospheric on the surface of the liquid, it 
remains so within the liquid, that is, p ~ 0 (gage). As a result, Eq. 1 
now becomes 


Pu _P8 
aye n 
Integrating twice, we obtain 
ou _ P8 
ay m (2) 
u = £2 2 + Gy + G (3) 
2u 


To evaluate the constant C», we can use the no-slip condition; that is, 
the velocity of the liquid at y = 0 must beu — 0, Fig. 7-38c. Therefore, 
C, — 0. To obtain C), we realize that there is no shear stress 7,, on the 
free surface of the liquid. Applying this condition to Eq. 7-74 yields 


ro u(t +2) 
"P dy ax 


du 
= p| = + 
(= 0) 


Therefore, du/dy = 0 at y = a. Substituting this into Eq. 2 yields 
C, — (pg/u)a, so Eq. 3 now becomes 

u— B (2ya = y!) Ans. 
Once it is fully developed, this parabolic velocity profile, shown in 
Fig. 7-38c, is maintained as the liquid flows down the edge of the tank. 
It is the result of a balance of downward gravity and upward viscous 
forces. 


(c) 
Fig. 7-38 (cont.) 
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7.12 Computational Fluid Dynamics 


In the previous section we have seen that a description of any fluid flow 
requires satisfying the Navier-Stokes equations and the continuity equation, 
along with the appropriate boundary or initial conditions for the flow. 
However, these equations are very complicated, and so their solution has 
been obtained for only a few special cases involving laminar flow. 

Fortunately, during the past decades there has been an exponential growth 
in the capacity, memory storage, and affordability of high-speed computers, 
making it possible to use numerical methods to solve these equations. This 
field of study is referred to as computational fluid dynamics (CFD), and it is 
now widely used to design and analyze many different types of fluid 
flow problems, such as those involving aircraft, pumps and turbines, heating 
and ventilation equipment, wind loadings on buildings, chemical processes, 
and even biomedical implant devices, as well as atmospheric weather 
modeling. 

Several popular CFD computer programs are currently available—for 
example, FLUENT, FLOW-3D, and ANSYS to name a few. Other phe- 
nomena related to fluid flow, such as heat transfer, chemical reactions, and 
multiphase changes, have also been incorporated into these programs. As 
accuracy in predicting the flow improves, the use of these codes offers 
potential savings by eliminating the need for sophisticated experimental testing 
of models or their prototypes. What follows is a brie f introduction and overview 
of the types of methods that are used to develop CFD software. Further 
information about this field can be found by consulting one of the many 
references listed at the end of this chapter, or by taking courses or seminars in 
this subject, offered at many engineering schools or in the private sector. 


The CFD Code. There are three basic parts to any CFD code. They are 
the input, the program, and the output. Let’s consider each of these in turn. 





Input. The operator must input data related to the fluid properties, specify 
whether laminar or turbulent flow occurs, and identify the geometry of the 
boundary for the flow, 


Fluid Properties. Many CFD packages include a list of physical 
properties, such as density and viscosity, that can be selected to define the 
fluid. Any data not included in the list must be identified and then entered as 
separate entries. 


Flow Phenomena. The user must select a physical model provided with 
the code that relates to the type of flow. In this regard, many commercial 
packages will have a selection of models that can be used to predict turbulent 
flow. Needless to say, it takes some experience to select one that is 
appropriate, since a model that fits one problem may not be suitable for 
another. 


Geometry. The physical geometry around the flow must also be defined. 
This is done by creating a grid or mesh system throughout the fluid domain. 
To make this job user friendly, most CFD packages include various types of 
boundary and mesh geometries that can be selected to improve computational 
speed and accuracy. 
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Program. For many users of a CFD program the various algorithms and 
numerical techniques used to perform the calculations will be unknown. The 
process, however, consists of two parts. The first considers the fluid as a 
system of discrete particles and converts the relevant partial differential 
equations into a group of algebraic equations, and the second uses an 
iterative procedure to find solutions of these equations that satisfy the initial 
and boundary conditions for the problem. There are seve ral approaches that 
can be used to do this. These include the finite difference method, the finite 
element method, and the finite control volume method. 


Finite Difference Method. For unsteady flow, the finite difference 
method uses a distance-time grid that determines the conditions at a 
particular point, one time step in the future, based on present conditions at 
adjacent points. To give some idea of the application of this approach, we will 
use it later to model unsteady open-channel flow in Chapter 12. 


Finite Element Method. As the name implies, this method considers the 

fluid to be subdivided into small “finite elements,” and the equations that 

describe the flow within each element are then made to satisfy the boundary 

conditions at the corners, or nodes, of adjacent elements. It has the advantage 
of having a higher degree of accuracy than using the finite difference method; 
however, the methodologies used are more complex. Also, since the ele ments 
or grid can take any irregular form, the finite element method can be made 

to match any type of boundary. 


Finite Control Volume Method. The finite control volume method 
combines the best attributes of both the finite difference and the finite 
element methods. It is capable of modeling complex boundary conditions, 
while expressing the governing differential equations using relatively 
straightforward finite difference relations. The characteristic feature of this 
method is that each of the many small control volumes accounts for the local 
time rate of change in a flow variable such as velocity, density, or temperature 
within the control volume, and the net flux of the variable convected through 
its control surfaces. Each of these terms is converted into sets of algebraic 
equations, which are then solved using an iterative method. As a result of 
these advantages, the finite control volume method has become well 
established and is currently used in most CFD software. 


Output. The output is usually a graphical form of the flow domain, 
showing the geometry of the problem, and sometimes the grid or mesh used 
for the analysis. Superimposed on this, the operator can choose to show 
contours for the flow variables, including streamlines, or pathlines, and 
velocity vector plots, etc. Hard-copy printouts of steady flow can be made, or 
time animation of unsteady flows can be displayed in video format. An 
example of this output is shown in Fig. 7-39. 


General Considerations. If a realistic prediction of a complex flow is to 
be determined, the operator must have experience at running any particular 
code. Of course, it is important to have a full understanding of the basic 
principles of fluid mechanics, in order to define a proper model for the flow, 
and make a reasonable selection of the time-step size and grid layout. Once 
the solution is obtained, it can be compared with experimental data or with 
similar e xisting fl ow situations. Finally always remember thatthe responsibility 
of using any CFD program lies in the hands of the operator (engineer), and 
for that reason, he or she is ultimately accountable for the results. 
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This CFD analysis of flow through the 
transition and elbow shows how the velocity 
varies along the cross section as represented 
by the colors. 


Fig. 7-39 




















408 


CHAPTER 7 DIFFERENTIAL FLUID FLOW 


References 


1 
2 


11. 


13. 


14. 
15. 


16. 


17. 


18. 
19. 


20. 


21. 


H. Lamb, Hydrodynamics, 6th ed., Dover Publications, New York, NY, 1945. 


J. D. Anderson Jr., Computational Fluid Dynamics: The Basics with 
Applications, McGraw-Hill, New York, NY, 1995. 


. A, Quarteroni, "Mathematical models in science and engineering," Notices 


of the AMS, Vol. 56, No. 1, 2009, pp. 10-19. 


. T. W. Lee, Thermal and Flow Measurements, CRC Press, Boca Raton, FL. 
. T.J. Chung, Computational Fluid Dynamics, Cambridge, England, 2002. 
. J. Tannechill et al., Computational Fluid Mechnanics and Heat Transfer, 


2nd ed., Taylor and Francis, Bristol, PA, 1997. 


. C. Chow, An Introduction to Computational Fluid Mechanics, John Wiley, 


New York, NY, 1980. 


. E White. Viscous Fluid Flow, 3rd ed., McGraw-Hill, New York, NY, 2005. 
. H. Rouse, Advanced Mechanics of Fluids, John Wiley, New York, NY, 1959. 
10. 


J. M. Robertson, Hydrodynamics in Theory and Applications , Prentice Hall, 
Englewood Cliffs, NJ, 1965. 


L. Milne-Thomson, Theoretical Hydrodynamics, 4th ed., Macmillan, 
New York, NY, 1960. 


. R. Peyret and T Taylor, Computational Methods for Fluid Flow, Springer- 


Verlag, New York, NY, 1983. 


E. Buckingham, “On physically similar system: illustrations of the use of 
dimensional equations,” Physical Review, 4, 1914, pp. 345-376. 

I. H. Shames, Mechanics of Fluids, McGraw Hill, New York, NY, 1962. 

J. Tu et al, Computational Fluid Dynamics: A Practical Approach, 
Butterworth-Heinemann, New York, NY, 2007. 

A. L. Prasuhn, Fundamentals of Fluid Mechanics, Prentice-Hall, Englewood 
Cliffs, NJ, 1980. 

L. Larsson," CFD in ship desgin-prospects and limitations, ‘Ship Technology 
Research, Vol. 44, July 1997, pp. 133-154. 

J. Piquet, Turbulent Flow Models and Physics, Springer, Berlin, 1999, 

T. Cebui, Computational Fluid Dynamics for Engineers, Springer-Verlag, 
New York, NY, 2005. 

D. Apsley and W, Hu,“CFD simulation of two- and th ree-dimensional free- 
surface flow," Int J Numer Meth Fluids, 42, 2003, pp. 465—491. 


X. Yang and H. Ma, “Cubic eddy-viscosity turbulence models for strongly 
swirling confined flows with variable density,” Int J Numer Meth Fluids, 45, 
2004, pp. 985-1008. 


. D. Wilcox, Turbulence Modeling for CFD, DCW Industries, La Canada, 


CA, 1993. 





PROBLEMS 409 


| |PROBLEMS 





Sec. 7.1-7.6 *7-4. The velocity within the eye of a tornado is defined 
by v, — 0, v, — (0.2r) m/s, where ris in meters. Determine 
7-1. As the top plate is pulled to the right with a constant the circulation at r — 60 m and at r — 80 m. 


velocity U, the fluid between the plates has a linear velocity 
distribution as shown. Determine the rate of rotation of a fluid 
element and the shear-strain rate of the element located at y. 


—U 





Prob. 7-1 
7-2. A flow is defined by its velocity components 
u — (4x? + 4y?) m/s and v — (—8xy) m/s, where x and y 
are in meters. Determine if the flow is irrotational. What is 
the circulation around the rectangular region? 


1 Prob. 7-4 








7-5. Consider the fluid element that has dimensions in polar 
coordinates as shown and whose boundaries are defined by 

the streamlines with velocities v and v + dv. Show that the 

vorticity for the flow is given by{ = —(v/r + dv/dr). 





Prob. 7-2 
7-3. A uniform flow V is directed at an angle V to the 
horizontal as shown. Determine the circulation around the 
rectangular region. 





Prob. 7-3 Prob. 7-5 
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Sec. 7.7-7.8 


7-6. Determine the stream and potential functions for the 
two-dimensional flow field if V; and are known. 


Vo 


> 


Prob. 7-6 


7-7. A two-dimensional flow is described by the stream 
function Jy = (xy? — x^v) m?/s, where x and y are in meters. 
Show that the continuity condition is satisfied an d determine 
if the flow is rotational or irrotational. 


*7-8. If the stream function for a flow is yy = (3x + 2y), 
where x and y are in meters, determine the potential 
function and the magnitude of the velocity of a fluid particle 
at point (1 m, 2 m). 


7-9, The velocity profile of a very thick liquid flowing 
along the channel of constant width is approximated as 
u — (3y?) mm/s, where y is in millimeters. Determine the 
stream function for the flow and plot the streamlines for 
Why 7— 0, f, — 1 mm? /s, and y, — 2 mm /s. 


7-10. The velocity profile of a very thick liquid flowing 
along the channel of constant width is approximated as 
u — (3y?) mm/s, where y is in millimeters. Is it possible to 
determine the potential function for the flow? If so, what is it? 


u = (3y") mm/s 





Probs. 7-9/10 


7-11. The liquid confined between two plates is assumed 
to have a linear velocity distribution as shown. Determine 
the stream function. Does the potential function exist? 


A 1.2 m/s 





B 
0.2 m/s 


Prob. 7-11 


*7-12. The liquid confined between two plates is assumed 
to have a linear velocity distribution as shown. If the 
pressure at the top surface of the bottom plate is 600 N/m’, 
detemine the pressure at the bottom surface of the top 
plate. Take p = 1.2 Mg/m*. 


A 1.2 m/s 





B 
0.2 m/s 


Prob. 7-12 


7-13. A two-dimensional flow has a y component of 
velocity of v — (4y) ft/s, where y is in feet. If the flow is 
ideal, determine the x component of velocity and find the 
magnitude of the velocity at the point x = 4 ft, y = 3 ft. 
The velocity of the flow at the origin is zero. 


7-14. A two-dimensional flow field is defined by its 
components u — (3y) m/s and v — (9x) m/s, where x and y 
are in meters. Determine if the flow is rotational or 
irrotational, and show that the continuity condition for the 
flow is satisfied. Also, find the stream function and the 
equation of the streamline that passes through point 
(4 m, 3 m). Plot this streamline. 


7-15. Water flow through the horizontal channel is 
defined by the stream function y = 2(x? — y?) m?/s. If the 
pressure at B is atmospheric, determine the pressure at 
point (0.5 m, 0) and the flow per unit depth in m*/s. 





*7-16. A flow field is defined by the stream function 
is = 2(x? — y?) m?/s, where x and y are in meters. 
Determine the flow per unit depth in m^/s that occurs 
through AB, CB, and AC as shown. 





Prob. 7-16 
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7-17. A fluid has the velocity components shown. 
Determine the stream and potential functions. Plot the 
streamlines for y, — 0, ij, — 1 m/s, and , — 2 m/s. 







H-HC 


mE 
HL 


Prob. 7-17 


|+ 


7-18. A two-dimensional flow field is defined by its 
components u = (2x°) ft/s and v = (—4xy + x°) ft/s, 
where x and y are in feet. Determine the stream function, 
and plot the streamline that passes through point (3 ft, 1 ft). 


7-19. The stream function for a flow field is defined by 
Ws = (4/7°) sin 20. Show that continuity of the flow is satisfied, 
and determine the rand 0 velocity components of fluid 
particles at poini r= 2m, =(m/4) rad. Plot the 
streamline that passes through this point. 


*7-20. ^ flow field has velocity components 
u — (x — y) ft/s and v = —(x + y) ft/s, where x and y are 
in feet. Determine the stream function, and plot the 


streamline that passes through the origin. 
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7-21. ^ flow is described by the stream function 
fp — (8x — 4y) m/s, where x and y are in meters. 
Determine the potential function, and show that the 
continuity condition is satisfied and that the flow is 
irrotational. 


7-22. The stream function for a flow field is defined by 
ij — 2r? sin 20. Determine the magnitude of the velocity of 
fluid particles at point r — 1 m, 8. — (7/3) rad, and plot the 
streamlines for yj, = 1 m^/s and y; ^ 2 m/s. 


7-23. An ideal fluid flows into the corner formed by the 
two walls. If the stream function for this flow is defined by 
ir — (5 sin 40) m?/s, show that continuity for the flow is 
satisfied. Also, plot the streamline that passes through point 
r= 2m, 6 = (7/6) rad, and find the magnitude of the 
velocity at this point. 


y 





Prob. 7-23 


"7-24. The horizontal flow confined by the walls is 
defined by the stream function y — [4/*? sin (4 0) | m/s, 
where r is in meters. Determine the magnitude of the 
velocity at point r = 2 m, 0 = 45°, Is the flow rotational or 
irrotational? Can the Bernoulli equation be used to 
determine the difference in pressure between the two 
points A and B? 





7-25. The horizontal flow between the walls is defined 
by the stream function ¢ = [47*/* sin (3 @)| m?/s, where r is 
in meters. If the pressure at the origin O is 20 kPa, 
determine the pressure at r 72m, @ => 45°. Take 
p = 950 kg/m’, 





Prob. 7-25 


7-26. The flat plate is subjected to the flow defined by 
the stream function y — | 8r'? sin (@/2)| m?/s. Sketch the 
streamline that passes through pointr — 4m,@ = m rad, 
and determine the magnitude of the velocity at this 
point, 





Prob. 7-26 


7-27. An A-frame house has a window A on its right side. 
If the stream function that models the flow on this side is 
defined as y = (2r'*sin 1.5 @) ft/s, show that continuity of 
the flow is satisfied, and then determine the wind speed past 
the window located at r ^ 10 ft, 8 — (7/3) rad. Sketch the 
streamline that passes through this point. 





Prob. 7-27 


*7-28. The stream function for a horizontal flow near 
the corner is yy — (8xy) m’/s, where x and y are in meters. 
Determine the x and y components of the velocity and the 
acceleration of fluid particles passing through point (1 m, 
2 m). Show that it is possible to establish the potential 
function. Plot the streamlines and equipotential lines that 
pass through point (1 m, 2 m). 





PROBLEMS 413 


7-29. The stream function for horizontal flow near the 
corner is defined by ir — (8xy) m js, where x and y are in 
meters. Show that the flow is irrotational. If the pressure at 
point A (1 m, 2 m) is 150 kPa, determine the pressure at 
point B (2 m, 3 m). Take p — 980 kg/m’, 





Probs. 7-29 


7-30. A flow has velocity components u — (2x?) ft/s and 
v = (~4xy_ + 8) ft/s, where x and v are in feet. Determine 
the magnitude of the acceleration of a particle located at 
point (3 ft, 2 ft). Is the flow rotational or irrotational? Also, 
show that continuity of flow is satisfied. 


7-3M. The potential function for a flow is 
$ = (x? — y?) ft/s, where x and y are in feet. Determine 
the magnitude of the velocity of fluid particles at point A 
(3 ft, 1 ft). Show that continuity is satisfied, and find the 
streamline that passes through point A. 
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"7-32. The flow around the bend in the horizontal chan nel 
can be described as a free vortex for which 
v, — 0, vy — (8/r) m/s, where r is in meters. Show that the 
flow is irrotational. If the pressure at point A is 4 kPa, 
determine the pressure at point B. Take p ^ 1100 kg/m". 





a | : 


Prob. 7-32 


7-33. The velocity components for a two-dimensional 
flow are u — (8y) ft/s and v — (8x) ft/s, where x and y are 
in feet. Determine if the flow is rotational or irrotational, 
and show that continuity of flow is satisfied. 


7-34. The velocity components for a two-dimensional 
flow areau — (8y) ft/s and v — (8x) ft/s, where x and y are 
in feet. Find the stream function and the equation of the 
streamline that passes through point (4 ft, 3 ft). Plot this 
streamline. 


7-35. The stream function for the flow field around the 
90° corner is y ^ 8r^ sin 28. Show that the continuity of 
flow is satisfied. Determine the r and 0 velocity components 
of a fluid particle located atr — 0.5 m, 0. — 30^, and plot the 
streamline that passes through this point. Also, determine 
the potential function for the flow. 


y 





Prob. 7-35 


*7-36. The stream function for a concentric flow is defined 
by ys = —4r. Determine the velocity components v, and vp, 
and v, and v,. Can the potential function be established? If 
so, what is it? 


y 





Prob. 7-36 


7-37. A fluid has velocity components u > (x — y) ft/s 
and v > —(x + y) ft/s, where x and y are in feet. Determine 
the stream and potential functions. Show that the flow is 
irrotational. 


7-38. ^ fluid has velocity components u — (2v) ft/s and 
v — (2x — 10) ft/s, where x and v are in feet. Determine 
the stream and potential functions. 


7-39. A fluid has velocity components u © (x — 2y) ft/s 
and v — —(y — 2x)ft/s, where x and y are in feet. 
Determine the stream and potential functions. 


*7-40. Afluidhasvelocitycomponentsu ^ 2(x? — y?) m/s 
and v — (—4xy) m/s, where x and y are in meters. Determine 
the stream function. Also show that the potential function 
exists, and find this function. Plot the streamlines and 
equipotential lines that pass through point (1 m, 2 m). 


7-41. If the potential function for a two-dimensional flow 
is & = (xy) m/s, where x and y are in meters, determine the 
stream function and plot the streamline that passes through 
the point (1 m, 2 m). What are the velocity and acceleration 
of fluid particles that pass through this point? 


7-42. Determine the potential function for the two- 
dimensional flow field if V; and 0 are known. 





Prob. 7-42 


7-43. The potential function for a flow is — (x^ — y?) ft/s, 
where x and y are in feet. Determine the magnitude of the 
velocity of fluid particles at point (3 ft, 1 ft). Show that 
continuity is satisfied, and find the streamline that passes 
through this point. 


PROBLEMS 415 


*7-44. Afluid has velocity components of u ^ (10xy) m/s 
and v — 5(x? = y m/s, where x and y are in meters. 
Determine the stream function, and show that the contin uity 
condition is satisfied and that the flow is irrotational. Plot 
the streamlines for yo = 0, y, = 1 m?/s, and 4; ^ 2 m/s. 


7-45. A fluidhas velocity components of u = (y? — x”) m/s 
and v — (2xy) m/s, where x and y are in meters. If the pressure 
at point A (3 m, 2 m) is 600 kPa, determine the pressure at 
point B (1 m, 3 m). Also what is the potential function for the 
flow? Take y = 8 KN/m*. 





7-46. The potential function for a horizontal flow is 
b = (x? — 5x?) m^/s, where x and y are in meters. 
Determine the magnitude of the velocity at point A 
(5 m, 2 m). What is the difference in pressure between this 
point and the origin? Take p = 925 kg/m’. 


7-47. A fluid has velocity components of u ~ (10xy) m/s 
and v = 5(x? — y?)m/s, where x and y are in meters. 
Determine the potential function, and show that the 
continuity condition. is satisfied and that the flow is 
irrotational. 
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*7-48. A velocity field is defined as u = 2(x? + y’) ft/s, 
v = (—4xy) ft/s. Determine the stream function and the 
circulation around the rectangle shown. Plot the streamlines 
for Jy — 0,4, — 1 ft/s, and p, 7 2 ft /s. 


Prob. 7-48 


7-49. If the potential function for a two-dimensional flow 
is P — (xy) nY /s, where x and y are in meters, determine the 
stream function, and plot the streamline that passes through 
the point (1 m, 2 m). What are the x and y components of 
the velocity and acceleration of fluid particles that pass 
through this point? 


7-50. A two-dimensional flow ts described by the potential 
function ġ = (8x? - 8y?) m? /s, where x and y are in meters. 
Show that the continuity condition is satisfied, and 
determine if the flow is rotational or irrotational. Also, 
establish the stream function for this flow, and plot the 
streamline that passes through point (1 m, 0.5 m). 


7-81. The y component of velocity of a two-dimensional 
irrotational flow that satisfies the continuity condition is 
v 7 (4x * x? — y?) ft/s, where x and y are in feet. Find the 
x component of velocity if u — 0 at x ^ y — 0. 


*7-52. The flow has a velocity of V = {(3y + 8)i} ft/s, 
where y is vertical and is in feet. Determine if the flow is 
rotational or irrotational. If the pressure at point A is 6 Ib /ft?, 
determine the pressure at the origin. Take y = 70 lb/ft’. 





7-53. A tornado has a measured wind speed of 12 m/sa 
distance of 50 m from its center. If a building has a flat roof 
and is located 10 m from the center, determine the uplift 
pressure on the roof, The building is within the free vortex 
of the tornado. The density of the air is p, — 1.20 kg/m*. 





Prob. 7-53 


Sec. 7.9-7.10 


7-54. Show that the equation that defines a sink will 
satisfy continuity, which in polar coordinates is written as 


av) + Hud = 0. 
ar ap 


7-55. A source at O creates a flow from point O that is 
described by the potential function = (8!n 7 m*/s, where 
r is in meters. Determine the stream function, and specify 
the velocity at point r = 5 m, 0 7 15°. 





Prob. 7-55 


*7-56. Combine a source of strength q with a free 
counterclockwise vortex, and sketch the resultant 
streamline for i; — 0. 


7-57. A free vortex is defined by its stream function 
ip — (—240 In r) m? /s, where r is in meters. Determine the 
velocity of a particle at r — 4 m and the pressure at points on 
this streamline. Take p = 1.20 kg/m?. 





Prob. 7-57 
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7-58. Determine the location of the stagnation point for a 
combined uniform flow of 8 m/s and a source having a 
strength of 3 m?/s. Plot the streamline passing through the 
stagnation point. 


y 
8m = — p — 
= . 0 - E- X 
Prob. 7-58 


7-89. As water drains from the large cylindrical tank, its 
surface forms a free vortex having a circulation of I. 
Assuming water to be an ideal fluid, determine the equation Ij 
z= fir) that defines the free surface of the vortex. Hint: Use 
the Bernoulli equation applied to two points on the surface. 
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*7-60. Pipe A provides a source flow of 5 m? /s, whereas the 7-63. Two sources, each having a strength of 2 m/s, are 


drain, or sink, at B removes 5 m?/s. Determine the stream located as shown. Determine the x and y components of the 
function between AB, and show the streamline for y — 0. velocity of fluid particles that pass point (x, y). What is the 

equation of the streamline that passes through point (0, 8 m) 
7-61. Pipe A provides a source flow of 5 m^/s, whereas in Cartesian coordinates? Is the flow irrotational? 


the drain at B removes 5 m?/s. Determine the potential 
function between AB, and show the equipotential line for 


ó — 0. 


y 





Prob. 7-63 


Probs. 7—60/61 


located at point A (4 ft, 2 ft). Determine the magnitudes of a distance d from the origin as indicated. Determine the 
the velocity and acceleration of fluid particles at point B stream function for the flow, and draw the streamline that 
(8 ft, —1 ft). passes through the origin. 





7-62. A source having a strength of q — 80 ft^/s is *7-64. The source and sink of equal strength q are located 


y 


— s I a 





Prob. 7-62 Prob. 7-64 


7-65. Two sources, each having a strength g, are located 
as shown. Determine the stream function, and show that 
this is the same as having a single source with a wall along 
the y axis. 





Prob. 7-65 


7-66. A source q is emitted from the wall while a flow 
occurs toward the wall. If the stream function is described 
as ij — (4xy -- 80) m?/s, where x and y are in meters, 
determine the distance d from the wall where the stagnation 
point occurs along the y axis. Plot the streamline that passes 
through this point. 





Prob. 7-66 
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7-67. Determine the equation of the boundary of the half 
body formed by placing a source of 0.5 m? /s in the uniform 
flow of 8 m/s. Express the result in Cartesian coordinates. 


*7-68. The leading edge of a wing is approximated by the 
half body. It is formed from the superposition of the 
uniform air flow of 300 ft/s and a source. Determine the 


required strength of the source so that the width of the half 
body is 0.4 ft. 





7-69. The leading edge of a wing is approximated by the half 
body. It is formed from the superposition of the uniform air 
flow of 300 ft/s and a source having a strength of 100 f£ /s. 
Determine the width of the half body and the difference in 
pressure between the stagnation point O and point A, where 
r — 0.3 ft, 9 — 90^. Take p — 2.35(10^?) slug/ft?. 





Probs. 7-68/69 
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7-70. The half body is defined by à combined uniform *7-72. The half body is defined by a combined uniform 


flow having a velocity of U and a point source of strength q. flow having a velocity of U and a point source of strength q. 
Determine the pressure distribution along the top boundary Determine the location 6 on the boundary of the half body 
of the half body as a function of 8, if the pressure within the where the pressure p is equal to the pressure p, within the 
uniform flow is pọ. Neglect the effect of gravity. The density uniform flow. Neglect the effect of gravity. 

of the fluid is p. 





Prob. 7-72 


Prob. 7-70 


and q — 1.0 m?/s. Plot the half body, and determine the | l 
magnitudes of the velocity and pressure in the fluid at the 7-73. The Rankine body is defined by the source and sink, 


point r — 0.8 m and @ = 90°. The pressure within the uniform each having a strength of 0.2 m?/s. If the velocity of the 
flow is 300 Pa. Take p — 850 kg / m*. uniform flow is 4 m/s, determine the longest and shortest 
dimensions of the body. 





EN 7-71. A fluid flows over a half body for which U — 0.4 m/s 


4m/s 


di 
Ne, 





Prob. 7-71 Prob. 7-73 


7-74. 
each having a strength of 0.2 m’/s. If the velocity of the 
uniform flow is 4 m/s, determine the equation in Cartesian 
coordinates that defines the boundary of the body. 





Prob. 7-74 


7-75. <A fluid has a uniform velocity of U = 10 m/s. A 
source g = 15 m2/s is at x = 2 m, and a sink g = —15 m?/s is 
at x = —2 m. Graph the Rankine body that is formed, and 
determine the magnitudes of the velocity and the pressure at 


point (0, 2 m). The pressure within the uniform flow is 40 kPa. 


Take p = 850 kg/ m?. 


*7-76. Integrate the pressure distribution, Eq. 7-67, over 
the surface of the cylinder in Fig. 7-33), and show that the 
resultant force is equal to zero. 


7-77. The tall rotating cylinder is subjected to a uniform 
horizontal airflow of 3 ft/s. If the radius of the cylinder is 
4 ft, determine the location of the stagnation points and the 
lift per unit length. The circulation around the cylinder is 
18 f? /s. Take p — 2.35(10 ?) slug/ft*. 


3 ft/s 





Prob. 7-77 


The Rankine body is defined by the source and sink, 
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7-78. The 0.5-m-diameter bridge pier is subjected to the 
uniform flow of water at 4 m/s. Determine the maximum 
and minimum pressures exerted on the pier at a depth of 2 m. 





Prob. 7-78 


7-79. Air flows around the cylinder such that the pressure, 
measured at A, is p} — —4 kPa. Determine the velocity U of 
the flow if p = 1.22 kg/m*. Can this velocity be determined 
if instead the pressure at B is measured? 





Prob. 7-79 
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*7-80. The 200-mm-diameter cylinder is subjected to a 
uniform horizontal flow having a velocity of 6 m/s. At a 
distance far away from the cylinder, the pressure is 150 kPa. 
Plot the variation of the velocity and pressure along the 
radial line r, at à — 90, and specify their values atr = 0.1 m, 
0.2 m, 0.3 m, 0.4 m, and 0.5 m. Take p — 1.5 Mg/m'. 


6 ox : 


Prob. 7-80 


7-81. The 200-mm-diameter cylinder is subjected to a 
uniform flow having a velocity of 6 m/s. At a distance far 
away from the cylinder, the pressure is 150 kPa. Plot the 
variation of the velocity and pressure along the radial line r, 
at @ = 0°, and specify their values at r — 0.1 m, 0.2 m, 0.3 m, 
(0.4 m, and 0.5 m. Take p = 1.5 Mg/m.. 


6 Le 


Prob. 7-81 


7-82. Air is flowing at U ~ 30 m/s past the Quonset hut 
of radius R ~ 3 m. Find the velocity and absolute pressure 
distribution along the y axis for 3 m = y = ~. The absolute 
pressure within the uniform flow is py ^ 100 kPa. Take 
p, ^ 1.23 kg/ m°. 


7-83. The Quonset hut of radius R is subjected to a 
uniform wind having a velocity U. Determine the resultant 
vertical force caused by the pressure that acts on the hut if 
it has a length L. The density of air is p. 


É 


*7-84. The Quonset hut of radius R is subjected to a 
uniform wind having a velocity U. Determine the speed of 
the wind and the gage pressure at point A. The density of 
air is p. 


j 





Probs. 7-82/83 





Prob. 7-84 


7-85. Water flows toward the circular column with a 
uniform speed of 3 ft/s. If the outer radius of the column is 
4 ft, and the pressure within the uniform flow is 6 Ib/in’, 
determine the pressure at point A. Take p,, = 1.94 slug/ft’. 





7-86. The tall circular building is subjected to a uniform 
wind having a velocity of 150 ft/s. Determine the location 0 
of the window that is subjected to the smallest pressure. 
What is this pressure? Take p, = 0.00237 slug/ft’. 





Prob. 7-86 
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7-87. The tall circular building is subjected to a uniform 
wind having a velocity of 150 ft/s. Determine the pressure 
and the velocity of the wind on its walls at@ = 0°, 90°, and 
150°. Take p, = 0.00237 slug/ft*. 





Prob. 7-87 


*7-88. The pipe is built from four quarter segments that 
are glued together. If it is exposed to a uniform airflow 
having a velocity of 8 m/s, determine the resultant force the 
pressure exerts on the quarter segment AB per unit length 
of the pipe. Take p — 1.22 kg/m*. 
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7-89. The 1-ft-diameter cylinder is rotating atw = 5 rad/s 
while it is subjected to a uniform flow having a velocity of 
4 ft/s. Determine the lift force on the cylinder per unit 
length. Take p = 2.38(107) slug/ft’. 





Prob. 7-89 


7-90. The 1-ft-diameter cylinder is rotating at« — 8 rad/s 
while it is subjected to a flow having a uniform horizontal 
velocity of 4 ft/s. If the pressure within the uniform flow is 
80 Ib/ft?, determine the pressure on the surface B of the 
cylinder at 0. ~ 90°, and at A, where r — 1 ft, 0 = 90°. Also 


find the resultant force acting per unit length of the cylinder. 


Take p = 1.94 slug/ft’. 


7-91. The cylinder rotates counterclockwise at 40 rad/s. If 
the uniform velocity of the air is 10 m/s, and the pressure 
within the uniform flow is 300 Pa, determine the maximum 
and minimum pressure on the surface of the cylinder. Also, 
what is the lift force on the cylinder? Take p, = 1.20 kg/m’. 


(0.6 m 
10 m/s 
7/ 40 rad/s 


Prob. 7-91 


*7-92. A torque T is applied to the cylinder, causing it to 
rotate counterclockwise with a constant angular velocity of 
120 rev/min. If the wind is blowing at a constant speed of 
15 m/s, determine the location of the stagnation points on 
the surface of the cylinder, and find the maximum pressure. 
The pressure within the uniform flow is 400 Pa. Take 
p, ^ 1.20 kg/m*. 


7-93. A torque T is applied to the cylinder, causing it to 
rotate counterclockwise with a constant angular velocity of 
120 rev/min. If the wind is blowing at a constant speed of 
15 m/s, determine the lift per unit length on the cylinder 
and the minimum pressure on the cylinder. The pressure 
within the uniform flow is 400 Pa. Take p, = 1.20 kg/m’. 





Prob. 7-90 


Probs. 7-92/93 


7-94. Liquid is confined between a top plate having an area 
A and a fixed surface. A force F is applied to the plate and 
gives the plate a velocity U. If this causes laminar flow, and the 
pressure does not vary, show that the Navier-Stokes and 
continuity equations indicate that the velocity distribution for 
this flow is defined by u — U(y/h), and that the shear stress 
within the liquid is 7,, — F/A. 


y 
1 U 





Prob. 7-94 


7-95. The channel for a liquid is formed by two fixed 
plates. If laminar flow occurs between the plates, show that 
the Navier-Stokes and continuity equations reduce to 
Pu/ay* = (1/)ap/ax and ap/ay = 0. Integrate these 
equations to show that the velocity profile for the flow is 
u = (1/(2)) (dp/ dx) [y? — (d/2y |. Neglect the effect of 
gravity. 





Prob. 7-95 


*7-96. Fluid having a density p and viscosity y fills the 
space between the two cylinders. If the outer cylinder is 
fixed, and the inner one is rotating at w, apply the 
Navier-Stokes equations to determine the velocity profile 
assuming laminar flow. 





Prob. 7-96 
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7-97. A horizontal velocity field is defined by 
u — 2(xX? — y?) ft/s and v = (—4xy) ft/s. Show that these 
expressions satisfy the continuity equation. Using the 
Navier-Stokes equations, show that the pressure 
distribution is defined by p = C —pV?/2 — pgz. 


7-98. The sloped open channel has steady laminar flow at 
a depth h. Show that the Navier-Stokes equations reduce to 
*u/ay* = -(pg sin @)/ and óp/ày = —p g cos 8. Integrate 
these equations to show that the velocity profile is 
u — [(pgsin&)/2u](2hy — y^) and the shear-stress 
distribution is T,, — p g sin8 (h — y). 





Prob. 7-98 


7-99. The laminar flow of a fluid has velocity 
components u — 6x and v — —6y, where y is vertical. Use 
the Navier-Stokes equations to determine the pressure in 
the fluid, p — pí(x, y), if at point (0, 0),p — 0. The density of 
the fluid is p. 


*7-100. The steady laminar flow of an ideal fluid toward 
the fixed surface hasa velocity ofu = [10(1 + 1/(8x*))] m/s 
along the horizontal streamline AB. Use the Navier-Stokes 
equations and determine the variation of the pressure along 
this streamline, and plot it for 2.5 m = x = —0.5 m. The 
pressure at A is 5 kPa, and the density of the fluid is 
p ^ 1000 kg/ m*. 





Probs. 7—99/100 
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The rate of translation of a fluid element is defined 


by its velocity field. V = Vex, y, z, t) 


The linear distortion of a fluid element is measured 
as the change in its volume per unit volume. The 
time rate of this distortion is called the volumetric 
dilatation. 


The rate of rotation or angular velocity of a fluid 
element is measured by the average angular 
velocity of two adjacent sides of a differential 
element, w — 1V x V. 


The angular distortion of a fluid element is defined 
by the time rate of change of the 90* angle between 
its adjacent sides. This is the shear-strain rate of 
the element. 


An ideal fluid, which has no viscosity and is 
incompressible, can exhibit irrotational flow. We 
require w = 0. 


Circulation l is a measure of the net flow around a 
boundary, and vorticity Z is the net circulation 
about each unit area of fluid. 


The conservation of mass is expressed by 
the continuity equation, which _ states 
dp/at + V+ pV = 0, or, for steady incompressible 
flow, V-V = 0. 





Euler’s equations of motion apply to an ideal fluid. 
They relate the pressure and gravitational forces 
acting on a differential fluid element to the 
components of its acceleration. When integrated, 
they produce the Bernoulli equation, which can be 
applied between any two points in the fluid, 
provided the fluid has steady irrotational flow. 


The stream function (x, y) satisfies the continuity 
equation. If W(x, y) is known, then the velocity 
components of the fluid at any point can be 
determined from its partial derivatives. 


The flow per unit depth, between any two 
streamlines, W(x, y) = C; and y(x, y) = C, can 
be determined from the difference of their stream 
function constants. 


The potential function (x,y) satisfies the 
conditions of irrotational flow. The velocity 


components of the fluid at any point can be 
determined from its partial derivatives. 





Solutions for (x, y) and d(x, y) have been obtained 
for a uniform flow, flow from a line source and to a 
line sink, a doublet, and flow of a free vortex. These 
solutions can be superimposed (added together or 
subtracted from one another) to produce more 
complicated flows, such as flow past a half body, 
flow around a Rankine oval, or flow around a 
cylinder. 





When pressure, gravity, and viscous forces are all 
taken into account, the equations of motion are 
expressed as the Navier-Stokes equations. Along 
with the continuity equation, only a limited 


number of solutions have actually been obtained, 
and these are for laminar flow. More complex 
laminar and turbulent flows require a numerical 
solution of these equations using the methods of 
computational fluid dynamics (CFD). 
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Chapter 8 





(O Georg Gerster/Science Source) 


Wind tunnels are often used to test models of aircraft and other vehicles or 
prototypes. To do this, the model must be properly scaled so that the results 
correlate to the prototype. 





Dimensional Analysis 


and Similitude 





8.1 Dimensional Analysis 


In the previous chapters we presented many important equations of fluid 
mechanics, and illustrated their application to the solution of some 
practical problems. In all these cases we were able to obtain an algebraic 
solution in the form of an equation that describes the flow. In some cases, 
however, a problem can involve a complicated flow, and the combination 
of physical variables and fluid properties, such as velocity, pressure, density, 
viscosity, etc., that describe it may not be fully understood. When this 
occurs, the flow can then be studied by performing an experiment. 

Unfortunately, experimental work can be costly and time consuming, 
and so it becomes important to be able to minimize the amount of 
experimental data that needs to be obtained. The best way to accomplish 
this is to first perform a dimensional analysis of all the relevant physical 
variables and fluid properties. Specifically, dimensional analysis is a 
branch of mathematics that is used to organize all these variables into 
sets of dimensionless groups. Once these groups are obtained, we can 
use them to obtain the maximum amount of information from a minimum 
number of experiments. 
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TABLE 8-1 


Quantity Symbol M-L-T F-L-T 
Area A L? L? 
Volume T L? L? 
Velocity V LT- LT 
Acceleration a Lr P 
Angular velocity w T T! 
Force F MLT F 
Mass m M FT?L-! 
Density p ML- FT L~ 
Specific weight y MILCIS FL-> 
Pressure p ML-T- FL? 
Dynamic viscosity u ML-T- FTL- 
Kinematic viscosity v L?T L?T- 
Power W, ML?>T> FLT 
Volumetric flow rate O L3T-! L?T- 
Mass flow rate m MT" FTL" 
Surface tension T MT? FL" 
Weight Ww MLT? F 
Torque T MELT? FL 


The method of dimensional analysis is based on the principle of 
dimensional homogeneity, discussed in Sec. 1.4. It states that each term in 
an equation must have the same combination of units. Except for 
temperature, the variables in almost all fluid flow problems can be described 
using the primary dimensions of mass M, length L, and time 7; or force F, 
length L, and time 7.* For convenience, Table 8—1 lists the combinations of 
these dimensions for many of the variables in fluid mechanics. 

Although a dimensional analysis will not provide a direct analytical 
solution for a problem, it will aid in formulating the problem, so that the 
solution can be obtained experimentally in the simplest way possible. To 
illustrate this point, and at the same time show the mathematical process 
involved, let us consider the problem of finding how the power output 
W, of the pump in Fig. 8-1a depends upon the pressure increase Ap it 
develops from A to B and the flow Q it provides. One way to obtain this 
unknown relationship experimentally would be to require the pump to 
produce a specific measured flow Qj, and then change the power several 
times and meas ure each corresponding pressure increase. The data, when 





*Recall that force and mass are not independent of each other. Instead they are related 
by Newton's law of motion, F ~ ma. Thus in the SI system, force has the dimensions of 
ML/T? (ma), and in the U.S. customary system, mass has the dimensions of FT?/L (F /a). 
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plotted, would then give the necessary relationship W, = f( Ap. Qi). 
shown in Fig. 8-15. Repeating this process for Q^», etc., we can produce a 
family of lines or curves as shown. Unfortunately, without a/arge number 
of such graphs, one for each Q, it would be difficult to obtain the value of 
W, for any specific Q and Ap. 

An easier way to obtain W, — f(Ap, Q) is to first perform a 
dimensional analysis of the variables. Here we must require that Q and 
Ap be arranged in such a way that their combined units are the same as . 
those that are used to describe power. Furthermore, since Q and Ap W, 
alone do not have units of power, these variables are simply not added to 
or subtracted from one another; rather,they must either be multiplied or 
divided. Hence the unknown functional relationship must have the form 


W, = CQ"( Ap)" 


———— 








Here C is some unknown (dimensionless) constant, and a and b are 
unknown exponents that maintain the dimensional homogeneity for the 
units of power. Using Table 8-1 and the M-L-T system, the primary 
dimensions for these variables are W,(MD2/T^), Q(L^/T), and 
Ap(M/LT?). When the dimensions are substituted into the above (b) 
equation, it becomes | 


Qi 
W, _ FQ, Ap) 
Ap 


ML?T ? = ET AM TP Fig. 8-1 


— M'L* —b T *- 2b 


Since the dimensions for M, L, and T must be the same on each side of 
this equation, 


M: 1=b 
L: 2 = 3a—b 
T: -3 = —a — 2b 


Solving yields a ^ 1 and b = 1. In other words, the above required 
functional relationship, shown in Fig 8-15, is of the form 


W, = CQAp 





Of course, rather than using this formal procedure, we could also obtain 
this result by inspection, realizing that the units of Q and Ap, when 
multiplied, cancel in such a way so as to produce the units of W,. 

Now that this relationship has been established, we only need to perform 
a single experiment, measuring the pressure drop Ap, and flow Qj for a 
known power (W,).. Doing this will enable us to determine the single 
unknown constant C — ( W.). /(Q,Ap,), and with this known, we will then 
be able to calculate the power requirement for the pump for any other 
combination of Q and Ap. 
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8.2 Important Dimensionless Numbers 


The method of applying dime nsional analysis, as in the previous example, 
was Originally developed by Lord Rayleigh. It was then later improved 
upon by Edgar Buckingham, and as we will show in Sec. 8.3, his method 
requires combining the variables that describe the flow into a set of 
dimensionless ratios or “numbers.” Oftentimes these numbers are 
represented by a ratio of the forces that act on the fluid within the flow, 
And because these ratios appear frequently throughout the study of 
experimental fluid mechanics, we will introduce some of the more 
important ones here. 

As a matter of convention, each dimensionless ratio is made up of a 
dynamic or inertia force, and some other force developed by the flow, 
such as caused by pressure, viscosity, or gravity. The inertia force is 
actually a fictitious force, because it represents the inertia term rna in the 
equation of motion. Specifically, if we write $F — ma as XF — ma = 0, 
then the term ~ma can be thought of as an inertia force, which is needed 
to produce a zero force resultant on a fluid particle. We will select the 
inertia force for all these dimensionless ratios because it involves the 
fluid particle’s acceleration, and so it plays an important role in almost 
every problem involving fluid flow. Notice that the inertia force has a 
magnitude of ma or pYa, and so, retaining the fluid property p, it has 
partial dimensions of p(L^)(L/T?). Since velocity V has dimensions of 
L/T, we can omit the time dimension and also express this force only in 
terms of the length dimension, that is, pV7L’. 

We will now briefly define the significance of each dimensionless force 
ratio, referred to as a “number,” and in later sections we will discuss the 
importance of these ratios for specific applications. 


Euler Number. It is the difference in static pressure between two 
points in a fluid that causes the fluid to flow, and so the ratio of the force 
caused by this press ure difference to the inertia force,pV°L’, is called the 
Euler number or the pressure coefficient. The pressure force ApA can be 
expressed in terms of its length dimensions as ApZ’, and so the Euler 
number is 





_ pressure force _ Ap a xs 
E UA (8-1) 
inertia force pV“ 


This dimensionless number controls the flow behavior when pressure and 
inertia forces are dominant, as when a liquid flows through a pipe. It also 
plays a role in the cavitation of a liquid, and in the study of drag and lift 
effects produced by a fluid. 
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Reynolds Number. The ratio of the inertia force pV7L? to the 
viscous force is called the Reynolds number. For a Newtonian fluid, the 
viscous force is determined from Newton’s law of viscosity, 
F, — tA = p(dV /dy)A. Retaining the fluid property p, the viscous force 
has length dimensions of (V/L)L*, or wVL, so that the Reynolds number 
becomes 


_ inertia force _ pVL MEN 
Re — —— = P (8-2) 
viscous force H 


This dimensionless ratio was first developed by the British engineer 
Osborne Reynolds while investigating the behavior of laminar and 
turbulent flow in pipes. When used for this purpose, the “characteristic 
length” L is chosen as the diameter of the pipe. Notice that when Re is 
large, the inertia forces within the flow will be greater than the viscous 
forces, and when this occurs, the flow will become turbulent. Using this 
idea, in Sec. 9.5 we will show that Reynolds was able to roughly predict 
when laminar flow begins to transition to turbulent flow. Apart from 
flow in closed conduits, such as pipes, viscous forces also affect the flow 
of air around slow-moving aircraft, and water around ships and 
submarines. For this reason, the Reynolds number has important 
implications in a number of flow phenomena. 


Froude Number. The ratio of the inertia force pV°L? to the fluid’s 
weight pf*g — (pg)L^ becomes V?/gL. If we take the square root of this 
dimensionless expression, we have another dimensionless ratio called 
the Froude number. It is 


— inertia force _ V 
Fr S p— (8-3) 
gravitational force  \/g 


This number is named in honor of William Froude, a naval architect who 
studied surface waves produced by the motion of a ship. Its value indicates 
the relative importance of inertia and gravity effects on fluid flow. For 
example, if the Froude number is greater than unity, then inertia effects 
will outweigh those of gravity. This number is important in the study of 
any flow having a free surface, as in the case of open channels, or the flow 
over dams or spillways. 
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Weber Number. The ratio of the inertia force pV7L’ to the surface 
tension force cL is called the Weber number, named after Moritz Weber, 
who studied the effects of flow in capillary tubes. It is 


* * % 
_ inertia force _ PVL mE 
surface tension force o 


It is important because experiments have shown that capillary flow is 
controlled by the force of surface tension within a narrow passageway, 
provided the Weber number is less than one. For most engineering 
applications, the surface tension force can be neglected; however, it 
becomes important when studying the flow of thin films of liquid over 
surfaces, or the flow of small-diameter jets or sprays. 


Mach Number. The square root of the ratio of the inertia force 
pV^L? to the force that causes the compressibility of the fluid is called the 
Mach number. This ratio was developed by Ernst Mach, an Austrian 
physicist who used it as a reference to study the effects of compressible 
flow. Recall that fluid compressibility is measured by its bulk modulus, 
Ex, which is pressure divided by the volumetric strain, Eq. 1-12, 
Ey — p/(AV/¥). Since the units of Ey are the same as those of pressure, 
and pressure produces a force F = pA, the force of compressibility has 
length dimensions of F = EyL*. The ratio of the inertia force, oV?L?, to 
the force of compressibility then becomes pV*/Ey. It will be shown in 
Chapter 13 that for an ideal gas, Ey = pc’, where c is the speed at which 
a pressure disturbance (sound) will naturally travel within a fluid 
medium. Substituting this into the ratio, and taking the square root, gives 
the Mach number. 





_ inertia force V mE 
M ^ 4 [———— rr (8-5) 
compressibility force — c 


Notice that if M is greater than one, as in the case of supersonic flow, then 
inertial effects will dominate, and the fluid velocity will be greater than 
the velocity c of the propagation of any pressure disturbance. 


8.3 THE BUCKINGHAM Pi THEOREM 435 


8.3 The Buckingham Pi Theorem 


In Sec. 8.1 we discussed a way to perform a dimensional analysis by 
attempting to combine the variables of a fluid flow as terms that all have 
a consistent set of units. Since this method is cumbersome when dealing 
with problems that have a large number of variables, in 1914 the 
experimentalist Edgar Buckingham developed a more direct method that 
has since become known as the Buckingham Pi theorem. In this section 
we will formalize application of this theorem, and show how it applies in 
cases where four or more physical variables control the flow. 

The Buckingham Pi theorem states that if a flow phenomenon 
depends upon n physical variables, such as velocity, pressure, and 
viscosity, and if present within these physical variables there are m 
dimensions, such as M, L, and T, then through dimensional analysis, the 
n variables can be arranged into (n — m) independent dimensionless 
numbers or groupings. Each of these groupings is called all (Pi) term, 
because in mathematics this symbol is used to symbolize a product. The 
five dimensionless groupings, or “numbers,” discussed in the previous 
section are typical ll terms. Once the functional relationship among the 
Il terms is established, it can then be investigated experimentally to see 
how it relates to the flow behavior using models. The groupings having 
the most influence are retained, and those having only a slight effect on 
the flow are rejected. Ultimately, this process will lead to an empirical 
equation, where any unknown coefficients and exponents are then 
determined by further experiment. 

The proof of the Buckingham Pi theorem is rather long and can be 
found in books related to dimensional analysis. For example, see Ref. [1]. 
Here we will be interested only in its application. 





The drag on this car is influenced by the density, viscosity, 
and velocity of the air, as well as the projected area of the 
car into the flow. (O Takeshi Takahara/Science Source) 
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Procedure for Analysis 


The Buckingham Pi theorem is used to find the dimensionless groupings among the variables that describe a 
particular flow phenomenon, and thereby establish a functional relationship between them. The following 
procedure outlines the steps needed to apply it. 


Define the Physical Variables. 


Specify the n physical variables that affect the flow phenomena, and then see if it is possible to form any 
I! terms by inspection. If this cannot be done, then determine the number m of primary dimensions M, L, 
T or F, L, T that are involved within the collection of all these variables.* This will result in (n — m) H 
terms that can be formulated to describe the phenomena. For example, if pressure, velocity, density, and 
length are the suspected physical variables, thenn — 4. From Table 8-1, the dimensions of these variables 
are ML"'T?, LT', ML~, and L, respectively. Since M, L, and T are represented in this collection, m — 3 
and so this will result in (4 — 3) — 1 II term. 


Select the Repeating Variables. 


From the list of n variables, select m of them so that all these mm variables contain the m base dimensions. 
As a general rule, select the ones with the simplest combination of dimensions. These m variables are 
called repeating variables. To reduce the amount of work no dimensionless repeating variable should be 
selected since this in itself is a II term. Also, no repeating variable should be selected if it is defined in 
terms of other repeating variables using multiplication or division, such as Q — VA. In the above example 
we can select pressure, velocity, and density (m = 3) as the repeating variables, since their collection of 
dimensions involves M, L, T(m — 3). 


II Terms. 


From the remaining list of (n — m) variables, select any one of them, called q, and multiply it by the m 
repeating variables. Raise each of the m variables to an unknown exponent, but keep the q variable to a 
known power, such as one. This represents the first II term. Continue the process of selecting any other q 
variable from the (n — m) variables, and again write the product of q and the same m repeating variables, 
each raised to an unknown exponential power, producing the second II term, etc. This is done until all 
(n — m) I terms are written. In our example, length L would be selected as q, so that the single II term is 
then II 7 p"V^p'L. 


Dimensional Analysis. 


Express each of the (n — m) terms in terms of its base dimensions (M, L, T or F, L, T), and solve for the 
unknown exponents by requiring each dimension in the II term to cancel out, since the II term must be 
dimensionless. Once determined, the II terms are then collected into a functional expression 
fl. Ib. ...) = 0, or in the form of an explicit equation, and the numerical values of any remaining 
unknown constant coefficients or exponents are then determined from experiment. 


The following examples should help clarify these four steps and thereby illustrate application of this 
procedure. 


*One can use either the M-L-T or the F-L-T system to do a dimensional analysis; however, it may happen that the variables 
selected have a different number of primary dimensions m in each of these systems. A dimensional matrix approach can be used 
to identify this situation, but since it does not occur very often, we will not consider its use in this text. See Ref. [5]. 
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SON emo 


Establish the Reynolds number for a fluid flowing through the pipe in 
Fig. 8-2 using dimensional analysis, realizing that the flow is a function 
of the density p and viscosity of the fluid, along with its velocity V 
and the pipe’s diameter D. 






SOLUTION 


Define the Physical Variables. Here n — 4. Using the M-L-T 
system and Table 8-1, we have 


Density, p ML? 

Viscosity, u MLIT? V 

Velocity, V Lr 

Diameter, D L Fig. 8-2 


Since all three base dimensions (M, L, T) are used here, then m = 3. 
Thus, there is (n — m) = (4 — 3) = 1 [H term. 


Select the Repeating Variable. We will choose p, m, V as the 
m ~ 3 repeating variables because the collection of their dimensions 
contains the m — 3 primary dimensions. (Of course, another selection, 
using 4, V. D, can also be made.) 


Il Term, D. Since D has not been selected, it becomes the q variable, 
which will be set to the first power ( exponent one). And so the I term 
is II — p^u^ VD. 
Dimensional Analysis. The dimensions for this !! term are 

l= pu^ V*D 


Il is to be dimensionless, so 





For M: D 8c 

For L: O=-—-3a-5+c+ 1] 
For T: eg <r ae 

Solving yields 


RECENTI 


SO, 


VD 
= Ans. 


Ig. — plu !V!D 
This result is the Reynolds number, Eq. 8-2, where the "characteristic 
length" L is the pipe diameter D. Later in the text we will give a more 
thorough discussion of its usefulness and will show how viscous and 
inertia forces play a predominant role in defining whether the flow 
through the pipe is laminar or transitions to turbulent flow. 
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EXAMPLE f3.2 





The wing on the aircraft in Fig. 8-3 is subjected to a drag Fp created 
by airflow over its surface. It is anticipated that this force is a function 
of the density p and viscosity 4 of the air, the “characteristic” length L 
of the wing, and the velocity V of the flow. Show how the drag force 
depends on these variables. 





SOLUTION 


Define the Physical Variables. Symbolically, the unknown function 
is Fr — f(p. p. L. V). In order to collect all the variables as a function, 
we can rewrite this as follows:* h(Fp, p, p, L, V) — 0. So here, n = 5. 
We will solve the problem using the F-L-T system and Table 8-1. The 
base dimensions of these five variables are 


Drag, Fp F 
Density, p FI'E^ 
Viscosity, 4 FTL? 
Length, L L 
Velocity, V Lr 


Since all three primary dimensions (F, L, T) are involved in the 
collection of these variables, m = 3, and so we have (n — m) = 
(5 — 3) = 2 JI terms. 


Select the Repeating Variables. The density, length, and velocity 
will be chosen as the m — 3 repeating variables. As required, the 
collection of their dimensions contains the m ^ 3 primary dimensions. 


Il, Term Fp. We will consider Fp as the q variable for the first H 
term, II, ^ p^L^V*Fy. 
Dimensional Analysis. This term has dimensions 
II, ^ o*Z'V*F, 
— (rer?sz*») (LP (z-r-)r 9 Fetter htop dane 





Therefore, 

For F: 0-atl 

For L: 0 = —-4a+bt+ec 
For T: 072a-—c 


Solving yields a ~ —1,b = —2,c = —2,so0 





Il = “lp -2y-2F = D 
l P D pL?V? 


*This is like writing y — 5x * 6às y — 5x — 6 7 0, where y 7 fix) and A(x, y) = 0. 
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Il, Term yw. Finally, we wi ll consider w as the q variable, thus creating 
the second lH! term, IL; — p^L*V/p. 


Dimensional Analysis. This term has dimensions 


IL = p LV a 
= Leer ra ers s = F*'!p*e*f-2T24-f*1 
Therefore, 
For F: 07d-tl 
For L: O™ —-4d+e+f-2 
For T: 0724 —f-F1 


Solving yields d ^ —1,e ^ —1, f = —1, 50 


pale P(e parce, pea CE 
Il, = Hr ly EM ales 
2 P H pVL 
We can also replace I, by IL! since it is also a dimensionless 
ratio—the Reynolds num ber, Re. The unknown function A between 
the variables now takes the form 


Fp 


Dy? Re | — 0 Ans. 
pL? 


If we solve for Fp/pL^V? in this equation, then we can specify how Fp 
is related to the Reynolds number. It is 





n ~ fiRe) 
pL? V? 
or 
Fp ^ pL?V?| f(Re)] (1) Ans. 


Later, in Chapter 11, we will show that for experimental purposes, 
rather than obtain f( Re), it is convenient to express the drag in terms of 
the fluid's dynamic head, pV?/2, and use an experimentally determined 
dimensionless drag coefficient, Cp. If we do this, then we require 
Fp = pL7V7[f(Re)] = CpL?(pV7/2), or f(Re) = Cp/2. Also, replacing 
L? in Eq. 1 by the area A of the wing, we can write Eq. 1 as 


y? 
Fp ^ copa $) (2) Ans. 
Dimensional analysis did not provide the complete solution to this 
problem, but as will be shown in Sec. 11.8, once an experiment is 
performed to determine Cp, then we can use Eq. 2 to obtain Fp. 
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EXAMPLE [78:3 


The ship in Fig. 8-4 is subjected to a drag Fp on its hull, created by 
water passing over and around its surface. It is anticipated that this 
force is a function of the density p and viscosity u of the water, and 
since waves are produced, their weight, defined by gravity g, is 
important. Also, the "characteristic" length of the ship, L, and the 
velocity of the flow, V, influence the magnitude of the drag. Show how 
this force depends on all these variables. 





SOLUTION 


Define the Physical Variables. Here the unknown function is 
Fp 7 f(p. p, L, V, g), which is then expressed as A(Fp, p, p, L, V, g8) — 0, 
where we seen — 6. We will solve the problem using the F-L-T system 
and Table 8-1. The primary dimensions of the variables are 


Fig. 8-4 


Drag, Fp F 
Density, p FT?L^ 
Viscosity, 1 FTL~ 
Length, L L 
Velocity, V LT- 
Gravity, g LT~ 


Since the three primary dimensions (F, L, 7) are involved in the 
collection of all these variables, m — 3, and so there will be 
(n — m) = (6 — 3) = 3 II terms. 


Select the Repeating Variables. Density, length, and velocity will 
be chosen as the repeating variables since the collection of their 
dimensions contains the m — 3 primary dimensions. 


Il, Term Fp and Dimensional Analysis. We will consider Fp as the 
q variable for the first I] term. 





II, — p*Z^V*Fp 
= [reru rp (L'T c) = Fat Lp —datbte Tae 


Therefore, 

For F: 0-at+l 

For L: 0--d4at+b+e 
For T: 072a-c 


Solving yields a = —1,b = —2,c = —2,so0 


Fp 


ll, = —1,-2y PF A 
i P D pL?V? 
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Il; Term p and Dimensional Analysis. Here we will consider u as 
the q variable, thus creating the second II term. 
IL — g'L'V'u 
= aren eee T)FTL? = Fat lp 4d+e+f-2p2d-f+1 


For F: 0=d+1 
For L: eee ee 
For T: 0=24 -= f+t1 


Solving yields d — -1, e — -1, f — -1, so 

Il = n ui = A. 

Pio H pVL 
As in the previous example, we can replace IL; by IL! since it 
represents the Reynolds number, Re. 
Il; Term g and Dimensional Analysis. Finally, we consider g as the 
q variable for the third II term. 
II; — p'L'V'g 
- (r"r?L (rrr?) 7) 


For F: 0-—h 
For L: =) ae be ae 
For T: 0-28 —]—31 


Solving yields h — 0,; — 1,j = —2, so 
Il, = pL'V ?g = gL/ V? 
Recognizing II;! to be the square of the Froude number, we will 


consider it instead of Il, because both are dimensionless. Thus, the 
unknown function between the II terms takes the form 





Fp 
pL^V^ 





Re, (Fr)? = 0 Ans. 


If we solve for Fp/pL^V? in this equation, then it can be written 
symbolically as a function of the Reynolds and Froude numbers. 
Fp 
pL? V? 





— f| Re. (Fr)? ] 


Fpy — pL?V?f|Re, (Fr)?] Ans. 


Later, in Sec. 8.5, we will discuss how to use this result to determine 
the actual drag on the ship. 
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EXAMPLE [- 8:4 





A pressure drop Ap provides a measure of the frictional losses of a 
fluid as it flows through a pipe, Fig. 8-5. Determine how Ap is related 
to the variables that influence it, namely, the pipe diameter D, its 
length L, the fluid density p, viscosity u, velocity V, and the relative 
roughness factor £/D, which is a ratio of the average size of the surface 
irregularities to the pipe's diameter D. 


SOLUTION 

Fig. 8-5 Define the Physical Variables. In this case, Ap — f(D, L, p, m, V, €/ D) 
or h( Ap, D, L. p. u, V. £/D) — 0,andson — 7. Using the M-L-T system 
and Table 8-1, the primary dimensions of the variables are 





Pressure drop, Ap MICE 
Diameter, D L 
Length, L L 
Density, p ML? 
Viscosity, y ML“T* 
Velocity, V EI 
Relative roughness, e / D LES 


Since all three primary dimensions are involved, m — 3 and there will 
be (n — m) = (7 — 3) = 411 terms. 

Select the Repeating Variables. Here D, V, p will be selected as the 
m — 3repeating variables. Notice that e/ D cannot be selected because it 
is already dimensionless. Also, we cannot select the length in place of 
velocity since both the diameter and the length have the same dimensions. 


II Terms and Dimensional Analysis. The II terms are constructed 
using our repeating variables D, V, p, along with Ap for Il, L for IH, y 
for Ll, and £/D for 114. Thus, for 114, 





II, 7^ D"V"p*Ap 
= LP ETE aT) = M**Ipa*b-3c-MTr-b-2 
For M: O-ctl 
For L: O-at+b-—-3c-— 1 
For T: 0= -b-2 
Solving yields a 7 0,b = —2,c = —1, so 


Ap 
I = Dv “lA ee 
l P P pV? 


This is the Euler number. 


Next, for IL, 
IL, ^ D'v*o/L 
= IE KET IE TIL) = Miitte-3f+ 7 -¢ 
For M: UT 
For L: 0 ates) 
For T: 0 = —e 


Solving yields d — —1,e — 0, f — 0,so 
L 
= —1370.0;* = = 

Il, = D'Vv"p"L 


8.3 


Now, for Ils, 
I; = D&V"p'p 
= (EPET WUE ME TT) = Mit psth-si-lp hl 


For M: O™- it i 
For L: Ec DNI 
For T: 07 —h-—1 
Solving yields g ^ —1,h — —1,i — —1,so 
ur ex MY (eco Oe 
Il, ^ D ly a ee 
3 P H DVp 

This is the inverse of the Reynolds number, so we will consider 


Finally, for H ,, 
IL, ^ D/V*p(e/D) 
= (L^)(z*r*)(M'L)(LL") = M'L/**-3*1-Vr- 


For M: Dog 
For L: Of bea Te I 
For T: gp €-—E 


Solving yields j — 0,k = 0,1 = 0, so 


€ € 

" = pvi(£) = - 

Realize that at the start, we could have saved some time in solving this 

problem and determined Il; — L/D and Il, ~ e/D simply by 

inspection, because each is a ratio of length over length, and each ratio 

does not contain the same two variables. Had this inspection been 

done at the start, then only two II terms would have had to be 
determined. 

In either case, our results indicate 


Ap 
pV” 





j Re, = =] =o 
DD 


This equation can be solved for the ratio Ap/pV? and then written in 
the form 


DD 
In Chapter 10, we will show how this result has important applications 
in the design of pipe systems. 


LR 
Ap = pv? ¢( Ret z) Ans. 
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8.4 Some General Considerations 
Related to Dimensional Analysis 


The previous four examples illustrate the relatively straightforward 
method for applying the Buckingham Pi theorem to determine a functional 
relationship between a dependent variable and a series of dimensionless 
groupings or II terms. The most important part of the process, however, is 
clearly defining the variables that influe nce the flow. This can be done only 
if one has enough experience in fluid mechanics to understand what laws 
and forces govern the flow. For the selection, these variables include fluid 
properties such as density and viscosity, the dimensions used to describe 
the system, and variables such as gravity, pressure, and velocity that are 
involved in creating the forces within the flow. 

If the selection does not include an important variable, then a 
dimensional analysis will produce an incorrect result, leading to an 
experiment that indicates something is wrong. Also, if irrelevant variables 
are selected, or the variables are related to one another, such as Q © VA, 
then it will resdt n bo many l!lterms, and the experimental work will 
require additional time and expense to eliminate them. 

In summary, if the most important variables that influence the flow are 
properly selected, then one will be able to minimize the resulting number 
of II terms that are involved, and thereby reduce not only the time, but 
also the cost of any experiment needed to obtain the final result. For 
example, when studying the motion of a ship, in Example 8-3, we found 
that the Reynolds and Froude numbers were important. These numbers 
depend upon the viscous and gravitational forces, respectively. Surface 
tension, which corresponds to the Weber number, was not considered 
because this force is negligible for large ships, although for a toy it may 
become important. 





Important Points 


The equations of fluid mechanics are dimensionally homogeneous, which means that each term of an 
equation must have the same combination of dimensions. 


Dimensional analysis is used to reduce the amount of data that must be collected from the variables in an 
experiment in order to understand the behavior of a flow. This is done by arranging the variables into 
selected groups that are dimensionless. Once this is done, then it is only necessary to find one relationship 
among the dimensionless groups, and not to find several relationships among all the separate variables. 


Five important dimensionless ratios of force occur frequently in fluid mechanics. All involve a ratio of the 
dynamic or inertia force to some other force. These five “numbers” are the Euler number for pressure, the 
Reynolds number for viscosity, the Froude number for weight, the Weber number for surface tension, and 
the Mach number for elastic force due to compressibility. 


The Buckingham Pi theorem provides a systematic method for performing a dimensional analysis. The theorem 
indicates in advance how many unique dimensionless groups of variables (II terms) to expect, and it provides a 
way to formulate a relationship among them. 





8.5 Similitude 


Engineers sometimes resort to using a model to study the three- 
dimensional flow around an actual object or prototype, such as a building, 
automobile, or airplane. They do this because it may be rather difficult to 
describe the flow using an analytical or computational solution. Even if 
the flow can be described by a computational analysis, in complicated 
cases it should be backed up with a corresponding experimental 
investigation, using a model to verify the results. This is necessary simply 
because the assumptions made using any computational study may not 
truly reflect the actual situation involving the complexities of the flow. 
If the model and its testing environment are properly proportioned, 
the experiment will enable the engineer to predict how the flow will 
affect the prototype. For example, using a model, it is possible to obtain 
measurements of velocity, depth of liquid flow, pump or turbine 
efficiencies, and so forth, and with this information, the model can be 
altered if necessary so that the design of the prototype can be improved. 
Usually the model is made smaller than the prototype; however, this 
may not always be the case. For example, larger models have been 
constructed to study the flow of gasoline through an injector, or the flow of 


air through the blades of a turbine used for a dental drill. Whatever its size, 


it is very important that the model used for an experimental study 
correspond to the behavior of the prototype when the prototype is 
subjected to the actual fluid flow. Similitude is a mathematical process of 
ensuring that this is the case. It requires the model and the flow around it 
not only to maintain geometric similarity to the prototype, but also to 
maintain kinematic and dynamic similarity. 


Geometric Similitude. If the model and the fluid flow are 
geometrically similar to the prototype, then all of the model’s linear 
dimensions must be in the same proportion as those of the prototype, and all 
its angles must be the same. Take, for example, the prototype (jet plane) shown 
in Fig. 8-6a. We can express this linear proportion as a scale ratio, which is 
the ratio of the length L,, of the model to the length L,, of the prototype. 

Lm 

Lp 
If this ratio is maintained for all dimensions, then it follows that the 
areas of the model and the prototype will be in the proportion L;,/L?, 
and their volumes will be in the proportion L;,/L;. 

The extent to which geometric similitude is achieved depends on the 
type of problem and on the accuracy required from its solution. For 
example, exact geometric similitude a/so requires the surface roughness 
of the model to be in proportion to that of the prototype. In some cases, 
however, this may not be possible, since the reduced size of a model 
might require its surface to be impossibly smooth. Also, in some 
modeling, the vertical scale of the model many have to be exaggerated 
to produce the proper flow characteristics. This would be true in the 
case of river studies, where the river bottom may be difficult to scale. 
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Due to the complexity of flow, the effects of 
wind on high-rise buildings are often studied 
in wind tunnels. 








Prototype 


MT 





F,, 


Lm 
Model 
(a) 
Fig. 8-6 
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Prototype Model 
(a) 


Fig. 8-6 


Kinematic  Similitude. The primary dimensions defining 
kinematic similitude are length and time. For example, the velocity of the 
fluid at corresponding points between the jet model and its prototype in 
Fig. 8-6a must have a proportional magnitude and be in the same 
direction. Since velocity depends on length and time, V = L/T, then 


Vm m LT, 
E d 


If this requirement holds true, then the length ratio L, /L, for geometric 
similitude must be satisfied, and so must the time ratio T,,/T,,. Satisfying 
these ratios the acceleration will also be proportional for kinematic 
similitude. A typical example of having kinematic similitude would be a 
model of the solar system showing the relative positions of the planets 
and having the proper time scale for their orbits. 


Dynamic Similitude. To maintain a similar pattern of streamlines 
around both the prototype and its model, Fig. 8—6b, it is necessary that the 
forces acting on the fluid particles in both cases be proportional. As stated 
previously, the inertia force F; is generally considered the most important 
force that influences fluid flow around an object. For this reason, it is 
standard convention to use this force, along with each of the other forces F 
that influence the flow, to produce the ratios for dynamic similitude between 
model and prototype. We can express each force ratio symbolically as 


F m — F, 


(Fi)» (Fi), 

The many types of forces to be considered include those due to pressure, 
viscosity, gravity, surface tension, and elasticity. This means that for 
complete dynamic similitude, the Euler, Reynolds, Froude, Weber, and 
Mach numbers must be the same for both the model and the prototype. 

Actually, for complete dynamic similitude, it is not necessary to satisfy 
the conditions for all the forces that affect the flow. Instead, if similitude for 
all but one force is satisfied, then the conditions for this remaining force will 
automatically be satisfied. To understand why this is so, let’s consider a case 
where only the forces of pressure (pr), viscosity (v) and gravity (g) act on 
two fluid particles having the same mass m and located in the same relative 
position on the prototype and model, Fig. 8-6b. According to Newton’s 
second law, at any instant the sum of these forces on each particle must be 
equal to the mass of the particle times its acceleration, ma. 








*The particles have acceleration because the magnitude of their velocity can fluctuate, 
and the streamlines along which they travel can change the direction of their velocity. 


( F, lo ( F, )m 
( F, )m 







( Fun 
(F g Don 





Lm 


Prototype (b) Model 


Fig. 8—6 (cont.) 


If we express Newton's law as XF — ma — 0, and consider the inertia 
force F; ^ —ma acting on each particle, Fig. 8—6b, then for each case, the 
vector addition of these four forces is graphically shown by the vector 
polygons. 

For dynamic similitude the four corresponding forces in these polygons 
must be proportional, that is, their magnitudes must have the same scaled 
lengths. However, because the polygons are closed shapes, only three of 
the sides (forces) must satisfy this proportionality, and if this occurs, the 
fourth side (force) will then automatically be proportional. Therefore we 
can write 


(For) = (Fi), (Fy), (Fi), (F,), 
(For)m — (Fi)m (F)s (Fim (F)m  (F;)m 


Cross multiplying, we can then form the following important force ratios, 


- (Ehe (Fo) m aa (F,), - (F,),, - (F;), - (Fi)n 
— — a — e dq 
(F;), (F;)m (F,), (F,) (F,), (F;)m 
In other words, the Euler numbers, Reynolds numbers, and Froude 
numbers, respectively, must be identical betwe en the prototype and the 
model. From what was previously stated about the force polygons, we 
can conclude that if the flow satisfies, say, Reynolds and Froude 
number scaling, then it will automatically satisfy Euler number scaling. 
Furthermore, since the inertia forces (Fj), and (F;),, have units of 
ML/T?, then dynamic similitude automatically satisfies both geometric 
and kinematic similitude, since L and 7 must be proportional when the 
inertia forces F; are proportional. 

Actually, it is rather difficult to obtain exact similitude between a 
prototype and its model, due to the inaccuracies in model construction 
and in testing procedures. Instead, by using good judgment gained 
through experience, we can consider only the similitude of the dominating 
parameters, while those of lesser importance can be safely ignored. The 
following three cases will illustrate how this is achieved when performing 
experiments. 




















— 
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( F, Dove 


(F,),, 





Wind turbines are sometimes placed off-shore 
and the wave loadings on their columns can be 
substantial. Using similitude, the effect is 
studied in a wave channel so that these supports 
can be properly designed. 
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Prototype 
D 

Tun m 
Model 

Fig. 8-7 


Steady Flow through a Pipe. If the flow of water through a 
pipe is to be studied using a model of the pipe, Fig. 8-7, then experience 
has shown that the inertia and viscous forces are important.* Therefore, 
for pipe flow, the Reynolds number must be the same for both the model 
and the prototype to achieve dynamic similitude. For this ratio, the pipe 
diameter D becomes the “characteristic length” L, so 


(E) E), 


Often the same fluid is used for both the model and the prototype, so its 
properties p and p will be the same. If this is the case, then 





Vin Dy, ~ Vv 


pP 


P 


Therefore, for given values of V,, D,, and V,,, the model of the pipe 
must have a diameter of D,, ^ (VD), /V,, in order for the flow to have the 
same behavior through both the actual pipe and its model. 


*The pressure force is also present, but provided the viscous-to-inertia force ratios are 
equal, the proportionality of pressure-to-inertia force ratios will automatically be satisfied, 
as we have just discussed. 











Prototype 





Model 


Fig. 8-8 


Open-Channel Flow. For open-channel flow, Fig. 8-8, forces 
caused by surface tension and compressibility can be neglected without 
introducing appreciable errors, and if the channel length is short, then 
frictional losses will be negligible, and therefore viscous effects can 
also be neglected. As a result, the flow through an open channel is 
primarily governed by the inertia force and gravity. Therefore, the 
Froude number Fr = V/Vgl can be used to establish similitude 
between the prototype and its model. For this number, the depth of 
the fluid, A, in the channel is selected as the “characteristic length” L, 
and since g is the same, we have 


Vw Vp 


Vh, — Vh, 








Besides modeling flow in channels, the Froude number is also used to 
model the flow over a number of hydraulic structures, such as gates and 
spillways. However, for rivers this type of scaling can cause problems, 
because scaling down the model may result in depths that are too small, 
thereby causing the effects of viscosity and surface tension to predominate 
within the flow around the model. As previously stated, however, such 
forces are generally neglected, and so only approximate modeling of the 
flow can be achieved. 
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L 


p 


Prototype 


Vm 


ť— e 





Model 


Fig. 8-9 


Ships. As noted in the previous two cases, only one dimensionless 
ratio had to be satisfied to achieve similitude. However, in the case of a 
ship, Fig. 8-9, the drag or resistance to forward motion is due to both 
friction along the hull (viscosity) and lifting water against the hull to 
produce waves (gravity). As a result, the total drag on the ship is a 
function of both the Reynolds and Froude numbers. Similitude between 
the model and prototype (ship) therefore requires these numbers to be 


equivalent. Thus, 
Ur). E) 
H Jm H /, 


V — V 


—| 2[— 8-6 
Va} va e 


"m p 


Since the kinematic viscosity is v © a/p, and g is the same for both the 
model and the prototype, these two equations become 





Vp _ Fb 
V m VL, 
1/2 
ue E 
m Lm 


Equating these ratios to eliminate the velocity ratio yields 
3/2 
L, 


P= 8-7 
cic (8-7) 


Since here any model will be much shorter than its prototype the ratio 
L,/ L,, will be very large. As a result, to preserve the equality in Eq. 8-7, 
this would require the model to be tested in a liquid having a much smaller 
kinematic viscosity than water, which is impractical to achieve.* 

To get around this difficulty, a method suggested by Froude has been 
used to solve this problem. In Example 8—3 we s howed that a dimensional 
analysis of all the above variables produces a functional relationship 
between the total drag Fp and the Reynolds and Froude numbers that 
has the form 


Fy = pL’? V"f | Re, (Fr)? | 


*Mercury has one of the lowest kinematic viscosities, but even if it were used, it still 
would require the model to have a length that is too large to be practical. 





Realizing this, Froude assumed the total drag on the ship is the sum of 
its two components, namely, skin or viscous friction drag, based only on 
the Reynolds number, and the drag resistance to wave creation, based 
only on the Froude number. Thus, the functional dependence for both 
model and prototype becomes a sum of two separate unknown functions. 


Fy — pL'V?f, (Re) - pL?V?f, (Fr) | (8-8) 


The model is then built on the basis of Froude scaling since the effect of 
wave action (gravity) is the most difficult to predict. Thus, in accordance 
with Eq. 8-6, the length of the model and its velocity are chosen so that 
they will produce the same Froude number as the prototype. The total 
drag Fy on the model can then be measured by finding the force needed 
to pull the model through the water at the required velocity. This 
represents the action of both the wave and viscous forces on the model. 

The viscous forces alone can be measured by doing a separate test on a 
fully submerged thin plate that is moving at the same velocity as the 
model, is made of the same material and roughness as the model, and has 
the same length and surface area in contact with the water. The wave 
force on the model can then be obtained by subtracting this viscous drag 
from the total drag previously measured. 

Once the viscous and wave forces on the model are known, the total 
drag on the prototype (ship) can then be determined. To do this, from Eq. 
8-8, the gravity forces on the prototype and model must satisfy 


(F,). — pp Vif ED?) 
(Fide — eL V fa | Cr) 


However, since the unknown function hl Fr)? | is to be the same for both 
the model and the pr ototype, it will cancel out, and so the wave or gravity 
force on the prototype (ship) is determined from 


Ppl V 5 


— (gravity) 
B Vn 


(F,), ^ (F.), 


Finally, the viscous force on the prototype, defined as pL? V? fi(Re) in 
Eq. 8-8, is then determined by a similar scaling using a drag coefficient 
that will be discussed in Chapter 11. With both of these forces calculated, 
their sum then represents the total drag on the ship. 
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Review. As noted, it is important to have a well-established 
background in fluid mechanics in order to recognize the primary forces 
that govern the flow, not only to perform a dimensional analysis, but also 
to do experimental work. Here are some examples that show which 
forces are important in certain cases, and the corresponding similitude 
that must be achieved. 


* Inertia, pressure, and viscous forces predominate within the flow 
around cars, slow flying airplanes, and the flow through pipes and 
ducts. Reynolds number similitude. 


* Inertia, pressure, and gravity forces predominate within the flow 
along open channels, over dams and spillways, or the wave action on 
structures. Froude number similitude. 


* Inertia, pressure, and surface tension forces predominate within the 
flow of liquid films, bubble formation, and the passage of liquids 
through capill arity or small diameter tubes. Weber number similitude. 


* Inertia, pressure, and compressibility forces predominate within the 
flow around high speed aircraft, or the high speed flow of gas through 
jet or rocket nozzles, and through pipes. Mach number similitude. 


In all these examples and the ones that follow, remember that similitude of 
the pressure force (Euler number) does not have to be taken into account, 
because it will be automatically satisfied due to Newton's second law. 


Important Points 


When building and testing a model, it is important that similitude or similarity between the model and its 
prototype be achieved. Complete similitude occurs when the model and prototype are geometrically 
similar, and the flow is kinematically and dynamically similar. 


Geometric similitude occurs when the linear dimensions for the model and prototype are in the same 
proportion to one another, and all the angles are the same. Kinematic similitude occurs when the velocities 
and accelerations are proportional. Finally, dynamic similitude occurs when the forces acting on 
corresponding fluid particles within the flow around the model and the prototype are in specific 
dimensionless ratios, defined by the Euler, Reynolds, Froude, Weber, and Mach numbers. 


Often it is difficult to achieve complete similitude. Instead, engineers will consider only the dominating 
variables in the flow in order to save cost and time, and yet get reasonable results. 


To satisfy dynamic similitude, it is necessary that all but one of the force ratios acting on the fluid particles 
for both the model and the prototype be equal. Because Newton’s second law must be satisfied, the 
remaining force ratio (generally taken as the Euler number) will automatically be equal. 


It takes good judgment and experience to decide which forces are significant in defining the flow, so that 
reasonable results can be obtained when testing a model used to predict the performance of its prototype. 
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EXAMPLE [-8:5 


Flow through the pipe coupling (union) in Fig. 8-10 is to be studied 
using a scaled model. The actual pipe is 6 in. in diameter, and the 
model will use a pipe that is 2 in. in diameter. The model will be made 
of the same material and transport the same fluid as the prototype. If 
the velocity of flow through the prototype is estimated to be 6 ft/s, 
determine the required velocity through the model. 


6 ft/s 





Fig. 8-10 


SOLUTION 


The forces dominating the flow are caused by inertia and viscosity, so 
Reynolds number similitude must be satisfied. We require 


E u Jp 


Since the same fluid is used for both cases, 








Vie — Va, 
V,D, _ (6 ft/s)(6 in.) 
Vin D, 2in 18 ft/s Ans. 


As noted, Reynolds number similitude leads to high flow velocities 
for the model due to this scaling factor. To lower this velocity, from 
Eq. 1, one can use a higher-density or lower-viscosity fluid for 
the model. 
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EXAMPLE [-8.6 





A model of the car in Fig. 8-11 is constructed to a scale of 1/4 and is to 
be tested at 80°F in a water tunnel. Determine the required velocity of 
the water if the actual car is traveling at 100 ft/s in air at this same 
temperature. 





Fig. 8-11 


SOLUTION 


Here viscosity creates the predominating force, and so dynamic 
similitude must satisfy the Reynolds number. Since v — 4 /p, for the 
Reynolds number, we have 


mu 


nm p V, I 





Using the values of kinematic viscosity of air and water at 80°F, 


Appendix A, we have 
9.35(10 5) ft /s \/4 
v. 7 rory SSU E ey 
0.169(10? ) f? /s JA1 


— 22.1 ft/s Ans. 
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EXAMPLE | 8.7 


The dam in Fig. 8-12 is to be built such that the estimated average 
flow over its crest will be Q — 3000 m/s. Determine the required 
flow over the crest of a model built to a scale of 1/25. 





Fig. 8-12 


SOLUTION 


Here the weight of the water is the most significant force influencing 
the flow, and so Froude number similitude must be achieved. Thus, 


Eon 
VgL V gL 
m p 
or 
1/2 1/2 
V L l 
v, iL] 5 @) 
P P 


We can express the velocity ratio in terms of the flow ratio since 
Q — VA, where A is the product of a height, Lp, and width, L. Thus, 


Vn — QmAy _ QnlLa)(Lw)p _ Qn (25) 


V, i Q,A,, Oth s Q, l 


Substituting this into Eq. 1, we get 
a) 
Q, 25 


e 
Om o (3) 


l 5/2 
= (3000 ws) (3) — 0.960 m? /s Ans. 





Thus, 
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EXAMPLE f3.3 


A machine is to be operated in oil having a kinematic viscosity of 
v = 0.035(10°)m?/s. If viscous and gravity forces predominate 
during the flow, determine the required viscosity of a liquid used with 
the model. The model is built to a scale of 1/10. 


SOLUTION 


The viscous forces will be similar if the Reynolds numbers are 
equivalent, and the gravity forces will be similar if the Froude numbers 
are equivalent. Thus Eq. 8-7 can be used, so 


3/2 


a (0.035(10-)m?/s)(E) 


= |.11(10 5) m?/s Ans. 


This value is close to that of water at 15'C, 1.15(10 5) m?/s, as noted 
in Appendix A. 
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ST PROBLEMS EN 


Sec. 8.1-8.4 


8-1. Investigate if each ratio is dimensionless. (a) pV7/p, 
(b) Lp/a, (c) p/ V?L, (d) pL^/ Vy. 


8-2. Use inspection to arrange each of the following 
three variables as a dimensionless ratio: (a) L, t, V, 
(b) O, Ey. L, (c) V. g, L. 


8-3. The pressure change that occurs in the aortic artery 
during a short period of time can be modeled by the equation 
Ap — c,(uV /2R)'?, where uis the viscosity of blood, V is its 
velocity, and R is the radius of the artery. Determine the 
M, L, T dimensions for the arterial coefficient c,. 





Prob. 8-3 


*8-4. Determine the Mach number for a jet flying at 
800 mi/h at an altitude of 10 000 ft, The velocity of sound in 
air is determined from c = V KRT, where the specific heat 
ratio for air is k = 1.40. Note, 1 mi = 5280 ft. 


8-5. Determine the F, L, T dimensions of the following 
terms. (a) Q/pV, (b) pg/p. (c) V /2g, (d) pg^. 


8-6. Determine the M, L, T dimensions of the following 
terms. (a) Q/pV. (b) pg/p. (c) V?/2g, (d) pgh. 
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8-7. Show that the Weber number is dimensionless using 
M, L, T dimensions and F, L, T dimensions. Determine its 
value for water at 70°F flowing at 8 ft/s for a characteristic 
length of 2 ft. Take v, — 4.98 (10?) Ib/ft. 


*8-8. The Womersley number is ofte n used to study blood 
circulation in biomechanics when there is pulsating flow 
through UE tube of diameter d. It is defined as 
Wo — 5d V 27fp/ pu, where fis the frequency of the pressure 
in cycles per second. Like the Reynolds number, Wo is à 
ratio of inertia and viscous forces. Show that this number is 
dimensionless. 


8-9. The Womersley number is a dimensionless parameter 
that is used to study transient blood flow through the arteries 
during heartbeats, It is a ratio_of transient to viscous forces 
and is written as Wo ^ rV 27fp/ p, where r is the vessel 
radius, f is the frequency of the heartbeat, u the apparent 
viscosity, and p is the density of blood. Research has shown 
that the radius r of the aorta of a mammal can be related to 
its mass m by r=0.0024m°™, where r is in meters and 7 is in 
kilograms. Determine the Womersley number for a horse 
having a mass of 350 kg and heartbeat rate of 30 beats per 
minute (bpm), and compare it to that of a rabbit having a 
mass of 2 kg and heartbeat rate of 180 bpm. The viscosities of 
blood for the horse and rabbit are j4, — 0.0052 N* s/m^ and 
u, 7 0.0040 N- s/m?, respectively. The density of blood for 
both is p; = 1060 kg/m*. Plot this variation of Womersley 
number (vertical axis) with mass for these two animals. The 
results should show that transient forces increase as the size 
of the animal increases. Explain why this happens. 


8-10. Express the group of variables L, u, p, V as a 
dimensionless ratio. 


8-11. Express the group of variables p, g, D, p as a 
dimensionless ratio. 


*8-12. The force of buoyancy F is a function of the 
volume ¥ of a body and the specific weight y of the fluid. 
Determine how F ts related to ¥ and y. 


8-13. Show that the hydrostatic pressure p of an 
incompressible fluid can be determined using dimensional 
analysis by realizing that it depends upon the depth + in the 
fluid and the fluid’s specific weight y. 
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8-14. Establish Newton’s law of viscosity using dimensional 8-18. The flow Q of gas through the pipe is a function of 
analysis, realizing that shear stress 7 is a function of the fluid the density p of the gas, gravity g, and the diameter D of the 
viscosity u and the angular deformation du/dy. Hint: pipe. Determine the relation between Q and these 
Consider the unknown function as f{7, u, du, dy). parameters. 


8-15. The period of oscillation 7, measured in seconds, of 
a buoy depends upon its cross-sectional area A, its mass m, 
and the specific weight y of the water. Determine the 
relation between 7 and these parameters. 





Prob. 8-18 


8-19. The velocity V of the stream flowing from the side of 
the tank is thought to depend upon the liquid's density p, 
the depth /, and the acceleration of gravity g. Determine the 
relation between V and these parameters. 





Prob. 8-15 


*8-16. Laminar flow through a pipe produces a discharge Q 
that is a function of the pipe’s diameter D, the change in 
pressure Ap per unit length, Ap/Ax, and the fluid viscosity, 4. 
Determine the relation between Q and these parameters. 





Prob. 8-19 


*8-20. The pressure p within the soap bubble is a function of 
the bubble’s radius r and the surface tension c of the liquid 
film. Determine the relation between p and these parameters. 





Prob. 8-16 





8-17. The speed of sound V in air is thought to depend on 
the viscosity yz, the density p, and the pressure p. Determine 
how V is related to these parameters. Prob. 8-20 


8-21. The velocity c of a wave on the surface of a liquid 
depends upon the wave length A, the density p, and the 
surface tension c of the liquid. Determine the relation 
between c and these parameters. By what percent will c 
decrease if the density of the liquid is increased by a factor 
of 1.5? 


8-22. The discharge Q over the weir A depends upon the 
width b of the weir, the water head H, and the acceleration 
of gravity g. If Q is known to be proportional to b, determine 
the relation between Q and these variables. If H is doubled, 
how does this affect Q? 





Prob. 8-22 


8-23. The capillary rise of a fluid along the walls of the 
tube causes the fluid to rise a distance /. This effect depends 
upon the diameter d of the tube, the surface tension ø, the 
density p of the fluid, and the gravitational acceleration g. 
Determine the relation between / and these parameters. 





Prob. 8-23 
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*8—24. The torsional resistance T of the thrust bearing 
depends upon the diameter D of the shaft, the axial force F, 
the shaft rotation w, and the viscosity w of the lubricating 
fluid. Determine the relation between Tand these parameters. 





Prob. 8-24 


8-25. The thickness ô of the boundary layer for a fluid 
passing over a flat plate depends upon the distance x from 
the plate’s leading edge, the free-stream velocity U of the 
flow, and the density p and viscosity u of the fluid. Determine 
the relation between 6 and these parameters. 





— 


Prob. 8-25 


8-26. The discharge Q from a turbine is a function of the 
generated torque 7, the angular rotation w of the turbine, 
its diameter D, and the liquid density, p. Determine the 
relation between Q and these parameters. If Q varies 
linearly with 7, how does it vary with the turbine's 
diameter D? 
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8-27. The speed c of a water wave is a function of the 
wave length A, the acceleration of gravity g, and the average 
depth of the water h. Determine the relation between c and 
these parameters. 


xL | 





Prob. 8-27 


*8-28. The torque 7 developed by a turbine depends 
upon the depth / of water at the entrance, the density of the 
water p, the discharge Q, and the angular velocity of the 
turbine œw. Determine the relation between T and these 
parameters. 


8-29. The drag force Fp on the jet plane is a function of 
the speed V, the characteristic length L of the plane, and the 
density p and viscosity u of the air. Determine the relation 
between Fp and these parameters. 





Prob. 8-29 


8-30. The time ¢ needed for ethyl ether to drain from the 
pipette is thought to be a function of the fluid’s density p 
and viscosity u, the nozzle's diameter d, and gravity g. 
Determine the relation between t and these parameters. 


Prob. 8—30 


8-31. The head loss; in a pipe depends upon its diameter 
D, the velocity of flow V, and the density p and viscosity u 
of the fluid. Determine the relation between A; and these 
parameters. 


*8-32. The pressure difference Ap of air that flows through 
a fan is a function of the diameter D of the blade, its angular 
rotation w, the density p of the air, and the flow Q. Determine 
the relation between Ap and these parameters. 





Prob. 8-32 


8-33. The period of time 7 between small water waves is 
thought to be a function of the wave length A, the water 
depth A, gravitational acceleration g, and the surface tension 
v of the water. Determine the relation between 7 and these 
parameters. 





8-34. The drag Fp on the square plate held normal to the 
wind depends upon the area A of the plate and the air 
velocity V, density p, and viscosity x. Determine the relation 
between Fp and these parameters. 





Prob. 8-34 


8-35. The thrust 7 of the propeller on a boat depends 
upon the diameter D of the propeller, its angular velocity o, 
the speed of the boat V, and the density p and viscosity u of 
the water. Determine the relation between 7 and these 
parameters. 





Prob. 8-35 


*8-36. The power P of a blower depends upon the 
impeller diameter D, its angular velocity w, the discharge Q, 
and the fluid density p and viscosity u. Determine the 
relation between P and these parameters. 


8-37. The discharge Q of a pump is a function of the 
impeller diameter D, its angular velocity w, the power 
output P, and the density p and viscosity pw of the fluid. 
Determine the relation between Q and these parameters. 
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8-38. As the ball falls through a liquid, its velocity V is a 
function of the diameter D of the ball, its density p,, the 
density p and viscosity à of the liquid, and the acceleration 
due to gravity g. Determine the relation between V and 
these parameters. 





Prob. 8-38 


8-39. The change in pressure Ap in the pipe is a function 
of the density p and the viscosity 4 of the fluid, the pipe 
diameter D, and the velocity V of the flow. Establish the 
relation between Ap and these parameters. 





Prob. 8-39 





*8-40. The drag force Fp on the automobile is a function 
of its velocity V, its projected area A into the wind, and the 
density p and viscosity u of the air. Determine the relation 
between Fp and these parameters. 





Prob. 8-40 
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8-41. When an underwater explosion occurs, the pressure p 
of the shock wave at any instant is a function of the mass of 
the explosive m, the initial pressure py formed by the 
explosion, the spherical radius r of the shock wave, and the 
density p and the bulk modulus E» of the water. Determine 
the relation between p and these parameters. 





Prob. 8—41 


8-42. The drag force Fp acting on a submarine depends 
upon the characteristic length L of the vessel, the velocity V 
at which it is traveling, and the density p and viscosity yu of 
the water. Determine the relation between Fp and these 
parameters. 


8-43. The power P supplied by a pump is thought to be a 
function of the discharge Q, the change in pressure Ap 
between the inlet and outlet, and the density p of the fluid. 
Use the Buckingham Pi theorem to establish a general 
relation between these parameters so that an experiment 
may be performed to determine this relationship. 


*8-44. The diameter D of oil spots made on a sheet of porous 
paper depends upon the diameter d of the squirting nozzle, 
the height / of the nozzle from the surface, the velocity V of 
the oil, and its density p, viscosity u, and surface tension o. 
Determine the dimensionless ratios that define this process. 





8-45. Mist from an aerosol produces droplets having a 
diameter d, which is thought to depend upon the diameter 
of the nozzle D, the surface tension œ of the droplets, the 
velocity V at which the droplets are ejected, and the density 
p and viscosity yw of the air. Determine the relation between 
d and these parameters. 





Prob. 8—45 


8-46. Fluid flow depends upon the viscosity u, bulk 
modulus Ey, gravity g, pressure p, velocity V, density p, 
surface tension c, and a characteristic length L. Determine 
the dimensionless groupings for these eight variables. 


8-47. The discharge Q over a small weir depends upon the 
water head H, the width b and height h of the weir, the 
acceleration of gravity g, and the density p, viscosity ji, and 
surface tension c of the fluid. Determine the relation 
between Q and these parameters. 





Sec. 8.5 


*8—48. If water flows through a 50-mm-diameter pipe at 
2 m/s, determine the velocity of carbon tetrachloride 
flowing through a 60-mm-diameter pipe so that they both 
have the same dynamic characteristics. The temperature of 
both liquids is 20°C. 





Prob. 8—48 


8-49. In order to test the flow over the surface of an 
airplane wing, a model is built to a scale of 1/15 and is tested 
in water. If the airplane is designed to fly at 350 mi/h, what 
should the velocity of the model be in order to maintain the 
same Reynolds number? Is this test realistic? Take the 
temperature of both the air and the water to be 60°F. 





Prob. 8—49 


8-50. The model of a river is constructed to a scale of 1/60. 
If the water in the river is flowing at 38 ft/s, how fast must 
the water flow in the model? 
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8-51. Water flowing through a 100-mm-diameter pipe is 
used to determine the loss in pressure when gasoline flows 
through a 75-mm-diameter pipe at 3 m/s. If the pressure loss 
in the pipe transporting the water is 8 Pa, determine the 
pressure loss in the pipe transporting the gasoline. 
Take v, — 0.465(10 5) m^/s and vw, — 0.890(10 5) m?/s, 
p, ^ 726 kg/m', p, — 997 kg/m*. 


*8-52. The effect of drag on a model airplane is to be 
tested in a wind tunnel with a wind speed of 200 mi/h. Ifa 
similar test is performed on the same model underwater in 
a channel, what should the speed of the water be to achieve 
the same result when the temperature is 60°F? 








8-53. When a 100-mm-diameter sphere travels at 2 m/s in 
water having a temperature of 15°C, the drag is 2.80 N. 
Determine the velocity and drag on a 150-mm-diameter 
sphere traveling through water under similar conditions. 


8-54. In order to determine the formation of waves 
around obstructions in a river, a model having a scale of 
1/10 is used. If the river flows at 6 ft/s, determine the speed 
of the water for the model. 
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8-55. The optimum performance of mixing blades 0.5 m in 
diameter is to be tested using a model one-fourth the size of 
the prototype. If the test of the model in water reveals the 
optimum speed to be 8 rad/s, determine the optimum 
angular speed of the prototype when it is used to mix ethyl 
alcohol. Take T = 20°C. 





Prob. 8-55 


*8-56. The flow of water around the structural support is 
1.2 m/s when the temperature is 5°C. If it is to be studied 
using a model built to a scale of 1/20, and using water at a 
temperature of 25°C, determine the velocity of the water 
used with the model. 





Prob. 8-56 
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8-57. A model of a ship is built to a scale of 1/20. If the 
ship is to be designed to travel at 4 m/s, determine the speed 
of the model in order to maintain the same Froude number. 


8-58. The flow around the airplane flying at an altitude of 
10 km is to be studied using a wind tunnel and a model that 
is built to a 1/15 scale. If the plane has an air speed of 
800 km/h, what should the speed of the air be inside the 
tunnel? Is this reasonable? 





Prob. 8-58 


8-59. The model of an airplane has a scale of 1/30. If the 
drag on the prototype is to be determined when the plane is 
flying at 600 km/h, find the speed of the air in a wind tunnel 
for the model if the air has the same temperature and 
pressure. Is it reasonable to do this test? 


*8-60. The resistance of waves on a 250-ft-long ship is 
tested in a channel using a model that is 15 ft long. If the 
ship travels at 35 mi/h, what should be the speed of the 
model to resist the waves? 





8-61. A model of a submarine is built to a scale of 1/25 
and tested in a wind tunnel at an airspeed of 150 mi/h. What 
is the intended speed of the prototype if it is in water at the 
same temperature of 60°F? 


8-62. The flow of water around the bridge pier is to be 
studied using a model built to a scale of 1/15. If the river 
flows at 0.8 m/s, determine the corresponding velocity of 
the water in the model at the same temperature. 





Prob. 8—62 


8-63. The resistance created by waves on a 100-m-long 
ship is tested in a channel using a model that is 4 m long. If 
the ship travels at 60 km/h, what should be the speed of 
the model? 


*8—64. The velocity of water waves in a channel is studied 
in a laboratory using a model of the channel one-twelfth its 
actual size. Determine the velocity of the waves in the 
channel if they have a velocity of 6 m/s in the model. 
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8-65. A model of a submarine is built to determine the 
drag force acting on its prototype. The length scale is 1/100, 
and the test is run in water at 20°C, with a speed of 8 m/s. If 
the drag on the model is 20 N, determine the drag on the 
prototype if it runs in water at the same speed and 
temperature. This requires that the drag coefficient 
Cp = 2Fp/pV7L* be the same for both the model and the 


prototype. 





Prob. 8—65 


8-66. A model of a plane is built to a scale of 1/15 and is 
tested in a wind tunnel. If the plane is designed to travel at 
800 km/h at an altitude of 5 km, determine the required 
density of the air in the wind tunnel so that the Reynolds 
and Mach numbers are the same. Assume the temperature 
is the same in both cases and the speed of sound in air at 
this temperature is 340 m/s. 


8-67. The motion of water waves in a channel is to be 
studied in a laboratory using a model one-twelfth the size of 
the channel. Determine the time for a wave in the channel 
to travel 10 m if it takes 15 seconds for the wave to travel 
this distance in the model. 





466 


*8-68. It is required that a pump be designed for use in a 
chemical plant such that it delivers 0.8 m? /s of benzene with 
a pressure increase of 320 kPa. What is the expected flow and 
pressure increase produced by a model one-sixth the size of 
the prototype? If the model produces a power output of 
900 kW, what would be the power output of the prototype? 


8-69. If the jet plane can fly at Mach 2 im air at 35°F, 
determine the required speed of wind generated in a wind 
tunnel at 65°F and used on a model built to a scale of 1/25. 
Hint: Use Eq. 13-24, c 7 V kRT, where k — 1.40 for air. 





8—70. The drag coefficient on an airplane is defined by 
Cp 7 2Fp/ pV?L?. If the drag acting on the model of a plane 
tested at sea level is 0.3 N, determine the drag on the 
prototype, which is 15 times larger and is flying at 20 times 
the speed of the model at an altitude of 3 km. 


8-71. The model of a hydrofoil boat is to be tested in a 
channel. The model is built to a scale of 1/20. If the lift 
produced by the model is 7 KN, determine the lift on the 
prototype. Assume the water temperature is the same in 
both cases. This requires Euler number and Reynolds 
number si milarity. 


*8-72. The model of a boat is built to a scale of 1/50. 
Determine the required kinematic viscosity of the water in 
order to test the model so that the Froude and Reynolds 
numbers remain the same for the model and the prototype. 
Is this test practical if the prototype operates in water at 
T = 20°C? 
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8-73. If an airplane flies at 800 mi/h at an altitude of 
5000 ft, what should its speed be so that it has the same 
Mach number when it is at 15 000 ft? Assume _the air has the 
same bulk modulus. Use Eq. 13-25,c — V Ee/ p. 


800 mi/h 
——— 





Prob. 8-73 


8-74. A 60-ft-long "check dam" on a river provides a 
means of collecting debris that flows downstream. If the 
flow over the dam is 8000 ft /s, and a model of this dam is to 
be built to a scale of 1/20, determine the flow over the 
model and the depth of water that flows over its crest. 
Assume that the water temperature for the prototype and 
the model is the same. The volumetric flow over the dam 
can be determined using Q = C p V gLH 5? where Cp is the 
coefficient of discharge, g the acceleration of gravity, L is 
the length of the dam, and H is the height of the water 
above the crest. Take Cy, = 0.71. 





Prob. 8-74 


8-75. A ship has a length of 180 m and travels in the 
sea where p, — 1030 kg/m?. A model of the ship is built 
to a 1/60 scale, and it displaces 0.06 m? of water such that its 
hull has a wetted surface area of 3.6 m?. When tested in a 
towing tank at a speed of 0.5 m/s, the total drag on the 
model was 2.25 N. Determine the drag on the ship and its 
corresponding speed. What power is needed to overcome 
this drag? The drag due to viscous (frictional) forces can be 
determined using (Fp), ^ (3 pV?A )Cp, where Cp is the 
drag coefficient determined from Cy ^ 1.328/ V Re for 
Re < 10° and Cp ^ 0.455/ (log;9Re)? ^ for 10. — Re < 10. 
Take p — 1000 kg/m? and v — 1.00(10 5) m?/5. 


CHAPTER REVIEW 


Dimensional analysis provides a means of combining the variables that influence a 
flow into groups of dimensionless numbers. This reduces the number of experimental 
measurements required to describe the flow. 
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When studying flow behavior, the following important dimensionless ratios of the 
dynamic or inertia force to some other force often occur. 


_ pressure force _ Ap 


Euler number Eu ~ = 2 
inertia force pV 


inertia force pVL 


viscous force H 


| inertiaforce V 
gravitational force er 


Reynolds number Re — 


Froude number Fr 


inertia force pV?L 
surface tension force O 


Mach number M = , —————— f — = 
compressibility force — c 


The Buckingham Pi theorem provides a means for determining the dimensionless grou ps 
of variables one can obtain from a set of variables. 


Similitude provides a means of making sure that the flow affects the prototype in the 
same way that it affects its model. The model must be geometrically similar to the 
prototype, and the flow must be kinematically and dynamically similar, 


Y V 
L, Ls 


Prototype Model 
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A pressure drop that occurs along a closed conduit such as a pipe is due to 
frictional losses within the fluid. These losses will be different for laminar and 
turbulent flows. 





Viscous Flow within 
Enclosed Surfaces 





9.1. Steady Laminar Flow between 
Parallel Plates 


In this section we will consider the case of laminar flow of a Newtonian 
(viscous) fluid confined between two inclined parallel plates. As shown in 
Fig. 9-la, the plates are separated by a distance a, and they have a 
sufficient width and length so that end effects can be neglected. Here, we 
wish to determine the velocity profile of the fluid, assuming the fluid is 


incompressible and has steady flow. To general ize the solution somewhat, 


we will also assume the top plate is moving with a speed U relative to the 
bottom plate. Under these conditions, we have one-dimensional flow since 
the velocity will vary only in the y direction, while it remains constant in 
the x and z directions for each value of y. 






Steady flow». 


through plates 


> plate moving 






(a) 


‘ig. 9-1 
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Fig. 9-1 (cont.) 


CHAPTER 9 VISCOUS FLOW WITHIN ENCLOSED SURFACES 


To analyze the flow, we will apply the momentum equation and select a 
differential control volume having a length Ax, a thickness Ay, and a width 
Az, Fig. 9-1b. The forces acting on the free-body diagram of this control 
volume along the x direction include the pressure forces on the open 
control surfaces, Fig. 9-1c, the forces caused by shear stress on the top and 
bottom closed control surfaces, and the x component of the weight of the 
fluid within the control volume. The shear forces are different on their 
opposite surfaces because the movement of the fluid is different on 
adjacent streamlines. As indicated, both the pressure and the shear stress 
are assumed to increase in the positive x and y directions, respectively. Since 
the flow is steady and the fluid incompressible, and AA;, ~ AA,,,, then no 
local and convective changes are made, and so the momentum equation 
becomes an equilibrium equation, where 


d 
ZF, S TALL + J vov-an 


an | 
(> — aol Az — (> + "3 Az 
ax 2 ax 2 


ar Ay dr Ay 

(: + mS Yas åz — (+ = amas Az + yAx Ay Azsiné = 0 + 0 
dy 2 dy 2 

Factoring out the control volume Ax Ay Az, noting that sin@ — —Ah/ Ax, 


Fig. 9-1d, and taking the limit as 3x and åh approach zero, we obtain, 
after simplifying, 

OT _ 

— — Es p + yh) 

dy ax 
The term on the right is the sum of the pressure gradient and the elevation 
gradient measured from a datum. Since the flow is steady, this sum is 
independent of y, and remains the same along each cross section. 
Therefore, since the pressure is only a function of x, integrating the above 
equation with respect to y yields 


d 
T p T yi) |y t C 
dx 


This expression is based only on a balance of forces, and so it is valid for 
both laminar and turbulent flows. 

If we have a Newtonian fluid, for which laminar flow prevails, then we 
can apply Newton's law of viscosity, 7 = u(du/dy), to obtain the velocity 
profile. Thus, 


du — E (p + in) +C 
m po f rly 
F dy ts I yh) | y l 


Again, integrating with respect to y, 


ry +C (9-1) 
7 p^ 2 Ik 
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9.1 STEADY LAMINAR FLOW BETWEEN PARALLEL PLATES 


The constants of integration can be evaluated using the “no slip” boundary 
conditions, namely at y — 0, u — 0, and at y “a, u © U. After substituting 
and simplifying, the above equations for 7 and u now become 


(9-2) 





Shear-stress distribution 
Laminar and turbulent flow 


(9-3) 





Velocity profile 
Laminar flow 


If the pressures and the elevations at any two points 1 and 2 on a streamline 
are known, Fig. 9-1e, then we can obtain the pressure and elevation 
gradients. For example if points 1 and 2 are selected then* 


d _ Pr — Pi hy — hy 
— (p + yh) = +- yp 
1. UP yh) L YT 


Pressure and elevation gradients 


We will now consider a few special cases to better understand how the 
forces of viscosity, pressure, and gravity influence the flow. 





(e) 


* Notice that if we choose the streamline passing through points 3 and 4 in Fig. 9-1 e, 
then p; and p; are both increased by y( Ay cos 0), but the elevations /i; and /; are decreased 
by (åy cos ø). Substituting this into the above equation, we obtain the same total gradient. 
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Horizontal Fl ow Caused by a Constant Pressure Gradient— 





y Both Plates Fixed. In this case U = 0 and dh/dx = 0, Fig. 9-2, so 
Eqs. 9-2 and 9-3 become 
——— = =, -| ——- — dp a 
High E z Low T 746 = 2) (9-4) 
pressure z pressure Ue 
Shear-stress distribution 
X 
_ 1 dp | 
Umax “un Er dx (ay = y?) (9-5) 
Shear-stress distribution and actual and average " ` 
velocity profiles with negative pressure gradient Velocity profile 
and no motion of the plates. Laminar flow 


In order for the flow to move to the right it is necessary that dp/dx be 
negative. In other words, a higher pressure must be applied to the fluid on 

Fig. 9-2 the left, causing it to flow to the right. It is the shear stress caused by 
friction within the fluid that makes the pressure decrease in the direction 
of motion. 

A plot of Eq. 9-4 shows that the shear stress varies linearly with y, 
where T,,,, Occurs at the surface of each plate, Fig. 9-2. Since there is less 
shear stress on the fluid within the center region between the plates, the 
velocity there is greater. In fact, Eq. 9-5 shows the resulting velocity 
distribution is parabolic, and the maximum velocity occurs at the center, 
where du/dy — 0. Substituting y — a/2 into Eq. 9-5 reveals that this 
maximum velocity is 

- 4 dp 
Umax 8u dx 


Maximum velocity 


(9-6) 


The volumetric flow is determined by integrating the velocity distribution 
over the cross-sectional area between the plates. If the plates have a width 
b, then dA — bdy, and we have 


“1 dp : | 
Q~ [uaa ~ | Wy — y°}(bdy) 
A o 2g dx | ) 


ab 
12u dx 


Volumetric flow 


(9-7) 


Finally, the cross-sectional area between the plates is A — ab, so the 
average velocity, Fig. 9-2, is determined from 


-Q.- « d 
A 12g. dx 


Average velocity 


V (9-8) 


If we compare this equation with Eq. 9-6, we find 
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Horizontal Flow Caused by a Cons tant Pressure Gradient— 
Top Plate Moving. In this case dh/dx = 0, so Eqs. 9-2 and 9-3 


reduce to 


(9-9) 


and 


(9-10) 


Velocity profile 
Laminar flow 


The volumetric flow is therefore 


(9-11) 
Volumetric flow 


And since A ~ ab, the average velocity is 


(9-12) 
Average velocity 


The location of maximum velocity is determined by setting du/dy — 0 in 
Eq. 9-10. We have 


du _ U | dp 


d a aua 70 

_a Up 

== _— 9-13 
* 2 aldp/dx) pus 


If this value is substituted back into Eq. 9-10, the maximum velocity can 
be obtained. It does not occur at the midpoint; rather, it depends upon the 
speed of the top plate, U, and the pressure gradient, dp/dx. For example, 
if a large enough positive or increasing pressure gradient, dp / dx, occurs, 
then, in accordance with Eq. 9-10, a net reverse (negative) flow may 
take place. A typical velocity profile looks like that shown in Fig. 9—3a, 
where the top portion of fluid is dragged to the right, due to the motion 
U of the plate, and the rest of the fluid moves to the /eft, being pushed by 
the positive pressure gradient. When the pressure gradient is negative, 
both this gradient and the plate motion will work together and cause the 
velocity profile to look something like that shown in Fig. 9—3b. 
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—Ül ——o 
Low High 
pressure pressure 


x 


Velocity profile caused by a large 
positive pressure gradient 
and motion of top plate. 


(a) 


— — 
High Low 
pressure pressure 


x 


Velocity profile caused by a weak 
negative pressure gradient 
and motion of top plate. 


(b) 


Fig, 9-3 
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Shear-stress distribution and velocity profile 
for zero pressure gradient and 
motion of top plate. 


Fig. 9-4 


Horizontal Flow Caused Only by the Motion of the Top 
Plate. If the pressure gradient dp/dx and slope dh/dx are both zero, 
then the flow will be caused entirely by the moving plate. In this case, 
Eqs. 9-2 and 9-3 become 

_ Up 


T (9-14) 
a 


Shear-stress distribution 


U | 
u =y (9-15) 
a 


Velocity profile 
Laminar flow 
These results indicate that the shear stress is constant, while the velocity 
profile is linear, Fig. 9—4. 

We discussed this situation in Sec. 1.6, as it relates to Newton’s law of 
viscosity. Fluid motion caused only by movement of the boundary (in this 
case a plate) is known as Couette flow, named after Maurice Couette. 
In general, however, the term “Couette flow” refers to either laminar or 
turbulent flow caused only by boundary movement. 


Limitations.  Itisimportant to remember that all the velocity-related 
equations developed in this section apply only for steady-state laminar 
flow of an incompressible Newtonian fluid. Hence, in order to use these 
equations, we must be sure that laminar flow prevails. In Sec. 9.5 we will 
discuss how the Reynolds number Re ~ pVL/y can be used as a criterion 
for identifying laminar flow. To do this for parallel plates, the Reynolds 
number can be calculated using the distance a between the plates as the 
"characteristic length" L. Also, using the average velocity to calculate Re, 
we then have Re — pVa/p. Experiments have shown that laminar flow 
will occur up to a certain narrow range of values for this Reynolds 
number. Although it has no particular unique value, in this text we will 
consider that upper limit to be Re — 1400. Therefore, 





_ pVa 
Re 7 — = 1400 
Laminar flow between plates 
Provided this inequality is satisfied, the results of calculating the velocity 
profiles using the equations presented here have been shown to closely 
match the velocity profiles obtained from experiments. 
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9.2 Navier-Stokes Solution for Steady 
Laminar Flow between Parallel Plates 


It is instructive to show that the velocity profile, Eq. 9-3, can also be 
obtained using the continuity equation and application of the Navier— 
Stokes equations discussed in Sec. 7.11. To do this, we will establish the 
x, y, Z axes as in Fig. 9-5. Since there is steady incompressible flow only 
in the x direction, then v = w = 0, and as a result, the continuity equation, 
Eq. 7-10, gives 

àp , Xow | pU , aow 

ar ax ay az 


0 


0 + p. *04-070 
so that du/ax = 0. 

Symmetry in the z direction and steady flow indicate that uw is not a 
function of z and x but, rather, only a function of y, thatis,u = u(y). Also, 
from Fig. 9-5, g, = g sin@ = g(—dh/dx) and g, ~ —g cos 0. Using these 
results, the three Navier-Stokes equations, Eqs. 7-75, reduce to 


ðu ðu au au \ _ dp ru Fu Pu 
A= +1 Te +t"! Pe TST eS ToS tS 





ð xy az ax aè aè a? 
07 os(- a) -2 cL -dh 
dx ax dy? dx 
"zr yet we) = pg, V (222,25) 
ao ax ay az !o y ao a? az Fig. 9-5 


ap 
0 - — > i ooo —— + 0 
pg cos 


r 











(= + aw aw w) = êp (= + =) 

— i W— ] — ;—— 

Plat “a 3y ae) "S x "Nada a 
0-70- T «o 


The last equation, when integrated, shows that p is constant in the z 
direction, which is to be expected. Integrating the second equation gives 
p — —pí(g cos 0)y 4 f(x) 

The first term on the right shows that the pressure varies in a hydrostatic 
manner in the y direction. The second term on the right, f(x), shows the 
pressure also varies in the x direction. This is due to the viscous shear 
stress. If we rearrange the first Navier-Stokes equation above, using 

y — pg, and integrate it twice, we get 





d? pdx” 
d | d 
= = (p + yhy + C, 


dy pdx 


(735 + i| esc 
ul dx y > 1) 2 


This is the same result as Eq. 9-1, so the analysis proceeds as before. 
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Important Points 


^ Steady flow between two parallel plates is a balance of the forces 
of pressure, gravity, and viscosity. The viscous shear stress varies 
linearly along the thickness of the fluid, regardless of whether the 
flow is laminar or turbulent. 
* The velocity profile for stead y laminar flow of an incompressible 
Newtonian fluid between two parallel plates is determined 
using Newton’s law of viscosity. In all cases of motion, the fluid 
at any plate surface has zero velocity relative to the plate, since 
it is assumed to be at rest where it meets the boundary—the 
“no-slip” condition. 
^ The formulations in Sec. 9.1 were developed from first principles, 
and in Sec. 9.2 by solving the continuity and Navier-Stokes 
equations. These results are in close agreement to experimental 
measurements. Furthermore, experiments have shown that 
laminar flow between parallel plates will occur up to a critical 
value of the Reynolds number, which we have taken to be 
Re — pVa/p. —- 1400. Here a is the distance between the plates, 
and V is the average velocity of flow. 


Procedure for Analysis 


The equations in Sec. 9.1 can be applied using the following 
procedure. 


Fluid Description. 


The flow must be steady, and the fluid must be an incompressible 
Newtonian fluid. Also, laminar flow must exist, so be certain to 
check that the flow conditions produce a Reynolds number 
Re = pVa/p = 1400. 





Analysis. 


Establish the coordinates and follow their positive sign convention. 
Here x is positive in the direction of flow; y is positive measured 
from the bottom plate, upward and normal to the plate, so it is 
perpendicular to the flow; and A is positive vertically upward, 
Fig. 9-1a. Finally, be sure to use a consistent set of units when 
substituting numerical data into any of the equations. 
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EXAMPLE F971 





Glycerin in Fig. 9-6 flows at 0.005 m?/s through the narrow region 
between the two smooth plates that are 15 mm apart. Determine the 
pressure gradient acting on the glycerin. 


SOLUTION 


Fluid Description. For the analysis, we will assume the plates are 
wide enough (0.4 m) to neglect end effects. Also, we will assume 
steady, incompressible, laminar flow. From Appendix A, 
p, - 1260 kg/m? and u, = 1.50 N s/m’. 


Analysis. Since the flow is known, we can obtain the pressure gradient 
by first finding the velocity profile, Eq. 9-3. Here the plates are not 
moving relative to one another, so U — 0, and therefore, 


ics Ra ER. C 
u + |S * yh |o y?) 


The coordinates are established with x along the left plate edge, 
positive in the direction of flow (downward), and / positive upward, 
Fig. 9-6. Thus dh/dx = —1, and so the above equation becomes 


l 
MET L (o - y) (1) 


Since Q is known, we can relate it to this velocity profile as follows. 


a l dp 
u dA 7 / +(2 = » ay — y!) bdy 
| p 2¢@\dx ( ) 


ala), o- laS) 
Suid pA , 2uNXdx — ! JA 6 


Substituting the data into this equation, we get 


0.005 m?/s = (= a - (1260 kg/m?)(9.81 ns) (ee) 


dp _ 
dx 





Fig. 9-6 


Q 





—54.3(10?) Pa/m — —54.3 kPa/m Ans. 


The negative sign indicates the pressure within the glycerin is 
decreasing in the direction of flow. This is to be expected due to the 
frictional drag caused by the viscosity. 

Finally, we need to check if the flow is indeed laminar by using our 
Reynolds number criterion. Since V — Q/A, we have 


ge — £V — (1260 kg/m’) [ (0.005 m/s)/(0.015 mX0.4 m) (0.015 m) 
He L.5N:s/m? 


= 10.5 = 1400 (laminar flow) 
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EXAMPLE | 9.2 


y The 3-in.-diameter plug in Fig. 9-7 is placed within a pipe and 
supported so that oil can flow between it and the walls of the pipe. If 
the gap between the plug and the pipe is 0.05 in., and the pressure at.A 
is 50 psi, determine the discharge of the oil through the gap. Take 
yo ^ 54 Ib/ft and u, 7 0.760(10?) Ib - s/ft". 


SOLUTION 


Fluid Description. We will assume the oil is incompressible and the 
flow is steady laminar flow. Also, since the gap size is very small 
compared to the radius of the plug, we will neglect the curvature of 
the pipe and any elevation difference, and assume that flow occurs 
between horizontal “parallel plates” that are at rest. 





Fig. 9-7 


Analysis. The discharge is de termined fr om Eq. 9-7. Thex coordinate 
is positive in the direction of flow, so dp/dx = (pg — pa)/ Lag. Since 
Pa 50 psi, pa — 0, and L 45 — 6 in., we have 


a ft 2 ia 
_ dbdp.| \ n "12 0 — 50 Ib/in^(12 in./ft? 





V, d: -. 12[0.760(107?) | Ib + s/f ( 6 i) 
12 
= 0.08971 ft^/s — 0.0897 ft^ /s Ans. 
To check if the flow is laminar, we first obtain the average velocity 
using Eq. 9-8. 
0.05 VY Ib in. V 
— = "pe g 
zal (QN) [o (oS) 


12u, dx 12[0.760(10^?) Ib - s/ft?] LAN 
12 
= 27.41 ft/s 

The Reynolds number is therefore 


54 nn) (25 ) 
— 1 (27. A1 ft/s) | —— ft 
p,Va (= ft/s? /s) 12 


Ho 0.760( 10°) 1b - s/f? 
= 252.0 < 1400 (laminar flow) 








Re — 


NOTE: A more exact analvsis of this problem can be made by accounting 
for the curvature of the pipe and plug. It represents steady laminar flow 
through an annulus, and the relevant equations are developed as part of 
Prob. 9-54. Also, if the fluid was water, the calculated value of 
Re would be > 1400 and the above analysis would be invalid. 
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EXAMPLE F973 





During a manufacturing process, a 45-mm-wide strip of paper is pulled 
upward at 0.6 m/s through a narrow channel from a reservoir of glue, as 
shown in Fig. 9-8a. Determine the force per unit length exerted on the 
strip when it is in the channel, if the thickness of the glue on each side of 
the strip is 0.1 mm. Assume the glue is a Newtonian fluid having a 
viscosity of y = 0.843(10 ?) N * s/m? and a density of p ^ 735 kg/m?. 


SOLUTION 


Fluid Description. Within the channel, steady flow occurs. We will 
assume the glue is incompressible and the flow is laminar. 


Analysis. In this problem, gravity and viscosity predominate. There 
is no pressure gradient throughout the glue because the pressure at A 
and B is atmospheric, that is, p4 ^ pg ^ 0 and so Ap — 0 from A to B. 

The paper acts as a moving plate, and so to obtain the force per unit 
length on the paper, we will first apply Eq. 9-2 to obtain the shear stress 
on the paper, that is 


UE ILE oa 
T + | T » z) 


a 


The coordinates are established in the usual manner for the glue on 
the left side, Fig. 9-8b. 

As the strip moves upward, the glue adheres to it, but it must 
overcome the shear stress on its surface at y ~ a ~ 0.1 mm. Since 
dh/dx — 1 and dp/ax = 0, the above equation becomes 


_ Up a 
— — {| m. 
6 a (5) 


_ (0.6 m/s)(0.843(10°*) N - s/m°) i j| 0:1(107) m 
—— Od7)m  — = - (735 kg/m )(9.81 m/s ) are 


= 5.419 N/m? 


This stress must be overcome on each side of the strip, and because the 
paper has a width of 45 mm, the force per unit length on the strip is 


w — 2(5.419 N/m?)(0.045 m) — 0.488 N/m Ans. 





We must now check our assumption of laminar flow. Rather than 
establishing the actual velocity profile, and then finding the average 
velocity, here we will consider the maximum velocity, which occurs on 7 
the strip at y = 0.1 mm. It is u,,,, ^ 0.6 m/s. Since tma; > V, even at (b) 
this maximum velocity, we have Fig. 9-8 


Re = — — OO = 552.3 = 1400 (laminar flow) 
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dp Ax 
ipt ax 2 ) AA 


yd? 
Free-body diagram. 
(b) 





Shear-stress distribution 
for both laminar 
and turbulent flow. 


(d) 
Fig. 9-9 (cont.) 





Fig. 9-9 


9.3 Steady Laminar Flow within 
a Smooth Pipe 


Using an analysis similar to that for the parallel plate, we can also analyze 
steady laminar flow of an incompressible fluid within a smooth pipe. Here 
the flow will be axisymmetric, and so it is convenient to consider a control 
volume element within the fluid to be a differential disk, Fig. 9-9a. The 
momentum equation applied to this control volume will reduce to a 
balance of forces (equilibrium), because the flow is steady and the fluid 
is incompressible. In other words, no convective change occurs between 
the back and front open control surfaces and no local change occurs 
within the control volume. As shown on the free-body diagram of the 
control volume, Fig. 9-9b, the forces to be considered in the x direction 
are due to pressure, gravity, and viscosity. We have 


a 
SF, - 5 vpav 4- ] ovas 
/ at CV CS 


(> -— 2.25 aa — (» * pAr) s4 t TÀA' t yNVsinó — 0-0 
dx 2 ax 2 

From Fig. 9-9a, the open control cross-sectional area is AA = zr’, the 

area on the closed control surface is AA' ~ 27rAx, and the control 

volume is A¥ = mr*Ax. Substituting these results into the a bove equation, 

noting that sind = —Ah/ Ax, Fig. 9—9c, and taking the limit, we get 


ra . 
T pop yh) (9-16) 


Shear-stress distribution 
Laminar and turbulent flow 


This equation gives the shear-stress distribution within the fluid, Notice 
that it varies directly with r, being largest at the wall, r © R, and zero at 
the center, Fig. 9-94. Since 7 was determined simply from a balance of 
forces, this distribution is valid for both laminar and turbulent flows. 
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If we consider the flow to be /aminar, then we can relate the shear stress 
to the velocity at any point within the fluid by using Newton’s law of 
viscosity, 7 ~ u(du/dr). Substituting this into Eq. 9-16 and rearranging 
terms, we have 


du r à 


— = —— (p + yh 
dr = 2 ax (p + ya) 
The term a(p + yh)/dx represents the sum of the pressure and elevation 
gradients. Since this sum is the hydraulic gradient, it is independent of y, 
and so integrating the above equation with respect to r, we have 
? 
red 
u———(pt+ yh) + C 
dn 4 p + yh) 
The constant of integration can be determined using the “no-slip” 
condition that u ^ 0 at r ^ R. Once obtained, the result is 


(9-17) 





Velocity profile 


Laminar flow 


The velocity profile therefore takes the form of a paraboloid, Fig. 9—9e. 
Since 7 is small in the central region of the pipe, Fig. 9-97, the fluid has its 
greatest velocity there. 

The maximum velocity occurs at the center of the pipe, r = 0, where 
du/dr — 0. It is 


? 


= 


_ Rd 
Umax “Au dx P + yh) (9-18) 
Maximum velocity 





Velocity distribution 
for laminar flow 


h (e) 


Fig. 9-9 (cont.) 
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Umax 


Velocity distribution for laminar flow 


(£) 





Average velocity 
distribution 


(g) 


Fig. 9-9 (cont.) 


The volumetric flow is determined by integrating the velocity profile over 
the cross-sectional area. Choosing the differential ring element of area 
dA = 27r dr, shown in Fig. 9-9f, we have 


= 2r d ? 
A 0 4p. dx 0 
or 
— mR* d 
= _—— — (p + - 
Q Su qc UP yh) (9-19) 


Volumetric flow 


Because the cross-sectional area of the pipe is A = 7R’, the average 
velocity, Fig. 9-9g, is therefore 


——— 0 D orem E 
V 78 (p + yh) (9-20) 
Average velocity 


By comparison with Eq. 9-18, we see that 
Umax ~ 2V (9-21) 


The negative signs on the right of Eqs. 9-17 through 9-20 result from the 
sign convention established for the pressure and elevation gradients, 
d(p + yh)/dx. For example, as shown in Fig. 9-9h, if the pressures p; and 
p» and the elevations h, and A, between the two points (cross sections) 1 
and 2 on any streamline are known, then these gradients become* 


d _ Pr — Py hy — hy 
—(p + = a y yM * 
d (p + yh) L YF (9-22) 


h (e) 





(h) 


*Any streamline can be selected as explained in the footnote on p. 471. 
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High : 4 - i 
dd Z LS eae: pressure 
T max Actual Average 
Shear-stress velocity profile velocity distribution 
distribution Laminar flow Ideal flow 


Shear-stress and Velocity Profiles for Negative Pressure Gradient 


Fig. 9-10 


Horizontal Flow through a Circular Pipe. If the pipe is 
horizontal, then the force of gravity will not influence the flow since 
dh/dx — 0. If there is a higher pressure on the left side of the pipe, 
Fig. 9-10, then over the length L, this pressure will “push” the fluid to the 
right, but realize the pressure will decrease along the pipe because of fluid 
friction. This causes a negative pressure gradient (Ap/L < 0) according 
to our sign convention. Using this result, and our previous results, the 
maximum velocity, average velocity, and volumetric flow, expressed in 
terms of the inner diameter of the pipe, D = 2R, then become 


- D r3 E 
te = ir (A (9-23) 
V z = (9-24) 


(9-25) 





Equation 9-25 is known as the Hagen-Poiseuille equation, since it was 
originally developed from an experiment in the mid-1800s by the German 
engineer Gotthilf Hagen, and independently by a French physician, Jean 
Louis Poiseuille.* Shortly thereafter the analytical formulation, as 
developed here, was presented by Gustav Wiedemann. 
If we know the flow Q, we can solve the Hagen-Poiseuille equation for 
the pressure drop that occurs over the length L of the pipe. It is 
.. 128uLQ 
Ap ———r 
TD 
Notice that the greatest influence on pressure drop comes from the pipe’s 
diameter. For example, a pipe having half the diameter will experience 
sixteen times the pressure drop due to viscous fluid friction! This effect 
can have serious consequences on the ability of pumps to provide 
adequate water flow through pipes that may have narrowed due to the 
accumulation of corrosion or scale. 





(9-26) 


*Poiseuille attempted to study the flow of blood using water confined to small-diameter 
tubes. Actually, however, veins are flexible, and blood is a non-Newtonian fluid, that is, it 
does not have a constant viscosity. 
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E, - g cos d sin 0 


ga ~ g cos P cos 0 





9.4 Navier-Stokes Solution for Steady 


Laminar Flow within a Smooth Pipe 


Rather than using first principles, we can also obtain the velocity profile 
within the pipe using the continuity and the Navier-Stokes equations 
discussed in Sec. 7.11. Due to symmetry, here we will use cylindrical 
coordinates, established as shown in Fig. 9-11a. 

For this case, the incompressible flow is along the axis of the pipe, 
Fig. 9-11a, so v, — v, — 0, and the continuity equation, Eq. 7-78, yields 


à | Arpv, | apv al pv- 
3p _ larov) _ 1&pvo) _ Hpv) 


=0 
ot r gr r o) dz 


—0 


&|s 


W 
0+0+0+p—==0 or 


Since the flow is steady and symmetrical about the z axis, integration gives 
v. — wr). 

Carefully note from Fig. 9-116 that the cylindrical components of g are 
g, — —g cos œ sin 0, ga Z —g cos œ cos 0, and g. 7 g sin œ. Using these 
and the above result, the first Navier-Stokes equation reduces to 


w, w, vyv, o av 
(5 T v= + -——_- + I) 
at ar r o0 r “az 








aP : Là nt) Ur | Ov, 2 wv, | Pu, 
= UP 2x EPI ee _ £ 4 
ar PSr T Pra ar ro oP? ae r0 az? 


— p 
07 7 — pg cos o sin 0 4 0 
r 


Integrating this equation with respect to r gives 
p — —pgrcos o sin 0 + f(0, z) 


For the second Navier-Stokes equation, 


Ia Vg Va Va | UV - 
mi yt a ttt 
2 ot "ar r o0 r = az 


_ lap lof ov v 
= PES ul 22( 2) weg 


l Fv, 2 v, Fv, 
r r^ 007 r^ 00 åz“ 


r o0 rórx ór 
o- 12 _ cos cos 0 + 0 
r að ps c 


Integrating this equation with respect to 0 yields 


p — —pgrcos p sin 0 + fir, z) 
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Comparing these two results, we require /(@,z) — f(r, z) — f(z) since 
r, 0, z can vary independent of one another. From Fig. 9-11c, the vertical 
distance h' — rcos o sin 0, so 


p © —pgh' + fiz) 


In other words, the pressure is hydrostatic in the vertical plane since it 
depends upon the vertical distance h’. The last term, f(z), is the variation 
in pressure caused by viscosity. Finally, the third Navier-Stokes equation 
becomes 

(= + x + De 9 T n) 

ot ‘ar r o0 “az 
AM "I3 pi vy, =) 
a ror\ ar r? ag? dz? 


ET 

dp laf av, 
0 = — + pesind + ul == r7— 

i T PENG Fel x) 





(c) 


Fig. 9-11 (cont.) 


From Fig. 9-11a, sin 6 — —dh/dz, so this equation can be rearranged and 


written as 
C) rx to) 
ar\. ar JL} az dz 


Integrating twice yields 


av. _ r?° [ap (2) 
:—.—|— + pel — J| + 
"ar rz ne dz e 


? 
|. r*[àp +) 
, 7 =| c -+- —7 | + Cilnr+ C 


The velocity v. must be finite at the center of the pipe, and since 
In r— —*» asr —0,then C, — 0. At the wall, r = R, v, — 0 because of the 


“no-slip” condition. Thus, 


_ R'[ap (*) 
C= —I|— + — 
e i die az 


The final result is therefore 





gp— r^ 9 
3 + yh) 





This is the same as Eq. 9-17, and so a further analysis will produce the rest 
of the equations in Sec. 9.3. 
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Laminar flow 
(b) 


Transitional flow 
(c) 


Turbulent flow 
(d) 





(a) 
Fig. 9-12 


9.5 The Reynolds Number 


In 1883, Osborne Reynolds established a criterion for identifying 
laminar flow within a pipe. He did this by controlling the flow of water 
passing through a glass tube, using an apparatus similar to that shown 
in Fig. 9-12a. Here,colored dye was injected within the stream at.A and 
the valve at B was opened. For slow rates, the flow in the tube was 
observed to be /aminar since the dye streak remained straight and 
uniform, Fig. 9-125. As the flow was increased, by further opening the 
valve,the streak began to break down as it underwent transitional flow, 
Fig. 9-12c. Finally, through a further increase in flow, turbulence occurred 
because the dye became fully dispersed throughout the water in the 
tube, Fig. 9-12d. Experiments using other liquids, as well as gases, 
showed this same type of behavior. From these experiments, Reynolds 
suspected that this change from laminar to transitional to turbulent flow 
was dependent on the average velocity V of the fluid, on its density p 
and viscosity 4, and on the tube's diameter D. 

For any two different experimental setups involving these four 
variables, Reynolds reasoned that a similar flow will occur because then 
the forces acting on the fluid particles in one flow would be in the same 
ratio as those acting on the particles in some other flow, Fig. 9-13. In 
other words, as we discussed in Chapter 8, this dynamic similitude will 
ensure both geometric and kinematic similitude for the flow. 

Besides the inertia force, the other two significant forces influencing 
the motion of fluid flow within a pipe are caused by pressure and 
viscosity, and for similitude, all these forces must satisfy Newton's 
second law of motion. However, as noted in Sec. 8.4, similitude 
between the viscous and inertia forces will automatically ensure 
similitude between the pressure and inertia forces. Realizing this, 
Reynolds chose to study the ratio of the inertia force to the viscous 
force and, as shown by the dimensional analysis in Example 8-1, so 
produced the dimensionless “Reynolds number” as the criterion for 
flow similitude. 





Similitude among pressure, viscous, and inertia 
forces for two different experimental setups. 


Fig. 9-13 


Although any velocity and pipe dimension L can be chosen for this ratio, 


what is important is to realize that for two different flow situations, they 
must correspond with each other. In practice, the velocity that has been 


accepted is the mean or average flow velocity V © Q/A, and the dimensi on, 


referred to as the “characteristic length,” is the inner diameter D of the 
pipe. Using V and D, the Reynolds number then becomes 


_ PVD _ VD 
u v 


Re (9-27) 
Experiments have confirmed that the higher this number, the greater the 
chance for laminar flow to break down, since inertia forces will overcome 
the viscous forces and begin to dominate the flow. And so, from Eq. 9-2, 
the faster the fluid flows, the more chance the fluid has of becoming 
unstable. Likewise, the larger the diameter of pipe, the greater the volume 
of fluid passing through it, and so instability can occur more readily. 
Finally, a lower kinematic viscosity will cause the flow to become unstable, 
because there is less chance that any flow disturbances will be dampened 
out by viscous shear forces. 

In practice, it is very difficult to predict at exactly what specific value of 
the Reynolds number the flow in a pipe will suddenly change from la minar 
to transitional flow. Experiments show that the critical velocity at which 
this happens is highly sensitive to any initial vibrations or disturbances to 
the equipment. Also, the results are affected by initial motion of the fluid, 
the type of pipe inlet, the pipe's surface roughness, or any slight adjustment 
that occurs when the valve is opened or closed. For most engineering 
applications, however, laminar flow begins to change to transitional flow at 
about Re — 2300.* This value is called the critical Reynolds number, and 
in this text, unless otherwise stated, we will assume it to be the limiting 
value for laminar flow in smooth uniform straight pipes. Therefore, 


Re = 2300 Laminar flow in straight pipes (9-28) 


This critical value applies only for Newtonian fluids.** By using this as 
the critical upper bound for laminar flow, we will then be able to estimate 
the energy loss or pressure drop that occurs within a pipe, and thereby 
determine the flow through the pipe. 


*Some authors use other limits, generally ranging from 2000 to 2400. 
**To date, no satisfactory criterion has been es tablished for a non-Newtonian fluid. 
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Important Points 


Steady flow through a pipe is a balance of pressure, gravitational, 
and viscous forces. For this case, the viscous shear stress varies 
linearly from zero at the center and has its greatest value along 
the wall of the pipe. It does not depend upon the type of flow, 
whether it is laminar, transitional, or turbulent. 


The velocity profile for steady laminar flow of an incompressible 
fluid within a pipe is in the shape of a paraboloid. The maximum 
velocity is 4444, — 2V, and it occurs along the centerline of the 
pipe. The velocity at the wall is zero since it is a fixed boundary — 
the "no-slip" condition. 


The formulations for laminar flow in a pipe can be developed 
from first principles, and also by solving the continuity and 
Navier-Stokes equations. These results are in close agreement 
with experimental data. 


Flow within a horizontal pipe is dependent upon both pressure 
and viscous forces. Reynolds recognized this and formulated the 
Reynolds number Re ~ pVD/ as a criterion for dynamic 
similitude between two different sets of flow conditions. 


Experiments have indicated that laminar flow in any pipe will 
occur provided Re = 2300. This general estimate of an upper 
limit will be used in this text. 


Procedure for Analysis 


It is suggested that the equations developed in Sec. 9.3 be applied 
using the following procedure. 





Fluid Description. 


Be sure that the fluid is defined as incompressible and the flow is 
steady. Since laminar flow must prevail, then the flow conditions must 
not exceed the Reynolds number criterion, Re = 2300. 


Analysis. 


Establish the coordinates and follow their positive sign convention. 
Here the longitudinal axis is positive in the direction of flow, the radial 
axis is positive outward from the centerline of the pipe, and the 
vertical axis is positive upward. Finally, be sure to use a consistent set 
of units when substituting numerical data into any of the equations. 
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EXAMPLE | 9.4 


Oil flows through the 100-mm-diameter pipe in Fig. 9-14. If the x 
pressure at A is 34.25 kPa, determine the discharge at B. Take 
p, — 870 kg/m? and pw, — 0.0360 N* s/m?. 





SOLUTION 


Fluid Description. We will assume steady flow that is laminar, and 
that the oil is incompressible. 
Datum 


Analysis. The discharge is determined using Eq. 9-19. The origin of 

coordinates for x and A is at A, and by convention, the positive x axis Fig. 9-14 
is extended in the direction of flow, and the positive h axis is vertically 

upward. Thus, 


mR! d 
Q T (p + yh) 


= aE (ee —Pa , Vhs = w) 


Nn VS E L 


a 7(0.05 m)* (° — 3425(10?) N/m? A (870 kg/m?)(9.81 m/s?)(4 m — 22 


8(0.0360 N : s/m?) 5m 5m 


= 0.001516 m?/s — 0.00152 m/s Ans. 


Since this result is positive, the flow is indeed from A to B. 





The assumption of laminar flow is checked using the mean velocity 
and the Reynolds number criterion. 


_ Q _ 0.001516 m*/s 


V — 0.1931 m/s 
A (0.05 m)? / 
,VD — (870kg/m?)(0.1931 m/s)(0.1 m) 
Re = “= I — 467 — 2300 . (laminar flow) 


Ho 0.0360 N-s/m? 
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EXAMPLE [79:5 





xh Determine the maximum pressure at A so that the flow of water 
through the vertical standpipe in Fig. 9-15 remains laminar. The 
pipe has an inner diameter of 3 in. Take y, — 624 Ib/ft^ and 
B pu, 7 20.5(10 5) Ib s/ft". 





SOLUTION 
Fluid Description. It is required that laminar flow occur. The flow 
must also be steady, and we will assume water to be incompressible. 


10 ft Analysis. For laminar flow, the maximum average velocity is based 
on the Reynold's number criterion. 





VD 
Re ~ L 
Hw 
: Dat 
atum 62.4 3 
(S4.1ug/n° )v( Sn) 
Fig. 9-15 20.5( 1076) lb- s/ft 


V = 0.09732 ft/s 


We will apply Eq. 9-20 to obtain the pressure at A. Following the sign 
convention, positive x is in the direction of flow, which is vertically 
upward, and positive h is also vertically upward, Fig. 9-15. Since 
dh/dx = 1, we have 


^ 


R d 





= 12 — S (1228-9) 
0.09732 ft/s — ———Ó -[l624— || ——— 
/ 8[20.5(10 5) Ib-s/ft]L V 10 ft ft 10 ft 


pa 7 624.01 lb/ft? = 624 lb/ft? Ans. 





Because the velocity and the viscosity are very small, this pressure is essen- 
tially hydrostatic, that is, p = yh = (62.4 lb/ft )(1Oft) = 624 lb/ft. 
In other words, the pressure at A is mainly used to support the water 
column, and little is needed to push the water through the pipe to 
overcome the slight frictional resistance to maintain laminar flow. 
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9.6 Fully Developed Flow from 
an Entrance 


When fluid flows through the opening of a pipe or duct attached to a 
reservoir, it will begin to accelerate and then transition to either fully 
laminar or fully turbulent steady flow. We will now consider each of these 
cases separately. 


Laminar Flow. Asshown in Fig. 9-16a, at the entrance of the pipe the 
fluid’s velocity profile will be nearly uniform. Then, as the fluid travels 
farther down the pipe, its viscosity will begin to slow down the particles 
located near the wall, since particles at the wall must have zero velocity. 
With a further advance, the viscous layers that develop near the wall will 
begin to spread toward the pipe’s centerline until the central core of fluid, 
which originally had uniform velocity, begins to disappear at a distance of 
L'. Once it does, the flow becomes fully developed, that is, the parabolic 
velocity profile for laminar flow becomes constant. 

The transition or entrance length L' is actually a function of the pipe 
diameter D and the Reynolds number. An estimate of this length can be 
made using an equation formulated by Henry Langhaar. See Ref. [2]. It is 


L' — 0.06(Re)D Laminar flow (9-29) 


Using our criterion for laminar flow in pipes, that Re = 2300, then as an 
upper limit to the entrance length, L’ Z 0.06(2300)D — 138D. As we will 
see in the example problem that follows, fully developed laminar flow 
rarely occurs in pipes, because the velocity will be high, or the flow 


development will get disrupted by a valve, transition, or bend in the pipe. 


Turbulent Flow. Experiments have shown that the entrance 
length to fully developed turbulent flow is not very dependent upon the 
Reynolds number; rather, it depends more upon the shape or type of 
inlet and upon the actual roughness of the wall of the pipe. For example, 
a rounded inlet, as shown in Fig. 9-165, produces a shorter transition 
length to full turbulence than a sharp or 90° inlet. Also, pipes with rough 
walls produce turbulence at a shorter distance than those with smooth 
walls. Through experiments, along with a computer analysis, it has been 
found that fully developed turbulent flow can occur within a relatively 
short distance. See Ref. [3]. For example, it is on the order of 12D for a 
low Reynolds number, Re ~ 3000. Although longer transition distances 
occur at larger Reynolds numbers, for most engineering analysis it is 
reasonable to assume this transition from unsteady to mean steady 
turbulent flow is /ocalized near the entrance. And as a result, engineers 
account for the friction or energy loss that occurs at a turbulent entrance 
length by using a Joss coefficient, something we will discuss in the next 
chapter. 





Flow through long straight pipe will be fully 
developed. (© Prisma/Heeb Chnistian/ Alamy) 









Fully 
developed 
laminar flow 


rim 


Transition to Laminar Flow 
(a) 





| , | Fully 
L developed 
turbulent flow 


Transition to Turbulent Flow 
(b) 


Fig. 9-16 
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ieee 








Fig. 9-17 





If the flow through the 3-in.-diameter drainpipe in Fig. 9-17 is 0.02 ft*/s, 
classify the flow along the pipe as laminar or turbulent if the fluid is 
water, and if it is oil. Determine the entrance length to fully developed 
flow if it is oil. Take v,, — 9.35(10 5) ft?/s and v, — 0.370(10^?) f£? /s. 


SOLUTION 


Fluid Description. Beyond the entrance length, we consider the 
flow as stea dy. The water and oil are both assumed to be incompressible. 


Analysis. The flow is classified on the basis of the Reynolds number. 
The mean velocity of the flow is 


0.02 ft /s 
y=2 = LS A 04074 ft/s 


A 15 V 
— ft 
«( 12 ) 


Water. Here the Reynolds number is 
Enc ——Á NOR. C DNI Ans. 
The flow is turbulent. 


By comparison, note that if Re — 2300, then the average velocity for 
laminar flow would have to be 


VD (s i) 
Re = = = 2300; 2300 = == 
Vw 9.35( 1076) ft/s 
V = 0.0860 ft/s 


This is indeed a very small value, and so practically speaking, due 
mainly to its relatively low viscosity, the flow of water through a pipe 
will almost always be turbulent. 


Oil. In this case, 

3 
VD _ 0.4074 ft/s (2 i) 
v 


Re = ———— MÀ 
nea 0.370(10~*) ft*/s 


= 275 < 2300 Ans. 
Here /aminar flow exists in the pipe, although it is not fully developed 
within the region near the entrance. Applying Eq. 9-29, the transitional 
length for fully developed laminar flow of the oil is therefore 


L' = 0.06 (Re) D — 0.060275) È r) = 4.125 ft Ans. 


This is a rather long distance, but once it occurs, laminar flow is well 
understood and is defined by a balance of pressure and viscous forces, 
as we discussed in Sec. 9.3. 
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9.7 Laminar and Turbulent Shear Stress 
within a Smooth Pipe 


Pipes of circular cross section are by far the most common conduit for a fluid, 
and for any design or analysis, it is important to be able to specify how shear 
stress, or frictional resistance, develops within the pipe for both laminar and 
turbulent flow. 


Laminar Flow. In Sec. 9.3 we obtained the velocity profile for 
steady laminar flow through a straight pipe, assuming the fluid is viscous, 
Fig. 9-18a. This parabolic profile requires that the fluid surrounding the 
smooth wall have zero velocity, since fluid particles tend to adhere (or 
stick) to the wall. Layers of fluid a greater distance from the wall have 
greater velocities, with the maximum velocity occurring at the centerline 
of the pipe. As discussed in Sec.1.7 the viscous shear stress, or frictional 
resistance within the fluid, is caused by the continuous exchange of 
momentum among the molecules of fluid, as each layer slides over an 
adjacent layer. 


Turbulent Flow.  Ifthe rate of flow within the pipe is increased, the 
laminar fluid layers will become unstable and begin to break down as the 
flow transitions to turbulent flow. As this occurs, the fluid particles move 
in a disorderly manner, causing the formation of eddies or small vortices, 
and thereby the mixing of fluid throughout the pipe. These effects cause a 
larger loss of energy, and therefore a greater drop in pressure, compared 
to laminar flow. 





Velocity profile 
Laminar flow 


(a) 
Fig. 9-18 
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Mean velocity Actual velocity 


(c) 


Viscous sublayer near pipe wall 





Velocity profile 
Turbulent flow 


(d) 


Fig. 9-18 (cont.) 


Fluctuating horizontal velocity 
component u ) 


Actual velocity T + u 








Mean horizontal velocity 
component 1 





Horizontal velocity components of fluid particles 
passing through a control volume. 


(b) 


We can study the effects of turbulent flow by considering a small, fixed 
control volu me located at a point within the pipe, Fig. 9-185. The velocities 
of all fluid particles passing through this control volume will have a 
random pattern; however, these velocities can be resolved horizontally 
into a mean value, uv, and a random fluctuating velocity about the mean, u’, 
as shown on the graph. The fluctuations will have a very short period, and 
their magnitude will be small compared to the mean velocity. If this mean 
velocity component remains constant, then we can classify the flow as 
steady turbulent flow, or, more properly, mean steady flow. The "turbule nt 
mixing" of the fluid tends to flatten the mean horizontal velocity 
component u within a large region around the center of the pipe, and as a 
result, the velocity profile will be more uniform than laminar flow. The 
velocity may have an actual *wiggly" profile like that shown in Fig. 9-1&, 
but it will average out to that shown by the dark line. 

Although turbulent mixing occurs readily within the central region of 
the pipe, it tends to diminish rapidly near the pipe's inner wall to satisfy the 
boundary condition of zero velocity at the wall. This region of low velocity 
produces a laminar viscous sublayer near the wall, Fig. 9-184. The faster 
the flow, the larger the region of turbulence within the fluid, and the 
thinner this sublayer. Realize, however, that this sublayer thickness will 
normally be a very small fraction of the pipe's inner diameter as will be 
shown in Example 9.9. 


Turbulent Shear Stress. The flow characteristics of the fluid are 
greatly affected by turbulence. The fluid "particles" in turbulent flow 
are far greater in size than just the "molecules" being transferred 
between layers in laminar flow.Think of these particles as formed by the 
mixing caused by very small eddies or swirling within the flow. For both 
laminar and turbulent flow, however, the same phenomenon occurs, that 
is, the slower-moving particles migrate to faster-moving layers, and so 
they tend to decrease the momentum of the faster layers. Particles 
migrating from faster- to slower-moving layers will have the opposite 
effect; they increase the momentum of the slower layer. For turbulent 
flow, this type of momentum transfer gives rise to an apparent shear 
stress that will be many times greater than the viscous shear stress that 
is created by molecular exchange within the flow. 
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Faster-moving particles, u; 
Slower-moving particles, u, 





Velocity profile for turbulent flow 
(a) 
Fig. 9-19 


To show conceptually how apparent turbulent shear stress develops, 
consider the steady turbulent flow along two adjacent fluid layers in 
Fig. 9-19a. At any instant, the velocity components in the direction of 
flow can be written in terms of their time-averaged, u, and mean 
horizontal fluctuating, u‘, components, as shown in Fig. 9-185. That is, for 
any horizontal velocity, 


u F” u +t u’ 


Vertical components of velocity only have a fluctuating component, and no 
mean velocity component, since there is no mean flow in this direction. Thus 


r 


v©v 


Now let's consider the movement v; of a fluid particle from a slower-moving 
bottom layer into the faster-moving upper layer, Fig.9-19b. This tr ansference 
will increase the horizontal velocity component of the transferred fluid 
particle by uj. Since the mass flow through the area dA is pv; dA, then the 
net change in the momentum, uv j(pv} dA ), is the result of a force dF that the 
upper layer produces on the transferred particle. The shear stress 
is T — dF/dA, and so the apparent turbulent shear stress produced is then 


= eh 
Tub — DUjU, 


where uv is the mean product of uv. 

The same sort of argument can be made for particles transferring down 
from the faster-moving upper la yer to the sl ower-moving lower one, except 
here the transference will decrease the horizontal velocity component of 
the transferred fluid particle by «5. This apparent turbulent shear stress, as 
described here, is sometimes referred to as the Reynolds stress, named 
after Osborne Reynolds who developed these arguments in 1886. 

The shear stress within turbulent flow therefore consists of two 
components. The viscous shear stress is due to molecular exchange, 
Tusc  du/dy, which results from the time average velocity component 
u, and the apparent turbulent shear Stress Tum, Which is based upon the 
much larger eddy particle exchange between fluid layers. It is the result of 
the mean horizontal fluctuating component u’. Therefore, we can write 


T T visc T Titurb 


As noted from Eq. 9-16, 7 has a linear variation throughout the flow, as 
shown in Fig. 9-19c. 





(b) 


Shear-stress distribution. 
(c) 


Fig. 9-19 (cont.) 
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In practice it is difficult to obtain the apparent or turbulent shear-stress 
component since the vertical and horizontal fluctuating components v’ 
and wu’ will be different for each location within the flow. In spite of this, 
empirical formulations for this stress, based on Reynolds's work, were 
later developed by the French mathematician Joseph Boussinesq, using a 
concept called the eddy viscosity of flow. This was followed by the work 
of Ludwig Prandtl, who created a mixing-length hypothesis based on the 
size of the eddies formed within the flow. Although both of these efforts 
provide some understanding of the notion of turbulent shear stress, and 
its relation to velocity, they have very limited application and today are 
no longer used. Turbulent flow is very complex, due to the erratic motion 
of the particles, and this has made it practically impossible to obtain a 
single accurate mathematical formulation to describe its behavior. 
Instead, this difficulty has led to many experimental investigations 
involving turbulent flow. See Ref. [3], [4]. From this, engineers have 
produced many different models to predict turbulent behavior, and as 
we have discussed in Sec. 7.12, some of these have been incorporated 
into sophisticated computer programs used for computational fluid 
dynamics (CFD). 


9.8 Turbulent Flow within a Smooth Pipe 


Careful measurements of the velocity profile for turbulent flow within a 
pipe have made it possible to identify three different regions of flow 
within the pipe. These are shown in Fig. 9—20a, and are referred to as the 
viscous sublayer, the transitional region, and the turbulent flow region. 


Viscous sublayer 


Transitional region 





Turbulent 
flow region 





(a) 





Mean velocity 7 Actual velocity u = w+ u 


(solid line) (b) 


Fig. 9-20 
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Viscous Sublayer. For almost all fluids, the particles at the wall of 
the pipe have zero velocity, no matter how great the flow is through the 
pipe. These particles “stick” to the wall, and the fluid layers near them 
exhibit laminar flow because of their slow velocity. Consequently, viscous 
shear stress within the fluid dominates this region, and so if the fluid is a 
Newtonian fluid, the shear stress can be expressed by r,,. — u(du/ dy). 
If we integrate this equation , using the boundary condition u ^ 0 at y ~ 0, 
we can then relate the wall shear stress 7, (a constant) to the velocity. 
Since for laminar flow u © u, which is the time-averaged or mean velocity, 
Fig. 9-20b, we get 

= p“ (9-30) 


To y 


We will express this result as a dimensionless ratio in order to compare it 
with experimental results that are normally plotted in terms of 
e nengon est variables. To do this, researchers have used the factor 
u = 75/ p. This constant has units of velocity, and so it is sometimes 
referred to as the friction velocity or shear velocity. If we divide both sides 
of the above equation by p, and use the kinematic viscosity, v = p/p, 
we get 


u uy | 
= =— (9-31) 
u v 


Since u* and v are constants, then i and y form a linear relationship that 
represents the dimensionless velocity profile within the viscous sublayer, 
Fig. 9-21a. Equation 9-31 is sometimes referred to as the law of the wall. 
On a semi-logarithmic graph it plots as a curve, Fig. 9-215, and as noted, 
it fits the experimental data, originally obtained mainly by Johann 
Nikuradse, for values of 0 — u*y/v = 5. See Ref. [6]. 
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flow 
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Transitional and Turbulent Flow Region. Within these two 
regions, the flow is subjected to both viscous and turbulent shear stress, 
and so here we can express the resultant shear stress as 


_ du — i 
T7 Tue + Tub 7 PET + |pu'v' | (9-32) 


Recall from the discussion in the previous section, the turbulent (or 
Reynolds) shear stress results from the exchanges of large groups of particles 
between fluid layers. In a sense, this large mass transfer can be thought of as 
the random distribution of rapid fluctuations and swirling fluid called eddy 
currents within the flow. Of the two components in Eq. 9-32, the turbulent 
shear stress will predominate within the center of the pipe,but its effect will 
diminish rapidly as the flow nears the wall and enters the transitional region, 
where the velocity suddenly drops off, Fig. 9-20a. 

The velocity profile for turbulent flow has also been established 
experimentally, again primarily by J. Nikuradse, Fig. 9-215. With this 
Theodore von Kármán and Ludwig Prandtl were able to describe this 


data by the equation 
TABLE 9-1 





n Re (9-33) 
6 4 (105) 
When plotted, this results in the curve shown in Fig. 9-21a, although on a 
7 1 (10°) semi-logarithmic scale, it results in a straight line, Fig. 9-21b. 
9 1 (105) Notice the scale in Fig. 9-215. The viscous sublayer and the dashed 
| transition zone extend only a very small distance, u y/v = 30, whereas 
10 3 (10°) the turbulent flow region extends to u^ y/v — 10*. For this reason, and 


for most engineering applications, flow within the sublayer and transition 
zone can be neglected. Instead, Eq. 9-33 alone can be used to model the 
velocity profile for the pipe. Here, of course,it is assumed that the fluid is 
incompressible, the flow is fully turbulent and steady in the mean, and 
the walls of the pipe are smooth. 


Power Law Approximation. Apart from using Eq. 9-33, other 
methods have also been used to model a turbulent velocity profile. One 
involves applying an empirical power law having the form 


(9-34) 





Here u,,,x 18 the maximum velocity, which occurs at the center of the pipe, 
and the exponent n depends upon the Reynolds number. A few values of 
n for specific values of Re are listed in Table 9-1. See Ref. [4]. The velocity 
profiles, including the one for laminar flow, are shown in Fig. 9-22. Notice 
how these profiles flatten out as n gets lar ger. This is due to the faster flow, 
Velocity Profiles or higher Reynolds number. Of these profiles, n = 7 is often used for 
calculations and it provides adequate results for many cases. 





AL 
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Fig. 9-22 
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Since the velocity profile in a pipe is axisymmetric, Fig. 9-23, we can 
integrate Eq. 9-34 and determine the flow for any value of n. We have 


R r | /n 
o7 [sa 7 f u(i -i) (2mr)dr 
A 0 R 
at 


1 
u X Himal R)" 





= mR? ——— 9-35 
TN Um (5 + Dn -- 1) ( " 
n Turbulent Velocity Profile 
Also, since Q — V(7R?), the average velocity of flow is Approximation 
2n? / Fig. 9-23 
V — unal oee 9-36 
max (n + 1)(2n + 5 ) 





Besides using Eq. 9-34, there have also been efforts to predict turbulent 
time-average flow using various “turbulent models” that include chaotic 
fluctuations within the flow. Research in this important area is ongoing, 
and hopefully these models will continue to improve through the years. 


Important Points 


When fluid flows into a pipe from a reservoir, it will accelerate for a 
certain distance along the pipe before its velocity profile becomes 
fully developed. For steady laminar flow, this transition or entrance 
length is a function of the Reynolds number and the pipe diameter. 
For steady turbulent flow, it depends n ot only on the type of entrance, 
but also on the diameter and the surface roughness of the pipe. 


Turbulent flow involves erratic and complex motion of fluid particles. 
Small eddies form within the flow and cause localized mixing of the 
fluid. It is for this reason that shear stress and the energy losses for 
turbulent flow are much greater than those for laminar flow. The 
shear stress is a combination of viscous shear str ess and an “apparent” 
turbulent shear stress, which is caused by the transfer of groups of 
fluid particles from one layer of fluid to an adjacent layer. 


The mixing action of turbulent flow tends to "flatten out" the 
velocity profile and make it more uniform, like an ideal fluid. This 
profile will always have a narrow viscous sublayer (laminar flow) 
near the walls of the pipe. Here the fluid must move slowly due to 
the boundary condition of zero velocity at the wall. The faster the 
flow, the thinner this sublayer becomes. 


Since turbulent flow is so erratic, an analytical solution for describing 
the velocity profile cannot be obtained. Instead, it is necessary to 
rely on experimental methods to define this shape and then to match 
it with empirical approximations such as Eqs. 9-33 and 9-34. 
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EXAMPLE | 9.7 








(a) 


25 mm 2.34 Pa 


(b) 


(c) 
Fig. 9-24 











Th 





— 7 Ap _ 


The inner wall of the 50-mm-diameter water pipe in Fig. 9—24a is 
smooth. If turbulent flow exists, and the pressure at A is 10 kPa and at B 
it is 8.5 kPa, determine the magnitude of the shear stress acting along 
the wall of the pipe, and also at a distance of 15 mm from its center. 
What is the velocity at the ce nter of the pipe, and what is the thickness of 
the viscous sublayer? Takep,, ^ 1000 kg/m? and», — 1.08(10 5) m?/s. 


SOLUTION 


Fluid Description. We have mean steady turbulent flow, and we 
assume water is incompressible. 


Shear Stress. The shear stress along the wall of the pipe is caused 
by laminar flow, and so it can be determined using Eq. 9-16. Since the 
pipe is horizontal, /; 2 0, we have 


(0.025 m)/(8.5 — 10)(103) N/m?\} _ _ 
ee ( ——, ——— ]} | = 2.344Pa = 2.34Pa Ans 


EL 8m 








The shear-stress distribution within the fluid varies linearly from the 

pipe's center as shown in Fig. 9-245. Recall from Sec. 9.3 that this 

result comes from a balance of pressure and viscous forces, and it is 

valid for both laminar and turbulent flow. By proportion, we can 
determine the maximum shear stress at r ^ 15 m. It is 

T — — 2.344 Pa 

15mm . 25mm 


Velocity. Since the flow is turbulent, we will use Eq. 9-33 to determine 
the centerline velocity, Fig. 9—24c. First, 


u^ — NV ro/p,, 7 V (2.344 N/m?)/(1000 kg/m?) = 0.04841 m/s 


And at the centerline of the pipe, y = 0.025 m, and so 


T — 1.41 Pa Ans. 


Umax — uy 
uw — 2.5 In (=>) + 5.0 


w 


. 0.04841 m/s)(0.025 m 
o 2 |: /sX ) E 


0.04841 m/s ` 1.08(1075) m?/s 
Umax = 1.09 m/'s Ans. 


Viscous Sublayer. The viscous sublayer extends to u'y/v = 5, 
Fig. 9-215. Thus, 


Sv,  S[1.08(10 5) m/s] 


; == ————ÓÀ9— : 4 "3 = I : 
gm 0.04841 m/s 0.11154(107) m = 0.112 mm Ans 


Remember that this result is only for a smooth-walled pipe. If the pipe 
has a rough surface, then there is a good chance for protuberances to 
pass through this very thin layer, disrupting the flow and creating 
added friction. We will discuss this effect in the next chapter. 
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EXAMPLE F93 





Kerosene flows through the 100-mm-diameter smooth pipe in 
Fig. 9-25a, with an average velocity of 20 m/s. Viscous friction causes a 
pressure drop (gradient) along the pipe to be 0.8 kPa/m. Determine 
the viscous and turbulent shear-stress components within the kerosene 
at r — 10 mm from the centerline of the pipe. Use a power-law velocity 
profile, and take v, — 2(10 5) m?/s and p, = 820 kg/m’. 


SOLUTION 


Fluid Description. We will assume mean steady turbulent flow. 
Also, the kerosene can be considered incompressible. 





(a) 


Analysis. To use the power-law velocity profile, we must first 
determine the exponent n, which depends upon the Reynolds number. 


s mun ae DS m). a0) 
V, 2(10 75) m?/s 
From Table 9-1, for this Reynolds number, 1 = 9. 

The shear-stress distribution is linear, as shown in Fig. 9-255. The 
maximum shear stress is caused only by viscous effects since it occurs 
at the wall within the viscous sublayer. The magnitude of this stress is 
determined using Eq. 9-16. With / = 0, we have 


—rdp .. |(0.05 m) (800 N/m?) 





= ~ 2UP 
"^ 2d 2 T" g 
By proportion, the total shear stress at r — 10 mm is then 
T 20 N / m? 
mD “7 ——— — 4 » 
10 mm 50 mm j P 
The viscous shear-stress component can be determined at r= 10 mm, using (b) 


Newton's law of viscosity and the power law, Eq. 9-34, since it defines the 
shape of the velocity profile. First, though, we must determine the 
maximum velocity 1,4, Fig. 926a. We can do this by applying Eq. 9-36. 


Z 2 9? 

pm e Mee to | 
(n + 1)(2n + 1) (9 - D[2(9) + 1] 

Umax 7 23.46 m/s 


Now, using Eq. 9-34 for u, and u, — pv,, Newton's law of viscosity becomes 


= du d iE L/n ae vie (1—n)/n 


Fig. 9-25 


y 





R nR R 
.. (820 kg/m?) [2(10 5) m^/s](23.46 m/s) 0.01 mV! -9/9 
i 9(0.05 m) (1 - 22 
— 0.1042 Pa 


This is a very small contribution. Instead, the turbulent shear-stress 
component provides the majority of the shear stress at r ^ 10 mm. It is 
T = Trice + Tru’ 4 N/m? — 0.1042 Pa + Tur 

Tub 3.90 Pa Ans. 
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Sec. 9.1-9.2 


9-1. Crude oil flows through the 2-mm gap between the 
two fixed parallel plates due to a drop in pressure from A to 
B of 4 kPa. If the plates are 800 mm wide, determine the flow. 


T 


2 mm 





0.5 m 


Prob. 9-1 


9-2. Crude oil flows through the gap between the two 
fixed parallel plates due to a drop in pressure from A to B 
of 4 kPa. Determine the maximum velocity of the oil and 
the shear stress on each plate. 


L 








Prob. 9-2 


ELA 


10 mm/s 


9-3, Air at 7~ 40°F flows with an average velocity of 15 ft/s 
past the charged plates of the air cleaner. The plates are each 
10 in. wide, and the gap between them is 1/8 in. If fully 
developed laminar flow develops, determine the pressure 
difference pg ~ pa between the inlet A and the outlet B. 


| ae 
gw" 





i 24 i—i 
Prob. 9-3 


*9-4, Glue is applied to the surface of the plastic strip, 
which has a width of 200 mm, by pulling the strip 
through the container. Determine the force F that must 
be applied to the tape if the tape moves at 10 mm/s. Take 
p, ^ 730kg/m* and uw, — 0.860 N* s/m'. 







— 


40 mm 





[CÓ s» pai 


Prob. 9-4 
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9-5. The 20-kg uniform plate is released and slides down 9-7. The boy has a mass of 50 kg and attempts to slide 
the inclined plane. If an oil film under its surface is 0.2 mm down the inclined plane. If a 0.3-mm-thick oil surface 
thick, determine the terminal velocity of the plate along the develops between his shoes and the surface, determine his 
plane. The plate has a width of 0.5 m. Take p, = 880 kg/m terminal velocity down the incline. Both of his shoes have a 
and p,, = 0.0670 N+s/m?’. total contact area of 0.0165 m*. Take p, — 900 kg/m? and 


ju, ^ 0.0638 N : s/m*. 





Prob. 9-5 





9-6. Using pins.the plug is attached to the cylinder such that 


there is a gap between the plug and the walls of 0.2 mm. If the » 
pressure within the oil contained in the cylinder is 4 kPa, 
determine the initial volumetric flow of oil up the sides of the Prob. 9-7 


plug. Assume the flow is similar to that between parallel plates 
since the gap size is very much smaller than the radius of the 
plug. Take p, — 880 kg/m and u, ^ 30.5(10 7?) N* s/m. 


*9-8, The 2.5-Ib plate, which is 8 in. wide, is placed on the 
3^ inclined plane and released. If its terminal velocity is 
0.2 ft/s, determine the approximate thickness of oil 


underneath the plate. Take p, — 1.71 slug/ft^ and | 
p, 7 0.632(10 7) Ib: s/ft. | 





12 in. 





Prob. 9-8 
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9-9, The water tank has a rectangular crack on its side 
having a width of 100 mm and an average opening of 
0.1 mm. If laminar flow occurs through the crack, determine 
the volumetric flow of water through the crack. The water 
is at a temperature of T — 20°C. 





9-10. A solar water heater consists of two flat plates that 
rest on the roof. Water enters at A and exits at B. If the 
pressure drop from A to B is 60 Pa, determine the largest 
gap a between the plates so that the flow remains laminar. 
For the calculation, assume the water has an average 
temperature of 40°C. 


9-11. The 100-mm-diameter shaft is supported by an oil- 
lubricated bearing. If the gap within the bearing is 2 mm, 
determine the torque T that must be applied to the shaft, so 
that it rotates at a constant rate of 180 rev/min. Assume no 
oil leaks out due to sealing, and the flow behavior is similar 
to that which occurs between parallel plates, since the gap 
size is very much smaller than the radius of the shaft. Take 
p, ^ 840 kg/m? and u, = 0.22 N- s/m? 





180 rev/min 


Prob. 9-11 


*9-12, The two sections of the building wall have a 
10-mm-wide crack between them. If the difference in 
pressure between the inside and outside of the building is 
1.5 Pa, determine the flow of air out of the building through 
the crack, The air temperature is 30°C, 





Prob. 9-10 


Prob. 9-12 


9-13. The belt is moving at a constant rate of 3 mm/s. The 
2-kg plate between the belt and surface is resting on a 
0.5-mm-thick film of oil, whereas oil between the top of the 
plate and the belt is 0.8 mm thick. Determine the plate's 
terminal velocity as it slides along the surface. Assume the 
velocity profile is linear. Take p, — 900kg/m? and 
ut, 7 0.0675 N* s/m?. 





0.5 mm 
300 mm 


Prob. 9-13 


9-14. When vou inhale, air flows through the turbinate 
bones of your nasal passages as shown. Assume that for a 
short length of 15 mm, the flow is passing through parallel 
plates, the plates having a mean total width of w > 20 mm 
and spacing of a ~ 1 mm. If the lungs produce a pressure 
drop of Ap — 50 Pa, and the air has a temperature of 20°C, 
determine the power needed to inhale air. 





Prob. 9-14 
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9-15. The hydraulic lift consists of a 1-ft-diameter cylinder 
that fits into the sleeve, such that the gap between them is 
0.001 in. If the platform supports a load of 3000 Ib, and 
the oil is pressurized to 25 psi, determine the terminal 
velocity of the platform. Take p, = 1.70 slug/ft^ and 
Ma 0.630( 10^?) lb- s/f. Assume that the flow is laminar, 
and that it is similar to that which occurs between parallel 
plates since the gap size is very much smaller than the radius 
of the cylinder. 


3000 Ib 


E 


Prob. 9-15 


*9-16. The liquid has laminar flow between the two fixed 
plates due to a pressure gradient dp/dx. Using the 
coordinate system shown, determine the shear-stress 
distribution within the liquid and the velocity profile for the 
liquid. The viscosity is à. 


y 
= . 


Prob. 9-16 
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9-17. A thin layer of engine oil is trapped between the 
belts, which are moving in different directions and at 
different speeds as shown. Plot the velocity profile within 
the oil film and the shear-stress distribution. The pressures 
at A and B are atmospheric. Take u, = 0.22 N* s/m^ and 
p, ^ 876 kg/m*. 
0.2 m/s 4mm 
A —_— B 
i 
0.3 m/s 


Prob. 9-17 


9-18. The materials testing nuclear reactor has fuel 
elements in the form of flat plates that allow cooling 
water to flow between them. The plates are spaced 
1/16 in. apart. Determine the pressure drop of the water 
over the length of the fuel elements if the average velocity 
of the flow is 0.5 ft/s through the plates. Each fuel element 
is 2 ft long. Neglect end effects in the calculation. Take 
p, ^ 1.820 slug/ft and j4, 7 5.46(10 5) Ib - s/ft. 


0.5 ft/s 





Prob, 9-18 


9-19. The water and oil films have the same thickness a 

and are subjected to the movement of the top plate. Plot 

the velocity profile and the shear-stress distribution for 

each fluid. There is no pressure gradient between A and B. 

The viscosities of water and oil are u,, and u, respectively. 
U 


——- 
pe——. 


Prob. 9-19 


*9-20. Use the Navier-Stokes equations to show that the 
velocity distribution of the steady laminar flow of a fluid 
flowing down the inclined surface is defined by 
u — [pg sin8/(29)0] (2hy — y?), where p is the fluid density 
and pu is its viscosity. 





Prob. 9-20 


9-21. A fluid has laminar flow between the two parallel 
plates, each plate moving in the same direction, but with 
different velocities, as shown. Use the Navier-Stokes 
equations, and establish an expression that gives the shear- 
stress distribution and the velocity profile for the fluid. 
Plot these results. There is no pressure gradient between 
A and B. 


U, 
—- 





——- 


U, 


Prob, 9-21 


Sec. 9.3-9.6 


9-22. The retinal arterioles supply the retina of the eye with 
blood flow. The inner diameter of an arteriole is 0.08 mm, and 
the mean velocity of flow is 28 mm/s. Determine if this flow is 
laminar or turbulent. Blood has a density of 1060 kg/m? and 
an apparent viscosity of 0.0036 N - s/ m". 


9-23. Oil flows through a 3-in.-diameter horizontal pipe 
such that the pressure drops 1.5 psi within a 10-ft length. 
Determine the shear stress that the oil exerts on the wall 
of the pipe. 


*9-24. The 100-mm-diameter horizontal pipe transports 
castor oil in a processing plant. If the pressure drops 100 kPa 
in a 10-m length of the pipe, determine the maximum 
velocity of the oil in the pipe and the maximum shear stress 
in the oil. Take p, — 960 kg/m? and p, = 0.985 N*s/m'. 





10 m 


Prob. 9-24 


9-25. Most blood flow in humans is laminar, and apart 
from pathological conditions, turbulence can occur in the 
descending portion of the aorta at high flow rates as when 
exercising. If blood has a density of 1060 kg/m’, and the 
diameter of the aorta is 25 mm, determine the largest 
average velocity blood can have before the flow becomes 
transitional. Assume that blood is a Newtonian fluid and 
has a viscosity of jj, = 0.0035 N*s/m?. At this velocity, 
determine if turbulence occurs in an arteriole of the eye, 
where the diameter is 0.008 mm. 





Prob. 9-25 
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9-26. A 50-mm-diameter vertical pipe carries oil having a 
density of p, — 890 kg/m*. If the pressure drop in a 2-m 
length of the pipe is 500 Pa, determine the shear stress 
acting along the wall of the pipe. The flow is downward. 


9-27. The l-in.diameter horizontal pipe is used to 
transport glycerin. If the pressure at A is 30 psi and at B is 
20 psi, determine if the flow is laminar or turbulent. 


1 in. 
—€——— — 
O n 


Prob. 9-27 


*9-28. The l-in.-diameter pipe is used to transport water 
at 180°F. Lf the flow is to be laminar, what is the maximum 
pressure difference between points A and B? 


l in. 
D E 
|, 4 


Prob. 9-28 


9-29, Oil having a density of 900 kg/m? and a viscosity of 
0.370N*:s/m^ has a flow of 0.05 m^/s through the 
150-mm-diameter pipe. Determine the drop in pressure 
caused by viscous friction over the 8-m-long section. 


9-30. Oil has a flow of 0.004 m/s through the 
150-mm-diameter pipe. Determine the drop in pressure 
caused by viscous friction over the 8-m-long section. Take 
p, ^ 900 kg/m? and u, = 0.370 N- s/m°. 






|^ B 


I ———4 


Probs. 9-29/30 








508 CHAPTER 9 VISCOUS FLOW WITHIN ENCLOSED SURFACES 


9-31. Lymph isa fluid that is filtered from blood and forms 
an important part of the immune system. Assuming it is a 
Newtonian fluid, determine its average velocity if it flows 
from an artery into a 0.08-um-diameter precapillary 
sphincter at a pressure of 120 mm of mercury, then passes 
vertically upwards through the leg for a length of 1200 mm, 
and emerges at a pressure of 25 mm of mercury. Take 
p, ^ 1030 kg/m? and u; = 0.0016 N- s/m?. 


*9-32, A horizontal pipe is to be used to transport oil. If 
the pressure loss to be expected over a 500-ft length is 4 psi, 
determine the largest-diameter pipe that can be used if 
laminar flow is to be maintained. Take p, — 1.72 slug/ft* 
and u, — 1.40(10 ?) Ib : s/ft. 


9-33. A smooth 100-mm-diameter pipe transfers 
kerosene at 20°C with an average velocity of 0.05 m/s. 
Determine the pressure drop that occurs along the 20-m 
length. Also, what is the shear stress along the pipe wall? 





20 m 


Prob. 9-33 


9-34, Determine the maximum discharge from an 18-in.- 
diameter horizontal duct used for air at a temperature of 
60^F so that the flow remains laminar. 


9-35. Air at 120°F flows through a 3-in.-diameter 
horizontal duct. Determine the greatest discharge it can 
have so that the flow remains laminar. 


*9-36. Crude oil flows through a 3-in.-diameter horizontal 
pipe such that the pressure drops 5 psi within a 1000-ft length. 
Determine the shear stress within the oil at a distance of 
0.5 in. from the pipe wall. Also find the shear stress along the 
centerline of the pipe, and the maximum velocity of the flow. 
Take p, — 1.71 slug/ft? and j,, — 0.632(10 ?) Ib + s/f. 


9-37. Glycerin is at a pressure of 15 kPa at A when it enters 
the vertical segment of the 100-mm-diameter pipe. Determine 
the discharge at B. 





Prob. 9-37 


9-38. The 50-mm-diameter smooth pipe drains engine oil 
out of a large tank at the rate of 0.01 m/s. Determine the 
horizontal force the tank must exert on the pipe to hold it in 
place. Assume fully developed flow occurs along the pipe. 
Take p, = 876 kg/m? and u,, ^ 0.22 N: s/m?. 


— 






50 mm 





Prob. 9-38 








9-39, Castor oil is subjected to a pressure of 550 kPa at A 
and to a pressure of 200 kPa at B. If the pipe has a diameter of 
30 mm, determine the shear stress acting on the pipe wall and 
the maximum velocity of the oil. Also, what is the flow Q? 
Take p,,, ^ 960 kg/m? and teo ^ 0.985 N*s/m*. 





Prob. 9-39 


*9-40. The pressure of crude oil at the bottom of an oil 
well is determined by lowering a pressure gage down into 
the well as shown. If the reading gives py = 459.5 psi, 
determine the flow of the oil out of the 6-in-diameter pipe 
at the well head. Assume the pipe is smooth. Take 
p, ^ 1.71 slug/ft and u,, — 0.632(10 ?) Ib s/ft". 





Prob. 9—40 
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9-41. Oil and kerosene are brought together through the 
wye as shown. Determine if they will mix, that is, create 
turbulent flow, as they travel along the 60-mm-diameter 
pipe. Take po, — 880kg/m?, and p, —^ 8IO kg/m. The 
mixture has a viscosity of u,, = 0.024 N+ m/s’. 


40 mm 


02 mj 





“a 
0.2 m/s 


40 mm 


Prob. 9-41 


9-42. Crude oil at 20°C is ejected through the 
50-mm-diameter smooth pipe. If the pressure drop from A 
to B is 36.5 kPa, determine the maximum velocity within 
the flow, and plot the shear-stress distributi on within the oil. 





Prob. 9—42 


9-43. Crude oil is flowing vertically upward through a 
50-mm-diameter pipe. If the difference in pressure 
between two points 3 m apart along the pipe is 26.4 kPa, 
determine the volumetric flow. Take p, ^ 880 kg/m? and 
p, 7 302(10?) N: s/m?. 
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*9-44, Castor oil is poured into the funnel so that the level 
of 200 mm is maintained. It flows through the stem at a 
steady rate and accumulates in the cylindrical container. 
Determine the time needed for the level to reach /: 7 50 mm. 
Take p, ^ 960 kg/m? and u,, = 0.985 N+ m/s’. 


9-45. Castor oil is poured into the funnel so that the level 
of 200 mm is maintained. It flows through the stem at a 
steady rate and accumulates in the cylindrical container. If it 
takes 5 seconds to fill the container to a depth ofh ^ 80 mm, 
determine the viscosity of the oil. Takep, = 960 kg/m’. 





9-46. The resistance to breathing can be measured using a 
spirometer that measures the time to expire a full volume of 
air from the lungs. About 20% of the resistance occurs in 
the medium-size bronchi, where laminar flow exists. The 
resistance to flow R can be thought of as the driving 
pressure gradient dp/dx divided by the volumetric flow Q. 
Determine its value as a function of the diameter D of the 
bronchi, and plot its values for 2mm 5 D 5 8 mm. Take 
pa 7 189(10 5) N* s/m?. 


9-47. Itis thought that the shear stress on the endothelial 
cells that line the walls of an artery may be important for 
the development of various vascular disorders. If we 
assume the velocity profile of the blood flow in an 
arteriole (or very small artery) to be parabolic, and the 
vessel diameter is 80 um, determine the wall shear stress 
as a function of the average velocity. Plot the results 
for 20 mm/s * V - 50 mm/s. Assume here that blood is a 
Newtonian fluid and take u, = 0.0035 N-s/m’. 


80 yum 





*9-48, The cylindrical tank is to be filled with glycerin 
using the 50-mm-diameter pipe. If the flow is to be laminar, 
determine the shortest time needed to fill the tank to a 
depth of 2.5 m. Air escapes through the top of the tank. 


50 mm 





Prob, 9-48 


9-49. The large flask is filled with a liquid having a 
density p and a viscosity ji. When the valve at A is opened, 
the liquid begins to flow through the horizontal tube, 
where d — D. If h Z h; at t — 0, determine the time when 
h — h;. Assume that laminar flow occurs within the tube. 








9-50. Oil having a density of p, — 880kg/m^ and a 
viscosity of j,, — 0.0680 N:s/m^ flows through the 
20-mm-diameter pipe at 0.001 m? /s. Determine the reading 
h of the mercury manometer. Take py, ^ 13550 kg/ mî. 


9-51. Oil having a density of o, — 880kg/m^ and a 
viscosity of p, ~ 0.0680N:s/m flows through the 
20-mm-diameter pipe. If the mercury manometer reads 
h — 40 mm, determine the volumetric flow. Take 
Pug ~ 13550 kg/m’, 


"AERA = 300 mm 





————- 


Probs. 9-50/51 


*9-52, The Reynolds number Re ^ pVD,/u for an 
annulus is determined using a hydraulic diameter, which is 
defined as Dj, ^ 4 A/P, where A is the open cross-sectional 
area within the annulus and P is the wetted perimeter. 
Determine the Reynolds number for water at 30°C if the 
flow is 0.01 m*/s. Is this flow laminar? Take r, ^ 40 mm and 
r, 60mm. 


9-53. A Newtonian fluid has laminar flow as it passes 
through the annulus. Use the Navier-Stokes equations 
to show that the velocity profile for the flow is 


*— l A 3 3 AL 
v ——-—|r —-rj— | 7—— |In— |. 
© 4p dz ^^ MnG/r)/ r 





Probs. 9-52/53 


PROBLEMS 511 


9-54. A Newtonian fluid has laminar flow as it passes 
through the annulus. Use the result of Prob. 9-53, and show 
that the shear-stress distribution for the flow is 


- -i*6, orori ) 
= 4d rln(r,/r) /- 





Prob. 9-54 


9-55. As oil flows from A to B, the pressure drop is 40 kPa 
through the annular channel. Determine the shear stress it 
exerts on the walls of the channel, and the maximum 
velocity of the flow. Use the results of Probs. 9-53 and 
9-54. Take u,, ^ 0.220 N * s/m*. 


*9-56, As oil flows from A to B, the pressure drop is 
40 kPa through the annular channel. Determine the 
volumetric flow. Use the result of Prob. 9-53. Take 
p, 7 0.220N * s/m?. 


60 mm 





HO] A 


Probs. 9-55/56 
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9-57. When blood flows through a large artery, it tends to 
separate into a core consisting of red blood cells and an 
outer annulus called the plasma skimming layer, which is 
cell free. This phenomenon can be described using the 
“cell-free marginal layer model,” where the artery is 
considered a circular tube of inner radius R, and the cell-free 
region has a thickness ò. The equations that govern 

Ap [dd | du, 


these regions are —— ^ —— A 0 = sR — 6, 
B L r dr Bel dr r 


A ld du 
and -L-l1- Ina R-é srs R, where yu, and 


L r dr 
Hp are the viscosities (assumed to be Newtonian fluids), and 


u, and u, are the velocities for each region. Integrate these 
equations and show that the flow is 


CCS 








Prob. 9-57 


9-58. Use the result of Prob. 9-57 to show that if 
Poiseuilles equation was used to calculate the 
apparent viscosity of blood, it could be written as 


- Hp 
Kapp 4 ° 
R He 





Prob. 9-58 


9-59, Glycerin flows from a large tank through the smooth 
100-mm-diameter pipe. Determine its maximum volumetric 
flow if the flow is to remain laminar. How far L from the 
pipe entrance will fully developed laminar flow begin 
to occur? 





Prob, 9-59 


*9-60. Water flows from a beaker into a 4-mm-diameter 
tube with an average velocity of 0.45 m/s. Classify the flow 
as laminar or turbulent if the water temperature is 10°C and 
if it is 30°C. If the flow is laminar, then find the length of 
pipe for fully developed flow. 





Sec. 9.7-9.8 


9-61. A 70-mm-diameter horizontal pipe has a smooth 
interior surface and transports crude oil at 20°C, If the 
pressure decrease over a 5-m-long segment is 180 kPa, 
determine the thickness of the viscous sublayer and the 


velocity along the centerline of the pipe. The flow is turbulent. 


9-62. Crude oil flows through the 50-mm-diameter 
smooth pipe. If the pressure at A is 16 KPa and at B is 9 kPa, 
determine the shear stress and the velocity within the oil 
10 mm from the wall of the pipe. Use Eq. 9-33 to determine 
the result. The flow is turbulent. 


50 mm 





4m 





Prob. 9-62 


9-63. Crude oil flows through the 50-mm-diameter 
smooth pipe at 0.0054 m/s. If the pressure at A is 16 kPa 
and at B is 9 kPa, determine the viscous and turbulent 
shear-stress components within the oil 10 mm from the wall 
of the pipe. Use the power-law velocity profile, Eq. 9-34, to 
determine the result. The flow is turbulent. 


50 mm 
IL 
4m 


Prob. 9-63 
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*9-64, Crude oil flows through the 50-mm-diameter 
smooth pipe. If the pressure at A ts 16 kPa and at B is 9 kPa, 
determine the thickness of the viscous sublayer, and find 
the maximum shear stress and the maximum velocity of the 
oil in the pipe. Use Eq. 9-33 to determine the result. The 
flow is turbulent. 


50 mm 








4m 


Prob. 9-64 


9-65. Crude oil flows through the 50-mm-diameter 
smooth pipe at 0.0054 m/s. Determine the velocity within 
the oil 10 mm from the wall of the pipe. Use the power-law 
velocity profile, Eq. 9-34, to determine the result. The flow 
is turbulent. 


50 mm 


p 
4m 


Prob. 9-65 
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9-66. Water flows through the 2-in.-diameter smooth pipe. 
If the pressure drops 1.5 psi along the 2-ft length, determine 
the shear stress along the wall of the pipe and at the center 
of the pipe. What is the velocity of the water along the 
centerline of the pipe? The flow is turbulent. Use Eq. 9-33. 
Take y,, = 62.4 lb/ft’ and v, — 16.6(10 5) ft /s. 


9-67. Water flows through the 2-in.-diameter smooth 
pipe. If the pressure drops 1.5 psi along the 2-ft length, 
determine the shear stress at a distance of 0.5 in. from the 
wall of the pipe. What is the thickness of the viscous 
sublayer? The flow is turbulent. Take y,, — 62.4 Ib/ft? and 
vy 7 16.6(10 5) f /s. 





2 ft 


Probs. 9—66/67 


*9-68. The 4-in.-diameter smooth pipe is 12 ft long and 
transports 70°F water having a maximum velocity of 30 ft/s. 
Determine the pressure gradient along the pipe and the 
shear stress on the walls of the pipe. Also, what is the 
thickness of the viscous sublayer? Use Eq. 9-33. 


30 ft /s 





[—— —— M — 1: 1———— ———]| 


Prob. 9-68 


9-69. The 100-mm-diameter smooth pipe transports 
benzene with an average velocity of 7.5 m/s. If the pressure 
drop from A to B is 400 Pa, determine the viscous and 
turbulent shear-stress components within the benzene at 
r — 25 mm and r ^ 50 mm from the centerline of the pipe. 
Use à power-law velocity profile, Eq. 9-34. Take 
py, ^ 880 kg/m? and v, — 0.75(10 5) m/s. 





A B ~> 
100 mm 
4 m 


Prob. 9-69 


9-70. A 3-in.-diameter horizontal pipe has a smooth 
interior surface and transports kerosene at 68°F. If the 
pressure drops 17 Ib/ ft in 20 ft, determine the maximum 
velocity of the flow. What is the thickness of the viscous 
sublayer? Use Eq. 9-33. 


9-71. Experimental testing of artificial grafts placed on 
the inner wall of the carotid artery indicates that blood flow 
through the artery at a given moment has a velocity profile 
that can be approximated by u = 8.36(1 — r/3.4)'" mm/s, 
where r is in millimeters and n 7 2.3 log,,Re — 4.6. If 
Re = 2(10°), plot the velocity profile over the artery wall, 
and determine the flow at this moment. 





Prob. 9-71 


CHAPTER REVIEW 


If steady flow occurs between two parallel 
plates, or within a pipe, then regardless if the 
flow is laminar or turbulent, the shear stress 
within the fluid varies in a linear manner such 
that it will balance the forces of pressure, 
gravity, and viscosity. 


In this text, laminar flow between two parallel 
plates requires Re = 1400, and for pipes, 
Re = 2300. If this occurs, then for Newtonian 
fluids, Newton's law of viscosity can be used to 
determine the velocity profile and the pressure 
drop along these conduits. When using the 
relevant equations, for either plates or pipes, be 
sure to follow the sign convention as it relates 
to the established coordinates. 


When fluid flows from a large reservoir into a 
pipe, it will accelerate a certain distance before 
it becomes fully developed steady laminar or 
turbulent flow. 


Turbulent flow within a pipe causes additional 
frictional losses due to the erratic mixing of the 
fluid. This mixing tends to even out the mean 
velocity profile, making it more uniform; 
however, along the walls of the pipe there will 
always be a narrow viscous sublayer having 
laminar flow. 


The velocity profile for turbulent flow cannot be 
studied analytically because itis so unpredictable. 
Instead, we must use the results of experiments 
to develop empirical equations that describe this 
profile. 
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Shear-stress distribution 
for both laminar 
and turbulent flow. 


Velocity distribution 
for laminar flow 


Viscous sublayer 7 
ransitional region 


Turbulent 
flow region 





Chapter 10 





(© whitehoune/Fotolia) 


In order to design a system of pipes it is necessary to know the frictional 
losses within the pipe along with any losses that occur at the connections 
and fittings. 





Analysis and Design 
tor Pipe Flow 





10.1 Resistance to Flow in Rough Pipes 


We will now extend our discussion of the previous chapter, and discuss 
how frictional resistance along the rough walls of a pipe contributes to the 
pressure drop within the pipe. This is important when designing any pipe 
system, or selecting a pump that is required to maintain a specific flow. 
Here we will focus on straight pipes that have a circular cross section, 
since this shape provides the greatest structural strength for resisting 
pressure, and furthermore a circular cross section will transport the largest 
amount of fluid with the smallest frictional resistance. 

In engineering practice, any frictional or energy loss due to both fluid 
friction and wall roughness is often referred to as a major head loss, h;, ‘+ 
or simply a major loss. We can determine the major loss in a pipe by 
measuring the pressure at two locations a distance L apart, Fig. 10-1, 
and then apply the energy equation between these two points. Since no 
shaft work is done, the pipe is horizontal, Zin ^ z,4, — 0, and 






Via ~ Vouw ~ V, for steady incompressible flow, we have Fig. 10-1 
Pin Vin — Pou Vaat 
y t 2g 5 Cm * Mpump y + 2g + Zou t Pu + A 
1 y? — Fou y^ 
Pia p 4040 = 4+— 4.90404 h, 
y 2g Y 2g 


— Pin = Pow — Ap 


h 
L y y 
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Thus the head loss in the pipe, h, — Ap/L, results in a pressure drop over 
the pipe's length L, because the pressure must do work to overcome the 
frictional resistance that creates this loss. For this reason pj, > Poy. Of 
course, if the fluid is an ideal fluid then h; — 0, since frictional resistance 
would not occur. 


Laminar Flow. For laminar flow, the major head loss occurs within 
the fluid. It is due to the frictional resistance or shear stress developed 
between layers of fluid when they slide over one another with different 
relative velocities. For a Newtonian fluid, this shear stress is related to the 
velocity gradient by Newton's law of viscosity, 7 © u (du/dy). In Sec. 9.3, 
we were able to use this expression to relate the average velocity of 
flow in the pipe to the pressure gradient Ap/L. The result is Eq. 9-25, 
V — (D^/32u)( Ap/L). With it, and Eq. 10-1, we can now write the head 
loss in terms of the average velocity as 


.. 32uVL 
Dy 


Laminar flow 





lr (10-2) 


Notice that the loss increases as the internal diameter of the pipe decreases, 
since the losses vary inversely with the square of D. This loss is entirel y due 
to the viscosity of the fluid and is produced throughout the flow. Any mild 
surface roughness on the pipe wall will generally not affect laminar flow 
to any appreciable degree, and so it will have a negligible effect on the loss. 

For convenience later on, we will express Eq. 10-2 in terms of the 
Reynolds number, Re ^ pVD/p, and rearrange it in the form 


L V^ 
lr f, 2g (10-3) 
where 
64 
je (10-4) 


Laminar flow 


This term f is called the friction factor. For laminar flow, it is seen to be 
a function only of the Reynolds number, and again, it does not depend 
upon whether the inner surface of the pipe’s wall is smooth or rough. 
Here the frictional loss is produced only by the viscosity of the fluid. 
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Turbulent Flow. Since there is no analytical means for determining 
the head loss in a pipe due to turbulent flow, it then becomes necessary to 
measure the pressure drop either with two pressure gages, as in Fig. 10—2a, 
or by using a manometer, Fig. 10-25. Such experiments have shown that 
this pressure drop depends upon the pipe diameter D, the pipe length L, 
the fluid's density p, viscosity jJ, average velocity V, and the roughness or 
average height & of the protuberances from the pipe's inner surface. In 
Chapter 8, Example 8-4, we showed, using dimensional analysis, that the 
relationship between these variables and the pressure drop can be written 
in terms of three dimensionless ratios, namely 


-—— L e 
Ap = pV~g, (Re. D' 3 
where g; defines this unknown function. Further experiments have 
shown that the pressure drop is directly proportional to the length of the 
pipe —the longer the pipe, the greater the pressure drop, but inversely 
proportional to the pipe diameter — the smaller the diameter, the greater 
the pressure drop. As a result, the above relationship then becomes 


Ap — o2 4 (r 3 
f -———— co — > p = 
p = pV? D g Re T 


Finally, using this result and applying Eq. 10-1 to determine the head loss 
in the pipe, realizing that y — pg, we have 


p 
hy — a e (Re. Z) 

For convenience we have incorporated the factor 2, in order to express A; in 

terms of the velocity head V?/2g. In other words, our unknown function is 

now g;(Re, £/D) — 2g;. Thefactthat the head lossis also directly proportional 

to the velocity head is something that has also been confirmed by experiment. 

If we compare the above equation with Eq. 10-3, letting the friction 


factor represent 
— € 
f^ e(Re.£) 


then we can express the head loss for turbulent flow in the same form as 
we did for laminar flow, that is, 
L V? ne 
h Z f D 2g (10-5) 
This important result is called the Darcy-Weisbach equation, named after 
Henry Darcy and Julius Weisbach, who first proposed its use in the late 
19th century. It was derived by dimensional analysis, and it applies to 
fluids having either laminar or turbulent flow. In the case of laminar flow, 
the friction factor is determined from Eq. 10-4; however, for turbulent 
flow we must determine the friction-factor relationship f = g,(Re, £/ D) 
through experiment. 
The first attempts at doing this were made by Johann Nikuradse, and 
then by others, using pipes artificially roughened by uniform sand grains 


Manometer 
(b) 


Fig. 10-2 
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Laminar flow 


(a) 


Turbulent eddies form 


Transitional flow 
(b) 


Laminar 
sublayer 


SI 1 





DO XX i 


Rough surface 
turbulent flow 


Fig. 10-3 


1 


of a specific size so that & is well defined. Unfortunately, for practical 
applications, commercially available pipes do not have a uniform well- 
defined roughness. However, using a similar a pproach, Lewis Moody and 
Cyril Colebrook were able to extend the work of Nikuradse by 
performing experiments using commercially available pipes. 


Moody Diagram. Moody presented his data for f = g,(Re, £/D) 
in the form of a graph plotted on a log-log scale. It is often called the 
Moody diagram, and for convenience it is shown on the inside back cover. 
To use this diagram it is necessary to know the average surface roughness 
€ of the pipe’s inner wall, Fig. 10—3c. The table above the Moody diagram 
gives some typical values, provided the pipe is in fairly good condition. 
However, realize that through use, pipes can become corroded, or scale 
can build up on their walls. This can significantly alter the value of £ or, in 
extreme cases, lower the value of D. It is for this reason that engineers 
must exercise conservative judgment for proper selection of e. 

Once e is known, then the relative roughness £/D and the Reynolds 
number can be calculated and the friction factor f determined from the 
Moody diagram. Notice on this diagram that the flow through the pipe is 
divided into different regions, depending upon the Reynolds number. 


Laminar Flow. Experimental evidence indicates that if laminar flow 
is maintained, the friction factor will be independent of the roughness of 
the pipe and, instead, will vary inversely with the Reynolds number in 
accordance with Eq. 10-4, f = 64/Re. This is to be expected, since here 
the Reynolds number is low, and the resistance to flow is caused only by 
the laminar shear stress within the fluid, Fig. 10—3a. 


Critical Zone and Transitional Flow. 1f the flow in the pipe is 
increased just above the Reynolds number of Re ^ 2300, then the f values 
are uncertain (critical zone) because the flow becomes unstable. Here 
and for transitional flow, the flow can switch between laminar and 
turbulent, or be a combination of both. When this is the case,it is import ant 
to be conservative and select a somewhat high value of f. Here, turbulence 
will begin to occur within regions of the pipe. Along the wall, however, 
the slower moving fluid will still maintain laminar flow. This /aminar 
sublayer will become thinner as the velocity increases, and eventually 
some of the rough elements on the pipe wall will pass through this 
sublayer, Fig. 10-35. Hence the effect of surface roughness will begin to 
become important, and so now the friction factor becomes a function of 
both the Reynolds number and the relative roughness, f = g,(Re, £/ D). 


Turbulent Flow. At very large Reynolds numbers, most of the rough 
elements will penetrate through the laminar sublayer, and so the friction 
factor then depends primarily on the size £ of these elements, Fig. 10—3c. 
Here the curves of the Moody diagram tend to flatten out and become 
horizontal. In other words, the values for f become less dependent on the 
Reynolds number. The turbulent shear stress near the wall strongly 
influences the friction factor, rather than the shear stress within the fluid. 
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The Moody diagram also shows that very smooth pipes (low value of £/D) 
have a rapidly decreasing friction factor with increasing Reynolds number, 
as opposed to those having rough walls. Also, since the surface roughness € 
of a particular material is practically the same for all diameters of a pipe 
made of this material, then the smaller-diameter pipes (large value of e/D) 
will have a larger friction factor compared to those that have a larger 
diameter (small value of £/D). 


Empirical Solutions. Rather than using the Moody diagram to 
determine f, we can also obtain this value using an empirical formula. 
This is particularly helpful when using a computer program or 
spreadsheet. The Colebrook equation is most often used for this 
purpose, since it describes the curves of the Moody diagram within the 
range of complete turbulence [Ref. 2]. It is 


-| = —2 lo (2 pm. ) 
Vf "A37 ' Rev 


Unfortunately, this is a transcendental equation that cannot be solved 
explicitly for f, and therefore it must be solved using an iterative trial-and- 
error procedure, something that can be done on a pocket calculator or 
personal computer. 

A more direct approximation would be to use the following formulation 
developed by S. Haaland in 1983, Ref. [5]. 


dp _ e/D LH 69 | / 
Vi —].8 ig ( 37 ) + 4 (10-7) 


This equation gives a result that is very close to that obtained using the 
Colebrook equation.* 

Whatever method is used to determine f, remember that realistically, 
as stated before, the surface roughness of a pipe and its diameter will change 
with time due to sediment and scale deposits, or corrosion. Thus,calcula tions 
based on f have a rather limited reliability. Sufficient allowance should be 
made for future use, by increasing any value of f using sound judgment. 


(10-6) 





Noncircular Conduits. Throughout this discussion we have only 
considered pipes having a circular cross section; however, the formulations 
can also be applied to conduits having a noncircular cross section, such as 
those that are oval or rectangular. In such cases the hydraulic diameter for 
the conduit is normally used as the “characteristic length” when calculating 
the Reynolds number. This “diameter” is D, — 4A /P, where A is the cross- 
sectional area of the conduit and P is its perimeter. For example, for a 
circular pipe, D, — |4(zD?/4) | /(D) — D. Once D, is known, then the 
Reynolds number, relative roughness, and Eq. 10-4, f = 64/Re, and the 
Moody diagram can be used in the usual manner. The results obtained are 
generally within a range of accuracy that is acceptable for engineering 
practice, although they are not very reliable for extremely narrow shapes 
such as an annulus or elongated opening; Ref. [19]. 





*Another commonly used formula has been developed by P. K. Swamee and A. K. Jain. 
See Ref. [10]. 
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Important Points 


^ Resistance to laminar flow in rough pipes is independent of the 
surface roughness of the pipe, since the surface conditions will 
not severely disrupt the flow. Instead the friction factor is only a 
function of the Reynolds number, and for this case it can be 
determined analytically using f — 64/Re. 


Resistance to turbulent flow in rough pipes is characterized by a 
friction factor f that depends upon both the Reynolds number 
and the relative roughness £/ D of the pipe wall. This relati onship, 
f = g,(Re, £/ D), is expressed graphically by the Moody diagram, 
or analytically by the empirical Colebrook equation or an 
alternative form such as Eq. 10-7. As the Moody diagram 
indicates, for very high Reynolds numbers, f depends mostly on 
the relative roughness of the pipe wall, and not very much on the 
Reynolds number. 


Procedure for Analysis 


Many problems involving the head loss within a single pipe require 
satisfying the conditions of three important equations. 


* The head loss in the pipe is related to the variables f, L, D, and V 
by the Darcy-Weisbach equation, 


LNV? 
OE 


* The friction factor f is related to Re and £/D either by using the 
Moody diagram, which graphically represents f — g;(Re, £/ D), or 
analytically by using Eq. 10-6 or 10-7. 


* The pressure drop Ap over a length of pipe is related to the head 
loss A; using the energy equation. 
Pin Ki — Pout Vout 


+ Tg 5 Zin + Mpump Hig T Zon + Auw + Ar 





Depending upon the problem, satisfying these three equations ma y be 
very direct, as in Examples 10-1 and 10-2, but in cases where f and A; 
are unknown, the use of the Moody diagram will be required for the 
solution. Problems of this sort are represented by Examples 10-3 
and 10-4. 
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EXAMPLE [210:1 





The 6-in.-diameter galvanized iron pipe in Fig. 10—4 transports water 
from a reservoir at a temperature of 100°F, Determine the head loss and 
pressure drop in 200 ft of the pipe if the flow is Q = 400 gal/min (gpm). 


SOLUTION 


Fluid Description. We will assume fully developed steady flow, 
and the water can be considered incompressible. From Appendix A, at 
T — 100^F, p, — 1.927slug/ft? and v, — 7.39(10 5) f /s. In order to 
classify the flow, we must calculate the Reynolds number. 


400 g) ( 1min )( | ft? ) 
2.1m 60s /\ 7.48 gal 
o (un) 
12 


0s 539 (£ i) 
Re — — — —— ——À—- — 307 (105) 7 2300 (turbulent) 
V, 7.39(1075) t? /s 





= 4.539 ft/s 


Analysis The value of e is taken from the table on top of the Moody 
diagram for galvanized iron pipe. The relative roughness is then z/ D — 
0.0005 ft (0.5 ft) = 0.0010. Using this value and Re, the Moody diagram 
gives f — 0.0208. Therefore, from the Darcy-Weisbach equation, the 
head loss is 


200 — (4.539 ft/sy 


y? 
AE = (0. 0208)( 0.5 ft / 2(32.2 ft/s?) 


This represents the loss of energy along 200 ft of the pipe, which 
results in a pressure drop that can be determined from the energy 
equation, which in this case becomes Eq. 10-1. 


Pin Vin — Pout M 
~t trathe od ctf. dea b 
y 2g y 2g t turb L 
: 2 2 
Pe Loc omE 959p, 
Yw 2g Yw 2g 
Ap 
h =e e 
Eo 
- Ap 
Wu LE A EREET 
(1.927 slug/ft*)(32.2 ft/s”) 
Ib I$ v 
165.17 —— | = 1.15 psi Ans. 
Ap E ES x) p T 


The “flow work” produced by this pressure drop is needed to 
overcome the frictional resistance of the fluid within the pipe. 


= 2.662 ft — 2.66 ft Ans. 





Fig. 10-4 
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EXAMPLE | 10.2 


Heavy fuel oil flows through 3 km of cast iron pipe having a diameter 
of 250 mm, Fig. 10-5. If the volumetric flow is 40 liter/s, determine the 
head loss in the pipe. Take v, — 0.120(10 ?) m?/s. 





Fig. 10-5 


SOLUTION 


Fluid Description. We have fully developed steady flow, and we 
will assume the oil is incompressible. To classify the flow, we must 
check the Reynolds number. 


Q _ (40 liter/s)(1m3/1000 liter) 


V= 2 
T(0.125 m) 


= 0.8149 m/s 


m 


0.8149 0.250 
Re = — = oa m = 1698 < 2300 (laminar) 
Vo 0.120(10°) m?/s 


Analysis. Rather than use the Moody diagram to obtain f, for 
laminar flow we can obtain f directly from Eq. 10-4. 


Thus, 


Ta 3000 m \ / (0.8149 — 
he FD 2g (0.0377)( oen = )( 2(9.81 m/s?) 





— ]5.3m Ans. 


Here the head loss is a consequence of the oil's viscosity and does not 
depend upon the surface roughness of the pipe. 
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EXAMPLE | 10.3 





The fan in Fig. 10-6 is used to force air having a temperature of 60°F 
through the 8-in.-diameter galvanized sheet metal duct. Determine 
the required power output of the fan if the length of the duct is 200 ft, 
and the flow is to be 240 ft? / min (cfm). Take « = 0.0005 ft. 


SOLUTION 


Fluid Description. We will assume the air is incompressible and 
the fan maintains fully developed steady flow. From Appendix A, 
for 60°F air at atmospheric pressure, p, — 0.00237slug/ft! and 
v, — 0.158(10 7) f/s. The type of flow is determined from the 





Reynolds number. Since Fig. 10-6 
Q — 240 ft /min (1 min/60s) _ 
M cc ———— EMIT 
A 7(4/12 ft)? s 
VD — 11.459 ft/s(8/12 ft) 


Re === = 4.84( 10*) > 2300 (turbulent) 


a  0.158(107°) ft/s 
Analysis. We can determine the shaft head of the fan by applying 
the energy equation between the inlet and outlet of the duct, but first 
we must determine the head loss along the duct. Here ¢/D = 
0.0005 ft/(8/12 ft) = 0.00075. Using this value and Re, the Moody 
diagram gives f = 0.0235. Therefore, from the Darcy-Weisbach 
equation, the head loss through the duct is 


_ Ly _ 200 ft. ][ (11.459 ft/s)" 
"€ Jp 2g os) 5 12) all 2(32.2 ft/s) 


We will select a control volume that includes the fan, a portion of still 
air just outside the duct, to the left of the fan, and the moving air along 
the duct. Then the pressure Pin ~ Pou — 0, since it is atmospheric, 
and Vin 7 0, since the air is still. The fan acts like a pump and will add 
energy to the air. Therefore, the energy equation becomes 


| — 14.375 ft 


y.2 : RE 
Te + OB + cin + pune = +p + Zou + Peay + hy 


= (11.459 ft/s)? 
EEEE ka TU TA EE EAA 
2(32.2 ft/s?) 


Nea, = 16.414 ft 


Notice that, because of the high velocity, most of this head is used to 
overcome the frictional resistance of the air (14.375 ft), and little is 
used (2.039 ft) to provide kinetic energy. The power output of the fan 
is therefore 


W, = y,Qhj, ^ | (0.00237 slug/t? ) (32.2 fts?) | (4 f/s (16.414 ft) 
— (5.010 ft -Ib/s)(1 hp/550 ft-Ib/s) = 0.00911 hp Ans. 





526 CHAPTER 10 ANALYSIS AND DESIGN FOR PIPE FLOW 





EXAMPLE | 10.4 


Crude oil flows through the 150-mm-diameter steel pipe in Fig. 10-7. 
Determine its maximum average velocity, if the head loss is not to be 
greater than A, 7 1.5 m in 100 m of pipe. Take v, 7 40.0(10 5) m?/s 
and £ = 0.045 mm. 


SOLUTION 


150mm Fluid Description. We assume the oil is incompressible and has 
fully developed steady flow. 





Fig. 10-7 


Analysis. Since the head loss is given, it can be related to the velocity 
using the Darcy-Weisbach equation, 


_ LV? — ,{ 100m E ) 
fa, ism Ger afia 


SO 





0.044145 
f 


In order to obtain the friction factor, we will use the Moody diagram. 
To do so, we need to calculate the Reynolds number. It can be 
expressed in terms of velocity as 


(1) 


V(0.15 
Vo — 400(10 9) m?/s 


If we assume Re to be very large, around 107, then from the Moody 
diagram, interpolating for £/D — 0.045 mm/150 mm > 0.0003, an 
estimate for f would be f — 0.015. Thus, from Eq. 1, 


= [0.044145 Z 
V 0.015 1.72 m/s 


And from Eq. 2, this produces a Reynolds number of 
Re = 3750(1.72 m/s) = 6.43(10?) 


With this value, the Moody diagram gives a new value of f — 0.034. 
With this, using Eqs. 1 and 2, V — 1.14 m/s and Re — 427(10?). 
Using this value of Re, from the Moody diagram, f — 0.038, which is 
close to the previous value of 0.034. (=10% difference is usually 
adequate.) Thus, Eq. 1 gives 


V — 1.08 m/s Ans. 


Realize that we can also solve this problem by expressing Re in terms 
of f using Eqs. 1 and 2, substituting this result into Eq. 10-6 or 10-7, 
and then solving for f using a numerical method on a calculator. 
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EXAMPLE [10:5 





The cast iron pipe in Fig. 10-8 is used to transport water at 10 ft^/s. If 
the head loss is to be no more than 0.006 ft for every 1-ft length of 
pipe, determine the smallest diameter D of pipe that can be used. Take 
v, 7 12.5(10 $) ft)/s. 






————— 


SOLUTION 


Fluid Description. We assume water to be incompressible and we 
have fully developed steady flow. 


Fig. 10-8 


Analysis. In this problem, both the friction factor f and pipe 
diameter D are unknown. However, since the head loss is known, we 
can relate f and D using the Darcy-Weisbach equation. 


e 
hy f, 2g 
( 10 ft^/s ) 
| ft (m/ A? 
0.006 ft ^ f| —— | ———— 
J ( D 2(32.2 ft/s?) 
D? — 419.55f (1) 


The Reynolds number can also be expressed in terms of the pipe's 


diameter as 
(2588) 
PETTA D 
pe = VD eA 
Vy 12.5( 10 y ft^/s (O Prisma/Heeb Christian/Alamy) 
_ 1.0186( 10°) 
e 5 (2) 

The Moody diagram relates Re to f, but we do not know these values, 
and so we must use a trial-and-error approach. We begin by assuming a 
value for f. Typically, choose a mid-range value of say f — 0.025. Then, 
from Eqs.1 and2,D — 1.60 ft and Re ^ 6.37(10^). Sincee — 0.00085 ft 
for cast iron pipes, then e£/D — 0.000531. Using these values of £/ D and 
Re, we get f ~ 0.0175 from the Moody diagram. Substituting this value 
into Eqs. 1 and 2 gives D = 1.49ft and Re = 6.84(10°). Now 
e/D = 0.00057, in which case the Moody diagram gives f ~ 0.0178, 
which is close to the previous value. Therefore, 


D = 1.49ft(12in.) = 17.9in. Ans. 








Here we should select an 18-in.-diameter pipe,since it is a manufactured 
size. Also, as noted from the Darcy-Weisbach equation, this larger size 
D will produce a slight reduction in the calculated head loss. 
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10.2 Losses Occurring from Pipe 
Fittings and Transitions 


In the previous sections, we showed how a major head loss occurs along 
the length of a pipe due to the frictional effects of fully developed flow. 
In addition to this, head losses also occur at pipe connections, such as 
bends, fittings, entrances, and transitions. These are called minor losses. 
This term is somewhat of a misnomer, because for many industrial and 
commercial applications, these losses are often greater than the major 
losses in the pipe system. 

Minor losses are the result of turbulent mixing of the fluid within the 
connection as the fluid passes through it. The eddies or swirls that are 
produced are carried downstream, where they decay and generate heat, 
before fully developed laminar or turbulent flow is restored. Although a 
minor loss is not necessarily localized within the connection, we will 
assume it is and will express this loss in terms of the velocity head as we 
did in the case for a major loss. Here we will formulate it as 


(10-8) 





Here K; is called the resistance or loss coefficient, which is determined 
from experiment.* Design manuals often provide such data; however, care 
should be taken when selecting a loss coefficient, since the reported values 
can vary for a particular fitting that is manufactured from diffe rent sources. 
See Refs. [13] and [19]. Generally, the manufacturer's recommendations 
should be considered. What follows is a partial list of values for Kz for 
some common types of fittings encountered in practice. We will use these 
values for problem solving. 





Frictional head losses from valves, elbows, tees, and other fittings 
have to be considered when choosing a pump to be used with 
this pipe system. (© Aleksey Stemmer/Fotolia) 


*Flow coefficients are sometimes used in the valve industry to report minor losses. This is 
particularly true for control valves. This factor is similar to the resistance coefficient, and can 
be related to it by the Darcy — Weisbach equation. Further details are given in Ref. [19]. 
Later in this chapter we will discuss how discharge coefficients are used to represent losses 
incurred in various types of nozzles and flow meters. 
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Inlet and Exit Transitions. When fluid enters a pipe from a 
reservoir, it will cause a minor loss that depends upon the type of transition 
that is used. Well-rounded transitions, as in Fig. 10-9a, will cause the 
smallest loss, since they provide a gradual change in flow. The value of Kj 
depends upon the radius r of the transition; however, as noted in the 
figure, if r/D = 0.15 then K, — 0.04 can be used. Entrance transitions that 
produce greater losses may have a flush entrance, K; — 0.5, Fig. 10—9b, or 
have a re-entrant pipe, K; — 1.0, Fig. 10—9c. These situations can cause the 
fluid to separate from the wall of the pipe and form a vena contracta, or 
"necking," near the entrance, because the fluid streamlines cannot bend 
90* around the corner. This constricts the flow and causes an increase in 
velocity near the entrance. This in turn lowers the pressure and creates 
flow separation producing localized eddies at these locations. 

At the discharge end of a pipe into a large reserv oir, the loss coefficient 
is Kj; — 1.0, regardless of the shape of the transition, Fig. 10-97. Here the 
kinetic energy of the fluid is converted into thermal energy as the fluid 
exits the pipe and eventually comes to rest within the reservoir. 





T2015 





D 
K L — 0.04 
Well-rounded entrance Flush entrance 


(a) (b) 





r=Q 

Ky = 1.0 

Re-entrant pipe Discharge pipe 
(c) (d) 





Fig. 10-9 
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a 
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Sudden expansion 





Vena contracta 0.6 

0.4 
Ky 

0.2 

0) 

0 0.2 0.4 0.6 0.8 1.0 
d; /d5 
Sudden contraction 

(a) 

Fig. 10-10 


Expansion and Contraction. A sudden expansion or 
contraction, from one diameter of pipe to another, will cause a minor 
loss that depends upon the ratios of the cross-sectional diameters, 
Fig. 10-10a. For a sudden expansion, the equation for K; has been 
determined from the continuity, energy, and momentum equations. Here 
the stagnation that occurs within the corners A and B of the larger pipe 
contributes only slightly to the loss. When the fitting is a sudden 
contraction, a vena contracta will form within the smaller-diameter pipe 
as shown. Since this formation depends upon the diameter r atios, the loss 
coefficient has to be determined experimentally, and so the results are 
indicated on the graph in Fig. 10-10a. See Ret. [3]. 

If the change in flow is gradual, as in the case of a conical diffuser, 
Fig. 10-105,then forrather small angles, 0 < 8°, losses can be significantly 
reduced. Higher values of 8 will produce not only wall frictional losses 
but also flow separation, and the formation of eddies. For this case, values 
of K; may be larger than those for a sudden expansion. See Ref. [17]. 
Some typical values of K, for these fittings are given in Fig. 10-10b. All 
these coefficients apply to the velocity head (V?/ 2g) calculated for the 
pipe having the smaller cross-sectional diameter. 





Conical diffuser 


(b) 
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Secondary 
flow 





90 bend Guide vanes on 90. bend 


(a) (h) 


Fig. 10-11 


Bends.  Changesinthe direction of the flow can cause fluid separation 
from the inner wall of the pipe due to normal or radial accelerations 
along the streamlines, Fig. 10-11a. The loss created can be increased 
when secondary flow occurs within the bend. It is produced by the radial 
pressure variation and the frictional resistance both within the fluid and 
along the pipe wall. The result is the formation of twin eddies and a 
double swirling motion through the bend. To avoid these effects, a larger- 
radius bend or “long sweep” can be used, or guide vanes can be placed in 
sharp bends of larger pipes in order to reduce the head loss, Fig. 10-115. 


Threaded Fittings. A representative list of the loss coefficients 
for some threaded pipe fittings, such as valves, elbows, bends, and tees, 
is given in Table 10-1. 





Even for large-diameter pipe systems such as this, an 
assessment must be made of the head loss from filters, 
elbows, and tees. 
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TABLE 10-1 


Loss coefficients for pipe 
fittings 


Gate valve —fully opened 
Globe valve — fully opened 
90 elbow 

45 bend 

Tee along pipe run 


Tee along branch 


Ki 


0.19 
10 
0.90 
0.40 
0.40 
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Typical butterfly valve 





Gate valve partially opened Globe valve partially opened 
(a) (b) 





Swing check valve partially opened Butterfly valve partially opened 
(c) (d) 


Fig. 10-12 


Valves. There are many types of valves used to control the flow of 
fluids for industrial and commercial applications. In particular the gate 
valve works by blocking the flow with a "gate" or plate that is 
perpendicular to the flow,as shown in Fig. 10—12a. Gate valves are mainly 
used to either permit or prevent the flow of liquids, and as result thev are 
either fully open or closed. In the open position they allow little or no 
Obstruction to the flow, and so have a very low resistance. The globe 
valve, shown in Fig. 10-12, is designed to regulate flow. It consists of a 
stopper disc that goes up and down from a stationary ring seat. The name 
“globe” refers to the spherical shape of the outer housing, although 
modern designs are generally not fully spherical. As shown in Table 10-1, 
losses are greater for this valve, since the flow is more disruptive. Two 
additional valves are also shown in Fig. 10-12, namely the swing check 
valve, which prevents flow reversal, Fig. 10-12c, and the butterfly valve, 
Fig. 10-124, which provides a low-cost, quick shut-off means of regulating 
the flow. For all these cases, the loss is greatly increased when the valves 
are partially opened, as shown in each figure, as opposed to when they 
are fully opened. 
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Pipe Connections. Consideration should also be given to the possibility 
of head losses at pipe-to-pipe connections. For example, small-diameter 
pipes are generally threaded, so if any burrs remain on cut sections, then 
they can disturb the flow and cause additional losses through the connection. 
Likewise, larger-diameter pipes are welded, flanged, or glued together, and 
these joints can also produce further head loss unless they are properly 
fabricated and connected. 


For any flow analysis, all the minor losses should be care fully accounted 
for, so that sufficient accuracy in predicting the total head loss is achieved. 
This is particularly true if a pipe system is made up of many short lengths 
and has several fittings and transitions. 


Equivalent Length. Another way to describe the hydraulic resistance 
of valves and fittings is to use an equivalent-length ratio, L.,/ D. This 
requires converting the frictional loss within a fitting or valve to an 
equivalent length of pipe, Leq, that would produce the same loss due to its 
loss coefficient Kz. Since the head loss through a straight pipe is determined 
from the Darcy-Weisbach equation, h; — f (L./ D) V?/2g, and the head 
loss through a valve or fitting is expressed as h, = K,V*/2g, then by 
comparison, 


A 
K, ie) 


Therefore, the equivalent length of pipe producing the loss is 


— KD | 

Leg =~ (10-9) 

The overall head loss or pressure drop for the system is then calculated 
from the total length of pipe plus the equivalent lengths determined for 


each fitting. 


Important Points 





’ 


* The frictional loss in a straight pipe is expressed as a “major” 
head loss, which is determined from the Darcy—Weisbach 
equation, h, = f(L/D)V?/2g. 


“Minor” head losses occur in pipe fittings, entrances, transitions, 
and connections. They are expressed as h, ~ K 1 (V7/2g), where 
the loss coefficient K; is determined from tabular data found by 
experiment and published in design handbooks or manufacturers’ 
catalogs. 





Both major and minor head losses are responsible for a pressure 
drop along the pipe. 
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Gate 
valve 


Fig. 10-13 





10.3  Single-Pipeline Flow 


Many pipelines consist of a single-diameter pipe with bends, valves, filters, 
and transitions, as in Fig. 10-13. These systems are often used to transport 
water for industrial and residential usage, and for hydroelectric power. 
They may also be used to transport crude oil or lubricants through 
mechanical equipment. The following procedure can be used to properly 
design such a system. 


Procedure for Analysis 


Problems that involve flow through a single pipeline must satisfy 
both the energy equation and the continuity equation, and account 
for all the major and minor head losses throughout the system. For 
incompressible, steady flow, these two equations, referenced to 
points where the flow is “in” and “out,” are 
Pa Va ooa = Pow, Voi, ay 
2g ^ m hump n" 2g + Zom + Aub 


Tm 
+ f—=—+3K 
PD 2s LK, 


Q E VinA in = V ouri out 
Depending upon what is known and unknown, this results in three 
basic types of problems. 


Determine the Pressure Drop. 


* The pressure drop for a pipe having a known length, diameter, 
elevation, roughness, and discharge can be determined directly 
using the energy equation. 


Determine the Flow. 


* When the pipe length, diameter, roughness, elevation, and pressure 
drop are all known, then a trial-and-error solution is necessary to 
determine the flow (or average velocity V), since the Reynolds 
number, Re — VD/v, is unknown, and therefore the friction 
factor cannot be directly determined from the Moody diagram. 


Determine the Length or Diameter of the Pipe. 


* The design of a pipe generally requires specifying the length of the 
pipe and its diameter. Either of these parameters can be found 
provided the other is known, along with the flow (or average 
velocity) and the allowed pressure drop or head loss. With the 
Moody diagram, the solution requires a trial-and-error procedure 
because, as in the previous case, the Reynolds number and friction 
factor must be obtained. 


The examples that follow illustrate application of each of these 
types of problems. 
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EXAMPLE | 10.6 





When the globe valve at B in Fig. 10-14 is fully opened, it is observed 
that water flows out through the 65-mm-diameter cast iron pipe with an 
average velocity of 2 m/s. Determine the pressure in the pipe at A. Take 
p, ^ 998 kg/m? and », — 0.8{ 10°*) m? /s. 


SOLUTION 


Fluid Description. We assume steady incompressible flow and use 
average velocities. 


Analysis. The pressure drop can be determined from the energy 
equation, but first we must determine the major and minor head losses. 

For the major head loss, the friction factor is determined from the 
Moody diagram. For cast iron pipe, ¢/D = 0.26 mm/65mm = 0.004. 
Also, 


Datum 





Thus, f — 0.0290. Fig. 10-14 
Minor head loss for the elbow is 0.9(V/2g), and for the fully opened 
globe valve, it is 10(V?/2g). Thus the total head loss is 


L V? y? y? 
h, =" f= = + os (37) + (£) 


D 2g 2g 2g 
2 m/s)? 2 m/s) 
= a.ors0( Wee. || Ea + (0.9 + 1 e] 
0.065 m/| 2(9.81 m/s?) 2(9.81 m/s?) 


— 0.9096 m + 2.222m — 3.132m 


Comparing the two terms, notice that the minor losses provide the 
largest contribution (2.222 m) to the total loss, even though this loss is 
referred to as “minor.” 

We will consider the control volume to contain the water in the pipe 
from A to C. Since the pipe has the same diameter throughout, 
continuity requires V,A ~ VcA or V4 ~ Ve > 2m/s. With the 
gravitational datum through C, the energy equation becomes 





Pa | Vg _Pc , Ve 
H t ty hum ZE +- tzet hu th 
Vw 2g A pump y, 2g C turb L 
(2 m/s)? (2 m/s)? 
(998 kg/m?)(9.81 m/s?) 2(9.81 m/s?) 2(9.81 m/s?) 
Solving yields 
p, ^ —28.08(10?) Pa — —28.1 kPa Ans. 


The result indicates a suction in the pipe occurs, but this pressure will 
not cause cavitation since it is greater than the vapor pressure. 
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EXAMPLE [10:7 





The commercial steel pipe in Fig. 10-15 has a diameter of 3 in. and 
transfers glycerin from the large tank to the outlet at B. If the tank is 
open at the top, determine the initial discharge at B when the gate 
valve at C is fully opened. 





Fig. 10-15 


SOLUTION 


Fluid Description. We assume steady incompressible flow with 
V, ^ 0. Using Appendix A, for glycerin p, — 2.44 slug/ft and 
p i2: (102) ft /s. 


Analysis. The control volume contains the glycerin in the reservoir and 
pipe. The energy equation will be applied between A and B, with the 
gravitational datum at B. The major head loss in the pipe is determined 
from the Darcy-Weisbach equation. Minor head losses are calculated 
for the flush entrance at E, 0.5(V?/2g), the two elbows, 2{0.9(V?/2g)], 
and the fully opened gate valve at C,0.19(V?/2g). We have 


pA Va _ Pe . Vr 
y 2 g A pump y 2 g B turb L 


y? + 2ft + : 
S 





3 2g 
12 
V? y? Z) 
P os( =) + 2|09( -) + 0.19( E 
E V? 
dU du 349)( a5 Ta) 2 
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A second relationship between f and V can be obtained using the 
Moody diagram and a trial-and-error procedure. To do this, we assume 
a value of f or V and then solve for the other one using Eq. 1. Then we 
calculate the Reynolds number and check the value of f using the 
Moody diagram. 

Rather than doing this, however, we will assume the flow is laminar, 
since glycerin has a high kinematic viscosity. Then Eq. 10-4 can be 
used to relate fto V. 


NIE dian V 
2 


Substituting this relation into Eq. 1, 


8 = a(S ze | + 349 I | 
V 2(32.2 ft/s?) 


or 


3.49V2 + 235.93V — 5152 7 0 


Solving for the positive root, we get 
V —24117ft/s 


Checking the Reynolds number, we find that 


3 
2.117 R/sl — R 
"(s 


VD 
Re — _ — (€— — 41.4 — 2300 (Laminar flow) 
V, — 128(10^?) f?/s 
Thus, 


I y 
D= VKA = (2,117 tys) “(+ i) | — 0.104 ft? /s Ans. 
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EXAMPLE | 10:8 


Determine the required diameter of the galvanized iron pipe in 
Fig. 10-16 if the discharge at C is to be 0.475 m*/s when the gate valve 
at A is fully opened. The reservoir is filled with water to the depth 
shown. Take v,, = 1(10£) m?/s. 





Fig. 10-16 


SOLUTION 

Fluid Description. We will assume the reservoir is large so that 
Vg 7 0, and therefore the flow will be steady. Also, the water is 
assumed to be incompressible. 


Analysis. Continuity requires the velocity through the pipe to be 
the same at all points since the pipe has the same diameter throughout. 


Therefore, 
Q = VA; 0.475 m3/s = v(4 p) 
_ 0.6048 
PE (1) 


To obtain a second equation relating V and D, the energy equation 
will be applied between B and C, with the gravitational datum through 
C, Fig. 10-16. The control volume for this case contains the water in 
the reservoir and pipe. 





The major loss is determined from the Darcy-Weisbach equation. 
The minor losses through the pipe come from the flush entrance, 
0.5(V?/2g), the two elbows, 2[0.9(V?/2g)], and the fully opened gate 
valve, 0.19(V? /2g). Thus, 


Vg? Vc 
ae tae tet byw =o +S + Ze H huo + h 


? 


| V^ 
OTOT amt om tr Ovors FUTOUT 
S 


(Cp Ga.) t Ga) Aea) G) 


or 


10 = (2) + z Fere (2) 


Combining Eqs. 1 and 2 by eliminating V, we obtain 
536.40D° — 3.49D — 17f = 0 (3) 


To avoid assuming a value of f and then solving this fifth-order 
equation for D, it is easier to assume a value of D, calculate f, and then 
verify this result using the Moody diagram. For example, if we assume 
D — 0.350 m, then from Eq. 3, f — 0.0939. From Eq. 1, V — 4.937 m/s, 
and so 


4.937 0.350 
Vy 1(10 5)m? 5 


For galvanized iron pipe e/D > 0.15mm/350mm > 0.000429. 
Therefore, from the Moody diagram with these values of £/ D and Re, 
we obtain f = 0.0165 # 0.0939. 

On the next iteration, choose a value of D that gives an f smaller 
than f — 0.0939 in Eq. 3. Say D — 0.3 m, then f — 0.01508. Then 
V = 6.72 m/s, Re = 2.02(10°), and ¢/D = 0.15mm/300mm = 0.0005. 
With these new values, f ~ 0.017 from the Moody diagram, which is 
fairly close to the previous value (0.01508). Therefore, we will use 


D — 300mm Ans. 
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10.4 Pipe Systems 


If several pipes, having different diameters and lengths, are connected 
together, they form a pipe system. In particular, if the pipes are connected 
successively, as shown in Fig. 10-17a, the system is in series, whereas if the 
pipes cause the flow to divide into different branches, Fig. 10-17b, the 
system is in parallel. We will now give each of these cases separate 
treatment. 





© O B 


Pipes in series Pipes in parallel 


(a) 


(b) 
Fig. 10-17 


Pipes in Series. The analysis of a pipe system in series is similar to 
that used to analyze a single pipe. In this case, however, to satisfy 
continuity, the flow through each pipe must be the same, so that for the 
three-pipe system in Fig. 10—17a, we require 


O~ Q ~ Q ~ Qs 


Also, the total head loss for the system is equal to the sum of the major 
head loss along each length of pipe, plus all the minor head losses for the 
system. Therefore, the energy equation between A (in) and B (out) 
becomes 
2 2 

Pa a M =Pe, By th, 

Y 2g Y 2g 
where 


hi Z h + hp + hiz + hmin 


Compared to having a single pipe, as in the last section, the problem here 
is more complex, because the friction factor and the Reynolds number 
will be different for each pipe. 











Pipes in Parallel. Although it is possible for a parallel system to 
have several branches, here we will consider a system having only two, as 
shown in Fig 10-17. If the problem requires finding the pressure drop 
between A and B and the flow in each of the pipes,then for continuity of 
flow, we require 


Q. Os Qi* OQ; 


If the energy equation is applied between A (in) and B (out), then 


) V? Va" 
Saa Eg + hy 
Y 2g Y 2g 


Since the fluid will always take the path of least resistance, the amount of 
flow through each branch pipe will automatically adjust, to maintain the 
same head loss or resistance to flow in each branch. Therefore, for each 
length we require /;, — /h;;. Using this, the analysis of a two-branch 
system is straightforward and is based on the above two equations. 

Of course, if a parallel system has more than two branches, then it 
becomes more difficult to analyze. For example, consider the case of a 
network of pipes shown in Fig. 10-18. Such a system forms loops and which 
is representative of the type used for large buildings, industrial processes, 
or municipal water supply systems. Due to its complexity, the direction of 
flow and its rate within each loop may not be certain, and so a trial-and- 
error analysis will be required for the solution. The most efficient method 
for doing this is based upon matrix algebra, using a computer. This 
method has widespread use for industrial and commercial applications. 
The details for applying it will not be covered here; rather, it is discussed 
in articles or books related to analyzing the flow in pipe networks. See, 
for example, Ref. [14]. 


Procedure for Analysis 


* The solution of problems involving pipe systems in series or in 
parallel follows the same procedure outlined in the previous 
section. In general, the flow must satisfy both the continuity 
equation and the energy equation, and the order in which these 
equations are applied depends on the type of problem that is to 
be solved. 


For pipes in series, the flow through each pipe must be the same, 
and the head loss is the total for all the pipes. For pipes in parallel, 
the total flow is the accumulation of flow from each branch in the 
system. Also, since the flow takes the path of least resistance, the 
head loss for each branch will be the same. 
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Pipe system used in a chemical processing plant. 





Pipe network 


Fig. 10-18 
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EXAMPLE | 10.9 





Pipes BC and CE in Fig. 10-19 are made of galvanized iron and have 
diameters of 6 in. and 3 in., respectively. If the gate valve at F is fully 
opened, determine the discharge of water at E in gal/min. The re ducer 
at C has a K; - 0.7. Take v„ — 10.6(10 5) ft? /s. 





Fig. 10-19 


SOLUTION 


Fluid Description. We assume steady incompressible flow occurs, 
where V, 0. 


Continuity Equation. If the average velocity through the larger- 
diameter pipe is V, and through the smaller-diameter pipe it is V', 
then choosing a localized control volume of the water within the 
reducer at C, and applying the continuity equation, we have 


a 
=f pav+ [ pv-aa=0 


3 Vv L5 V 
— Val —ft}) + V'r|—ft) = 
0 va > ft) vin 4 i) 0 


V' — 4V 


Energy Equation. Using this result, we will now apply the energy 
equation between A and £F, in order to obtain a relationship between 
the velocity and the friction factors. The control volume for this case 
contains the water throughout the reservoir and pipe system. 





V2 
2g Yw 2g 


_ (4V)? | 
UTEUTIRTUCTUTCEUTUTR (1) 
S 


The minor losses in the system come from the flush entrance at B, 
0.5(V2/2g), the elbow, 0.9(V?/2g), the reducer, 0.7(V'2/2g), and the 
fully opened gate valve, 0.19(V ?/ 2g). Using the Darcy-Weisbach 
equation for the major head loss in each pipe, and expressing the total 
head loss in the pipe system in terms of V, we have 





2 4V 2 2 2 
bcd eel c 4 os (3) + os (37) T 7| 
2g 2g 2g 


6 Y|2g 3 
3") 3") 
y? 
2g 
Here f and f' are friction factors for the large and small diameter 
pipes, respectively. Substituting into Eq. 1 and simplifying, we get 

837.2 = (28f + 192f' + 31.64)V" (2) 
Moody Diagram. For galvanized iron pipe,e ~ 0.0005 ft, so 
0.0005 ft 


€ 
= = —— = 0.001 
D  (6/12)ft 


h, — (28f + 192f' + 15.64) 


Thus, 


Re 7 — = 4.717(10*) V (3) 


Re’ = —= = ————— = 9434(10*)v (4) 


To satisfy the conditions of the Moody diagram, we will assume 
intermediate values for f and f', say f — 0.021 and f" — 0.024. Thus, 
from Eqs. 2, 3, and 4, we get V = 4,767 ft/s, Re = 2.25(10°), and 
Re’ = 4.50(10°). Using these results and checking the Moody diagram, 
we get f — 0.021 and f" — 0.024. Since these values are the same as those 
we have assumed, then indeed V = 4.767 ft/s, and so the discharge can 
be determined by considering, say, the 6-in.-diameter pipe. It is 


3 2 
G= VA = 4678/4 «(5 i) | = 0.936 ft/s 
Or, since there is 7.48 gal/ft^, then 


7.48 gal 60 
Q — 0.936 i 2 (£) = 420 gal/min Ans. 
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EXAMPLE [10:10 











Water flows at a rate of 0.03 m?/s through the branch piping system 
shown in Fig. 10-20. The 100-mm-diameter pipe has a filter and globe 
valve on it, and the 50-mm-diameter diverter pipe has a gate valve. 
The pipes are made of galvanized iron. Determine the flow through 
each pipe, and the pressure drop between A and B when both valves 
are fully opened. The head loss due to the filter is 1.6(V?/2g). Take 
Yw 7 9810 N/m? and », — 1(10 9) m?/s. 


SOLUTION 


Fluid Description. We will assume fully developed incompressible 
steady flow. 


Continuity Equation. If we consider the water in the tee at A as the 
control volume, then continuity requires 


Q © ViA; + VA: 
0.03 m*/s = Vi[7(0.05m)?°] + V| 7(0.025m)?] 
15.279 = 4V, + V, (1) 


Moody Diagram. With this relationship, we will now use the Moody 
diagram to obtain the velocities through each branch. Branch 1 has 
flow through two tees, the filter, and the fully opened globe valve. 
Using Table 10-1, the total head loss is 


Vi V? yi y? 
Adi Z CES r3163, i xoa (72 i) + Lej f (=) 
= (30f, + 12. Da (2) 


Branch 2 has flow through the branch of two tees, the two elbows, and 
the fully opened gate valve. Therefore, 


V3 V3 Vi Vs 
sodio) wn) «an e 


Vi 
— (140f, + 5.59) z (3) 


We require the head losses to be the same in each branch, (hr), Z (hr), 
so that 


(30f, -- 12.4)V1 — (140f; + 5.59)V5 (4) 


10.4 Pipe SYSTEMS 


Equations 1 and 4 contain four unknowns. Since the conditions of the 
Moody diagram must also be satisfied, we will assume intermediate 
values for the friction factors, say fı = 0.02 and f; — 0.025. Therefore, 
Eqs. 1 and 4 yield 


V, — 2.941 m/s 
so that 
VD 2.941 m/s)(0.1 
Re) === = — = =X : mz 2.94( 10°) 
Vw 1(10 $6) m?/s 
V-D; 3.517 m/s)(0.05 m 
(Re), — = IRURE DM 1.76( 10° ) 
Ww 1(1075) m? /s 


Since (£/D), — 0.15mm/100 mm — 0.0015 and (s/ D), 70.15 mm/50 mm 
— 0.003, then using the Moody diagram, we find /, — 0.022 and 

fa — 0.027. Repeating the calculations with these values, from Eqs. 1 
and 4 we get V; — 2.95 m/s and V, — 3.48 m/s, which are very close 

to the previous values. Therefore, the flow through each pipe is 


QO, = V,A, = (2.95 m/s)[ (0.05 m)?] = 0.0232 m/s Ans. 
Q; = V-A, ^ (3.48 m/s) 7(0.025 m)*] = 0.0068 m3/s Ans. 
Note that Q = Q, + Q, ^ 0.03 m/s, as required. 


Energy Equation. The pressure drop between A and B is determined 
from the energy equation. The control volume contains all the water in 
the system from A to B. With the datum through A (in) and B (out), 
Z4 " Zg "^ O, and V, = Vg = V. We have 


A y =e, hy, + hub +h 
E d M M MU 
y? V 
A,—752020725.— 4.0404 
Yw 2g Yw 2g 


or 
Pa — Pe © YA 
Using Eq. 2, we have 
(2.95 m/ sy 
2(9.81 | 
— 56.8(10?) Pa — 56.8 kPa Ans. 


Pa — Pg ^ (9810 N/m?) [30(0.022) ^ 24] 


Since (hj), — (hj), for this parallel system, we can also obtain this 
same result using Eq. 3. 
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Fig. 10-21 


10.5 Flow Measurement 


Through the years, many devices have been developed that measure the 
volumetric flow or the velocity of a fluid passing through a pipe or a closed 
conduit. Each method has specific applications, and a choice depends upon 
the required accuracy, the cost, the size of the flow, and the ease of use. In 
this section, we will describe some of the more common methods used for 
this purpose. Greater details can be found in the references listed at the 
end of the chapter, or on a specific manufacturer’s website. 


Venturi Meter. The venturi meter was discussed in Sec. 5.3, and 
here its principles will be briefly reviewed. As shown in Fig. 10-21, this 
device provides a converging transition in flow from a pipe to a throat, 
and then a gradual diverging transition back to the pipe. This design 
prevents flow separation from the walls of the conduit, and thereby 
minimizes frictional losses within the fluid. It was shown in Sec. 5.3 that 
by applying the Bernoulli and continuity equations, we can obtain the 
mean velocity of flow at the throat using the equation 


— |2(p, — p2)/p 
v, = [Cr = pa)/o (10-10) 
1 — (D,/D,)* 


For accuracy, a venturi meter is often fitted with two piezometer rings, 
one located at the upstream side of the meter, and the other at its throat, 
Fig. 10-21. Each ring surrounds a series of annular holes in the pipe so 
that the average pressure is produced within the ring. A manometer or 
pressure transducer is then connected to these rings, to measure the 
average differential static pressure (p, — p;) between them. 

Since the Bernoulli equation does not account for any frictional losses 
within the flow, in practice engineers modify the above equation by 
multiplying it by an experimentally determined venturi discharge 
coefficient, C,,. This coefficient represents the ratio of the actual average 
velocity in the throat to its theoretical velocity, that is, 


— ( V5)aa 


(V2)meo 


Specific values of C, are generally reported by the manufacturer as a 
function of the Reynolds number. Once C, is obtained, the actual 
velocity within the throat is then 


— [2 (pı — Pr) /p 
(Vo) act C, | — (D,/D,)* 


Noting that Q — V5A;,the volumetric flow can then be determined from 


— ,({7,2\ [20i -p)/p 
° c z | — (D;/D,)* 


Ci 


4 


Nozzle Meter. A nozzle meter works basically the same way as a 
venturi meter. When this device is inserted into the path of the flow, as 
shown in Fig. 10-22, the flow is constricted at the front of the nozzle, 
passes through its throat, and then leaves the nozzle without diverting 
the flow. This causes localized turbulence due to the acceleration of the 
flow through the nozzle, and then deceleration as the flow adjusts farther 
downstream. As a result, the frictional losses through the nozzle will be 
greater than flow through a venturi meter. Measurements of the pressure 
drop from ports 1 and 2 are used to determine the theoretical velocity, 
V>», by applying Eq. 10-10. Here engineers use an experimentally 
determined nozzle discharge coefficient, C,,, to account for any frictional 
losses. Therefore, the flow becomes 


2(py — py/p 
) — iha 
g c (sn. ) | — (D;/ Dj 


Values for C, as a function of the upstream Reynolds number are provided 
by the manufacturer for various area ratios of the nozzle and pipe. 


Orifice Meter. Another way to measure the flow in a pipe is to 
constrict the flow with an orifice meter, Fig. 10—23. It simply consists of a 
flat plate with a hole in it. The pressure is measured upstream and at the 
vena contracta, where the streamlines are parallel and the static pressure 
is constant. As before, the Bernoulli and continuity equations, applied at 
these points, result in a theoretical mean velocity defined by Eq. 10-10. 
The actual flow through the meter is determined by using an orifice 
discharge coefficient, C,, supplied by the manufacturer, which accounts 
for both the frictional losses in the flow and the effect of the vena 


contracta. Thus, 
D(p, — pMp 
"E c (p 2) (pı — P2)/P 
1—(D,/'D,)* 


Of these three meters, the venturi meter is the most expensive, but it will 
give the most accurate measurement, because the losses within it are 
minimized. The orifice meter is the least expensive and is easy to install, 
but it is the most inaccurate since the size of the vena contracta is not 
well defined. Also, this meter subjects the flow to the larg est head loss, or 
pressure drop. Regardless of which meter is selected, however, it is 
important that it be installed along a straight section of pipe that is long 
enough to establish a fully developed flow. In this way, the results should 
correlate well with those obtained by experiment. 
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Fig. 10-24 
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Fig. 10-25 
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Fig. 10-26 


Rotometer. A rotometer can be attached to a vertical pipe as shown 
in Fig. 10-24. The fluid flows in at the bottom, passes up a tapered glass 
tube, and is returned to the pipe after leaving the top. Within the tube 
there is a weighted float that is pushed upward by the flow.Since the cross- 
sectional area of the tube becomes larger as the float rises, the velocity of 
the flow becomes smaller, and the float eventually reaches an equilibrium 
level, indicated by gradations on the tube. This level is directly related to 
the flow in the pipe, and so the reading at the level of the float will indicate 
the flow. For horizontal pipes, a similar device will cause an obstruction to 
compress a spring a measured distance, and its position can be viewed 
through a glass tube. Both of these meters can be made to measure flow to 
an accuracy of about 99%, but they are somewhat limited, since they 
cannot be used to measure the flow of a very opaque fluid, such as oil. 


Turbine Flow Meter. For large-diameter pipes, such as from 1.5 in. to 
12 in., a turbine rotor can be installed within a section of the pipe so that the 
flow of fluid through the pipe will cause the rotor blades to turn, Fig. 10-25. 
For liquids these devices normally have only a few blades, but for gases more 
are required in order to generate enough torque to turn the blades. The 
greater the flow, the faster the blades will turn. One of them is marked, so as 
it turns, the rotation is detected by an electrical impulse, which is produced 
as the blade passes by a sensor. Turbine meters are often used to measure 
the flow of natural gas or water through municipal distribution systems. 
They can also be designed to be held in the hand, so that the blades can be 
turned into the wind, for example, to measure its speed. An anemometer, 
shown in the photo, works in a similar manner. It uses cups mounted on an 
axle, where measuring the rotation of the axle correlates to the wind speed. 


Vortex Flow Meter. If a cylindrical obstruction, called a shedder 
bar, is placed within the flow, as shown in Fig. 10-26, then as the fluid passes 
around the bar, the disturbance it produces will generate a trail of vortices, 
called a Von Kármán vortex street. The frequency f at which each vortex 
alternates off each side of the bar can be measured using a piezoelectric 
crystal, which produces a small voltage pulse for every fluctuation. This 
frequency fis proportional to the fluid velocity V and is related to it by the 
Strouhal number, St — f D/ V, where the "characteristic length" is D, the 
diameter of the shedder bar. Since the Strouhal number will have a known 
constant value, within specific operating limits of the meter, the average 
velocity V can be determined, i.c., V — fD/St. The flow is then Q — VA, 
where A is the cross-sectional area of the meter. The advantage of using a 
vortex flow meter is that it has no moving parts, and it has an accuracy of 
about 99%. One disadvantage of its use is the head loss created by the 
disruption of the flow. 





Fig. 10-27 


Thermal Mass Flow Meter. As the name implies, this device 
measures temperature to determine the velocity of a gas at a very 
localized region within the flow. One of the most popular types is called 
a constant-temperature anemometer. It consists of a very small thin wire, 
usually made of tungsten and having, for example, a diameter of 0.5 um 
and a length of 1 mm, Fig. 10-27. When it is placed in the flow, it is heated 
to a constant temperature, which is maintained electrically as the flow 
stream tends to cool it. The velocity of the flow can be correlated to the 
voltage that must be applied to the wire to maintain its temperature. 
Several of these sensors can even be arranged within a small region to 
measure the flow in two and three directions. 

Since the wire is very fragile, care must be taken so that particulate 
matter within the gas will not damage or break it. Higher-velocity flow, 
or gases having a large number of contaminates, can be measured with 
less sensitivity using a hot-film anemometer, which works on the same 
principle but consists of a sensor made of a thin metallic film attached to 
a much thicker ceramic support. 


Positive Displacement Flow Meter. One type of flow meter 
that can be used to determine the quantity of a liquid that flows past it is 
called a positive displacement flow meter. It consists of a measuring 
chamber, such as the volume between the lobes of two gears within the 
meter, Fig. 10-28. By ensuring close tolerances between the lobes and 
casing, each revolution allows a measured amount of liquid to pass 
through. By counting these revolutions, either mechanically or through 
electrical pulses, the total amount of liquid can be measured. 


Nutating Disk Meter. This meter is commonly used to measure 
the supply of household water or the amount of gasoline drawn from a 
pump. It has an accuracy of about 99%. As shown in Fig. 10-29, it consists 
of an inclined disk that isolates a measured volume of the liquid within the 
chamber of the meter. The pressure from the liquid forces the disk to 
nutate, or turn about the vertical axis,since the center of the disk is fixed to 
a ball and spindle. The contained volume of liquid thereby passes through 
the chamber for every revolution about the axis. Each of these nutations 
can be recorded, either by a magnetic fluctuation caused by a magnet 
attached to the rotating disk, or by a gear-and-register arrangement 
attached to the spindle. 
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Fig. 10-30 


Magnetic Flow Meter. This type of flow meter requires very little 
maintenance and measures the average velocity of a liquid that can 
conduct electricity, such as seawater, wastewater, liquid sodium, and many 
types of acidic solutions. The principle of operation is based upon Michael 
Faraday's law, which states that the voltage induced across any conductor 
(liquid), asit moves at right angles through a magnetic field, is proportional 
to the velocity of the conductor. To measure the flow, two electrodes are 
placed on opposite sides of the inner pipe wall and attached to a volt 
meter. For a wafer-style magnetic flow meter, Fig. 10-30, a magnetic field 
is established over the entire flow cross section by subjecting the coil 
within the wafers to an electric current. The volt meter then measures the 
electric potential or voltage between the electrodes, and this is directly 
proportional to the velocity of the flow. 

Magnetic flow meters can have an accuracy of 99% to 99.5%, and they 
have been used on pipes up to 12 in. in diameter. The readings are very 
sensitive to entrained air bubbles at the electrodes and to any static 
electricity present within the fluid and pipe. For this reason, the pipe 
must be properly grounded for best performance. 


Other Types. There are other types of meters that can also be used 
to accurately measure the velocity at a small region within the flow. A laser 
Doppler flow meter is based on directing a laser beam toward a targeted 
area, and measuring the change in frequency of the beam after it is 
reflected off small particles that pass through the region.* This data is then 
converted to obtain the velocity in a particular direction. This technique 
offers high accuracy, and though expensive, it can be set up to determine 
the velocity components of particles within a region in all three directions. 
Ultrasonic flow meters also work on the Doppler principle. They send sound 
waves through the fluid, and the changes in frequency of any waves that are 
reflected back are measured using a piezoelectric transducer and then 
converted to determine the velocity. Finally, particle image velocimetry 
(PIV) is a method where very small particles are released into the fluid. 
Using a camera and laser strobe light, the speed and direction of the flow 
can then be measured by tracking the illuminated particles. 





*The Doppler principle states that a higher frequency of a light or sound wave is produced 
when the source moves toward the observer, and a lower frequency is produced when it moves 
away. The effect is quite noticeable when one hears the siren on a moving police car or 
fire truck. 
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Sec. 10.1 10-3. Glycerin has a density of 2.46 slug/ft^ and flows m 





through a 10-in.-diameter pipe at 3 ft/s. If the pressure 
drops 0.035 psi in an 8-ft-long segment of the pipe, determine 
the friction factor for the pipe. 





10-1. Oil flows through a 100-mm-diameter horizontal 
pipe at 4 m/s. If the pipe is made of cast iron, determine the 
friction factor. Take v, — 0.0344(10 ?) m? /s. 


10-2. Oil flows through a 12-in.-diameter horizontal pipe 
at the rate of 8 ft/s. If the pipe is smooth, determine the 
head loss in a 20-ft-long horizontal portion of the pipe. Take 
y, — 0.820(10 ?) ft /s. 
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*10—4. If air flows through the circular duct at 4 m/s, 
determine the pressure drop that occurs over a 6-m length 
of the duct. The friction factor is f — 0.0022. Take 


Pp, ~ 1.092 kg/m’. 
6 n] 





Prob. 10-4 


10-5. Water in the 15-in.-dia meter concrete drain pipe runs 
full with a flow of 15 ft^ /s. Determine the pressure drop from 
point A to point B. The pipe is horizontal. Take f — 0.07. 





Prob. 10-5 


10-6. Water flows through a horizontal 2-in.-diameter 
pipe. If the friction factor is f — 0.028 and the flow is 
0.006 ft/s, determine the pressure drop that occurs over 
3 ft of its length. 


10-7. Air is forced through the circular duct. If the flow is 
0.3 m?/s and the pressure drops 0.5 Pa for every 1 m of 
length, determine the friction factor for the duct. Take 
p," 1.202 kg/m’. 





Prob. 10-7 


*10-8. A 45-mm-diameter commercial steel pipe is used 
to carry water at T — 20°C. If the head loss in a length of 
2 m is 5.60 m, determine the volumetric flow in liters per 
second. 


10-9, Water at 60°F flows upwards through the 3-in. 
galvanized iron pipe at 2 ft/s. Determine the major head 
loss that occurs over the 10-ft segment AB. Also, what is the 
pressure at B if the pressure at A is 40 psi? 


10 ft 





0.75 in. 


Prob. 10-9 


10-10. Determine the diameter of a horizontal 
100-m-long PVC pipe that must transport 125 liter/s 
of turpentine oil so that the pressure drop does not 
exceed 500 kPa. Take e — 0.0015 mm, p, ^ 860 kg/m?, and 
p, 7 149(10?) N : s/mf. 


10-11. A pipe has a diameter of 60 mm and is 90 m long. 
When water at 20°C flows through it at 6 m/s, it produces a 
head loss of 0.3 m when it is smooth. Determine the friction 
factor of the pipe if, years later, the same flow produces a 
head loss of 0.8 m. 


*10-12. The 15-in.-diameter concrete drain pipe runs 
full of water with a flow of 15 ft'/s. Determine the 
pressure drop from A to B. The pipe is sloping downward 
at 4 ft/100 ft. Take f — 0.07. 


NENNEN 
ECC 





Prob. 10-12 


10-13. A processing plant uses water at 70°F that is 
supplied from a pump at a pressure of 80 psi. Determine the 
diameter of a horizontal galvanized iron pipe if the flow is 
to be 1200 gal/min, and the pressure in the pipe after 300 ft 
is 20 pst. 


10-14. A nail gun operates using pressurized air, which is 
supplied through the 10-mm-diameter hose. The gun 
requires 680 kPa to operate with a 0.003 m’/s airflow. If the 
air compressor develops 700 kPa, determine the maximum 
allowable length of hose that can be used for its operation. 
Assume incompressible flow and a smooth hose. Take 
Pa 7 1.202 kg/m?, v, = 15.1(10) m?/s. 





Prob. 10-14 


10-15. A 75-mm-diameter galvanized iron pipe, having a 
roughness of e ~ 0.2mm, is used to carry water at a 
temperature of 60°C and with a velocity of 3 m/s. Determine 
the pressure drop over its 12-m length if it is horizontal. 


*10-16. Air flows through the galvanized steel duct, 
with a velocity of 4 m/s. Determine the pressure drop 
along a 2-m length of the duct. Take p, = 1.202 kg/m’, 
v, ^ 15.1(10 5) m/s. 


10-17. Determine the greatest air flow Q through the 
galvanized steel duct so that the flow remains laminar. What is 
the pressure drop along a 200-m-long section of the duct for 
this case? Take p, 7 1.202 kg/m), v, ^ 15.1(10 5) m?/s. 





Probs. 10-16/17 
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10-18. Water at 20°C passes through the turbine T using a 
150-mm-diameter commercial steel pipe. If the length of the 
pipe is 50 m and the discharge is 0.02 m*/s, determine the 
power extracted from the water by the turbine. 





Prob. 10-18 


10-19. The 20-mm-diameter copper coil is used for a solar 
hot water heater. If water at an average temperature of 
T = 50°C passes through the coil at 9 liter/min, determine 
the major head loss that occurs within the coil. Neglect the 
length of each bend. Take £ = 0.03 mm for the coil. 





Prob. 10-19 
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*10-20. Water at 20°C is required to flow through a 
horizontal commercial steel pipe so that it discharges at 
0.013 m*/s. If the maximum pressure drop over a 5-m length 
is to be no more than 15 kPa, determine the smallest 
allowable diameter D of the pipe. 


10-21. Determine the power output required to pump 
30 liter/s of crude oil through a 200-m-long horizontal cast 
iron pipe having a diameter of 100 mm. The pipe is open to 
the atmosphere at its end. Compare this power requirement 
with pumping water through the sa me pipe. The temperature 
is T — 20°C for both cases. 


10-22. Air at 60°F is transported by the fan at the rate of 
2 ft'/s through the 12-in.-diameter galvanized iron duct. 
Determine the pressure drop that occurs over a 40-ft-long 
horizontal section of the duct. 


10-23. Air at 60*F is transported by the fan at the rate of 
2 ft^/s through the 12-in.-diameter galvanized iron duct. 
Determine the head loss over the 40-ft length. 





40 ft 12 in. 





Probs. 10-22/23 


*10-24. Al-in.-diameter hose is used to fill the reservoir with 
water. If the pressure at the supply A is 38 psi, determine the 
time needed to raise the depth of the reservoir h ~ 4 ft. The 
hose has a length of 100 ft and f£ — 0.018. The reservoir has a 
width of 8 ft. Neglect elevation changes in the hose. 


10-25. A lin.diameter hose is used to fill the reservoir 
with water. If the pressure at the supply A i5 38 psi, determine 
the depth A two hours after the faucet is turned on. The hose 
has a length of 100 ft and f = 0.018. The reservoir has a 
width of 8 ft. Neglect elevation changes in the hose. 





Probs. 10-24/25 


10-26. Water flows through the 50-mm-diameter pipe. If 
the pressure at A and B is the same, determine the flow. 
Take f — 0.035. 





Prob. 10-26 


10-27. Oil is ejected from the 3-in.-diameter pipe. If the 
friction factor for the pipe is f — 0.083, determine the 
smallest discharge from the pipe that will cause the flange 
bolts at A to begin to support a tensile force. The pipe 
weighs 30 Ib. Take p, — 1.75 slug/ft*. 


3 in. 





Prob. 10-27 


*10-28. Ol flows through the 50-mm-diameter pipe at 
0.009 m! /s. If the friction factor is f = 0.026, determine the 
pressure drop that occurs over the 80-m length. Take 
p, ^ 900 kg/m". 







80 m 


MN 


Prob. 10-28 


ò 


20 


10-29, Oil flows through a 50-mm-diameter cast iron pipe. 
If the pressure drop over a 10-m-long horizontal segment is 
18 kPa, determine the mass flow through the pipe. Take 
p, ^ 900 kg/m?, v, — 0.430(10 ?) m?/s. 


10-30. A 75-mm-diameter galvanized iron pipe, having a 
roughness of £ = 0.2 mm, is to be used to carry water at a 
temperature of 60°C and with a velocity of 3 m/s. Determine 
the pressure drop over its 12-m length if the pipe is vertical 
and the flow is upward. 


10-31. Ifa pipe has a diameter D and a friction factor f. by 
what percent will the pressure drop in the pipe increase if 
the volumetric flow is doubled? Assume that f is constant 
due to a very large Reynolds number. 


*10-32. Methane at 20*C flows through a 30-mm-diameter 
horizontal pipe at 8 m/s. If the pipe is 200 m long and the 
roughness is e£ — 0.4 mm, determine the pressure drop over 
the length of the pipe. 


10-33. The galvanized iron pipe is used to carry water at 
20°C with a velocity of 3 m/s. Determine the pressure drop 
that occurs over a 4-m length of the pipe. 
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10-34, Water at 70°F used for irrigation is to be siphoned 
from a canal onto a field using a pipe having a roughness of 
e — 0.00006 ft. If the pipe is 300 ft long, determine its 
required diameter so that it provides a flow of 0.5 ft*/s. 





Prob. 10-34 


10-35. Oil flows at 2mj/s through a horizontal 
50-mm-diameter galvanized iron pipe. Determine if the flow 
is laminar or turbulent. Also, find the pressure drop that 
occurs over a 10-m length of the pipe. Take p, = 850 kg/m’, 
Ha — 0.0678 N+ s/m?. 


*10-36. For a given volumetric flow, the pressure drop is 
5 kPa in a horizontal pipe. Determine the pressure drop if 
the flow is doubled. The flow remains laminar. 


10-37. Water is pumped from the river through a 
40-mm-diameter hose having a length of 3 m. Determine 
the maximum volumetric discharge from the hose at C so 
that cavitation will not occur within the hose. The friction 
factor is f — 0.028 for the hose, and the gage vapor 
pressure for water is —98.7 kPa. 





Prob. 10-37 
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10-38. The 2-in.-diameter pipe has a roughness of 
e — 0.0006 ft. If the discharge of water at 60°F through the 
l-in-diameter nozzle at B is 0.15 ft^/s, determine the 
pressure at A. 


10-39, The 2-in.-diameter pipe has a roughness of 
& — 0.0006 ft. If the water is at T — 60^ and the pressure at 
A is 18 psi, determine the discharge at B. 


l in. 





Probs. 10-38/39 


*10-40. The section AB of the 100-mm-diameter 
galvanized iron pipe has a mass of 15 kg. If glycerin is 
discharged from the pipe at 3 liter/s, determine the pressure 
at A and the force on the flange bolts at A. 





100 mm 


Prob. 10-40 


10-41. Oil is ejected from the 3-in.-diameter pipe. If the 
friction factor for the pipe is f — 0.083, determine the 
tensile force in the flange bolts at A if the oil is ejected into 
the air to a height of 12 ft above the end of the pipe at B. 
The pipe weighs 30 Ib. Take p, = 1.75 slug/ft’. 





Prob, 10-41 


10-42. The 50-mm-diameter pipe has a roughness of 
e = 0.01 mm. If the discharge of 20°C water is 0.006 m’/s, 
determine the pressure at A. 


10-43. The 50-mm-diameter pipe has a roughness of 
& —UUI mm. If the water has a temperature of 20°C and 
the pressure at A is 50 kPa, determine the discharge at B. 


". 
P 





50 mm 


Probs. 10—42/43 
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*10-44. A galvanized steel pipe is required to carry water 10-47. Sewage, assumed to be water at 20°C, is pumped 


at 20°C with a velocity of 3 m/s. If the pressure drop over its from the wet well using a pump and a 50-mm-diameter pipe 

200-m horizontal length is not to exceed 15 kPa, determine having a friction factor of f — 0.026. If the pump delivers 

the required diameter of the pipe. 500 W of power to the water, determine the discharge from 
the pump. 


10-45. Water at 70°F is pumped at the rate of 90 gal/min 
from a river using a 1.5-in.-diameter hose. If the pump must 
supply a pressure of 30 psi to the water in the hose at C 
before it enters the sprinkler, determine the required 
horsepower that must be developed by the pump. The pipe 
is 120 ft long, and e = 0.05(10~*) ft. 





Prob. 10-45 





10-46. Sewage, assumed to be water at 20°C, is pumped 
from the wet well using a pump and a 50-mm-diameter pipe. 
Determine the maximum discharge from the pump without 
causing cavitation. The friction factor is f — 0.026. The 
(gage) vapor pressure for water at 20°C is —98.7 kPa. 


Prob. 10-47 


*10-48. Water at 20°C is pumped from the reservoir at A 
and flows through the 250-mm-diameter smooth pipe. If the 
discharge at B is 0.3 m’/s, determine the required power 
output for the pump that is connected to a 200-m length of 
the pipe. Draw the energy line and the hydraulic grade line 


for the pipe. Neglect any elevation differences. 
0.25 m 






Prob. 10-46 Prob. 10-48 
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10-49, Water is siphoned from the lake at A and into a 
river at B through a 150-ft-long cast iron pipe. Determine 
the smallest diameter D of the pipe so that the discharge ts 
0.65 f /s. Take »,, — 1.15(10 5) ft /s. 





Prob. 10—49 


10-50. Water is delivered into the truck using a pump that 
creates a flow of 300 liter/min through a 40-mm-diameter 
hose. If the total length of the hose is 8 m, the friction factor 
is f — 0.018, and the tank is open to the atmosphere, 
determine the power that must be supplied by the pump. 


10-51. Water is delivered at 0.003 m/s into the truck 
using a pump and a 40-mm-diameter hose. If the length of 
the hose from C to A is 10 m, and the friction factor is 
f — 0.018, determine the power output of the pump. 





Probs. 10-50/51 


Sec. 10.2-10.3 


*10-52. The 30-mm-diameter 20-m-long commercial steel 
pipe transports water at 20°C. If the pressure at A is 200 kPa, 
determine the volumetric flow through the pipe. 


30 mm 
A 







——- 





SS eee 


Prob. 10-52 


10-53. Determine the power the pump must supply in 
order to discharge 0.02 m^/s of water at B from the 
100-mm-diameter hose. The friction factor is f — 0.028, 
and the hose is 95 m long. Neglect minor losses. 


B 





Prob. 10-53 


10-54. Determine the power extracted from the water by 
the turbine at Cif the discharge from the pipe at B is 0.02 m" /s. 
The pipe is 38 m long. it has a diameter of 100 mm, and the 
friction factor is / — 0.026. Also, draw the energy line and 
the hydraulic grade line for the pipe. Neglect minor losses. 





1lüm' lü0m 10m 


Prob. 10-54 


10-55. The geothermal heat pump works on a closed-loop 
system. The loop consists of plastic pipe having a diameter 
of 40 mm, a total length of 40 m, and a roughness factor of 
e = 0.003 mm. If water at 40°C is to have a flow of 
0.002 m^/s, determine the power output of the pump. 
Include the minor losses for the 180° bend, K; — 0.6, and 
for each of the two 90° elbows, K, = 0.4. 





Prob. 10-55 


*10-56. The horizontal flat-plate solar collector is used for 
heating water for a swimming pool. It consists of a 1.5-in.- 
diameter 60-ft-long ABS pipe that has a serpentine shape as 
shown. Water at an average temperature of 120°F is pumped 
through the pipe at a rate of 0.05 ft^ /s. If the pressure at A is 
32 psi, determine the pressure in the pipe at the exit B. Take 
the friction factor to be f — 0.019. Include the minor losses of 
each 180^ bend, K, — 0.6, and for each 90" elbow, K, — 0.4. 





Prob. 10-56 
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10-57. Water is stored in the tank using a pump at A that 
supplies 300 W of power. If the 50-mm-diameter pipe has a 
friction factor of f = 0.022, determine the flow into the 
tank at the instant shown. The tank is open at the top. 
Include the minor losses of the 90° elbow and the discharge 
into the reservoir at B. 





Prob. 10-57 


10-58. The pressure of air in a large tank at A is 40 psi. 
Determine the flow of water at 70°F from the tank after the 
gate valve at B is fully opened. The 2-in.-diameter pipe ts 
made of galvanized iron. Include the minor losses for the 
flush entrance, the two elbows, and the gate valve. 





10 ft 


Prob. 10-58 
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10-59. Water at 70°F flows from the tank through the 
l-in.-diameter galvanized iron pipe. If the faucet (gate 
valve) is fully opened, determine the volumetric discharge 
at A. Include the minor losses of the flush entrance, the two 
elbows, and the gate valve. 





2 ft 


Prob. 10-59 


*10-60. The large tank is filled with water at 70°F to the 
depth shown. If the gate valve at C is fully opened, determine 
the power of the water flowing from the end of the nozzle at B. 
Also, what is the head loss in the system? The galvanized iron 
pipe is 80 ft long and has a diameter of 2 in. Neglect the minor 
loss through the nozzle, but include the minor losses at the 
flush entrance, the two elbows, and the gate valve. 


^ 
7 
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80 ft 
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Prob. 10-60 


10-61. Water is to be delivered at 0.04 m/s to point B on 
the ground, 500 m away from the reservoir. Determine the 
smallest-diameter pipe that can be used if the pump supplies 
40 kW of power. Neglect any elevation changes, and take 
f = 0.02. 





500 m 


Prob. 10-61 


10-62. For an industrial application, water at 70°F flows 
through the 0.5-in.-diameter commercial steel pipe such 
that it must exit the gate valve with a discharge of 0.05 ft’ /s. 
If the open diameter of the gate valve is also 0.5 in., 
determine the required pressure a pump must produce atA. 
Consider only major losses in the pipe. Draw the energy 
line and hydraulic grade line for the pipe. 


9 ft 





Prob. 10-62 














10-63. Water at 70°F flows through the 0.5-in.-diameter 
commercial steel pipe such that it must exit the fully opened 
gate valve with a discharge of 0.05 ft? /s. If the open diameter 
of the gate valve is also 0.5 in., determine the required 
pressure a pump must produce in the pipe at A. Include the 
minor losses of the three elbows and the gate valve. Draw 
the energy line and hydraulic grade line for the pipe. 





*10-64. Water at 200°F enters the radiator at A with an 
average velocity of 4 ft/s and a pressure of 60 psi. If each 
180° bend has a minor loss coefficient of K, — 1.03, 
determine the pressure at the exit B. The copper pipe has a 
diameter of d in. Take e — 5(10 5) ft. The radiator is in the 
vertical plane. 
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10-65. Water flows at 900 gal/min through the 
8-in-diameter pipe. As it passes through the filter the 
pressure drop is 0.2 psi. Determine the loss coefficient for 
the filter. There are 7.48 gal/ft’. 





Prob. 10-65 


10-66. Gasoline from the tank of an automobile A is 
pumped at B through the fuel filter C, and then to the fuel 
injectors on the engine. The fuel line is stainless steel 
4-mm-diameter tubing. Each fuel injector has a nozzle 
diameter of 0.5 mm. If the loss coefficient is K, — 0.5 at the 
flush entrance of the fuel tank, K; — 1.5 through the filter, 
and K; ~ 4.0 at each nozzle, find the required power output 
of the pump to deliver fuel at the rate of 0.15 liter/min to 
four of the cylinders that are under an average pressure of 
300 kPa. The fuel line is 2.5 m long. Take & — 0.006 mm. 
Assume that the nozzles and the tank are on the same level. 





Prob. 10-66 
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10-67. Air at a temperature of 40°C flows through the 
duct at A with a velocity of 2 m/s. Determine the change in 
pressure between A and B. Account for the minor loss 
caused by the sudden change in diameter of the duct. 


300 mm 





Prob. 10-67 


*10-68. Water at 20°C flows through the 20-mm-diameter 
galvanized iron pipe such that it discharges at C from the 
fully opened gate valve B at 0.003 m?/s. Determine the 
required pressure at A. Include the minor losses of the three 
elbows and gate valve. 





10-69, The pump A and pipe system are used to transport 
oil to the tank. If the pressure developed by the pump is 
400 kPa, and the filter at B has a loss coefficient of 
K, — 2.30, determine the discharge from the pipe at C. 
The 50-mm-diameter pipe is made of cast iron. Include 
the minor losses of the filter and three elbows. Take 
p, ^ 890 kg/m? and v, 7 52.0(10 5) m?/s. 


10-70. The pump A and pipe system are used to transport 
oil to the tank. Determine the required pressure developed 
by the pump in order to provide a discharge into the tank of 
0.003 m/s. The filter atB has a loss coefficient of K; = 2.30. 
The 50-mm-diameter pipe is made of cast iron. Include the 
minor losses of the filter and three elbows. Take 
p, ^ 890 kg/m? and v, 7 52.0(10 5) m/s. 


6.5m 





Probs. 10—69/70 


10-71. Water at 80°F flows at 5ft/s through the 4-in.- 
diameter pipe at A. If the J-in.-diameter gate valve at B is 
fully opened, determine the pressure in the water at A. The 
minor loss coefficient is K; — 0.6 for the spout at B. Also 
account for the minor loss in the elbow, the tee, and the fully 
opened gate valve. For the pipe take f ^ 0.016. 


i 





Prob. 10-71 


*10-72. Water at 80°F flows at 5 ft/s through the 3-in.- 
diameter copper pipe at A. As the water is flowing, it emerges 
from the showerhead that consists of 100 holes, each having a 
diameter of + in. Determine the pressure of the water at A if 
the minor loss coefficient is K; — 0.45 for the showerhead. 
Also account for the minor loss in the two elbows, the fully 
opened gate valve, and the tee. For the copper pipe take 
f = 9.016. 





Prob. 10-72 


10-73. Water at 20°C is pumped from the reservoir A 
using a pump that supplies 3 kW of power. Determine the 
discharge at C if the pipe is made of galvanized iron and has 
a diameter of 50 mm. Neglect minor losses. 


10-74. Water at 20°C is pumped from the reservoir A using 
a pump that supplies 3 kW of power. Determine the discharge 
at C if the pipe is made of galvanized iron and has a diameter 
of 50 mm. Include the minor losses of the four elbows. 


50 mm 





Probs. 10-73/74 
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10-75. If the faucet (gate valve) at EF is fully opened and 
the pump produces a pressure of 350 kPa at A, determine 
the pressure just to the right of the tee connection C. The 
valve at B remains closed. The pipe and the faucet both have 
an inner diameter of 30 mm, and f — 0.04, Include the 
minor losses of the tee, the two elbows, and the gate valve. 





Prob. 10-75 


“10-76. Water from the reservoir A is pumped into the 
large tank B. If the top of the tank is open, and the power 
output of the pump is 500 W, determine the volumetric flow 
into the tank when / ^ 2 m. The cast iron pipe has a total 
length of 6 m and a diameter of 50 mm. Include the minor 
losses for the elbow and sudden expansion. The water has a 
temperature of 20°C. 





Prob. 10-76 
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10-77. Water flows down through the vertical pipe at a 
rate of 3 m/s. If the differential elevation of the mercury 
manometer is 30 mm as shown, determine the loss 
coefficient K, for the filter C contained within the pipe. 
pu, — 13550 kg/m. 


[^ 






r 


(0.5 m C 


| 


20 mm 


30 mm 


Prob, 10-77 


10-78. Water at T ~ 20°C flows from the open tank through 
the 50-mm-diameter galvanized iron pipe. Determine the 
discharge at the end B if the globe valve ts fully opened. The 
length of the pipe is 50 m. Include the minor losses of the flush 
entrance, the four elbows, and the globe valve. 


Sec. 10.4 


10-79, An automatic sprinkler system for a yard is made 
from 4-in.-diameter PVC pipe, for which e — 5(10 *) ft. If 
the system has the dimensions shown, determine the 
volumetric flow delivered to each sprinkler head C and D. 
The faucet at A delivers water at 70°F with 32 psi pressure. 
Neglect elevation changes, but include the minor losses at 
the two elbows and the tee. Also, the loss coefficient of the 
+-in.-diameter sprinkler nozzles at C and D is K; = 0.05. 





Prob. 10-79 


*10-80. When the globe valve is fully opened, water at 
20°C is discharged at 0.003 m?^/s from C. Determine the 
pressure at A. The galvanized iron pipes AB and BC have 
diameters of 60 mm and 30 mm, respectively. Consider the 
minor losses only from the elbows and the globe valve. 





Prob. 10-78 


Prob. 10-80 


10-81. The two water tanks are connected together using 
the 100-mm-diameter pipes. If the friction factor for each 
pipe is f — 0.024, determine the flow out of tank C when 
the valve at A is opened, while the valve at B remains 
closed. Neglect any minor losses. 


10-82. The two water tanks are connected together using 
the 100-mm-diameter galvanized iron pipes. Determine the 
flow out of tank C when both valves A and B are opened. 
Neglect an y minor losses. Take v,, — 1.00(10 5) m/s. 





LL. 
—10m sm 


Probs. 10-81/82 





10-83. Water from the reservoir at A drains through the 
30-mm-diameter pipe assembly. If commercial steel pipe is 
used, determine the initial discharge into B when the valve 
E is closed and Fis opened. Neglect any minor losses. Take 
vy 7 1.00(10%) m?/s. 


*10-84. Water from the reservoir at A drains through the 
30-mm-diameter pipe assembly. If commercial steel pipe is 
used, determine the initial flow into pipe D from reservoir 
A when both valves Ei and F are fully opened. Neglect any 
minor losses. Take v,. — 1.00(10 5) m?/s. 


cE 











Probs. 10—83/84 
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10-85. Water at 20°C is pumped through the two 
commercial steel pipes having the lengths and diameters 
shown. If the pressure developed at A is 230 kPa, determine 
the discharge at C. Neglect minor losses. 


120 mm 


60 mm 





lini npe ni 


Prob. 10-85 


10-86. The horizontal galvanized iron pipe system is used 
for irrigation purposes and delivers water to two different 
outlets. If the pump delivers a flow of 0.01 m/s in the pipe 
at A, determine the discharge at each outlet, C and D. 
Neglect minor losses. Each pipe has a diameter of 30 mm. 
Also, what is the pressure at A? 


10-87. Determine the discharge at each outlet, C and D, 
for the pipe network in Prob. 10-86 by considering the 
minor losses of the elbow and tee. 





Probs. 10—86/87 
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*10-88. Water at 70°F in the container at A ts dispensed 
into the buckets at B and C using the 0.5-in.-diameter 
commercial steel pipe assembly. Determine the initial 
discharge at B and C. Neglect any minor losses. 


10-89. Water at 70°F in the container at A ts dispensed 
into the buckets at B and C using the 0.5-in.-diameter 
commercial steel pipe assembly. Determine the initial 
discharge at B and C. Include the minor losses at the tee 
and elbows and at the flush entrance to the pipe at D. 





Probs. 10-88/89 


10-90. The two galvanized iron pipes branch to form the 
loop. Branch CAD is 200 ft long, and branch CBD is 100 ft 
long. What horsepower pump should be used in branch 
CAD if an equal flow of 70°F water occurs through each 
branch? All pipes have a diameter of 3 in. The lines are all 
horizontal. Neglect minor losses. 


3 in. 





10-91, Water at 60°F flows into the 2-in.-diameter 
galvanized iron pipe at 0,3 ft’/s. If the pipe branches into 
two horizontal 1-in.-diameter pipes ABD and ACD, which 
are 4 ft long and 6 ft long, respectively, determine the flow 
through each pipe in gal / min. Neglect minor losses. 


*10-92, Water at 60°F flows into the 2-in.-diameter galvanized 
iron pipe at 0.3 ft^ /s. If the pipe branches into two horizontal 
| -in.-diameter pipes.A B D and ACD, which are 4 ft long and 6 ft 
long, respectively, determine the pressure drop that occurs 
across each branch from A to D. Neglect minor losses. 


1 in. 





C 


lin. 
Probs. 10—91/92 


10-93. The copper pipe system, which transports water at 
70°F, consists of two branches. BranchA BC has a diameter of 
0.5 in. and length of 8 ft, whereas branch ADC has a diameter 
of 1 in. and length of 30 ft. If a pump provides an inlet flow at 
A of 67.3 gal/min, determine the flow in gal/min through 
each branch. Take ¢ = 80(10~°) ft. The system is in the 
horizontal plane. Include minor losses of the elbows and 
tees, The diameters at A and C are the same. 


10-94, If the pressure at A is 60 psi and at C it is 15 psi, 
determine the flow in gal/min through each branch of the 
pipe system described in Prob. 10-93. Include minor losses of 
the elbows and tees. The diameters at A and C are the same. 


0.5 in. 
B 





D 
1 in. 


Probs. 10—93/94 
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CHAPTER REVIEW 





The frictional loss within a pipe can be determined 
analytically for laminar flow. It is defined by the 
friction factor f — 64/Re. For transitional and 
turbulent flow, we can determine f either from the 
Moody diagram or by using an empirical equation 
that fits the curves of the Moody diagram. 










Once f is obtained, then the head loss, called a 
"major loss," can be determined using the Darcy- 
Weisbach equa tion. 












If a pipe network has fittings and transitions, then 
the head loss produced by these connections must 
be taken into account. These losses are called 
"minor losses." 





Filter Elbow 










^ 
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Pipe systems can be arranged in series, in which 
case the flow through each pipe must be the same, 
and the head loss is the total loss for all the pipes. 






Pipes can also be arranged in parallel, in which 
case the total flow is the accumulation of flow 
from each branch pipe in the system, and the head 
loss for each branch pipe is the same. 









Flow through a pipe can be measured in several 
different ways. These include using a venturi 
meter, nozzle meter, or orifice meter. Also, a 
rotometer, turbine flow meter, as well as several 
other meters can be used. 
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Airflow over the surface of this airplane creates both drag and lift. Analysis of 
these forces requires an experimental investigation. 





Viscous Flow over 
External Surfaces 





11.1 The Concept of the Boundary Layer 


When a fluid flows over a flat surface, the layer of fluid particles adjacent 
to the surface will have zero velocity, and farther from the surface, the 
velocity of each layer will increase until they reach the free-stream 
velocity U as shown in Fig. 11-1. This behavior is caused by the shear 
stress that acts between the lavers of the fluid, and for a Newtonian fluid 
this stress is directly proportional to the velocity gradient,z — u(duj/dy). 
Notice that this gradient and the shear stress are largest at the surface, but 
both taper off, until farther from the surface, the gradient and the shear 
stress approach zero. Here the flow behaves as if it is nonviscous, since it 
is uniform, resulting in little or no shear or sliding between adjacent 
layers of fluid. In 1904, Ludwig Prandtl recognized this difference in flow 
behavior, and termed the localized region where the velocity is variable 
the boundary layer. 







Viscous shear 
in this region 
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J 


Boundary layer 
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n large, t large 


Shear is proportional to the velocity gradient 


Fig. 11-1 
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Slow-moving fluids, or fluids with high viscosity, 


produce a thick boundary layer 





Fast-moving fluids, U > U; „or fluids with low viscosity, 
produce a thin boundary layer, ô =< 6, 


Fig. 11-2 


Understanding boundary layer formation is very important when it 
becomes necessary to determine a body’s resistance to movement through 
a fluid. The design of propellers, wings, turbine blades, and other 
mechanical and structural elements that interact with moving fluids 
depends on an analysis of the flow acting within the boundary layer. In 
this chapter we will study only the effects created by a thin boundary 
layer, which occurs when the fluid has a low viscosity and the flow over 
the surface is relatively fast. As shown in Fig. 11-2, slow-moving fluids, or 
those having a high viscosity, produce a thick boundary layer, and 
understanding its effect on the flow requires a specialized experimental 
analysis or numerical modeling using a computer. See Ref. [5]. 


Boundary Layer Description. The development or growth of the 
boundary layer can best be illustrated by considering the steady uniform 
flow of a fluid over a long flat plate, which is similar to what occurs along 
the hull of a ship, a flat section on an airplane, or the side of a building. The 
basic features of the boundary layer can be divided into three regions. 
These are shown in Fig. 11-3. 


y 





Turbulent 


Transition 


Laminar 


Boundary layer over a flat plate 
(greatly exaggerated v scale) 


Fig. 11-3 
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Laminar Flow. As the fluid flows over the leading edge of the plate 
with a uniform free-stream velocity U, the particles on its surface stick to 
the surface, while those just above it slow down and build up in smooth 
layers tarther along the plate’s length. In this initial region the flow is 
laminar. Farther along the plate, the thickness of the boundary layer 
increases as more and more layers of fluid are influenced by the effect of 
viscous shear. 


Transitional Flow. <A point along the plate is reached where the 
laminar flow buildup becomes unstable and then tends to break down. 
This is a transition region, where some of the fluid particles begin to 
undergo turbulence, characterized by the random mixing of large groups 
of particles moving from one layer of fluid to another. 


Turbulent Flow. The mixing of fluid that occurs causes the thickness 
of the boundary layer to grow rapidly, eventually forming a turbulent 
boundary layer. In spite of this transformation from laminar to turbulent 
flow, there always remains, below the turbulent boundary laver, a very 
thin laminar or viscous sublayer of fluid that is *slow moving" since the 
fluid must cling along the surface of the plate. 


Boundary Layer Thickness. At each location along the plate, the 
velocity profile within the boundary layer’s thickness will asymptotically 
approach the free-stream velocity. Since this thickness is not well defined, 
engineers use three methods for specifying its value. 


Disturbance Thickness. The simplest vay to report the Ipundary 

layer's thickness at each location x is to define it as the height 6 where the 
maximum velocity reached is equal to a certain percentage of the free- 
stream velocity. The agreed-upon value is u — 0.99U, as shown in Fig. 11-4. 






u — 099U 





Disturbance thickness 


Fig. 11-4 
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U U 
Imaginary solid 
boundary 
Mass flow deficit 
Mass flow deficit Uniform flow in this region 

a thi 

ne Ideal fluid so no boundary layer 

Boundary layer Displacement thickness 
(a) (b) 
Fig. 11-5 


Displacement Thickness. The boundary layer thickness can also be 
specified as a displacement thickness, 9 . This refers to the distance the 
actual surface must be displaced, so that if we had an ideal fluid, then the 
mass flow with this new boundary, Fig. 11-55, would be the same as it is 
for the real fluid, Fig. 11—5a. This concept is often used to design wind 
tunnels and the intake of a jet engine. 

To determine the distance 6 , we must find the decrease in mass flow or 
the mass flow deficit for each case. If the surface (or plate) has a width 5, 
then in the case of the real fluid, Fig. 11—5a, the mass flow at y through the 
differential area dA — bdy is dm — pudA — pu(bdy). If an ideal fluid 
were present, then viscous effects would not occur, and so u = U, and the 
mass flow at y would then be dm, ^ pU(bdy). The mass flow deficit due to 
the viscosity is therefore dm — dm = p(U — u)(bdy). For the entire 
boundary layer, integration over its height is necessary to determine this 
total deficit, shown in dark blue shade in Fig. 11—Sa. This deficit must be 
the same for the ideal fluid in Fig. 11-55. Since it is pU(bd"), then, 


pU (bà) = / p(U — u)ybdy) 
ü 


Loss in Loss in 
uniform flow boundary layer 


Since p, U, and b are constant, we can write this equation as 


* * ul 
5 fC JL (11-1) 


Therefore, to determine the displacement thickness, the velocity profile 
u — u(y) of the boundary layer must be known. If it is, then this integral 
can be evaluated, either analytically or numerically, at each location 
x along the plate. 
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Rate of momentum 
deficit in this region 


| x — —| Rate of momentum 


deficit in this region 


Uniform flow 
Ideal fluid so no boundary layer 


Boundary layer Momentum thickness 


(a) (b) 
Fig. 11-6 


Momentum Thickness. Another way to treat the velocity 
disturbance brought about by the boundary layer is to consider how the 
actual surface should be displaced, so that the rate of momentum of the 
flow would be the same as if the fluid were ideal. This change in height of 
the surface is called the momentum thickness ©, Fig. 11-6b. It represents 
the loss of momentum in the boundary layer compared to having ideal 
flow. To find it we must determine the rate of momentum flow deficit in 
each case. If the plate has a width b, then for the real fluid, shown in 
Fig. 11-6a, at height v the fluid passing through the area dA has a 
rate of momentum of dm u — p(dQ)u — p(udA)u. Since dA = b dy, then 
dm u — p(ub dy)u. However, if the mass flow dm had a velocity U, then 
the rate of momentum flow deficit would be p[ubdv](U — u). For the 
case of the ideal fluid, Fig. 11—65, the rate of momentum flow deficit is 
pdQU =~ p(UOb)U. Therefore, we require 


x 


p(UOb)U = | pu (U — u)b dy 


Ü 


or 


"u u 
0 = —{1—— dy 11-2 
Jal Jn ( ) 


In summary, we now have three definitions for the boundary layer 
thickness: ó refers to the height to which the boundary layer disturbs the 
flow, up to where the velocity becomes 0.99U; and 6 and © define the 
heights to which the surface must be displaced or repositioned so that if 
the fluid were ideal and flowing with the free-stream velocity U it would 
produce the same rates of mass and momentum flow, respectively, as in 
the case of the real fluid. 
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Transition to turbulent 
boundary layer 


(Re,)_ = 5(10°) 


Fig. 11-7 


Boundary Layer Classification. The magnitude of shear stress a 
fluid develops on the surface of a plate depends upon the type of flow 
within the boundary layer, and so it is important to find the point where 
laminar flow begins to transition to turbulent flow. The Reynolds number 
can be used to do this, since both inertia and viscous forces play a role in 
boundary layer development. For flow along a flat plate, we will define 
the Reynolds number on the basis of the “characteristic length” x, which 
is the distance downstream from the front of the plate, Fig. 11-7. 
Therefore, 


Ux 
D (11-3) 


_ Ux 
Re, ^ — 
» u 


From experiments, it has been found that laminar flow begins to break 
down at about Re, = 1(10°), but it can be as high as 3(105). The specific 
value when this happens is rather sensitive to the surface roughness of 
the plate, the uniformity of the flow, and any temperature or pressure 
changes occurring along the plate’s surface. See Ref. [11]. In this text, to 
establish a consistent value, we will take this critical value for the 
Reynolds number to be 


(Re,)., = 5(10°) 
Flat plate 





For example,for air at a temperature of 20 °C and standard press ure, flowing 
at 25 m/s, the boundary layer will maintain laminar flow up to a critical 
distance of x, ^ (Re,)J,v/U -—S(105)(15.1(10 5) m?/s)/ (25 m/s) 
— 0.302 m from the front of the plate. 





11.2 Laminar Boundary Layers 


If Re, = 5(10°), then only a laminar boundary layer will form on the 
surface. In this section, we will discuss how the velocity and the shear 
stress vary within this type of boundary layer. To do this, it will be necessary 
to satisfy both the continuity and momentum equations, while accounting 
for the viscous flow within the boundary layer. In Sec. 7.11, we showed 
that the components of the momentum equation, written for a differential 
fluid element, became the Navier-Stokes equations. These equations form 
a complex set of partial differential equations that have no known general 
solution, although, when they are applied within the region of the 
boundary layer, with certain assumptions, they can be simplified to 
produce a usable solution. 

Here we will present this solution and discuss its application to the 
flow over the flat plate in Fig. 11-8, where the fluid is incompressible and 
has steady /aminar flow. Experiments have shown that as the fluid moves 
over the plate, the streamlines for the flow gradually begin to curve 
upward, so that a particle located at (x, y) has velocity components u and 
v. For high Reynolds numbers, the boundary layer is very thin, and so the 
vertical component v will be much smaller than the horizontal component 
u. Also, due to viscosity, the changes of u and v in the y direction, that is, 
ðu /ðy, ðv /ày, and du /ay?, will be much greater than changes ou /àx, àv /àx, 
and #u/ax* in the x direction. Furthermore, because the streamlines 
within the boundary laver only slightly curve upward, the pressure 
variation in the y direction that causes this curvature is practically 
constant, so that dp/dy ~ 0. Finally, since the pressure above the 
boundary layer is constant, then within the boundary layer, due to its 
small height, dp/dx ~ 0. With these assumptions, Prandtl was able to 
reduce the three Navier-Stokes equations, Eq. 7—75, to just one in the x 
direction, and it, along with the continuity equation, becomes 


à E. 
au du — du 
uc pg + 
ax dy dy“ 
au av 
—+——0 
ax dy 


To obtain the velocity distribution within the boundary layer it is necessary 
to solve these equations simultaneously for u and v, using the boundary 
conditions u = v= 0 at y = 0 and u = U at y — æ. In 1908 Paul Blasius, who 
was one of Prandtl’s graduate students, did this using a numerical analysis. 
See Ref. [16]. He presented his results in the form of a curve, shown in 
Fig. 11-9, that is plotted on axes of dimensionless velocity u/ U versus the 
dimensionless parameter (v/x) V Re,. Here Re, is defined by Eq. 11-3. 
For convenience, numerical values for this curve are listed in 
Table 11-1. Thus, for a specified point (x, y) and free-stream velocity U, 
Fig. 11-8, the velocity u for a particle within the boundary layer can be 
determined from the curve or the table. As expected, the solution indicate s 
that the velocity of the boundary layer approaches the free-stream 


velocity asymptotically, so thatu/U— 1 as y — =, 


LAMINAR BOUNDARY LAYERS 





ANAA 
N 
A N 


Dimensionless boundary layer 
velocity profile for laminar flow 


Fig. 11-9 
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TABLE 11-1 The Blasius Solution — Laminar Boundary Layer 


“Ve, u/U 7 Re, u/U 

0.0 0.0 2.8 0.81152 
0.4 0.13277 32 0.87609 
0.8 0.26471 3.6 0.92333 
1.2 0.39378 4.0 0.95552 
1.6 0.51676 4.4 0.97587 
2.0 0.62977 4.8 0.98779 
2.4 0.72899 x 1.00000 


Disturbance Thickness. This thickness, y = ô, is the point where 
the velocity of flow u is at 99% of the free-stream velocity, that is, 
u/U = 0.99. From Blasius’s solution in Fig. 11-9, it occurs when 


7 VRe, — 50 





(11-4) 


X 
V Re, 


Laminar boundary layer 
thickness 


Using this result, it is worth noting how thin a laminar boundary layer can 
actually be. For example, if the velocity U is great enough so that the 
Reynolds number reaches its critical value of (Re,),, = 5(10°) at 
X4, ~ 100mm, then the laminar boundary layer thickness at this distance 
is only 0.707 mm. 


Displacement Thickness. If Blasius’s solution for u/U, 
Fig. 11-9, is substituted into Eq. 11-1, it can be shown that after 
numerical integration, the displacement thickness for laminar 
ULIS boundary layers becomes 





à — X (11-5) 
V Re, 


Velocity profile for Once obtained, this thickness can then be used to simulate the new 
actualsurface location of the solid boundary over which laminar flow is considered 
inviscid or ideal. For example, one can increase the opening of a flow 
chamber to accommodate à , Fig. 11-10. This way, the mass flow through 

the chamber will be uniform over a constant cross section. 





Actual surface 





Fig. 11-10 
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Momentum Thickness. To obtain the momentum thickness of 
the boundary layer, we must integrate Eq. 11—2, using Blasius's solution 
for u/ U. After a numerical integration, the result becomes 


0.664 


X 
V Re, 


Because Re, — Ux/v, notice that in each of these cases the thickness 
8, 8^, and O all decrease as the Reynolds number or the free-stream 
velocity U increases. 





Q = (11-6) 


Shear Stress. For the laminar boundary layer shown in Fig. 11—11a, 
a Newtonian fluid exerts a shear stress on the plate's surface of 


u du | | 
72). ue? 


The velocity gradient at y= 0 can be obtained by measuring it from the 
graph of Blasius’s solution, Fig. 11-9. It is shown to be 


(5) 





————| 7032 du large. * large UAE 
(A Fg | fee . ^ small 
X / |ly—0ü 
Shear stress 
For a specific location x and constant values of U, and v, the Reynolds (a) 
number Re, ~ Ux/v_will also be constant, and so d(u/U) = du/U and 
d(y Re, /x) — dy V/Re, /x. After rearrangement, the derivative du/dy Fig. 11-11 


then becomes 


== 0.332( 2) VRe, 


dy 


Substituting this into Eq. 11-7 gives the result 


U | | 
To ~” 0.332u( 4) V Re, (11-8) 


With this equation, we can now calculate the shear stress on the plate at 
any position x from the plate’s leading edge. Notice that this stress will 
become smaller, as the distance x increases, Fig. 11-11a. 
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Since 7, causes a drag on the plate, in fluid mechanics we often express 
this effect by writing it in terms of the product of the fluid's dynamic 
head, that is, 


To «(1 pu?) (11-9) 


Substituting Eq. 11-8 for To, and using Re, ~ pUx/, the skin friction 
coefficient c, is determined from 


_ 0.664 


C (11-10) 
s V Re, 


Like the shear stress, c;becomes smaller as the distance x from the leading 
edge of the plate increases. 





Friction Drag. If the resultant force acting on the surface of the 
plate is to be determined, then it is necessary to integrate Eq. 11-8 over 
the surface. This force is called the friction drag, and if the width of the 
plate is b and its length is L, Fig. 11-11b, we have 


L rr. L 
U Ux "na, dx 
= f TodA = Í oaa, ( (89 Joao — 0.332b U^? N/up / < 
JA Jo x H Jo vx 





Friction drag 


(b) — 0.664bpU?L 
Fp; — AN (11-11) 
Fig. 11-11 (cont.) Rey 
where 
_ puL | | 
Re, = PI (11-12) 


Experiments have been carried out to measure the friction drag on a plate 
caused by laminar boundary layers, and the results have been in close 
agreement with those obtained from Eq. 11-11. 

A dimensionless friction drag coefficient for a plate of length L can be 
defined in terms of the fluid’s dynamic head in a manner similar to 
Eq. 11-9. Since the friction drag acts over the area bL, we have 


l | 


Substituting Eq. 11-11 for Fp,and solving for Cp;, we get 





qe er 
D - 
y V Re; 
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Important Points 


A very thin boundary layer will form over the surface of a flat plate 
when a low-viscosity, fast-moving fluid flows over it. Within this 
layer, the shear stress changes the fluid’s velocity profile such that 
it is zero at the plate’s surface and then asymptotically approaches 
the free-stream velocity U of the flow above the surface. 


Due to viscosity, the thickness of the boundary layer will grow 
along the length of the plate. As it does, the flow within the 
boundary layer can change from laminar, to transitional, to 
turbulent, provided the plate over which it is flowing is long 
enough. As a convention in this text, we have defined the 
maximum length x,, of a /aminar boundary layer as having a 
Reynolds number of (Re,),, ^ 5( 10 


One of the main purposes of using boundary layer theory is to 
determine the shear-stress distribution that the flow exerts on a 
plate's surface and, from this, to determine the friction drag on 
the surface. 


At any location along the plate, we define the disturbance 
thickness 9 of the boundary layer as the height at which the flow 
reaches a velocity of 0.99U. The displacement thickness ô and the 
momentum thickness © are the heights to which the solid 
boundary surface must be displaced, or repositioned so that if the 
fluid were ideal and flowing with the uniform speed U, it would 
produce the same rates of mass and momentum flow, respectively, 
as in the case of the real fluid. 


A numerical s olution for the thickness, velocity profile, and shear- 
stress distribution for a laminar boundary layer along the surface 
of a flat plate was determined by Blasius. His results are presented 
in both graphical and tabular form. 


The friction drag Fp; caused by a boundary layer is generally 
reported using a dimensionless friction drag coefficient Cp, 
along with the product of the plate area bL and the fluid’s 
dynamic head, Fpy = Cp;/(bL)(3 pU?). Values of Cp;are a function 
of the Reynolds number. 
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EXAMPLE [11:1 





(0.25 m/s 





(b) 





0.0415 Pa 


Water flows around the plate in Fig. 11-12a with a mean velocity of 
0.25 m/s. Determine the shear-stress distribution and boundary layer 
thickness along one of its sides, and sketch the boundary laver for 1 m 
of its length. Take p, — 1000 kg/m? and j,, = 0.001 N* s/m?. 


0.25 m/s 





(a) 


Fig. 11-12 

SOLUTION 

Fluid Description. We assume steady incompressible flow along 
the plate. 


Analysis. Using Eq. 11-3, the Reynolds number for the flow in 
terms of x is 


p,Ux _ (1000 kg/m*)(0.25 m/s)x 
Hw 0.001 N - s/m? 





Re, = = 2.5(10°)x 


When x = Im, Re, = 2.5(10°) < 5(10°), so the boundary layer 
remains la minar. Thus, the shear-stress distribution can be determined 
from Eq. 11-8. 


TQ = 0.332 i. V Re, 
0.25 
: = 0.332(0.001 N-s/m)(SS"") Vastio} 


= (5) Pa Ans. 


Vx 


The boundary layer thickness can be determined by applying Eq. 11-4. 
50 . 5.0 


x = x — 0010 Vx m Ans. 
VRe, . V25(10))x 


These results are shown in Fig. 11-125 for 0 =x = Im. Notice 
that when x increases, To decreases and ô increases. In particular, when 
x= 1 m, 7o 7 0.0415 Pa and ô = 10mm. 








o> 


11.2 LAMINAR BOUNDARY LAYERS 581 


ON ieee 





The ship in Fig. 11-13a is moving slowly at 0.2 m/s through still 
water. Determine the thickness 6 of the boundary layer at a point 
x = | m from the bow. Also, at this location, find the velocity of the 
water within the boundary layer at y — ó and y — 60/2. Take 
v, 7 1.10(10 9) m?/s. 


SOLUTION 


Fluid Description. We will assume the ship's hull is a flat plate, and 
relative to the ship the water exhibits steady incompressible flow. 


Disturbance Thickness. First we will check to see if the boundary 
layer remains laminar at x = 1 m. 
_ Ux — 0.2 m/s(1m) 





We can now use Blasius’s solution, Eq. 11-4, to determine the 
boundary layer thickness at x = 1 m. 


5.0 5.0 
$ — ——— x = (1m) = 0.01173. m = 11.7mm Ans 
VRe, V 1.818( 10°) 


Velocity. At x=1m and y= 6*>0.01173m, by definition, 
u/U = 0.99. Thus, the velocity of the water at this point, Fig. 11-13), is 

u — 0.99(0.2 m/s) — 0.198m/s Ans. 
To determine the velocity of the water at x —^ Im and (a) 


y = 6/2 = 5.86(10 7) m, we must first find the value of u/U, either 
from the graph in Fig. 11—9a, or from Table 11-1. Here, 


! 5.86( 10^ 
2 gs, = U) m es(09) 7 2. 


x l 
Using linear interpolation between the values 2.4 and 2.8 
given in the table, for 2.5 we obtain 


u/U — 0.72899 _ 0.81152 — 0.72899 
2.5 — 2.4 2.8 — 2.4 

u = 0.7496(0.2 m/s) = 0.150 m/s Ans. 

Other points along the velocity profile in Fig. 11-135 can be obtained 
in a similar manner. Also, this method can be used to find wu for other Fig. 11-13 


values of x as well, but realize that the maximum value for x cannot 
exceed x,,, that is, 





u/U = 0.7496 





_ Uke _ (0.2 m/s)x,, 
ei. = 4 ee 
(Re,) Vy (07 1.10(1075) m/s 


Beyond this distance the boundary layer begins to transition, and 
then farther along, it becomes turbulent. 





Xa = 2.75m 
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EXAMPLE [11:3 


- = 
Real fluid Ideal fluid 


Atx =2m 
(b) 


400 mm ~ 28" 


At exit, 6° = 5.46 mm 
(c) 


Fig. 11-14 











Air flows into the rectangular duct in Fig. 11-14a at 3m/s. Determine 
the displacement thickness at the end of its 2-m length, and the 
uniform velocity of the air as it flows out of the duct. Take 
p, ^ 1.20 kg/m? and u, 7 18.1(10 5) N - s/m?. 


SOLUTION 


Fluid Description. We will assume the air is incompressible and has 
steady flow. 


Displacement Thickness. Using Eq. 11-3, the Reynolds number 
for the air as it moves through the duct is 

U. 1.20 kg/m?)(3 m/s)x 

Re, E DE = E = 0.1989( 106)x 

Ha 18.1(1076) N -s/m 
When x = 2m, then Re, = 3.978(10°) < 5(10°), so we have a laminar 
boundary layer along the duct. Therefore, we can use Eq. 11-5 to 
determine the displacement thickness. 





s 1721 1.721 | 
=E y —.y-389(10?)Vxm (1) 

VRe, .— VO0.1989(105)x 
Where x=2m,5 = 0.005457m = 5.46mm. Ans. 


Velocity. If the air were an ideal fluid, then the dimensions of the 
cross section of the duct at x= 2 m would have to be shortened, as 
shown on the right in Fig. 11-145, in order to produce the same mass 
flow through the duct as in the case of the actual flow. In other words, 
the exit cross-sectional area, shown in light shade in Fig. 11-14c, must be 


Agu 7 [0.3m — 2(0.005457 m)] [0.4m — 2(0.005457 m)] — 0.1125 m? 


Although a constant mass flow passes by each cross section, the 
uniform portion of the air exiting the duct will have a greater velocity 
than the uniform airstream entering the duct. To determine its value, 
we require continuity of flow. 


0 
— | edv + foya =o 
0 — PUinAin + PUowAon ~ 0 
—(3 m/s)(0.3m)(0.4 m) + Usu(0.1125 m°) = 0 
Um — 3.20 m/s Ans. 


This increase in U has occurred because the boundary layer constricts 
the flow. In other words, the cross section is decreased by the 
displacement thickness. If, instead, we wanted to maintain a constant 
uniform speed of 3 m/s through the duct, it would then be necessary for 
the cross section to become divergent, so that its dimensions would 
increase by 26 along its length, in accordance with Eq. 1. 
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EXAMPLE F114 





A small submarine has a triangular 
stabilizing fin on its stern with the 
dimensions shown in Fig. 11—15a. If the 
water temperature is 50°F, determine 
the drag on the fin when the submarine 
is traveling at 3 ft/s. 





SOLUTION 


Fluid Description. Relative to the submarine, this is a case of — ^) 
steady incompressible flow. From Appendix A, for water at 50°F, 
p ^ 1.940 slug/f? and v — 14.1(10 5) ft^ /s. 

Analysis. First we will determine if the flow within the boundary 
layer remains laminar. Since the flow creates the largest Reynolds 
number at the base of the fin, where x in Fig. 11-155 is the largest, then 


—. Ux = G ft/sY2 ft) 


Integration is necessary here since the length x of the fin changes with y. 
If we establish the x and v axes as shown in Fig. 11-155, then an 
arbitrary differential strip of the fin has an area of dA = x dy. Since 
y=2-— x, then dA = (2 — y)dy. Applying Eq. 11-11, the drag on both 
sides of the strip is therefore 





0.664bpU7L | _ : 0.664 dy( 1.940 slug/ft? ) (3 ft/s)2 — y) 





gno diee Fig. 11-15 
= VRe, (3 ft/s)(2 — y) " 
14.1(1075) f? /s 
— (2 — y) _ » 
E Dee rca — 0.05027(2 — 7)!“ dy 
— y pos 


And so, the total drag acting on all the strips composing the area of 
the fin becomes 
2 fi 
Fp = 0.05027 f (2 — y)? dy 
0 


2 ft 


2 | 
= 0.05027| - 2 - »"| — 0.0948 Ib Ans. 
0 





This is indeed a very small value, the result of the small velocity and 
low kinematic viscosity. 
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11.3 The Momentum Integral Equation 


In the previous section we were able to determine the shear stress 
distribution caused by a laminar boundary laver using the solution 
developed by Blasius. This analysis was possible because we were able 
to relate his solution of the velocity profile to the shear stress using 
Newton's law of viscosity, 7 — u(du/dy). However, no such relationship 
between 7 and u exists for turbulent boundary layers, and so a different 
approach must be used to study the effects for turbulent flow. 

In 1921, Theodore von Kármán proposed an approximate method 
for boundary layer analysis that is suitable for both laminar and 
turbulent flow. Rather than writing the continuity and momentum 
equations for a differential control volume at a point, von Kármán 
considered doing this for a differential control volume having a 
thickness dx and extending from the plate's surface up to a streamline 
that intersects the boundary layer, Fig. 11-16a. Through this element 
the flow is steady, and due to its small height, the pressure within it is 
virtually constant. Over time, the x component of flow enters the 
open control surface at the left side, ABC, and exits through the open 
control surface DE on the right side. No flow can cross over the fixed 
control surface AE or the streamline boundary CD, since the velocity 
is always tangent along the streamline. 


Continuity Equation. If we consider a unit width of the plate 









y perpendicular to the page, then for steady flow, the continuity equation 
becomes 
Boundary 
layer à 
— | pdV + [ ivan — 0 
at Y CV Y CS 
8, ô, 
0 -j pujdy — mpgc f pu,dy — 0 (11-15) 
Jo Jo 


Streamline 


Here mgc is due to the constant flow U into the region between the top 
of the boundary layer and the streamline. 





Momentum Equation. The free-body diagram of the control 
volume is shown in Fig. 11—16. Since the pressure p within the control 
Free-body diagram volume is essentially constant, and the height hac ^ hgp, because 
(b) AE — dx, then the resultant forces caused by pressure on each open 

Fig. 11-16 control surface will cancel. The only external force acting on the closed 


To(1dx) 
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control surfaces is due to shear stress from the plate. This force is 
To(1dx). Applying the momentum equation, we have 


) 
— SF. =i f voa¥ + f vov: dA 
( Cv cs 


8, 8, 
—To(ldx) ^ 0 «4 f pu: dy — f pudy — U mgc 
0 0 


Solving for mgc in Eq. 11-15, and substituting into the above equation, 
realizing that p is constant for an incompressible fluid, we have 


6, by é, à, 
—Todx ~ of u; dy — of uj dy — vp | u,dy — f mdy 
0 0 0 0 


ô, à, 
—Todx — of (u,?— Uu,) dy — of (uf - Uu,) dy 
0 0 
Since the vertical sides AC and ED are a differential distance dx apart, 


the terms on the right represent the differe ntial difference of the integrals, 
that is, 


ô 
—Tydx — p [ (u? = Vu)dy | 
0 


The free-stream velocity U is constant, and so we can also write this 
equation in terms of the dimensionless velocity ratio, u/U, and express 
the shear stress as 


(11-16) 





Recognizing that the integral represents the momentum thickness, 
Eq. 11-2, we can also write 


To 


pie 
dx 


Either of the above two equations is called the momentum integral 
equation for a flat plate. To apply it, we must either know the velocity 
profile u = u(y) at each position x, or approximate it by an equation 
having the form u/U — f(y/ô). Some of these profiles are listed in 
Table 11-2. With any one of these we can evaluate the integral 
in Eq. 11-16, but due to the upper integration limit, the result will be in 
terms of ô. In order to determine ó as a function of x, 7, must also be 
related to 6. For laminar boundary layers we can do this using Newton's 
law of viscosity, which will be done in the following example. It illustrates 
application of this process to show how the results of à, c, and Cp; 
reported in Table 11-2 were determined. In the next section, we will 
show how to apply this method to turbulent boundary layer flow. 


(11-17) 
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TABLE 11-2 


Velocity profile C Cpr 

Blasius 00—— | 0.664/ V/Re, | 1.328/ V Re, 
Linear =< 0.578/ V/Re, | 1.156/ VRe, 
Parabolic m - -( 0.730/ V/Re, | 1.460/ V/Re, 
Cubic » = -(2) + - F 64—= | 0.646/VRe, | 1.292/ V/Re, 





The velocity profile for a laminar boundary layer developed over the 
plate of width b and length L is approximated by the parabola 
u/U = —(y/8 + 2(y/8), as shown in Fig. 11-17. Determine, as a 
function of x, the thickness 6 of the boundary layer, the skin friction 
coefficient c,, and the friction drag coefficient Cpp. 


SOLUTION 


Fluid Description. Here we have steady incompressible laminar 
flow over the surface. 


Boundary Layer Thickness. Substituting the function u/U into 


Fig. 11-17 Eq. 11-16 and integrating, we get 


srka -i)e 
a N O ea 


2 dé | 
= M 
TQ pu'| 2 2 (1) 


To obtain 6 we must now express 75, which is at the plate's surface 
(y — 0), in terms of à. Since laminar flow exists, this can be done using 
Newton's law of viscosity, evaluated at y — 0. 


du d ? 





11.3 THE MOMENTUM INTEGRAL EQUATION 


Therefore, Eq. 1 becomes 


2p U ; 2 dó E 
5 pU | 15 | Or p 5p dx 


Since 6 = 0 atx — 0, that is, where the fluid initially contacts the plate, 
then integration gives 


° : 30x 
pU / ôdô = / ISudx; | 87^ |— (3) 
Jo Jo pU 





Since Re, ^ pUx/p, we can also write this expression as 


_ 5.48x 


Ans. 
V Re, 


Skin Friction Coefficient. Substituting Eq. 3 into Eq. 2, the shear 
stress on the plate as a function of x is therefore 


. U 
= „uU = 0.365, nc = 0.365 VRe, 
Ae - 





ô 





FO UDP Q/2pU Voe, 





Ans. 


Friction Drag Coefficient. To determine Cp; we must first find Fpp 


be UB » X 
Fry = f rodA = f 0.365, [Eb dx) = 0.365b V upU? (2x?) = 0.730b V/upU?x 
A 0 0 
Therefore, using Eq. 11-13, 


. Fyjbx — | 1.460b V upU^x 


D — (1/2)pU? pU? bx 
1.460 
Cpr FE Ans. 


The three results obtained here are listed in Table 11-2. 
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Prandtl's one-seventh power law 
(a) 


Fig. 11-18 


du | 
£S large, Tp large 
dy ge, Tp targ 


11.4 Turbulent Boundary Layers 


Turbulent boundary layers are thicker than laminar ones, and the velocity 
profile within them will be more uniform due to the erratic mixing of the 
fluid. We can use the momentum integral equation to determine the drag 
caused by a turbulent boundary layer; however, it is first necessary to 
express the velocity profile as a function of y. The accuracy of the result, of 
course, depends upon how close this function approximates the true velocity 
profile. Although many different formulas have been proposed, one of the 
simplest that works well is Prandtl’s one-seventh power law. It is 


NUT 
- = (2) (11-18) 


This equation is shown in Fig. 11—18a. Notice that here the profile is fuller 
than the one developed for a laminar boundary layer. The flatness is 
necessary because, as previously stated, there is a large degree of fluid 
mixing and momentum transfer within turbulent flow. Also, because of 
this flatness, there is a larger velocity gradient near the plate’s surface. As 
a result, the shear stress developed on the surface will be much larger than 
that caused by a laminar boundary layer. 

Prandtl's equation does not apply within the laminar sublayer because 
the velocity gra dient,du/dy = (U/75)(y/5) ©’, at y = 0 becomes infinite, 
something that cannot happen. Therefore, as in all cases of turbulent 
boundary layers, the surface shear stress t, must be related to 6 by 
experiment. An empirical formula that agrees well with the data was 
developed by Prandtl and Blasius. It is 


1/4 
Tg 7 o.0225pu°(*) (11-19) 


We will now apply the momentum integral equation with these two 
equations, and thereby obtain the height 6 of the turbulent boundary 
layer as a function of its position x. Applying Eq. 11-16, we have 


4 à 
- = a 
To P ie QU U A 


E oas "= pur "(2)"(1 - (2) 
UP US P* dx Jy Nó ay Ff? 


y V^. d E 7 ) 7 dé 
0022 —] 7—|28--58]^7L— 
(=) dx X8 9 72 dx 


1/4 


8'/4a5 = o231(4) dx 


11.4 TURBULENT BOUNDARY LAYERS 


Although all boundary layers are initially laminar, Fig. 11-3, here we 
will assume the front surface of the plate is rather rough, and so the 
boundary layer will be forced to become turbulent, practically at the 
outset. Therefore, integrating from x = 0, where ô — 0, we have 


5 o- p MA f" p MS , 
f 6/4 dé = o231(=) f dx or ó — o37i(=) x^^ 
0 U 0 U 


Using Eq. 11-3 to express the thickness in terms of the Reynolds number, 


we have 
— 0371 
= y 
(Re,)!/° 


Shear Stress along Plate. Substituting Eq. 11-20 into Eq. 11-19, 
we obtain the shear stress along the plate as a function of x, Fig. 11-185. 


(Re, )'5 ), 
U(0.371x) 


(11-20) 


TO 0.0225pu°( 


_ 0.0288pU* 
(Re,)!^ 
Drag on Plate. Ifthe plate has a length L and a width b, then the 


drag can be found by integrating the shear stress over the plate’s area, 
Fig. 11-18c. 


(11-21) 


B "0.0288pU? E bL | 
B pe (bdx) —^ 0.0360pU?— ——. (11-22) 


MC D (Re, )'^ 


The frictional drag coefficient, Eq. 11-13, is therefore 


.. FyíbL 0.0721 "icm 
(1/2)pU? — (Rej)'^ mM 


This result has been checked by numerous experiments, and it has been 
found that a slightly more accurate value for Cp; can be obtained by 
replacing the constant 0.0721 with 0.0740. The result works well within the 
following range of Reynolds numbers: 


— 0.0740 

Dj (Re, ) 1/5 
The lower bound represents our limit for laminar boundary layers. For 
higher values of the Reynolds number, another empirical equation that 


fits relevant experimental data has been proposed by Hermann 
Schlichting. See Ref. [16]. It is 


0.455 


2.38 


(logio Rez)“ 


Keep in mind that all these equations are valid only if a turbulent 
boundary layer extends over the entire length of the plate. 


'Df 





5(10°) < Re, < 10’ (11-24) 


Df 10’ = Re; < 10? (11-25) 


Shear stress on plate 


(b) 


Drag on plate 
(c) 


Fig. 11-18 (cont.) 
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t 


I— ..—] 


Model 


(a) 





All turbulent 
(b) 





L-.—] 


Turbulent segment 


(c) 


E 


oo 


Laminar 
(d) 


Fig. 11-19 


| 


11.5 Laminar and Turbulent Boundary 
Layers 


As stated in Sec. 11.1, a real boundary layer on a smooth flat plate 
develops a laminar region, grows in height to become unstable at about 
(Re,).. = 5(10°), then eventually transitions to become turbulent. 
Therefore, to develop a more exact approach when calculating the 
friction drag on the plate, it is necessary to consider both the laminar and 
turbulent portions of the boundary layer. Through experiment, Prandtl 
discovered that this could be done by neglecting the friction drag within 
the transition region, since for fast flows it covers a very short distance 
along the plate. In other words, we can model the boundary laver like 
that shown in Fig. 11-19a. 

To calculate the friction drag, Prandtl first assumed that the boundary 
layer is completely turbulent over the plate's entire length L, Fig. 11-195, 
and so the drag can be found using Eq. 11-25 for the higher Reynolds 
numbers or greater distance x. Then an adjustment to this result is made 
by subtracting a turbulent segment of the drag up to the start of the 
transition zone, x — x4, Eq. 1124, Fig. 11-19c, and finally, adding the drag 
caused by the laminar portion up to this point (Blasius's solution), Eq. 
11-14, Fig. 11-194. The friction drag on the plate is therefore 


— 0.455 day 0.0740 
Foy (log; o Re; ^55 (1/2)pU"(bL) — (Re Jue /5 (1/2)pU* (bx) 
1.338. 
V/(Re, ).. a ———— (1/2)pU? (bx) 


Since Cp,for the plate is defined by Eq. 11-13, the friction drag coefficient is 


_ 0455 0.0740 x, | 1328 x, 
Df 2. 
(logio Rez)? (Re,)4/ P L V(Re,), L 





Finally, since by proportion x,,/L = (Re,),,/Re,, and if (Re,)., = 5(10°), 
then to fit experimental data for values of the Reynolds number between 
5(10°) = Re, < 10°, we have 


..— 0455 1700 
id (logjpRe,)*** ^ Re, 





5(10°) = Re, < 10° (11-26) 


A plot of the equations used to determine the friction drag coefficient 
for a range of common Reynolds numbers is shown in Fig. 11-20. Notice 
that the experimental data points, obtained from several different 
researchers, indicate close agreement with this theory. Realize that the 
curves are valid only when the transition in boundary layer flow occurs 
at a Reynolds number of 5(10?). If the free-stream velocity is subjected 
to any sudden turbulence, or the surface of the plate is somewhat rough, 
then the transition in flow will occur at a lower Reynolds number. When 
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Re; 


Friction drag coefficient for a flat plate 


Fig. 11-20 


this occurs, the constant in the second term (1700) in Eq. 11-26 will have 
to be modified to account for this change. The calculations accounting 
for these effects will not be outlined here; rather, they are covered in the 
literature related to this subject. See Ref. [16]. 


Important Points 


The momentum integral equation provides an approximate 
method for obtaining the thickness and surface shear-stress 
distribution caused by either a laminar or a turbulent boundary 
layer. To apply this equation, it is necessary to know the velocity 
profile u — u(y) and to be able to express the shear stress in terms 
of the boundary layer thickness à, 75 — fio). 


Blasius's solution for u — u(v) can be used for laminar boundary 
layers, and the shear stress 7; can be related to ó using Newton's 
law of viscosity. For turbulent boundary layers the flow is erratic, 
and so the needed relationships must be approximated from 


results obtained from experiments. For example, for a fully 
turbulent boundary layer, Prandtl's one-seventh power law along 
with a formulation by Prandtl and Blasius seems to work well. 


A laminar boundary layer exerts a much smaller shear stress on a 
surface than a turbulent boundary layer. A high degree of fluid 
mixing occurs within turbulent boundary layers, and this creates 
a larger velocity gradient at the surface, and therefore a higher 
shear stress on the surface. 


The frictional drag coefficient on a flat surface, caused by a 
combination laminar and turbulent boundary layer, can be 
determined by superposition, neglecting the region where transitional 
flow occurs. 
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EXAMPLE | 41.6 





Oil flows over the top of the flat plate in Fig. 11-21 with a free-stream 
velocity of 20 m/s. If the plate is 2 m long and 1 m wide, determine 
the friction drag on the plate due to the formation of a combination 
laminar and turbulent boundary layer. Take po, ^ 890 kg/m? and 
p, 7 340(10 7) N* s/m*. 





0.0955 = 
2m 


Fig. 11-21 

SOLUTION 

Fluid Description. We have steady flow and assume the oil is 
incompressible. 


Analysis. We will first determine the position x, where the 
laminar boundary layer begins to transition to turbulent. Here 
(Re,),, = 5(105), so 





Ux 
(Re,), =“ 
s(10°) = (890 kg /m?^)(20 m/s)x,, 


3.40( 10°) N- s/m? 
x4. — 0.0955 m < 2m 


Also, at the end of the plate, 





| 890 kg /m?)(20 2 
p e {890 kg/m*)(20 m/s)(2 m) _ 1.047(10’) 





11.5 LAMINAR AND TURBULENT BOUNDARY LAYERS 


Using Eq. 11-26 to determine the drag coefficient, since this equation 
applies for laminar-turbulent boundary layers within the range 
5(10°) = Re, < 10°, we have 


_ 0.455 1700 
: 0.455 1700 

[logo 1.047(107)|25* — 1.047(107) 
— 0.002819 


The total friction drag on the plate can now be determined using 
Eq. 11-13. 


u l > 
Fpy ^ Cp; > pU-bL 


0.002819( + )(s90 kg /m*)(20 m/s)?(1 m)(2 m) 
— 1004 N | Ans. 


The portion of this force created by the laminar boundary layer, 
which extends along the first 0.0955 m of the plate, can be determined 
trom Eq. 11-11. 


— 0.664bpU?L 
(Fpym ^ — ———-— 
V (Re;)« 


vV/s(105) 


LZ SLM IM 


By comparison, the turbulent boundary layer contributes the most 
friction drag. It is 


(Fp)u, ^ 1004 N — 319N 7 972N 
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EXAMPLE [11:7 


Water has a free-stream velocity of 10m/s over the rough surface of 
the plate in Fig. 11-22, causing the boundary layer to suddenly become 
turbulent. Determine the shear stress on the surface at x = 2 m, and 
the thickness of the boundary layer at this position. Take 
p, ^ 1000 kg/m? and u,, — 1.00(10?) N* s/m?. 





uM 


Fig. 11-22 
SOLUTION 
Fluid Description. We have steady flow and we assume water is 
incompressible. 


Analysis. For this case, the Reynolds number is 
U ( 1000 k m" J(I0 m/s)(2 m) 
_ = Balls g/ S / (10°) 
Hw 1.00( 107°) N- s/m? 
Using Eq. 11-21, since the boundary layer has been defined as fully 


turbulent, the shear stress on the surface atx =2 mis 


— 002889, U? _ 02881000 g/m) (10m/s: 
To (Re,) 1/5 [20( 105) |'5 
— 99.8 Pa pus 


And from Eq. 11-20, the thickness of the boundary layer at x = 2 m is 


: 0.370(2 
Ó — E m CIEN. = 0.02565 m 7 25.6mm Ans. 


(Re,)'5 — [20(10°) ]'* 


Although this is a small thickness, it is much thicker than a laminar 
boundary layer. Also, the calculated shear stress at x ^ 2 m will be 
higher than that caused by a laminar boundary layer. 
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EXAMPLE [711.8 


Estimate the friction drag on the airplane wing in Fig. 11—23 if it is 
assumed to be a flat plate, having an average width of 6 ft and length 
of 18 ft. The plane is flying at 300 ft/s. Assume the air is incompressible. 
Take p, ^ 0.00204 slug/ft? and j,, ^ 0.364(10 $) Ib - s/ft^. 





Fig. 11-23 


SOLUTION 


Fluid Description. We have steady incompressible flow relative to 
the airplane. 


Analysis. At the trailing or back edge of the wing, the Reynolds 


number is 
0.00204 slug / ft^ (300 ft /s)(6 ft 
Re, = paUL .. (0.00204 stug/f) B00 ft/sX6 fo — JG00 fi/sX6 fo _ 1.009(107) > 5(10°) 
Ha 0.364(10 5) Ib + s/f 


Therefore, the wing is subjected to a combined laminar and 
turbulent boundary layer. Applying Eq. 11-26, since it applies for 
5(10°) < Re, < 10°, we have 





_ 0455 1700 
PF (logioRez)*** ^ Re, 
E 0.455 |... 1700 
[logo 1.009(107) ?5* — 1.009(10") 
— 0.002831 


Since the friction drag acts on both the top and bottom wing surfaces, 
then using Eq. 11-13, 


l 
Fp ~ 71602) 





E ^| (00283118 ft)(6 to(3 (0.00204 slug/ ft )(300 ft is] 
— 56.1 Ib Ans. 
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Pressure and shear stress 
on a fixed surface 


(a) 





Forces on an element 
of surface arca 
(b) 


Fig. 11-24 


11.6 Drag and Lift 


In almost all cases, the natural flow of a fluid will be both unsteady and 

nonuniform. For example, the speed of the wind varies with time and 

elevation, and so does the s peed of water in a river or stream. Even so, for 
engineering applications we can often approximate the effect of these 

irregularities, either by averaging them out or by considering their worst 
condition. Then, with either of these approximations, we can investigate 

the flow as if it were steady and uniform. Here and in the following 

sections, we will study the effect of steady and uniform flow on bodies 

having different shapes, including flow past a n axisymmetric body such as 
a rocket, past a two-dimensional body such as a tall chimney, and past a 

three-dimensional body such as an automobile. 


Drag and Lift Components. Ifa fluid has a steady and uniform 
free-stream velocity U, and it encounters a body having a curved surface 
as shown in Fig. 11—24a, then the fluid will exert both a viscous tangential 
shear stress 7 and a normal pressure p on the surface of the body. For an 
element dA on the surface, we can resolve the forces produced by 7 and 
p into their horizontal (x) and vertical (y) components, Fig. 11-245. The 
drag is in the direction of U. When integrated over the entire surface of 
the body, this force becomes 


Fp ~ f- cos @dA + f» sin 0 dA (11-27) 
JA JA 
The Zift is the force that acts perpendicular to U. It is 


| 7 [rsinoas - [osostan (11-28) 
A A 

Provided the distributions of 7 and p are known over the surface, these 

integrations can be carried out. The following is an example of how this 

can be done. 





Since the loading ramps are held in the vertical 
position, they put a large pressure drag on the truck 
and reduce its fuel efficiency. 
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EXAMPLE [11:9 





The semicircular building in Fig. 11—25a is 12 m long and is subjected 
to a steady uniform wind having a velocity of 18 m/s. Assuming the 
air is an ideal fluid, determine the lift and drag on the building. Take 
p ^ 123kg/m*. 


SOLUTION 


Fluid Description. Since the air is assumed to be an ideal fluid, 
there is no viscosity, and so no boundary layer or viscous shear stress 
acts on the building, only a pressure distribution. We will also assume 
the building is long enough so end effects do not disturb this two- 
dimensional steady flow. 





Analysis. Using ideal flow theory, as outlined in Sec. 7.10, we have 
determined that the pressure distribution over the surface of a 
cylinder is symmetrical, and so for a semicylinder, as shown in 
Fig. 7-25b, it can be described by Eq. 7-67, namely, 


l > 
Pp —pot ;?U — 4sin* 0) 
Since p, — 0 (gage pressure), we have 


pot 5(1.23 kg/m*)(18 m/s)?(1 — 4 sin? @) 





— 19926(1 — 4 sin? 0) 
The drag is the horizontal or x component of dF, shown in Fig. 11-25). 
For the entire building it is 


Fp = [ (7 aayooso = f (199.26)(1 — 4 sin^ 6) cos 0| (12 m)(4 m) dé] 
A 0 
Z 956448 | (1 - 4 sin’ @) cos 6 dé 
0 


4 7T 
7 9564.48 sin 0 — Ssmo | =o Ans. 
0 
This result is to be expected since the pressure distribution is 


symmetrical about the y axis. 
The lift is the vertical or y component of dF. Here dF, is negative since 
it is directed in the —y direction, so that 


F; = | (waaysing = -f (199.26)(1 —4 sin^ 8) sin 0 (12 m)(4 m)d6| 
A J0 


—9564.48 | (1 — 4 sin^8) sin 0 d0 
0) 


4 T 
-956448 3 cos — 3 cos? ] 
0 





31.88(10°) N = 31.9kN Ans. 


The positive sign indicates that the air stream tends to pull the building 
up, as the word “lift” would suggest. 
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Fp 
Friction drag caused Pressure drag caused 
by the viscous shear by the change in momentum 
boundary layer of the fluid 


(a) (b) 





Combination of fridion drag 
and pressure drag 
(c) 


Fig. 11-26 


11.7 Pressure Gradient Effects 


In the previous section we noted that the forces of drag and lift are the 
result of a combination of viscous shear stress and pressure acting on the 
surface of a body. For example, consider the case of a flat plate. When its 
surface is aligned with the flow, Fig. 11—26a, only viscous shear drag will be 
produced on the plate. However, when the flow is perpendicular to the 
plate, as in Fig. 11-265, then the plate acts as a bluff body. Here only 
pressure drag is created. Pressure drag is caused by the change in the 
momentum of the fluid, as discussed in Chapter 6. The resultant shear drag 
is zero in this case because the shear stresses act equally up and down the 
plate's front surface. Notice that in both of these cases, the lift is zero 
because neither effect produces a resultant force in the vertical direction, 
perpendicular to the flow. To achieve both lift and drag, the plate must be 
oriented at an angle to the flow, as shown in Fig. 11-26c. A body that has a 
curved or irregular surface can also be subjected to the forces of lift and 
drag, and to better understand how these forces are created, let us consider 
the uniform flow over the surface of a long cylinder. 
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pressure 
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Ideal flow Ideal flow 
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Fig. 11-27 


Ideal Flow around a Cylinder. In Sec. 7.10 we discussed how 
the uniform flow of an ideal fluid around a cylinder creates a variable 
pressure distribution over its surface. The result is shown in Fig. 11-27a. 
Although some portions of the surface are subjected to a positive 
pressure (pushing), other portions are subjected to a negative pressure 
(suction). Here we will be interested only in how this pressure changes. 
This change is the pressure gradient. The Bernoulli equation 
(p/ y + V?/2g 7 const. ) indicates that the decreasing or negative 
pressure gradient, which occurs from A to B, will cause an increase in the 
velocity within this region, Fig. 11—27b. This is referred to as a favorable 
pressure gradient, because the flow is increased, in this case from zero at 
the stagnation point A to a maximum at B. Likewise, the increasing or 
positive pressure gradient, which occurs from B to C, causes a decrease in 
the velocity. This is referred to as an adverse pressure gradient, because it 
slows down the fluid, here from its maximum at B to zero at its stagnation 
point C. Since we have an ideal fluid, the pressure distribution is 
symmetrical around the cylinder, and so the resultant pressure drag 
(horizontal force) on the cylinder will be equal to zero. Furthermore, 
since an ideal fluid has no viscosity, there also is no viscous shear drag on 
the cylinder. 
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Fig. 11-28 


Real Flow around a Cylinder. Unlike an ideal fluid that can 
slide freely around a cylinder, a real fluid has viscosity, and as a result, the 
fluid will tend to form a boundary layer and cling to the cylinder’s surface 
as it flows around it. This phenomenon was studied in the early 1900s by 
the Romanian engineer Henri Coanda and is called the Coanda effect. 

To understand this viscous behavior, we will consider the long cylinder 
shown in Fig. 11—28a. The flow starts from the stagnation point at A, and 
thereafter it forms a laminar boundary layer on the cylinder as the fluid 
begins to travel around the surface. The favorable pressure gradient 
(pressure decrease) within this initial region increases the velocity, 
Fig. 11-285. Because the flow must overcome the drag effect of viscous 
friction within the boundary layer, the minimum pressure and maximum 
velocity will occur at point B'. This is sooner than in the case of ideal 
fluid flow. 

Although the boundary layer continues to grow in thickness farther 
downstream of point B’, the velocity decreases here because of the adverse 
pressure gradient (increasing pressure) acting within this region, Fig. 11-28. 
Point C' marks a separation of flow from the cylinder since the velocity of 
the slower-moving particles near the surface is finally reduced to zero at this 
point. Beyond C", within the boundary layer, the flow will begin to back up 
and move in the opposite direction to the free-stream flow. This ultimately 

will form a vortex, which will shed from the cylinder, as shown in Fig. 11—285. 

A series of these vortices or eddies produce a wake, whose energy will 

E eventually dissipate as heat. The pressure within the wake is relatively 

| constant, and the resultant of the entire pressure distribution around the 

cylinder produces the pressure drag Fp,. Fig. 11-28a. Notice that the 

Flow separation from the sides of the post magnitude of this force depends to some degree on the location of point C', 
M clearly evident In (is photo. where the flow separates from the cylinder. 





The Coanda effect, indicated by the bending 
of the waterstream as the water clings to the 
glass. 
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Fig. 11-29 


If the flow within the boundary layer is completely turbulent, Fig. 11-294, 
then separation will occur /ater than if the boundary layer flow is 
laminar, Fig. 11-29b. This happens because within a turbulent boundary 
layer, the fluid has more kinetic energy than in the laminar case. As a result, 
the adverse pressure gradient will take /onger to arrest the flow, and so the 
point of separation is farther back on the surface. Consequently, the resultant 
of the pressure distribution, Fig. 9—29a, will create a smaller pressure drag, 
(Fp,);. than in the case of laminar flow, where it is (F Dp) Fig. 9-29b. Since 
surface roughness has the effect of producing turbulent boundary 
layers, it may seem counterintuitive, but one way to reduce pressure drag 
is to roughen the cylinder's front surface. 

Unfortunately, the actual point C’ of flow separation for either laminar 
or turbulent boundary layers cannot be determined analytically, except 
through approximate methods. However, experiments have shown that, 
as expected, the point of transition from laminar to turbulent flow is a 
function of the Reynolds number, and therefore the pressure drag, like 
viscous or friction drag, will be a function of this parameter. For a 
cylinder, the “characteristic length” for finding the Reynolds number is 
its diameter D, so Re ^ pVD/y. 


Vortex Shedding. When the flow around a cylinder is at a low 
Reynolds number, laminar flow prevails, and the boundary layer will 
separate from the surface symmetrically from each side, forming eddies 
that rotate in opposite directions as shown in Fig. 11-30. As the Reynolds 
number increases, these eddies will elongate, and one will begin to break 
away from one side of the surface before another breaks away from the 
other side. This stream of alternating vortex shedding causes the pressure 
to fluctuate on each side of the cylinder, which in turn tends to vibrate 
the cylinder perpendicular to the flow. Theodore von Kármán was 





Smooth cylinder 
Laminar boundary layer 


Larger drag force 
(b) 





Whale flippers have tubercles on their 
leading edge as noted in this photo. Wind 
tunnel tests have revealed that the flow 
of water between each pair of tubercles 
produces clockwise and counterclockwise 
vortices, which energizes the turbulent flow 
within the boundary layer, thus preventing 
the boundary layer from separating from 
the flipper. This gives the whale more 
maneuverability and less drag. (© MASA 
USHIODA/Alamy) 
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This tall thin-walled metal chimney can be 
subjected to severe wind loadings. At a critical 
wind speed, its cylindrical shape will produce 
a von Karman vortex street that will shed off 
each side as noted in Fig. 11-30. This can cause 
the chimney to oscillate perpendicular to the 
direction of the wind. To prevent this, the spiral 
winding, referred to as a fence or “strake,” 
disturbs the flow and prevents the formation 
of the vortices. 





von Karman vortex street 


Fig. 11-30 


one of the first to investigate this effect, and the vortex stream so formed 
is often called a von Karman vortex trail or vortex street, so named 
because the alternate vortices are placed like houses along a street. 
The frequency fat which the vortices are shed from each side of a cylinder 
of diameter D is a function of the Strouhal number, which is defined as 
— [D 


St = — 
V 


This dimensionless number is named after the Czech scientist Vincenc 
Strouhal, who studied this phenomenon as it pertains to the "singing" 
noise developed by wires suspended in an airstream. Empirical values for 
the Strouhal number, as it relates to the Reynolds number for flow around 
a cylinder, have been developed and can be found in the literature. See 
Ref. [29]. At very high Reynolds numbers, however, the vortex shedding 
tends to disintegrate into uniform turbulence off both sides of the cylinder, 
and so the vibrations will tend to die out. In spite of this, conditions can 
occur where the oscillating force caused by vortex shedding produces 
vibrations that must be taken into account when designing structures such 
as tall chimneys, antennas, submarine periscopes, and even the cables of 
suspension bridges. 


11.8 The Drag Coefficient 


As previously stated, the drag and lift on a body are a combination of the 
effects of both viscous friction and pressure, and if the shear and pressure 
distributions over the surface can be established, then these forces can be 
determined, as demonstrated by Example 11.9. Unfortunately, the 
distributions of p and especially 7 are generally difficult to obtain, either 
through experiment or by some analytical procedure. A simpler method 
for finding the drag and lift is to directly measure them through experiment. 
In this section we will consider how this is done for drag, and later, in 
Sec. 11.11, we will consider lift. 


It has become a standard procedure in fluid mechanics to express the 
drag in terms of the fluid’s dynamic head, the projected area A, of 
the body into the fluid stream, and a dimensionless drag coefficient Cj. 
The relationship is 


(11-29) 





The value of Cp is determined from e xperiments, normally performed on 
a prototype or model placed in a wind or water tunnel or in a channel. For 
example, Cp for a car is determined by placing it in a wind tunnel, and 
then, for each wind velocity V, a measurement is made of the horizontal 
force Fp required to prevent the car from moving. The value of Cp for 
each velocity is then determined from 


Fp 


Cp ————— 
© (1/2)pV7A, 


Specific values of Cp are generally available in engineering handbooks 
and industrial catalogs for a wide variety of shapes. Its value is not 
constant; rather, experiments indicate that this coefficient depends on a 
number of factors, and we will now discuss some of these for several 
different cases. 


Reynolds Number. In general, the drag coefficient is highly 
dependent on the Reynolds number. In particular, objects or particles 
that have a very small size and weight, such as powder falling through air, 
or silt falling through water, have a very low Reynolds number (Re = 1). 
Here no flow separation occurs from the sides of the particle, and the 
drag is due only to viscous friction caused by laminar flow. 

If the object has a spherical shape, then for laminar flow the drag can be 


determined analytically using a solution devel oped in 1851 by George Stokes. 
He obtained his result by solving the Navier-Stokes and continuity equations, 


and his result has been confirmed by experiment. See Ref. [7]. It is 


Using the definition of the drag coefficient in Eq. 11—29, where the 
projected area of the sphere into the flow is A, — (7/4)D", we can now 
express Cy in terms of the Reynolds number, Re ^ pVD/ y. It is 


Cp = 24/Re (11-30) 


Experiments have shown that Cy for other shapes also has this reciprocal 
dependence on Re, provided Re = 1. For example, a circular disk held 
normal to the flow has a Cp ~ 20.4/Re. See Ref. [19]. 


"This equation is sometimes used to measure the viscosity of a fluid having a very high 
viscosity. The experiment is done by dropping a small sphere of known weight and diameter 
into the fluid contained in a long cylinder and measuring its terminal velocity. Then 
p 7 Fp/(37 VD). Further details are given in Example 11.12 as to how to obtain Fp. 
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Acceleration occurs when the weight of 
these people is greater than the drag force 
caused by the air. As their speed increases, 
the drag increases until at terminal velocity, 
equilibrium is achieved at about 200 kph or 
120 mi/h. 
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Drag coefficients for a sphere and long cylinder 


Fig. 11-31 


Cylinder. Experimental values of Cp for flow around the sides of a 
smooth and a rough cylinder as a function of the Reynolds number are 
shown on the graph in Fig. 11-31. (From Ref. [18].) Notice that as the 
Reynolds number incre ases, Cy begins to decrease, until it reaches a constant 
value at about Re ~ 10°. From this point until Re ^ 10°, laminar flow 
remains around the cylinder. The sudden drop in Cp, at Reynolds numbers 
within the high range 10° < Re < 10°, occurs because the boundary layer 
over the surface changes from laminar to turbulent, thereby causing the 
separation point for the flow to occur farther downstream on the back of the 
cylinder. As mentioned in the previous section, this results in a smaller 
region for the wake and a lower pressure drag. Although there is a slight 
increase in the viscous drag, the net effect will still cause the total drag to be 
reduced. Also, notice that the drop in Cp occurs sooner for the cylinder with 
the rough surface, Re — 6( 10^), because a rough surface disturbs the 
boundary layer into becoming turbulent sooner than a smooth surface. 


Sphere. When a fluid flows around a three-dimensional body, it 
behaves in much the same way as it does in a two-dimensional case. 
However, here the flow can go around the ends of the body as well as 
around its sides. This has the effect of extending the point of flow 
separation and thereby lessens the drag on the body. For example, the 
drag force acting on a smooth sphere is also shown in Fig. 11—31, Ref. [18]. 
Note that it initially follows Stokes' equation for Re — 1. The shape of 
this curve is similar to that for the cylinder; however, for high Reynolds 
numbers, the values of Cy for the sphere are about half of those obtained 
for the cylinder. As before, the characteristic drop in Cp at high Reynolds 
numbers is attributed to the early transition from a laminar to a turbulent 
boundary layer; and as with the cylinder, a rough surface on a sphere will 
also contribute a further drop in Cp. This is why manufacturers put 
dimples on golf balls and roughen the surface of tennis balls. Such objects 
move at high speeds, and so, within the range of the Reynolds number 
where this occurs, the rough surface will produce a lower Cp, and the ball 
will travel farther than it would if it had a smooth surface. 





Froude Number. When gravity plays a dominant role on drag, 
then the drag coefficient will be a function of the Froude number, 
Fr = V/ V gl. Recall from Sec. 8.4 that both the Froude and Reynolds 
numbers are used for similitude studies of ships. These numbers are 
important, since the drag is produced by both viscous friction on the hull 
and the lifting of water to create waves. We showed how models can be 
tested to study these effects independently. In particular, an experimental 
relationship between the wave drag coefficient (Cp)waye and the Froude 
number can be established, and by plotting the data of Fr versus (Cp) wave 
for different hull geometries of the ship's model, it is then possible to 
make comparisons before choosing a proper shape for design. 


Mach Number. When the fluid is a gas, such as air, compressibility 
effects may have to be considered when determining the drag on the 
body. As a result, the drag coefficient will then be a function of both 
the Reynolds number and the Mach number, since, apart from pressure, 
the dominant forces on the body will be caused by inertia, viscosity, and 
compressibility.” 

Although the drag is affected by both viscous friction and the pressure 
on the body, when compressibility becomes significant, the effect of 
these two components will be quite different than when the flow is 
incompressible. To understand why this is so, consider the variation in 
Cp versus M for a blunt body (cylinder) and one with a tapered or 
conical nose, Fig. 11-32, Ref. [6]. At low Mach numbers (M - I), or 
velocities below the speed of sound, the drag is primarily affected by 
the Reynolds number. As a result, in both cases Cp increases only 
slightly. As sonic flow is approached there is a sharp increase in Cp. At 
the point M = 1, a shock wave is formed on or in front of the body. Shock 
waves are very thin, on the order of 0.3 um, and cause abrupt changes in 
the flow characteristics, as we will discuss in Chapter 13. What is 
important here is to realize that a sudden increase in pressure occurs 
across the wave, and this increase causes an additional drag on the body. 
In aeronautics it is referred to as wave drag. At such high speeds, the 
drag will be independent of the Reynolds number. Instead, only the 
wave drag, created by the pressure change over the shock wave, produces 
the predominant amount of the drag. 

Notice that the greatest reduction in drag occurs when the nose is 
tapered, as on a jet aircraft, since then the wave drag is confined to the 
small *front" region on the nose. As the Mach number increa ses, for both 
the blunt and tapered bodies, the shock wave becomes more inclined 
farther downstream, and the width of the wake behind the wave is 
thereby reduced, causing Cp to decrease. Incidentally, the shape of the 


"Recall that the Mach number is M — V /c, were c is the speed of sound as measured in 
the fluid. 
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The bulb on the lower bow of this ship 
significantly reduces the height of the bow 
wave and the turbulent flow around the bow. 
The reduced drag coefficient thereby saves 
fuel costs. 


Blunt body (d 





2 


Drag coefficient for a 
Blunt body and a tapered body 


Fig. 11-32 
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back end of both the blunt and tapered bodies has very little effect on 
reducing Cp for supersonic flow, because the predominant drag is caused 
by the shock wave. For subsonic flow, however, no shock wave is formed, 
and so the viscous drag is reduced if the back end is tapered, since this 
discourages flow separation. 


11.9 Drag Coefficients for Bodies 
Having Various Shapes 


The flow around bodies having a variety of different shapes follows the 
same behavior as flow around a cylinder and a sphere. Experiments have 
shown that for large Reynolds numbers, generally on the order of 
Re > 10*, the drag coefficient Cp is essentially constant for many of these 
shapes, because the flow will separate at the sharp edges of the body and 
thereby become well defined. Typical values of drag coefficients for some 
common shapes are given in Table 11-3, for Re 7 10*. Many other 
examples can be found in the literature. See Ref. [19]. Realize that each 
value of Cp depends not only on the body's shape and the Reynolds 
number, but also on the angle at which the body is oriented within the 
flow and the body’s surface roughness. 


Applications. Ifa composite body is constructed from the shapes 
listed in Table 11-3, and each is fully exposed to the flow, then the 
drag, as determined from Eq. 11-30, Fp = CpA, (pV?/2). becomes a 
superposition of forces calculated for each shape. When using the 
table, or other available data for Cp, some care should be exercised 
by considering the conditions under which it is applied. In actual 
practice, nearby bodies can influence the pattern of flow around the 
object being studied, and this can greatly affect the actual value of 
C p. For example, in a large city, structural engineers construct models 
of existing buildings surrounding the building to be designed, and 
then test this entire system in a wind tunnel. Occasionally, the 
complicated pattern of wind flow will lead to an increased pressure 
loading on the building being considered, and so this increase must be 
taken into account as part of the design loading. Finally, remember 
that this data was prepared for steady uniform flow, something that 
actually never occurs in nature. Consequently, one should exercise 
good engineering judgment, based on experience and intuition about 
the flow, whenever any value of Cp is selected. 
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TABLE 11-3 Drag Coefficients for Re > 10 


Cp — 1.20 





Semicylinder 


Cy, 039 
Cp -— 





Hollow hemisphere 





—m 
Cp = 0.43 


Solid Hemispere 


Cp = 1.1 





Disk Rectangular plate 
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Important Points 


* Flow can create two types of drag on an object: a tangential 
viscous friction drag caused by the boundary layer, and a normal 
pressure drag caused by the momentum change of the fluid 
stream. The combined effect of these forces is represented by 
a dimensionless drag coefficient Cp, which is determined 
by experiment. 


When fluid flows over a curved surface, a pressure gradient is 
developed over the surface. This gradient accelerates the flow 
when the pressure becomes /ess, or the gradient is decreasing 
(favorable), and it decelerates the flow when the pressure becomes 
greater, or the gradient is increasing (adverse). If the flow is 
slowed too much, it will separate from the surface and form a 
wake or region of turbulence behind the body. Experiments have 
shown that the pressure within the wake is essentially constant 
and is about the same as it is within the free-stream flow. 


The separation of boundary layer flow from a curved surface will 
give rise to an unequal pressure distribution over the surface of 
the body, and this produces the pressure drag. 


Uniform flow of an ideal fluia around a symmetric body will 
produce no boundary layer, and hence no shear stress on the 
surface, because there is no fluid viscosity. Also, the pressure 
distribution around the body will be symmetric, and therefore it 
has a zero force resultant. Consequently, the body will not be 
subjected to drag. 


Cylindrical surfaces can be subjected to boundary layer 
separation, which can lead to alternating vortex shedding at high 
Reynolds numbers. This can produce oscillating forces on the 
body that must be considered in design. 


Experimentally determined drag coefficients, Cp, for cylinders, 
spheres, and many other simple shapes are available in the 
literature. Specific values either are tabulated or are presented in 
graphical form. In either case, Cp is a function of the Reynolds 
number, the body's shape, its orientation within the flow, and its 
surface roughness. For some applications, forces other than 
viscosity become important, and so Cp may, for example, also 
depend upon the Froude number or the Mach number. 
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EXAMPLE [11:10 





The hemispherical dish in Fig. 11-33 is subjected to a direct uniform 
wind speed of 60 ft/s. Determine the moment of the force created by 
the wind on the dish about the base of the post at A. For air, take 
p, 7 0.00238 slug/ft and u, = 0.374( 10%) Ib - s /fè. 





Fig. 11-33 


SOLUTION 


Fluid Description. Because of the relatively slow velocity, we will 
assume the air is incompressible and the flow is steady. 


Analysis. The “characteristic length” for the dish is its diame ter, 5 ft. 
Therefore, the Reynolds number for the flow is 


Re = LavD (0.00238 slug/ft? )(60 ft/s)(5 ft) 
p Tm am lLAÁAÁAA—É— LÁ 
Ha 0.374( 1076) Ib-s/ft? 
From Table 11-3, the drag coefficient isCp = 1.4, so applying Eq. 11-29 


yields 
y? 
Fp = cA (£5 ) 


L4[ m(2.5ft)? ] 


— j91(10$) — (10*) 





(0.00238 slug/ft? )(60 ft/s)? 
2 


— 117.8 Ib 


Notice the significance of how much the diameter and velocity affect 
this result, since each is squared. Due to the uniformity of the wind 
distribution, Fp acts through the geometric center of the dish. The 
moment of this force about A is therefore 


M — (117.8 Ib)(15 ft) — 1766 Ib: ft Ans. 


An additional moment of the wind loading on the post (cylinder) can 
also be included. 
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EXAMPLE [11:11 





The sports car and driver in Fig. 11—34a have a total mass of 2.3 Mg. The 
car is traveling at 11 m/s when the driver puts the transmission into 
neutral and allows the car to freely coast until after 165s its speed 
reaches 10 m/s. Determine the drag coefficient for the car, assuming its 
value is constant. Neglect rolling and other mechanical resistance 
effects. The projected front area of the car is 0.75 m?. 





SOLUTION 


Fluid Description. Relative to the car we have uniform unsteady 
flow because the car is slowing down. We will assume the air is 
incompressible. At standard temperature, o, = 1.23 kg/m’. 


Analysis. Since the car can be considered as a rigid body, we can 
apply the equation of motion, XF = ma, and then use a — dV /dt to 
relate the car's velocity to the time. Alternatively, although it amounts 
to the same thing, we can choose the car as a “control volume,” draw 
its free-body diagram, Fig. 11-345, and then apply the momentum 
equation, 


_ a 
13 F, z] Vp dY + f vovas 


Since there are no open control surfaces, the last term is zero. The first 
term on the right can be simplified, noting that Vp is independent of 
the volume of the car, and so | av = Y. But pY — m, the mass of the 
car and driver, and therefore, the above equation becomes 


_dmV) _ dV 


LAF 
XF, d m di 
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(b) 


Finally, since Fp is the drag on the car, we have 


ne ey 
—CpA, m — m-— 





2 dt 
Separating the variables V and t, and integrating, we get 


p ue " dV 
2€ pApp, ] dt ^ —m y 


0 V, 


t | V 


l = 
5 CDA pPaf s "me 








0 


l = l l 
> CDApPaf = "(3 es x) 


Và 


Substituting the data, 





lc (03542 aon y= miae im. ee 
7 Cp(0.75 m^) (1.23 kg/m? )(165 s) — (2.3(10 (x7 = =) 


— 


En D Ans. 


Aerodynamic design of the 2014 C7 corvette 
used in this example was based on both a 
CFD analysis and over 700 hours of wind 
tunnel testing. The purpose was to achieve 
an optimum balance of zero lift and 
required airflow for mechanical cooling, 
while maintaining a low Cp. (© General 
Motors, LLC) 
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EXAMPLE [11:12 


ViscOUS FLOW OVER EXTERNAL SURFACES 








(a) 


$ F, 


mg 


(b) 


Fig. 11-35 





The 0.5-kg ball has a diameter of 100 mm and is dropped into the tank 
of oil, Fig. 11-35a. Determine its terminal velocity as it falls downward. 
Take p, — 900 kg/m? and u, — 0.0360 N * s/m". 


SOLUTION 


Fluid Description. Relative to the ball we initially have unsteady 
flow, until the ball reaches its terminal velocity, at which time we then 
have steady flow. We assume the oil is incompressible. 


Analysis. The forces acting on the ball include its weight, buoyancy, 
and drag, Fig. 11-355. Since equilibrium occurs when the ball reaches 
terminal velocity, we have 


-1ZF, 0; F, + Fp- mg = 0 


The buoyancy force is F;, ~ p,gV, and the drag is expressed by 
Eq. 11-29. Thus 


^? 


a 
Pog V + CoA, Pi) — mg — 0 


^ 4 : 900 k m? V2 
(900 kg/m? )(9.81 m/s*)(4)m0.05 m)? + Cpr(0.05 m) ( g/ | f 


2 


— (0.5kg)(9.81 m/s?) = 0 
CpV/ — 0.07983 m? /s? (1) 


The value for Cy is found from Fig. 11-31, but it depends upon the 
Reynolds number. 


pe = PVD _ (900 kg/m*)(V,)(0.1 m) 
EM" 0.0360 N * s/m? 


The solution will proceed using an iteration process. First, we will 
assume a value of Cp and then calculate V, using Eq. 1. This result will 
then be used in Eq. 2 to calculate the Reynolds number. Using this 
value in Fig. 11-31, the corresponding value of Cy is obtained. If it is 
not close to the assumed value, we must repeat the same procedure 
until they are approximately equal. The iterations are tabulated. 


= 2500V, (2) 


Iteration Cp V, (m/s) Re Cp 
(Assumed) (Eq. 1) (Eq. 2) (Fig. 11-31) 
1 0.2825 706 0.55 
0.55 0.3810 952 0.50 
0.50 0.3996 999 0.48 (okay) 


Therefore, the terminal velocity is 
V, = 0.3996 m/s = 0.400 m/s Ans. 
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11.10 Methods for Reducing Drag 


In Sec. 11.7 it was shown that when the front of a cylinder is artificially 
roughened, turbulence occurs sooner in the boundary layer, thereby moving 
the point of flow separation farther back on the cylinder, Fig. 11-29a. As a 
result, pressure drag is reduced. Another way of moving the point of 
separation back is to streamline the body, such that it takes the form of a 
teardrop, as shown in Fig. 11-36. Although pressure drag is reduced, more 
of the surface is in contact with the fluid stream, and so the friction drag is 
increased. The optimal shape occurs when the total drag, which is a 
combination of both the pressure drag and the friction drag, is a minimum. 

The flow around an irregularly shaped body can be complex, so the 
optimal shape for any streamlined body must be determined by exper iment. 
Also, a design that works well within one range of Reynolds numbers may 
not be as effective within other ranges. As a general rule, for/ow Reynolds 
numbers the viscous shear will create the maximum component of drag, 
and for high numbers the pressure drag component will dominate. 


Airfoils. A common streamlined shape is an airfoil, Fig. 11-37a, and 
the drag acting on it depends upon its angle of attack a with the free-flow 
airstream, Fig. 11-37b. As shown, this angle is defined from the horizontal 
to the cord of the wing, that is, the length measured from the leading edge 
to the trailing edge. Notice that as a increases, the point of flow separation 
moves toward the leading edge, and this causes the pressure drag to 
increase, because the inclination of the wing projects a larger area into the 
airstream and the pressure on the back side is diminished. 

To properly design an airfoil to reduce pressure drag, the separation 
point should therefore be as far back from the leading edge as possible. 
To accomplish this, modern wings have a smooth surface on the front 
side of the wing, to maintain a laminar boundary layer, and then, at the 
point where the transition to turbulence occurs, the boundary layer is 
energized, either by a rough surface or by using vortex generators, which 
are small protruding fins on the top of the wing. This allows the boundary 
layer to cling farther back onto the wing’s surface, and although this 
increases friction drag, it will also, as we have seen for the cylinder, 
decrease the pressure drag. 

Apart from defining an appropriate shape for an airfoil, aeronautical 
engineers have devised other methods for boundary layer control. Delayed 
separation for large angles of attack can be achieved by using slotted flaps 
or leading-edge slots, as shown in Fig. 11—38. These devices are designed to 
transfer fast-moving air from the bottom of the wing to its upper surface in 
an effort to energize the boundary layer. Another method produces 
suction of the slow-moving air within the boundary layer, either through 
slots or through the use of a porous surface. Both of these methods will 
increase the speed of the flow within the boundary layer and thus delay its 
separation. They also have the advantage of thinning the boundary layer, 
and thus delaying its transition from laminar to turbulent. Achieving these 
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Streamlined body 


Fig. 11-36 
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Flow separation at angle of attack a 
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Fig. 11-37 





Slotted flap 





Slotted wing 


Fig. 11-38 
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designs can be difficult, however, since it requires some ingenuity in 
addressing the structural and mechanical problems that arise. 


Airfoil Drag Coefficients. The drag on airfoils has been studied 
extensively by the National Advisory Committee for Aeronautics 
(NACA). They, and others, have published graphs that have been 
used by aeronautical engineers to determine the section drag 
coefficient, (C5)... that applies to aircraft wings of various shapes. As 
stated this coefficient is for section drag; that is, it assumes the wing 
has an infinite length so that flow around the wing tip is not considered, 
A typical example for a 2409 wing profile is shown in Fig. 11-39. The 
additional flow around the wing tip produces an induced drag on the 
wing, and we will study its effects in the next section. Once (Cp). and 
the induced drag coefficient (Cp); are known, then the “total” drag 
coefficient Cp = (Cp). + (Cp); can be determined. The drag on the 
airfoil is then 


(11-31) 





Here A,, represents the planform of the wing, that is, the projection of its 
top or bottom area. 
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Fig. 11-39 


*In 1958, this agency was incorporated into the newly created National Aeronautics and 
Space Administration (NASA), 
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Road Vehicles. Through the years it has become important to 
reduce the aerodynamic drag on cars, buses, and trucks to save on fuel 
consumption. Although streamlining is limited for these cases by length 
restrictions on the vehicle, it is possible to decrease Cp for cars by 
redesigning their front and back profiles, rounding the forward surfaces 
of sideview mirrors, recessing the door handles, eliminating outside 
antennas, and rounding the corners of the body. By doing this, automotive 
engineers have been able to reduce drag coefficients from values as high 
as 0.60 to around 0.30. For freight trucks, drag coefficients can be as high 
as 1.35. However, a reduction of about 20% can be achieved by adding 
shrouds or wind deflectors that direct the airstream smoothly around 
the cab and along the bottom sides of the trailer. See the accompanying 
photos. 

The drag coefficient for any type of vehicle is a function of the 
Reynolds number; however, within the typical range of highway speeds, 
the value of Cp is practically constant. Table 11-4 lists values for some 
modern-day vehicles, although specific values for any particular vehicle 
can be obtained from published literature. See Ref. [23]. Once Cp is 
obtained, the drag can then be determined using Eq. 11-29, that is 


_ pv 
Fp ~ CoA) 


Here A, is the projected area of the vehicle into the flow. For utility 
trucks and SUVs this area is about 25 ft? (2.32 m7), and for average-size 
passenger cars it is about 8.50 ft? (0.790 m"). 


TABLE 11-4 


Vehicle Cp 
Utility truck 0.6—0.8 
Sport Utility Vehicle (SUV) 0.35-0.4 
Lamborghini Countach 0.42 
VW Beetle 0.38 
Toyota Celica convertible 0.36 
Chevrolet Corvette C5 0.29 
Toyota Prius 0.25 
Bicycle 1-1.5 











Modern trucks have rounded grills in their 
front, skirts along the bottom of their sides, 
and a roof fairing, which if properly fitted 
will reduce drag and produce fuel savings 
of about 6%. Also, the fenders on the back 
side will further reduce turbulence and 
decrease drag. 





Racing cars must maximize downward force 
on the car to matntain stability and yet 


minimize drag. (© Bob Daemmrich/ Alamy) u 
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Suction F, 
Higher velocity 











E velocity 
(a) (b) 
Fig. 11-40 


11.11 .Lift and Drag on an Airfoil 


The effect of a fluid flowing over the surface of a body not only creates 
drag on the body but can also create lift. We have mentioned that the drag 
acts in the direction of motion of the airstream, but the lift acts 
perpendicular to it. 


Airfoil Lift. The phenomenon of lift produced by an airfoil or wing 
can be explaine d in different ways. Most commonly, the Bernoulli equation 
is used to do this.* Basically, the argument states that the higher the 
velocity, the lower the pressure, and vice versa (p/y + V?/2g = const.). 
Since the flow over the longer top of an airfoil, Fig. 11—40a, is faster than 
that beneath its shorter bottom, the pressure on top will be lower than 
on the bottom. This creates a pressure distribution like that shown in 
Fig. 11—40b, and its resultant force F; produces the lift. 





Segment of airflow over wing 
as seen from wing 


(a) (b) 
Fig. 11-41 





* This equation gives a conceptual reason why lift can occur, but it cannot be used to 
actually calculate the lift because the flow over the wing's top surface will not directly 
correspond to the flow over the bottom surface. 
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Lift, however, can be more fully explained only by using the Coanda 
effect, which was discussed in Sec. 11.7. For example, consider the 
airstream that passes over the wing's surface in Fig. 11—41a. Because 
viscosity causes the air to c/ing to the surface, the layers of air just 
above the surface begin to move faster and faster as they form the 
boundary layer, until the speed of the air eventually matches the 
uniform speed of the airflow relative to the wing, V,,,,,. The shear and 
pressure forces between these moving layers cause the flow to bend in 
the direction of each slower-moving layer. In other words, the air is 
forced to follow the surface of the wing. This effect of redirecting the 
airstream propagates upward from the surface of the wing at the speed 
of sound, since the pressure within the airstream tends to prevent the 
formation of voids between fluid layers. As a result, a very large volume 
of air above the wing will be redirected downward and ultimately 
produce a *downwash" behind the wing. Fig. 11-415. If the wing moves 
through calm air with a velocity V,,, as in Fig. 11-41c, then the velocity 
of the air coming off the trailing edge of the wing, as observed from the 
wing (or by the pilot), will be V,,,. By vector addition, Fig. 11—414d, the 
"downwash" velocity of the air as seen by an observer on the ground 
will almost be vertical since V, Z Vy + Vaw- In other words, when a 
plane flies close overhead, a ground observer will feel the airstream 
directed somewhat vertically downward. 

The bending of the air around the wing in the manner just described 
in effect gives the air an (almost) vertical momentum. To do this, the 
wing must produce a downward force on the airstream, and by Newton’s 
third law, the airstream must produce an equal but opposite upward 
force on the wing. It is this force that produces lift. Notice from the 
pressure distribution, Fig. 11—42a, that the greatest lift (greatest negative 
or suction pressure) is produced on the front top third of the wing, 
because here the airstream must bend the greatest amount to follow the 
wing's surface. On the bottom surface there is also a component of lift, 
caused by a redirection of flow, although here the pressure is positive. 
Of course, this resultant lift will be even larger if the wing profile is 
somewhat curved or cambered, as in Fig. 11—42b. 


F; 






Low pressure 
(suction) 





High pressure 





Pressure distribution Pressure distribution—cambered airfoil 
(a) (b) 


Fig. 11-42 
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(c) 


Vi 
Vi iw 
Va 
V, = Vy + Vow 
(d) 


Fig. 11-41 (cont.) 
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Circulation. In Sec. 7.10 we showed that an ideal fluid will cause lift 
on a rotating cylinder when we superimpose a circulation! about the 
cylinder, while the cylinder is subjected to a uniform flow. Martin Kutta 
and Nikolai Joukowski have independently shown that the lift, as 
calculated from Eq. 7-73, L — pUT, also holds for any closed-shaped 
body subjected to two-dimensional flow. This important result is known 
as the Kutta-Joukowski theorem, and in aerodynamics it is often used to 
estimate the lift on both airfoils and hydrofoils. 

To show how this works, consider the airfoil in Fig. 11—43a when it is 
subjected to the uniform flow U. Here stagnation points develop on the 
leading edge A and back at the top B of the trailing edge. However, ideal 
fluids cannot support this flow, because an ideal fluid would have to 
round the bottom of the trailing edge, and then move up to the stagna tion 
point at B. Physically, this is not possible, since it would take an infinite 
normal acceleration to change the direction of the velocity to round a 
sharp edge. Therefore, in order to bring the flow in line, so that it leaves 
the tail smoothly, in 1902 Kutta proposed adding a clockwise circulation | 
about the airfoil, Fig. 11—43b. In this way, when the two flows, Fig. 11—43a 
and 11—43b, are superimposed, air on top of the airfoil moves faster than 
air on the bottom, and the stagnation point B moves to the trailing edge, 
Fig. 11-43c. The faster-moving air on top then has a lower pressure, 
whereas the slower-moving air on the bottom has a higher pressure, and 
this pressure difference gives rise to the lift as calculated by L ^ pUl. 
Aeronautical engineers have used this equation, and it has been shown 
to be in close agreement with the lift measured experimentally for airfoils 
having low angles of attack. 





—A s~ 


Flow without circulation 


(a) 


4 


EE - 


Flow with circulation Superposition of flow 


(b) Fig. 11-43 (c) 
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Experimental Data. Although the lift coefficient C; can be 
calculated analytically using the circulation for small angles of attack, for 
larger angles the values of C; must be determined by experiment. Values 
of C, are usually plotted as a function of the attack angle a, and they look 
something li ke Fig. 11—44, which, again,is for the 2409 NACA wing section. 
With this data, and the planform area A, of the wing, the lift force is then 
calculated using the equation 


Lift Coefficient, C; 


(11-32) 





Itis interesting to note what happens to the lift as the angle of attack of an 
airfoil increases. As shown in Fig. 11—45a, for a properly designed airfoil, 





the point of separation of the boundary layer will be near the trailing edge 0 4 8 12 16 20 24 28 32 
of the wing when the attack angle is zero. As a increases, however, this Angle of attack, a 

forces the air within the boundary layer to move faster over the top of Lift coefficient C, for 

the leading edge, causing the point of separation to move forward. When NACA airfoil 2409 


the angle of attack reaches a critical value, a large turbulent wake over the 
top surface of the wing develops, which increases the drag and causes the 
lift to suddenly drop off. This is a condition of stall, Fig. 11-45b. In 
Fig. 11-44, it is the point having the maximum lift coefficient, C, — 1.5, 
which occurs ata = 20°. Obviously, a stall is dangerous for any low-flying 
aircraft that may not have enough altitude to recover level flight. 

Apart from changing the angle of attack to generate lift, modern Separation point 
aircraft also have moveable flaps on their leading and trailing edges to 
increase curvature of the wing, Fig. 11-46. They are used during takeoffs 
and landings, when the velocity is low and the need for controlling lift 
relative to drag is most important. 


Fig. 11-44 


(a) 
Race Cars.  Airfoils, such as those described here, are also on racing 


cars. See photo on p. 615. These devices, along with a unique body shape, 
are designed to enhance the braking of the car by creating a downward Separation point 
force due to the aerodynamic effects of the foil. Also, without an airfoil, 
lifting forces developed underneath the car may cause the tires to lose 
contact with the road, resulting in a loss of stability and control. 
Unfortunately, an airfoil used for this purpose can result in a higher- 
than-normal drag coefficient. For example, a Formula One race car can 
have a drag coefficient in the range of 0.7-1.1. Stall 
(b) 





Fig. 11-45 
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The wing vortex trail is clearly evident off 
the tip of the wing on this agricultural plane. 
(© NASA Archive/Alamy) 





Most jet planes now have turned-up wing 
tips in order to mitigate trailing vortices that 
produce induced drag. (© Konstantin Y olshin 
| Alamy) 
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Trailing Vortices and Induced Drag. Our previous discussion 
of drag produced by an airfoil (wing) was in reference to flow over the 
wing with no consideration for the variation in the length of the wing or 
for conditions at the wing tips. In other words, the wing was thought to 
have an infinite span. If we account for flow over an actual wing, then the 
air directed down off the trailing edge and tip will produce a swirl, called 
a wing vortex trail, that contributes an additional drag on the aircraft. 

To show how this occurs, consider the wing in Fig. 11-47. As shown, the 
higher pressure on the bottom of the wing will cause the flow to travel up 
and around the trailing edge, and also around the tip of the wing. This 
will pull the flow to the left under the wing, and as it comes around off 
the tip, it pushes the flow on top of the wing to the right. As a result, the 
cross flow off the trailing edge will form a multitude of vortices — a vortex 
trail. From observations, these vortices become unstable, and so they roll 
up at the edges and form two strong "trailing" vortices at the wing tips. 
The production of this disturbance requires energy, and so it places an 
extra burden on the lift, resulting in an induced drag, which must be 
taken into account when calculating the total drag and strength of the 
wing. Actually, the turbulence created in this manner by large aircraft 
can be substantial and may persist for several minutes, creating a hazard 
for lighter planes flying behind them. 

The induced drag on a typical jet aircraft generally amounts to 30% to 
50% of the total drag, and at low speeds, such as takeoffs and landings, 
this percentage is even higher. To reduce this force component, modern 
aircraft add winglets, or small turned-up airfoils on the wing tips, as 
shown in the adjacent photo. Experiments in wind tunnels have shown 
that when winglets are used, the trailing vortices lose strength, leading to 
about a 5% reduction in total aircraft drag at cruising speed, and to an 
even greater reduction during takeoffs and landings. 


LR. 


A 
Low pressure—7” 


on top of wing / X 


High pressure under 
wing causes air to flow up 


Oa e Trailing vortex 
and off tip and trailing edge - 


oe 


Fig. 11-47 
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Induced Drag Coefficient. An airfoil of infinite length and traveling 
at V a must only overcome its section drag, and so in flight it will be directed 
at the effective angle of attack a to maintain the lift (F;)p, Fig. 11—48a. 
However, any airfoil of finite length must overcome not only the section drag 
but also the induced drag. If the air underneath the tip of the wing rolls up 
and then down with an induced velocity V’, then by vector addition, V, 
becomes V, Fig. 11-485. To provide the necessary lift in this case, this will 
change the angle of attack from a to a greater angle a. The difference in 
these angles, o; ^ « — o, is very small, and so the actual lift F; is only 
slightly greater than (F; )s. By vector addition, Fig. 11—48c, we see that the 
horizontal component (Fp ); is the induced drag, and so for small angles its 
magnitude can be related to the lift by (Fp); = Fpa; 

Through both experiment and analysis, Prandtl has shown that if the air 
that is disturbed over the wing has an elliptical shape, as in Fig. 11-41b, 
which closely approximates many actual cases, then a; becomes a function 
of the lift coefficient Cz, the length b of the wing, and its planform 
area Ap. His result is 


2 C, 
Of; 
mb? /A pl 





(11-33) 


Since the induced drag and the lift coefficients are proportional to their 
respective forces, then from Fig. 11—48c, 


= (Fp); — (Cp); 
Fy C, 








a, 


And so, using Eq. 11—33, the induced drag coefficient is determined from 


> 


= 


_ CG 
C i ^ 
(Cp) nU [As 





Notice that if b — », then (C5); — 0, as expected. 

The above equation represents the minimum induced drag coefficient 
for any wing shape, and if it is used, then the total drag coefficient for the 
wing is 


> 


_ Ci 
Co (Cp)a t 11-34 
p~ (Cp) TOJA, ( ) 
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Infinite length wing 
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Finite length wing 
(b) 


(Fp); 


Fig. 11—48 
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Ideal uniform flow 
(a) 


Circulation 
(b) 


Low pressure 


WEE mA 


High pressure, 
low velocity 


Combined flow 
(c) 


Fig. 11-49 





11 
E This rotating ball is suspended in the 


airstream due to the Magnus effect, that 
is, the lift provided by the rotation and 
redirection of the airstream balances the 
ball's weight. 


Spinning Ball. Lift can also greatly affect the trajectory of a 
spinning ball, because the spin will alter the pressure distribution around 
the ball, thereby changing the direction of the momentum of the air. To 
show this, consider the ball moving to the left, without spin, Fig. 11—49a. 
Here the air flows symmetrically around the ball, and so the ball 
experiences a horizontal drag. If we consider what happens only when 
the ball spins, we see that its rough surface will pull air around it, forming 
a boundary layer in the direction of spin, Fig. 11-495. Adding these two 
effects produces the condition shown in Fig. 11—49c. That is, in both 
Fig. 11-49a and Fig 11-495, the air is flowing on top of the ball in the 
same direction. This increases its energy and allows the boundary layer 
to remain attached to the surface for a longer time. Air passing under the 
ball goes in opposite directions for both cases, thereby losing energy and 
causing early boundary layer separation. Both these effects create a net 
downwash behind the ball. As a reaction to this, like an airfoil, the air in 
turn pushes or lifts the ball upward at an angle, Fig. 11—49c. 
Experimental data for a smooth spinning ball is shown in Fig. 11—50. It is 
valid for Re = VD/v = 6(10*). See Ref. [20]. Notice how, up to a point, 
the lift coefficient is highly dependent upon the ball’s angular velocity. Any 
increase in w after this point will hardly affect the lift. Further lift is possible 
by roughing the surface, since this causes turbulence and an increased 
circulation around the ball, providing an even larger pressure difference 
between its top and bottom. In addition, the rough surface will reduce the 
drag because boundary layer separation is delayed. This tendency of a 
rotating ball to produce lift as described here is called the Magnus effect, 
named after the German scientist Heinrich Magnus, who discovered it. 
Most people who play baseball, tennis, or ping-pong instinctively notice this 
phenomenon, and take advantage of it when throwing or striking a ball. 





Drag and lift coefficients 
for a smooth spinning ball 


Fig. 11-50 
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Important Points 


Streamlining a body tends to decrease the pressure drag on the 
body, but it has the effect of increasing friction drag. For proper 
design both of these effects should be minimized. 


Pressure drag is reduced on a streamlined body by extending 
the laminar boundary layer over the surface, or preventing the 
boundary layer from separating from the surface. For airfoils, the 
methods include using wing slots, vortex generators, roughing 
the surface, and using a porous surface to draw air toward the 
boundary layer. 


Both drag and lift are important when designing an airfoil. These 
forces are related to their drag and lift coefficients, Cr and Cj, 
which are experimentally determined, and are represented 
graphically as a function of the angle of attack. 


Lift is produced by an airfoil because the airstream is redirected 
as it passes over the wing. The wing shape generates a force that 
changes the airs momentum, so the air flows downward. This 
results in an opposite force reaction of the air on the wing, which 
produces the lift. 


Trailing vortices are produced off the wing tips of aircraft due to 
differences in pressure acting on the top and bottom surfaces of 
the wing. As the air migrates and cross-flows off the wing tips, 
these vortices produce an induced drag, which must be accounted 
for in design. 


The trajectory of a spinning ball will curve in a steady airstream 
because the spinning causes an unequal pressure distribution on 
the ball's surface, and this results in a change in the direction of 
the airs momentum, thereby producing lift. 
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EXAMPLE [11:13 


The airplane in Fig. 11-51 has a mass of 1.20 Mg and is flying 
horizontally at an altitude of 7 km. If each wing is classified as a 
NACA 2409 section, with a span of 6 m and a cord length of 1.5 m, 
determine the angle of attack when the plane has an airspeed of 
70 m/s. Also, what is the drag on the plane due to the wings, and what 
is the angle of attack and the speed that will cause the plane to stall? 





SOLUTION 


Fluid Description. We have steady flow when measured relative to 
the plane. Also, the air is considered incompressible. Using 
Appendix A, at 7-km altitude p, = 0.590 kg/m’. 


Angle of Attack. For vertical equilibrium, the lift must be equal to 
the weight of the plane, and so using Eq. 11—32, we can determine the 
required lift coefficient. Since we have two wings, 


" pV? 
F; sie 2CjA yi EN 


(0.590 kg/m?) (70 m/s?) 


(1.20(10?) kg)(9.81 m/s?) = 2C,(6 m)(1.5 m) : 


C, = 0.452 


From Fig. 11-44, the angle of attack must be approximately 





Do Ans. 
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Drag. The section drag coefficient at this angle of attack is 
determined from Fig. 11—39. It is for a wing of infinite length. We have, 
approximately, 


(Cp). — 0.02 
The total drag coefficient for the wings is determined from Eq. 11-34. 


C; 
mb^/A pl 
(0.452)? 
T(6 m)^/[(6 m)(1.5 m)] 
— 0.02 + 0.0163 = 0.0363 





Cp ra (Cp). T 


= OA + 


Therefore, the drag on both wings is 


7 
= pV- 
Fp = 2CpA [Er ) 


0.590 kg / m? ) ( 70 2 
— 2(0.0363) [(6 m)(1.5 m)] S S Peay 
Fp=944 N Ans. 


Stall. From Fig. 11-44, stall will occur when the angle of attack is 
approximately 20° so that C; = 1.5. The speed of the plane when this 
occurs is then 


= pV? 
F; g 2CjA yi 5 


(0.590 kg/m?) V? 


(1.20(10?) kg) (9.81 m/s?) — 2(1.5(6 m)(1.5 m) ; 


V, — 38.4 m/s Ans. 
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ELCCCENEEEEE 


11-1. Oil flows with a free-stream velocity of U —3 ft/s over 11-2. Water at 15°C flows with a free-stream velocity of 
the flat plate. Determine the distance x,, to where the boundary U —2 m/s over the flat plate. Determine the shear stress 
layer begins to transition from laminar to turbulent flow. Take on the surface of the plate at point A. 


p, 7 1.40(107*) Ib s/ft and y, = 55.1 lb/ft’. 


U 








| non 


Prob. 11-1 Prob, 11-2 


11-3. The boundary layer for wind blowing over 
rough terrain can be approximated by the equation 
u/U = (y/(y + 0.01)), where y is in meters. If the free- 
stream velocity of the wind is 15 m/s, determine the velocity 
at an elevation y — 0.1m and at y = 0.3m from the 
ground surface. 





Prob. 11-3 


*11-4. An oil-gas mixture flows over the top surface of 
the plate that is contained in a separator used to process 


these two fluids. If the free-stream velocity is 0.8 m/s, 


determine the maximum boundary layer thickness over the 
plate's surface. Take v — 42(10 5) m/s. 


11-5. An oil-gas mixture flows over the top surface of the 
plate that is contained in a separator used to process these 
two fluids. If the free-stream velocity is 0.8 m/s, determine 
the friction drag acting on the surface of the plate. Take 
v = 42(10°°) m’/s and p = 910 kg/m’. 





Probs. 11—4/5 
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11-6. Wind flows along the side of the rectangular sign. If 
the air is at a temperature of 60 F and has a free-stream 
velocity of 6 ft/s, determine the friction drag on the front 
surface of the sign. 


p 


6 ft/s 


2! 
d 





Prob. 11-6 


11-7. A flat plate is to be coated with a polymer. If the 
thickness of the laminar boundary layer that occurs during 
the coating process at a distance of 0.5 m from the plate’s 
front edge is 10 mm, determine the free-stream velocity of 
this fluid. Take v — 4.68(10 *) m?/s. 


*11-8. Compare the thickness of the boundary layer of 
water with air at the end of the 0.4-m-long flat plate. Both 
fluids are at 20C and have a free-stream velocity of 
U — 0.8 m/s. 





as] 


Prob. 11-8 
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11-9. A liquid having a viscosity yu, a density p, and a free- 
stream velocity U flows over the plate. Determine the 
distance x where the boundary layer has a disturbance 
thickness that is one-half the depth a of the liquid. Assume 
laminar flow. 


U 





H 


Prob. 11-9 


11-10. A fluid has laminar flow and passes over the flat 
plate. If the thickness of the boundary layer at a distance of 
0.5m from the plate’s edge is 10mm, determine the 
boundary layer thickness at a distance of 1 m. 


6 m/s 





L s 


Prob. 11-10 


11-11. Air at 60°C flows through the very wide duct. 
Determine the required dimension a of the duct at x - 4m 
so that the central 200-mm core flow velocity maintains the 
constant free-stream velocity of 0.5 m/s. 





Prob. 11-11 
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*11-12. Oil confined in a channel flows past the diverter 
fin at U —6 m/s. Determine the friction drag acting on 
both sides of the fin. Take v, = 4010-5) m^/s and 
p, ^ 900 kg/m?. Neglect end effects. 





50 mm 


Prob. 11-12 


11-13. Air at 80°F and atmospheric pressure has a free- 
stream velocity of 4 ft/s. If it passes along the surface of a 
smooth glass window of a building, determine the thickness 
of the boundary layer at a distance of 0.2 ft from the 
leading edge of the window. Also, what is the velocity of 
air 0.003 ft away from the window's surface at this point? 


11-14. Water at 40°C has a free-stream velocity of 0.3 m/s. 
Determine the boundary layer thickness at x = 0.2 m and at 
x = 0.4 m on the flat plate. 


0.3 m/s 





0.4 m 


Prob. 11-14 


11-15. Water at 40°C has a free-stream velocity of 0.3 m/s. 
Determine the shear stress on the plate's surface atx — 0.2 m 
and at x = 0.4 m. 


0.3 m/s 





0.4 m 


Prob. 11-15 


*11-16. The boat is traveling at 0.7 ft/s through still water 
having a temperature of 60 F. If the rudder can be assumed 
to be a flat plate, determine the boundary layer thickness at 
the trailing edge A. Also, what is the displacement thickness 
of the boundary layer at this point? 


11-17. The boat is taveling at 0.7 ft /s through water 
having a temperature of 60 F. If the rudder can be assumed 


to be a flat plate having a height of 2 ft and a length of 1.75 ft, 


determine the friction drag acting on both sides of the 
rudder. 





1.75 ft 


Probs. 11-16/17 


11-18. Air at a temperature of 40 F flows at 0.6 ft/s over 
the plate. Determine the distance x where the disturbance 
thickness of the boundary layer becomes 1.5 in. 


0.6 ft/s 





Prob. 11-18 
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11-19. Determine the friction drag on the bar required to 
overcome the resistance of the paint if the force F lifts the 
bar at 3 m/s. Take p — 920 kg/m? and v — 42(10 5) m? /s. 


F 





f3 m/s 


500 mm 


50 mm 


Prob. 11-19 


*11-20. The diverter fin extends 2 ft within the air duct to 
partition the flow through two separate conduits. Determine 
the friction drag on the fin if it is 0.3 ft wide and the velocity 
of the air is 25ft/s. Take p, = 0.00257 slug/ft* and 
pu, 7 0.351(10°) Ib s/ft?. 





Prob. 11-20 


11-21. Crude oil at 20 C flows over the surface of the flat 
plate that has a width of 0.7 m. If the free-stream velocity is 
U — 10 m/s, plot the boundary layer thickness and the shear- 
stress distribution along the plate. What is the friction drag 
on the plate? 


10 m/s 





1.5 e 


Prob. 11-21 








630 CHAPTER 11 


11-22. Castor oil flows over the surface of the flat plate 
at a free-stream speed of 2 m/s. The plate is 0.5 m wide and 
1m long. Plot the boundary layer and the shear stress 
versus x. Give values for every 0.5 m. Also calculate the 
friction drag on the plate. Take p,, ^ 960kg/m^ and 
Heo 7 985(10 7) N+ s/m?. 


2 m/s 





— 


Prob. 11-22 


11-23. Assume the boundary layer has a velocity profile 
that is linear and defined by u = U(y /6). Use the 
momentum integral equation to determine 7, for the fluid 
passing over the flat plate. 





U U 





u = U(y/8) 


Prob. 11-23 


*11-24. The wind tunnel operates using air at a temperature 
of 20°C with a free-stream velocity of 40 m/s. If this velocity 
is to be maintained at the central 1-m core throughout the 
tunnel, determine the dimension a at the exit in order to 
accommodate the growing boundary layer. Show that the 
boundary layer is turbulent, and use 8. 7 0.0463x/(Re,)!^ 
to calculate the displacement thickness. 





Prob. 11-24 


ViSCOUS FLOW OVER EXTERNAL SURFACES 


11-25. Assume the turbulent boundary layer for a fluid 
has a velocity profile that can be approximated by 
u — U(y/8)*. Use the momentum integral equation to 
determine the boundary layer thickness as a function of x. 
Use the empirical for mula, Eq. 11-19, developed by Pr andtl 
and Blasius. 


11-26. Air enters the square plenum of an air-handling 
system with a velocity of 6 m/s and a temperature of 10°C. 
Determine the thickness of the boundary layer and the 
momentum thickness of the boundary layer, atx — 1 m. 





300 ae" 


Prob. 11-26 


11-27. Air enters the square plenum of an air-handling 
system with a velocity of 6 m/s and a temperature of 10°C. 
Determine the displacement thickness ô of the boundary 
layer at a point x= 1 m downstream. Also, what is the 
uniform speed of the air at this location? 





Prob. 11-27 


“11-28. Assume the turbulent boundary layer for a fluid 
has a velocity profile that can be approximated by 
u — U(y/8)'*. Use the momentum integral equation to 
determine the displacement thickness as a function of x and 
Ke,. Use the empirical formula, Eq. 11-19, developed by 
Prandtl and Blasius. 


y 


Prob. 11-28 


11-29, The laminar boundary layer for a fluid is assumed to 
be parabolic, such that u/U = C, + Cy(y/5) + Ca(v/8)*. If 
the free-stream velocity U starts at y — ó, determine the 
constants Cj, Cz, and C;. 


11-30. The laminar boundary layer for a fluid is assumed 
to be cubic, such that u/U — C, * C;(y/8) ^ Ci(yv/8). If 
the free-stream velocity U starts at y = à, determine the 
constants C, C5, and C}. 


a 


Probs. 11-29/30 


PROBLEMS 631 


11-31. Assume a laminar boundary layer for a fluid can 
be approximated by u/U = y/é. Determine the thickness 
of the boundary layer as a function of x and Re,. 


*11-32. Assume a laminar boundary layer for a fluid can 
be approximated by u/U = sin (ay/26). Determine the 
thickness of the boundary layer as a function of x and Re,. 


11-33. Assume a laminar boundary layer for a fluid can 
be approximated by u/U ~ sin (ay/26). Determine the 
displacement thickness 6 for the boundary layer as a 
function of x and Re,. 


pa 


Probs. 11-31/32/33 


11-34. The velocity profile for a laminar boundary layer 
of a fluid is represented by u/U = 1.5(y/8) — 0.5(v/8)*. 
Determine the thickness of the boundary layer as a 
function of x and Re,. 


11-35. The velocity profile for a laminar boundary layer 
of a fluid is represented by u/U — 1.5(v/8) — 0.5(v/8)*. 
Determine the shear-stress distribution acting on the 
surface as a function of x and Re,. 


Dos 


Probs. 11-34/35 
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*11-36. A boundary layer for laminar flow of a fluid over 
the plate is to be approximated by the equation 
u/U = C\(y/5) + Cry /8)? + C3(y/5)°. Determine the 
constants Cj, C5, and C; using the boundary conditions when 
y 7à,u > U; when y > à, du/dy ^ 0; and when y — 0, 
d'u/dy? — 0. Find the thickness of the boundary layer as a 
function of x and Re, using the momentum integral equation. 





Prob. 11-36 


11-37. The train travels at 30 m/s and consists of an engine 
and a series of cars. Determine the approximate thickness 
of the boundary layer at the top of a car, x = 18 m from the 
front of the train. The air is still and has a temperature of 
20°C. Assume the surfaces are smooth and flat, and the 
boundary layer is completely turbulent. 


11-38. The train travels at 30 m/s and consists of an engine 
and a series of cars. Determine the approximate shear stress 
acting on the top of a car at x = 18 m from the front of the 
train. The air is still and has a temperature of 20°C. Assume 
the surfaces are smooth and flat, and the boundary layer ts 
completely turbulent. 





Probs. 11—37/38 


11-39, A ship is traveling forward at 10 m/s on a lake. If it 
is 100 m long and the side of the ship can be assumed to be 
a flat plate, determine the drag force on a 1-m-wide strip 
along the entire length of the ship. The water is still and has 
a temperature of 15°C. Assume the boundary layer is 
completely turbulent. 


ViSCOUS FLOW OVER EXTERNAL SURFACES 


*11-40. An airplane has wings that are, on average, each 
5 m long and 3 m wide. Determine the friction drag on the 
wings when the plane is flying at 600 km/h in still air at an 
altitude of 2 km. Assume the wings are flat plates and the 
boundary layer is completely turbulent. 


11-41. The oil tanker has a smooth surface area of 
4.5(10°) m2 in contact with the sea. Determine the friction 
drag on its hull and the power required to overcome this 
force if the velocity of the ship is 2 m/s.Takep — 1030 kg/m? 
and u = 1.14(10°) N -s/m°. 





Prob. 11-41 


11-42. Wind is blowing at 2 m/s as the truck moves 
forward into the wind at 8 m/s. If the air has a temperature 
of 20°C, determine the friction drag acting on the flat side 
ABCD of the truck. Assume the boundary layer is 
completely turbulent. 


11-43. The wind is blowing at 2 m/s as the truck moves 
forward into the wind at 8 m/s. If the air has a temperature 
of 20°C, determine the friction drag acting on the top 
surface BCFE of the truck. Assume the boundary layer is 
completely turbulent. 





Probs. 11—42/43 


*11-44. The flat-bottom boat is traveling at 4 m/s on a 
lake for which the water temperature is 15 C. Determine 
the approximate drag acting on the bottom of the boat if 
the length of the boat is 10 m and its width is 2.5 m. Assume 
the boundary layer is completely turbulent. 





Prob. 11-44 


11-45. An airplane is flying at 170 ft/s through still air at 
an altitude of 5000 ft. If the wings can be assumed to be flat 
plates, each having a width of 7 ft, determine the boundary 
layer thickness at their trailing or back edge if the boundary 
layer is considered to be fully turbulent. 


11-46. An airplane is flying at 170 ft/s through still air at 
an altitude of 5000 ft. If the wings can be assumed to be flat 
plates, each having a width of 7 ft and a length of 15 ft, 
determine the friction drag on each wing if the boundary 
layer is considered fully turbulent. 
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11-47. An airplane is flying at a speed of 90 m/s. If the 
wings are assumed to have a flat surface of width 2.5 m, 
determine the boundary layer thickness 6 and the shear 
stress at the trailing or back edge. Assume the boundary 
layer is fully turbulent. The airplane flies at an altitude of 
1 km. 


*11-48. An airplane is flying at an altitude of 1 km and a 
speed of 90 m/s. If the wings are assumed to have a flat 
surface of width 2.5m and bngth 7 m, determine the 
friction drag on each wing. Assume the boundary layer is 
fully turbulent. 


90 m/s 


Probs. 11—47/48 


11-49. The tail of the airplane has an approximate width of 
1.5 ft and a length of 4.5 ft. Assuming the airflow onto the tail 
is uniform, plot the boundary layer thickness à. Give values 
for every increment of 0.05 ft for the laminar boundary layer, 
and every 0.25 ft for the turbulent boundary layer. Also 
calculate the friction drag on the rudder. The plane is flying in 
still air at an altitude of 5000 ft with a speed of 500 ft /s. 





Prob. 11-49 
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11-50. Two hydrofoils are used on the boat that is traveling 
at 20 m/s. If the water is at 15°C, and if each blade can be 
considered as a flat plate, 4m bng and 0.25m wide, 
determine the thickness of the boundary layer at the trailing 
or back edge of each blade. What is the drag on each blade? 
Assume the flow is completely turbulent. 


11-51. Two hydrofoils are used on the boat that is traveling 
at 20 m/s. If the water is at 15°C and if each blade can be 
considered as a flat plate, 4m bng and 0.25m wide, 
determine the drag on each blade. Consider both laminar 
and turbulent boundary layers. 





Probs. 11-50/51 


*11-52. An airplane ts flying at an altitude of 3 km and 
a speed of 700 km/h. If each wing is assumed to have a 
flat surface of width 2 m and length 6 m, determine the 
friction drag acting on each wing. Consider both laminar 
and turbulent boundary layers. 


11-53. The barge is traveling forward at 15 ft/s in still 
water having a temperature of 60°F. If the bottom of the 
barge can be assumed to be a flat plate of length 120 ft and 
width 25 ft, determine the power of the engine required to 
overcome the frictional resistance of the water on the 
bottom of the barge. Consider both laminar and turbulent 
boundary layers. 





Probs. 11-52/53 


Viscous FLOW OVER EXTERNAL SURFACES 


11-54, The plate is 2 m wide and is held at an angle of 12° 
with the wind as shown. If the average pressure under the 
plate is 40 kPa, and on the top it is 60 kPa, determine the 
pressure drag on the plate. 





Prob. 11-54 


1-55. Wind blows over the inclined surface and produces 
the approximate pressure distribution shown. Determine 
the pressure drag acting over the surface if the surface is 
3 m wide. 


4m \ 
10 m/s 80 Pa 
oe g 
30 
A 
Prob. 11-55 


*11-56. The sign is subjected to a wind profile that 
produces a pressure distribution that can be approximated 
by p = (112.5 py"®) Pa, where y is in meters. Determine 
the resultant pressure force on the sign due to the wind. The 
air is at a temperature of 20°C, and the sign is 0.5 m wide. 





Prob. 11-56 
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11-57. The air pressure acting from A to B on the 11-59. The front of the building is subjected to wind that 
surface of a curved body can be approximated as exerts a pressure of p — (0.25y'/) Ib /ft^, where y is in feet, 
p — (5 — L50) kPa, where 6 is in radians. Determine the measured from the ground. Determine the resultant 
pressure drag acting on the body from 0. — 0 — 90 . The pressure force on the windward face of the building due to 
body has a width of 300 mm. this loading. 


*11-60. The building is subjected to a uniform wind 
having a speed of 80 ft/s. If the temperature of the air is 
40 F, determine the resultant pressure force on the front of 
the building if the drag coefficient is 1.43. 





Prob. 11-57 
Probs. 11-59/60 


11-61. Determine the moment developed at the base A of 
the square sign due to wind drag if the front of the signboard 


is subjected to a 16 m/s wind. The air is at 20 C. Neglect the 
11-58. The air pressure acting on the inclined surfaces is drag on the pole. 


approximated by the linear distributions shown. Determine 
the resultant horizontal force acting on the surface if it is 
3 m wide. 


Pa 


QE =. 
M 
3 





Prob. 11-58 Prob. 11-61 
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11-62. The mast on the boat is held in place by the 
rigging, which consists of rope having a diameter of 0.75 in. 
and a total length of 130 ft. Assuming the rope to be 
cylindrical, determine the drag it exerts on the boat if the 
boat is moving forward at a speed of 30 ft/s. The air has a 
temperature of 60°F. 





Prob. 11-62 


11-63. Wind at 20°C blows against the 100-mm-diameter 
flagpole with a speed of 1.20 m/s. Determine the drag on the 
pole ifit has a height of 8 m. Consider the pole to be a smooth 
cylinder. Would you consider this a significant force? 


[ 


Prob. 11-63 


Viscous FLOW OVER EXTERNAL SURFACES 


*11—64. Each of the smooth bridge piers (cylinders) has a 
diameter of 0.75 m. If the river maintains an average speed 
of 0.08 m/s, determine the drag the water exerts on each 
pier. The water temperature is 20°C. 





Prob. 11-64 


11-65. A 60 mi/h wind blows on the side of the truss. If the 
members are each 4 in. wide, determine the drag acting on 
the truss. The air is at 60°F, and Cp 7 1.2. Note that 
l mi = 5280 ft. 





Prob. 11-65 


11-66. A periscope on a submarine has a submerged 
length of 2.5 m and a diameter of 50 mm. If the submarine is 
traveling at 8 m/s, determine the moment developed at the 
base of the periscope. The water is at a temperature of 15°C. 
Consider the periscope to be a smooth cylinder. 








11-67. The antenna on the building is 20 ft high and has a 
diameter of 12 in. Determine the restraining moment at its 
base to hold it in equilibrium if it is subjected to a wind 
having an average speed of 80 ft/s. The air is at a temperature 
of 60 F, Consider the antenna to be a smooth cylinder, 





Prob. 11-67 


*11-68. The truck has a drag coefficient of Cp ^ 1.12 when 
it is moving with a constant velocity of 80 km/h. Determine 
the power needed to drive the truck at this speed if the 
average front projected area of the truck is 10.5 m?. The air 
is at a temperature of 10 C. 


11-69. The truck has a drag coefficient of Cp ^ 0.86 when 
it is moving with a constant velocity of 60 km/h. Determine 
the power needed to drive the truck at this speed if the 
average front projected area of the truck is 10.5 m ?. The air 
is at a temperature of 10 C. 





Probs. 11-68/69 


PROBLEMS 637 


11-70. Wind at 10 C blows against the 30-m-high chimney 
at 2.5 m/s. If the diameter of the chimney is 2 m, determine 
the moment that must be developed at its base to hold it in 
place, Consider the chimney to be a rough cylinder. 





Prob. 11-70 


11-71. A rectangular plate is immersed in a stream of oil 
flowing at 0.5 m/s. Compare the drag acting on the plate if 
it is oriented so that AB is the leading edge and then when 
it is rotated 90. counterclockwise so that BC is the leading 
edge. The plate is 0.8 m wide. Take p, = 880 kg/m’. 








0.4 m 


Prob. 11-71 


0.2 m m 
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*11-72. The parachute has a drag coefficient of Cp = 1.36 
and an open diameter of 4 m. Determine the terminal velocity 
as the man parachutes downward. The air ts at20°C. The total 
mass of the parachute and man Is 90 kg. Neglect the drag on 
the man, 


11-73. The parachute has a drag coefficient of Cp = 1.36. 
Determine the required open diameter of the parachute so 
the man attains a terminal velocity of 10 m/s. The air is at 
20°C. The total mass of the parachute and man ts 90 kg. 
Neglect the drag on the man. 


11-74. The man and the parachute have a total mass of 
90 kg. If the parachute has an open diameter of 6 m and the 
man attains a terminal velocity of 5 m/s,determine the drag 
coefficient of the parachute. The air is at 20°C. Neglect the 
drag on the man. 





|y 


Probs. 11—72/73/74 


11-75. The car has a projected front area of 14.5 ft’. 
Determine the power required to drive at a constant 
velocity of 60 mi/h if the drag coefficient is Cj — 0.83 and 
the air is at 60°F. Note that 1 mi = 5280 ft. 





Prob. 11-75 


*11-76. A 5-m-diameter balloon is at an altitude of 2 km. 
If it is moving with a terminal velocity of 12 km/h, determine 
the drag on the balloon. 


VISCOUS FLOW OVER EXTERNAL SURFACES 


11-77. The drag coefficient for the car is Cp = 0.28, and 
the projected area into the 20°C airstream is 2.5 m’. 
Determine the power the engine must supply to maintain a 
constant speed of 160 km/h. 





Prob. 11-77 


11-78. The rocket has a nose cone that is 60° and a base 
diameter of 1.25 m. Determine the drag of the air on the 
cone when the rocket is traveling at 60 m/s in air having a 
temperature of 10°C. Use Table 11-3 for the cone, but 
explain why this may not be an accurate assumption. 





Prob. 11-78 


11-79. A boat traveling with a constant velocity of 2 m/s 
tows a half submerged log having an approximate diameter 
of 0.35 m. If the drag coefficient is Cp ^ 0.85, determine the 
tension in the tow rope if it is horizontal. The log is oriented 
so that the flow is along the length of the log. 


*11-80. A 0.25-lb ball has a diameter of 3 in. Determine 
the initial acceleration of the ball when it is thrown 
vertically downward with an initial speed of 20 ft/s. The air 
is at a temperature of 60°F. 

11-81. A 1 ft by 1 ft square plate is held in air at 60°F, 


which is blowing at 50 ft/s. Compare the drag on the plate 
when it is held normal and then parallel to the airflow. 


11-82. The smooth empty drum has a mass of 8 kg and 
rests on a surface having a coefficient of static friction of 
p, — 0.3. Determine the speed of the wind needed to cause 
it to either tip over or slide. The air temperature is 30 C. 


11-83. The smooth empty drum has a mass of 8 kg and rests 
on a surface having a coefficient of static friction of u, = 0.6. 
Determine the speed of the wind needed to cause it to either 
tip over or slide. The air temperature is 30 C. 





Probs. 11-82/83 


*11-84. The blades of a mixer are used to stir a liquid 
having a density p and viscosity uw. If each blade has a length 
L and width w, determine the torque T needed to rotate the 
blades at a constant angular rate w. Take the drag coeffici ent 
of the blade’s cross section to be Cp. 





Prob, 11-84 


PROBLEMS 639 


11-85. A ball has a diameter of 60 mm and falls in oil 
with a terminal velocity of 0.8 m/s. Determine the density of the 
ball. For oil, take p, — 880 kg/m? and vy — 40(10 *) m/s. 
Note: The volume of a sphere is Y = izr?. 


11-86. A ball has a diameter of 8 in. If it is kicked with a 
speed of 18 ft/s, determine the initial drag acting on the 
ball. Does this force remain constant? The air is at a 
temperature of 60 F. 


11-87. Particulate matter at an altitude of 8 km in the upper 
atmosphere has an average diameter of 3 um. If a particle has 
a mass of 42.5(10 ) g, determine the time needed for it to 
settle to the earth. Assume gravity is constant, and for air, 
p ^ 1.202 kg/m? and wp = 18.1(10 5) N* s/m. 





Prob. 11-87 


*11-88. A solid ball has a diameter of 20 mm and a density 
of 3.00 Mg/m?. Determine its terminal velocity if it is 
dropped into a liquid having a density of p = 2.30 Mg/m? 
and a viscosity of v — 0.052 nr /s. Note: The volume of a 
sphere is' = irr’. 
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1-89, Determine the velocity of the aerosol solid particles 
when : — 10 ys, if when : — 0 they leave the can with a 
horizontal velocity of 30 m/s. Assume the average diameter 
of the particles is 0.4 um and each has a mass of 0.4(10 ^?) g. 
The air is at 20°C. Neglect the vertical component of 
the velocity. Note: The volume of a sphere is Y = frr’. 





Prob. 11-89 


11-90, Impure water at 20°C enters the retention tank and 
rises to a level of 2 m when it stops flowing in. Determine 
the shortest time needed for all sediment particles having a 
diameter of 0.05 mm or greater to settle to the bottom. 
Assume the density of the particles is p = 1.6 Mg/m* or 
greater. Note: The volume of a sphere is ¥ = trr. 





AES 


2 


Prob. 11-90 


11-91. A ball having a diameter of 0.6 m and a mass of 
0.35 kg is falling in the atmosphere at 10°C. Determine its 
terminal velocity. Note: The volume of a sphere is Y = frr. 


ViSCOUS FLOW OVER EXTERNAL SURFACES 


*1-92. A raindrop has a diameter of 1 mm. Determine its 
approximate terminal velocity as it falls. Assume that the air 
has a constant p, — 1.247 kg/m? and v, ^ 142(10 5) m?/s. 


Neglect buoyancy. Note: The volume of a sphere is? = 77D". 


11-93. The 2-Mg race car has a projected front area of 
1.35 m? and a drag coefficient of (Cp). = 0.28. If the car is 
traveling at 60 m/s, determine the diameter of the 
parachute needed to reduce the car’s speed to 20 m/s in 
4s. Take (Cp), — 1.15 for the parachute. The air ts at 20°C. 
The wheels are free to roll. 





Prob. 11-93 


11-94, A 2-mm-diameter sand particle having a density 
of 2.40 Mg/m? is released from rest at the surface of oil 
that is contained in the tube. As the particle falls 
downward, “creeping flow” will be established around it. 
Determine the velocity of the particle and the time at 
which Stokes’ law becomes invalid, at about Re= 1. The 
oil has a density of p, — 900 kg/m? and a viscosity of 
p, 7 302(10?) N: s/m?. Assume the particle is a sphere, 


where its volume is Y = irr. 





Prob. 11-94 


11-95. Dust particles having an average diameter of 
0.05 mm and an average density of 450 kg /m? are stirred up 
by an airstream and blown off the edge of the 600-mm-high 
desk into a horizontal steady wind of 0.5 m /s. Determine 
the distance d from the edge of the desk where most of 
them will strike the ground. The air is at a temperature of 
20 C. Note: The volume of a sphere is ' 7 ir^. 





Prob. 11-95 


*11-96. A rock is released from rest at the surface of the 
lake, where the average water temperature is 15 C. If 
Cy — 0.5, determine its speed when it reaches a depth of 
600 mm. The rock can be considered a sphere having a 
diameter of 50 mm and a density of p, = 2400 kg/m*. Note: 
The volume of a sphere is' = 4 ar? 





Prob. 11-96 


PROBLEMS 641 


11-97. The smooth cylinder is suspended from the rail and 
is partially submerged in the water. If the wind blows at 
8 m/s, determine the terminal velocity of the cylinder. The 
water and air are both at 20 C. 





Prob. 11-97 


11-98. A 5-m-diameter balloon and the gas within it have 
a mass of 80 kg. Determine its terminal velocity of descent. 
Assume the air temperature is at 20 C. Note: The volume of 
a sphere is Y = frrr”. 


11-99. A smooth ball has a diameter of 43 mm and a mass 
of 45 g. When it is thrown vertically upward with a speed of 
20 m/s, determine the initial deceleration of the ball. The 
temperature is 20 C. 


*11-100. The parachutist has a total mass of 90 kg and is 
in free fall at 6 m/s when she opens her 3-m-diameter 
parachute. Determine the time for her speed to be increased 
to 10 m/s. Also, what is her terminal velocity? For the 
calculation, assume the parachute to be similar to a hollow 
hemisphere. The air has a density of p, = 1.25 kg/m’. 


MA» 
UM » 


WW 





Prob. 11-100 
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11-101. A 3-Mg airplane is flying at a speed of 70 m/s. If 
each wing can be assumed rectangular of length 5 m and 
width 1.75 m, determine the smallest angle of attack a@ to 
provide lift assuming the wing is a NACA 2409 section. The 
density of air is p ^ 1.225 kg/m’. 


11-102. The 5-Mg airplane has wings that are each 5 m 
long and 1.75 m wide. It is flying horizontally at an altitude 
of 3km with a speed of 150 m/s. Determine the lift 
coefficient. 





= 


Probs. 11-101/102 


11-103. The 5-Mg airplane has wings that are each 5 m 
long and 1.75 m wide. Determine its speed in order to 
generate the same lift when flying horizontally at an altitude 
of 5 km as it does when flying horizontally at 3 km with a 
speed of 150 m/s. 





Prob. 11-103 


*11-104. A 4-Mg airplane is flying at a speed of 70 m/s. If 
each wing can be assumed rectangular of length 5 m and 
width 1.75 m, determine the drag on each wing when it is 
flying at the proper angle of attack a. Assume each wing is a 
NACA 2409 section. The density of air is p, = 1.225 kg/m’. 


ViscOUS FLOW OVER EXTERNAL SURFACES 


11-105. The plane can take off at 250 km/h when it is at an 
airport located at an elevation of 2 km. Determine the 
takeoff speed from an airport at sea level. 





Prob. 11-105 


11-106. The glider has a weight of 350 Ib. If the drag 
coefficient is Cp — 0.456, the lift coefficient is C, — 1.20, 
and the total area of the wings is A — 80 ft^, determine the 
angle 8 at which it is descending with a constant speed. 


11-107. The glider has a weight of 350 Ib. If the drag 
coefficient is Cy ^ 0.316, the lift coefficient is C, — 1.20, 
and the total area of the wings is A — 80 ft^, determine if it 
can land on a landing strip that is 1.5 km long and located 
5 km away from where its altitude is 1.5 km. Assume the 
density of the air remains constant. 





Probs. 11-106/107 


*11-108. Each of the two wings on a 20 000-lb airplane is to 
have a span of 25 ft and an average cord distance of 5 ft. 
When a 1/15 scale model of the wing section (assumed to be 
infinite) is tested in a wind tunnel at 1500 ft/s, using a gas for 
which o, — 7.80(10 ?) slug/ft^, the total drag is 160 Ib. 
Determine the total drag on the wing when the plane is flving 
at a constant altitude with a speed of 400 ft/s, where 
p, ^ V.75(10 ?) slug/ft". Assume an elliptical lift distributio n. 


11-109. The glider has a constant speed of 8 m/s through 
still air. Determine the angle of descent @ if it has a lift 
coefficient of C, — 0.70 and a wing drag coefficient of 
Cp ~ 0.04. The drag on the fuselage is considered negligible 
compared to that on the wings, since the glider has a very 
long wingspan. 





Prob. 11-109 


11-110. The 2000-lb airplane is flying at an altitude of 
5000 ft. Each wing has a span of 16 ft and a cord length of 
3.5 ft. If each wing can be classified as a NACA 2409 
section, determine the lift coefficient and the angle of 
attack when the plane is flying at 225 ft/s. 


11-111. The 2000-lb airplane is flying at an altitude of 
S000 ft. Each wing has a span of 16 ft and a cord length 
of 3.5 ft, and it can be classified as a NACA 2409 section. 
If the plane is flying at 225 ft/s, determine the total drag 
on the wings. Also, what is the angle of attack and 
the corresponding velocity at which the condition of 
stall occurs? 





r 
"M 


3.5 ft 
Probs. 11-110/111 
*10-112. If it takes 80 kW of power to fly an airplane at 


20 m/s, how much power does it take to fly the plane at 
25 m/s at the same altitude? Assume Cp remains constant. 
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11-113. The plane weighs 9000 Ib and can take off from an 
airport when it attains an airspeed of 125 mi /h. If it carries 
an additpnal load of 750 lb, what must be its airspeed 
before takeoff at the same angle of attack? 





Prob. 11-113 


11-114. A baseball has a diameter of 73 mm. If it is thrown 
with a speed of 5 m/s and an angular velocity of 60 rad/s, 
determine the lift on the ball. Assume the surface of the ball 
is smooth. Take p, — 1.20 kg/m? and v, ^ 15.0(1075) m? /s, 
and use Fig. 11-50. 





Prob. 11-114 


11-115. A 0.5-kg ball having a diameter of 50 mm is thrown 
with a speed of 10 m/s and has an angular velocity of 
400 rad/s. Determine its horizontal deviation d from striking 
a target a distance of 10 m away. Take p, ^ 1.20 kg/m? and 
v, — 15.0(10 5) m^ /s, and use Fig. 11-50. 





Top View 
Prob. 11-115 
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E CONCEPTUAL PROBLEMS 





P11-1. When the cup of hot tea is stirred, top photo, the P11-2. Which structure will best survive in a hurricane, the 
"leaves" seem to eventually settle at the bottom in the triangular-shaped building or the dome-shaped building? 
center of the cup. Why do they do this, instead of Draw the pressure distribution and streamlines for the flow 
accumulating along the rim? Explain. in each case to explain your answer. 
E 
P11-1 P11-4. A baseball is thrown straight up into the air. Will 


the time to travel to its highest point be longer, shorter, or 
the same as the time for it to fall to the same height from 
which it was thrown? 


P11-3. Lift, drag, thrust, and weight act on the plane. 
When the plane is climbing during takeoff is the lift force 
less than, greater than, or equal to the weight of the plane? 
Explain. 





P1L3 P11-4 
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CHAPTER REVIEW 






The boundary layer is a very thin layer of fluid located in a region just 
above the surface of a body. Within it, the velocity changes from zero at 
the surface to the free-stream velocity of the fluid. 


The fluid within the boundary layer formed over the surface of a flat plate 
will be laminar up to the critical distance x,,. In this text, this distance is 
determined from (Re,),, = Ux.,/v = 5(10°). 


The velocity profile for a laminar flow boundary layer has been solved by 
Blasius. The solution is given in both graphical and tabular form. Knowing 
this velocity profile, one can find the thickness of the boundary layer and 
the friction drag that the flow exerts over a flat plate. 


The friction drag caused by turbulent flow boundary layers is determined 
by experiment. For both laminar and turbulent cases, this force is reported 
by using a dimensionless friction drag coefficient Cp which is a function 
of the Reynolds number. 






The thickness and shear-stress distribution for both laminar and turbulent 
boundary layers can be determined by an approximate method, using the 
momentum integral equation. 












Since turbulent flow creates a larger shear stress on a surface, compared 
to laminar flow, turbulent boundary layers create a larger friction drag on 
the surface, 








Experimental drag coefficients Cp, caused by both viscous friction and 
pressure, have been determined for the cylinder, the sphere, and bodies 
of many other shapes. In general, Cp is a function of the Reynolds 
number, the body’s shape, its orientation within the flow, and its surface 
roughness. For some cases, this coefficient may also depend on the Froude 
number or the Mach number. 










When designing an airfoil, both drag and lift are important. Their 
coefficients,C and C, , are determined by experiment and are represented 
graphically as a function of the angle of attack. 
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(© Tim Roberts Photography/Shutterstock) 


Open channels are often used for drainage and irrigation. It is important that 
they be designed properly so that adequate flow through them is maintained. 
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11-101. A 3-Mg airplane is flying at a speed of 70 m/s. If 
each wing can be assumed rectangular of length 5 m and 
width 1.75 m, determine the smallest angle of attack a@ to 
provide lift assuming the wing is a NACA 2409 section. The 
density of air is p ^ 1.225 kg/m’. 


11-102. The 5-Mg airplane has wings that are each 5 m 
long and 1.75 m wide. It is flying horizontally at an altitude 
of 3km with a speed of 150 m/s. Determine the lift 
coefficient. 





= 


Probs. 11-101/102 


11-103. The 5-Mg airplane has wings that are each 5 m 
long and 1.75 m wide. Determine its speed in order to 
generate the same lift when flying horizontally at an altitude 
of 5 km as it does when flying horizontally at 3 km with a 
speed of 150 m/s. 





Prob. 11-103 


*11-104. A 4-Mg airplane is flying at a speed of 70 m/s. If 
each wing can be assumed rectangular of length 5 m and 
width 1.75 m, determine the drag on each wing when it is 
flying at the proper angle of attack a. Assume each wing is a 
NACA 2409 section. The density of air is p, = 1.225 kg/m’. 
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11-105. The plane can take off at 250 km/h when it is at an 
airport located at an elevation of 2 km. Determine the 
takeoff speed from an airport at sea level. 





Prob. 11-105 


11-106. The glider has a weight of 350 Ib. If the drag 
coefficient is Cp — 0.456, the lift coefficient is C, — 1.20, 
and the total area of the wings is A — 80 ft^, determine the 
angle 8 at which it is descending with a constant speed. 


11-107. The glider has a weight of 350 Ib. If the drag 
coefficient is Cy ^ 0.316, the lift coefficient is C, — 1.20, 
and the total area of the wings is A — 80 ft^, determine if it 
can land on a landing strip that is 1.5 km long and located 
5 km away from where its altitude is 1.5 km. Assume the 
density of the air remains constant. 





Probs. 11-106/107 


*11-108. Each of the two wings on a 20 000-lb airplane is to 
have a span of 25 ft and an average cord distance of 5 ft. 
When a 1/15 scale model of the wing section (assumed to be 
infinite) is tested in a wind tunnel at 1500 ft/s, using a gas for 
which o, — 7.80(10 ?) slug/ft^, the total drag is 160 Ib. 
Determine the total drag on the wing when the plane is flving 
at a constant altitude with a speed of 400 ft/s, where 
p, ^ V.75(10 ?) slug/ft". Assume an elliptical lift distributio n. 
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Typical velocity contours, 
in m/s, for a rectangular channel 


Fig. 12-1 


— 


Uniform steady flow, 
constant depth 


(a) 


— 


Accelerated 
nonuniform flow 


(b) 


Retarded 
nonuniform flow 


(c) 


Fig. 12-2 


Laminar and Turbulent Flows. Although laminar flow can 
occur in an open channel, in engineering practice it is rarely encountered. 
This is because the flow must be very slow to meet any Reynolds number 
criteria for laminar flow. Instead, open-channel flows are predominantly 
turbulent. The mixing of the liquid that actually takes place can be caused 
by the friction of the wind blowing over its surface and friction along the 
sides of the channel. These effects will cause the velocity profile to 
become highly irregular; and as a result, the maximum velocity will be 
somewhere near the top of the liquid surface, but normally not at the 
surface. A typical velocity profile for water flowing through an open 
rectangular channel may look something like that shown in Fig. 12-1. 
Hence, even though the surface may appear calm, as if the flow is laminar, 
beneath the surface it will be turbulent. In spite of this irregularity, we 
can often approximate the actual flow as being uniform one-dimensional 
flow, and still achieve reasonable results in estimating the flow. 


Uniform and Steady Flow. Besides being either laminar or 
turbulent, open-channel flow can also be classified in another way. 

Uniform flow occurs when the depth of the liquid remains the same along 
the length of the channel, because then the velocity of the liquid will not 
change from one location to the next. An example occurs when the channel 
has a small slope, so that the gravity force causing the flow is balanced by 
the friction force that retards it, Fig. 12-2a. If the depth varies along the 
length, then the flow is nonuniform. This can happen if there is a change in 
slope, or where there is a change in the channel’s cross-sectional area. 
Accelerated nonuniform flow occurs when the depth of flow decreases 
downstream, Fig. 12-25. An example would be water flowing down a chute 
or spillway. Retarded nonuniform flow occurs if the depth is increasing, 
Fig. 12-2c, such as when water in a downward-sloping channel backs up to 
meet the crest of a dam. 

Steady flow in a channel occurs when the flow remains constant over 
time as in Fig. 12-2a, and so its depth at a specific location remains 
constant. This is the case for most problems involving open-channel flow. 
However, if a wave passes by a specific location, the depth and hence the 
flow will change with time, and this ts classified as unsteady flow. 


Hydraulic Jump. Apart from the types of flow mentioned above, 
there is one other phenomenon that can occur in open channels. 
A hydraulic jump is a localized turbulence that rapidly dissipates kinetic 
energy from the flow. It generally occurs at the bottom of a chute or 
spillway, Fig. 12-3. 





Hydraulic jump 


Fig. 12-3 


12.2 OPEN-CHANNEL FLOW CLASSIFICATIONS 


12.2 Open-Channel Flow Classifications 


Later in this section it will be shown that the type of flow that occurs in 
an open channel can be classified by comparing the speed of the liquid in 
the channel to the speed of a wave on its surface. To make this comparison, 
however, it is first necessary to formulate a way to obtain the wave speed. 
Specifically, the speed of the wave relative to the speed of the liquid in the 
channel is called the wave celerity, c. 

To determine c we will consider the wave height Ay to be small 
compared to the depth y of the liquid, Fig. 12-4a. Excluding the effects of 
surface tension, the propagation of the wave along the channel will be 
caused by gravity.* To a fixed observer, unsteady flow will occur, since 
initially the liquid is at rest and then as the wave passes, the liquid under 
the wave is disturbed and will have a velocity V. Realize that the wave 
profile only moves the fluid up and down as it passes by, although it 
creates the illusion that the liquid composing the wave is actually moving 
over the surface with the velocity c, which is not the case. 

For the analysis that follows, it is easier to fix a reference to a control 
volume that moves with the wave, so that for an observer of the wave, the 
flow will appear as steady flow, Fig. 12-45. In other words, for one- 
dimensional flow, the liquid at the open control surface 2 appears to 
move to the left at c, and the liquid at the open control surface 1 appears 
to move to the left at V. If the liquid is assumed to be ideal, and the 
channel has a constant width 5, then the continuity equation gives 


à - 


0 * p(—c)yb) + p[V(y + dy)b] ~ 0 
22 P 
y + Ay 
The Bernoulli equation can be applied to points 1 and 2 on the surface 
streamline.’ We have 





V? y2 
Y 2g y 2g 


y? c? 
0 +— + (y + Ay) F7 04> +y 
2g 2g 


Substituting for V, using the result from the continuity equation, and 
solving for c, we obtain 
1/2 


2e(y? + 2yAy + (Ay) ) 
2y + Ay 


* For a more complete discussion of wave motion, see Ref. [6]. 
Any points on the open control surface can be selected as noted in Example 5.11. 


(b) 


Fig. 12-4 
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Tranquil flow: Wave moves upstream c > V 
Critical flow: Standing wave V — c 
Rapid flow: Wave moves downstream V > c 


(c) 


Fig. 12-4 (cont.) 


Since the wave has a small height Ay compared to the liquid depth y, 
then Ay can be neglected, and so the result becomes 


(12-1) 


The wave speed is only a function of the liquid depth and is independent 
of any of the fluid’s physical properties. It is interesting to note that in the 
ocean, wave speeds can reach very high values. For example, if the ocean 
depth is 3 km, any tsunami waves generated by something like an 
earthquake will travel at 172 m/s (384 mi/h)! 


Froude Number. The driving force for all open-channel flow is due 
to gravity, and so in 1871, William Froude formulated the Froude number 
and showed how it can be used for describing this flow. Recall that in 
Chapter § we defined the Froude number as the square root of the ratio 
of the inertia force to the gravitational force. The result is expressed as 





(12-2) 


where V is the average velocity of the liquid in the channel, and y is the 
depth. To show why the Froude number is important, consider, for example, 
the case shown in Fig. 12-4c, where a plate momentarily obstructs the 
steady stream, producing two waves. If Fr ^ 1, then from Eq.12-2, the 
liquid must have a velocity V — c. When this occurs, the wave on the left 
will stand still. This is referred to as critical flow. If Fr < 1, then c > V, 
and this wave will propagate upstream, which is a condition of tranquil 
flow. In other words, the gravitational force or the weight of the wave 
overcomes the inertia force caused by its movement. Finally, ifFr > 1, then 
V > c,and the wave will be washed downstream. This is te rmed rapid flow 
and is the result of the gravitational force being overcome by the wave’s 
inertia force. 


12.3 Specific Energy 


The actual behavior of the flow at each location along an open channel 
depends upon the total energy of the flow at that location. To find this 
energy, we will apply the Bernoulli equation, which assumes steady flow 
of an ideal liquid. If we establish the datum at the bottom of the channel, 
as shown in Fig. 12-5, and choose the streamline on the liquid's surface, 








where the pressure is atmospheric, then p; — p; — 0, and the Bernoulli 
equation becomes* 


y? 2 
A oy By 
Y 28 Y 2g 
V? ^" NM 
yı + Ze — ys t» (12-3) 


Therefore, at any intermediate location, Fig. 12-5, we can also write the 
total energy for the flow. It is 


? 


E = — +y (12-4) 
2g 
This sum is referred to as the specific energy, E, since it indicates the 
amount of the kinetic and potential energy per unit weight of the liquid 
at a specific location. Stated another way, it is also called the specific head. 
because it has units of length and thereby represents the vertical distance 
from the channel bottom to the energy line, Fig. 12-5. 
The specific energy can also be expressed in terms of the volumetric 
flow by using Q — VA. Thus, 


"| 


— 





p= 


m zty 
2gA* 


(12-5) 


We can further express £F only as a function of y by considering a unique 
cross section. 


Rectangular Cross Section. 
Fig. 12-6a, then A — by and so 


If the cross section is rectangular, 


(12-6) 





There are two independent variables in this equation, Q and y. However, 
if Q is held constant, then a plot of Eq. 12-6 has the shape shown in 
Fig. 12-6b. It is called a specific energy diagram. In particular, if Q — 0, 
then E — vy, as shown by the 45° sloped line. This represents a condition 
of the liquid having no motion or kinetic energy, only potential energy. 
Notice, however, that when the liquid has a flow Q, then there will be two 
possible depths, y, and y», that produce the same specific energy E — £E”. 
Here the smaller value y; represents low potential energy and high 
kinetic energy. This is rapid or supercritical flow. Likewise, the larger 
value y» represents high potential energy and low kinetic energy. It is 
referred to as tranquil or subcritical flow. 


* Any points on the open control surface can be selected as noted in Example 5.11. 
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Energy line 





Datum 


Fig. 12-5 





Rectangular cross section 


(a) 


Q = 0(no motion), 









Tranquil flow 
Fr «1 


lia 
Ye 
M E nun E E 


Specific energy diagram 


(b) 


Fig. 12-6 
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Canals having rectangular cross sections are 
often used for small flows or within confined 
spaces through crowded neighborhoods, 
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Tranquil flow 
Fr<1 


M E min E 
Specific energy diagram 
(b) 
Fig. 12-6 


As shown in the graph, the minimum value for the specific energy, Ej. 
occurs at the critical depth. It can be found by setting the derivative of 
Eq. 12-6 equal to zero and evaluating the result at y — y,. Since Q is 
constant, 


ze 1=0 
dy  gb°y 
2 \ 1/3 
»-(£) (12-7) 
gb" 
Substituting this into Eq. 12-6, the value of E, is therefore 
3 
= Xe - "m 
Emin 2y2 FY 3? (12-8) 


To summarize, this is the smallest amount of specific energy the liquid can 
have and yet still maintain the required flow Q. It occurs at the nose of 
the curve in Fig. 12-65, where the flow Q is at the critical depth ye. 

To find the critical velocity at this depth, substitute Q — V,(5by,) into 
Eq. 12-7, so that 


1/3 


tJ 


" ? 
Vécb^yz 


— € e 


Ye” 
d g p? 





and so 
Va ^ — Vs 


Notice that when the flow is at this critical velocity, the Froude number 
becomes 


(12-9) 
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Therefore, for any point on the upper branch of the curve in Fig. 12-65, the 

depth of flow will exceed the critical depth, v = y. > y,. Whenthis happens, 
V < V.,andsoFr < 1. This is subcritical, or tranquil, flow. Likewise, for any 
point on the /ower branch of the curve, the depth of flow will be less than 

the critical depth, y = y; < Ye and then V > V, and Fr > 1. This is 

supercritical, or rapid, flow. These three classifications are therefore 


Fr< l,y >y.orV < V, Subcritical (tranquil) flow 


a ae eV ve Critical flow (12-10) 


Fr> l,y<y,orV> V, Supercritical (rapid) flow 





Because of the branching of the specific energy diagram that takes place Large drainage channels are often made in a 
at y,, engineers do not design channels to flow at the critical depth. If they taper! shape since this Mape " eT 
did, then standing waves or undulations would develop on the surface of — *95Y 1o construct D LCS Ms 

m . . . placed “weep holes” along the sloped sides in 
the liquid, and any slight disturbance in the depth of flow would cause the — oraerio reduce the hydrostatic pressure on the 
liquid to constantly adjust between subcritical and supercritical flow. inside wall, caused by groundwater absorption. 


An unstable condition. 


Nonrectangular Cross Section. When the channel cross section is 
nonrectangular, Fig. 12-7, then the minimum specific energy must be 
obtained by taking the derivative of Eq. 12-5 and setting it equal to zero, 
and requiring A — A,. This gives 


dE _ —Q? dA 
dE =O dA, | =, 
dy gA. dy 


At the top of the channel, the elemental area strip dA — b,4,dy, and so 
we get 


gA — 
—— =! (12-11) 
O' Prop 
Provided b,,,, and A, can both be related by the geometry of the cross 
section to the critical depth y,, Fig. 12-7, then a solution for v, can be 
determined from this equation. See Example 12.3. 
To find the critical velocity of flow, substitute Q = V.A, into the above 
equation and solve for V.. We get 








i (12-12) 


; — o Critical depth in channel with 
At this speed Fr — 1, and so for any other V, the flow can be classified as arbitrary cross section 


supercritical or subcritical in accordance with Eqs. 12-10. 


Fig. 12-7 
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E" Important Points 


Open-channel flow is predominantly a turbulent phenomenon due 
to the mixing action that takes place within the liquid. Although 
the velocity profile is highly irregular, for a reasonable analysis 
we can assume the liquid to be an ideal fluid, so that the flow is one 
dimensional and has an average velocity over the cross section. 


Steady flow requires the velocity profile at a particular cross 
section to remain constant over time. Uniform flow requires that 
this profile remain the same at all cross sections. When uniform 
flow occurs in an open channel, the depth of flow will remain 
constant throughout the channel. 


Open-channel flow is classified according to the Froude number, 
which is the square root of the ratio of the inertia force to the 
gravitational force. When Fr = 1, critical flow occurs at depth y,. 
A wave produced on the surface will remain stationary. When 
Fr < 1, tranquil flow occurs at depth y > y,. Any waves on the 
surface will move upstream. Finally, when Fr > 1, rapid flow 
occurs at depth y < y,. Waves will be washed downstream. 


The specific energy or specific head FE of the flow in an open 
channel is the sum of its kinetic and potential energies, as 
measured from a datum /ocated at the bottom of the channel. It has 
units of length. The specific energy diagram is a plot of E = f(y) 
for a given flow Q. It indicates that when the flow has a specific 
energy Æ, it will either move rapidly, V — V,, at a shallow depth, 
y < y, (high kinetic energy and low potential energy), or move 
slowly as tranquil flow, V — V,, at a deeper depth, y > y, (low 
kinetic energy and high potential energy). 


The specific energy of a given flow Q is a minimum when the 
flow is at the critical depth ye 


EXAMPLE | 42.4 


Water has an average velocity of 4 m/s as it flows in the rectangular 
channel shown in Fig. 12—8a. If the depth of the flow is 3 m, classify the 
flow. What is the velocity of the flow at the alternate depth that 
provides the same specific energy for the flow? 


SOLUTION 


Fluid Description. The flow is steady, and water is assumed to be an 
ideal fluid. 





Analysis. To classify the flow, we must first determine the critical depth 
from Eq. 12-7. Since the flow is Q — VA = (4 m/s)(3 m)(2 m) = 24 m*/s, 


Q? 
(2 


(24 m?/s)? 


1/3 
) = (9.81 m/s?)(2 m)? Son 


Here y, < y ~ 3 m,so the flow will be subcritical, or tranquil. Ans. 


For the arbitrary depth y, the specific energy for the flow is determined 
using Eq. 12-6. 


» (24 m/s? 
2(9.81 m/s?) (2 m)?? 
A plot of this equation is shown in Fig. 12-3c. At y = 3 m, 


TM 


(1) 


(24 m/s 
2(9.81 m/s?)(2 m) (3 m}? 


Q? 


2 gb^y? 





ty +3m~— 3.815m 


To find the alternate depth that provides this same specific energy of 
E — 3.815 m, we must substitute this value into Eq. 1, which, after 
simplification, yields 


y! — 3.815y? + 7.339 = 0 
Solving for the three roots, we obtain 


y —300m —2.5m Á Subcritical (as before) 


y — 2.02 m « 2.45 m Supercritical Ans. 
y ^ —121m Not realistic 
For the case of supercritical or rapid flow, Fig. 12-85, when 
the depth is y ^ 2.02 m, the velocity must be 
ü c v 24 m*/s = V(2.02 m)(2 m) 
V = 5.93 m/s Ans. 


The specific energy at critical flow can be determined from Eq. 12-8, 
B s [s ) y,, or from Eq. 1, using y, ~ 2.45 m. Its value, 3.67 m, is also 
shown in Fig. 12-&. 

To summarize, a flow having a specific energy or specific head of 
E — 3.815 m can be rapid at a depth of 2.02 m or tranquil at a depth of 
3.00 m. If this same flow has some other specific energy £, then it will 
occur at two other depths, found from the roots of Eq. 1. 
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Subcritical flow 


(a) 





Supercritical flow 
(b) 


y(m) 







OQ = 24m’‘/s 
b=2m 


Tranquil 


Emin = 3-67 3.815 
(c) 
Fig. 12-8 
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EXAMPLE [3272 





The horizontal rectangular channel in Fig. 12-9a is 6 ft wide and 
gradually tapers so that it becomes 3 ft wide. If water is flowing at 
300 ft /s and has a depth of 2 ft while in the 6-ft section, determine the 
depth when it is in the 3-ft section. 





(a) 


Fig. 12-9 


SOLUTION 

Fluid Description. We have steady flow in each region, even though 
within the transition there is nonuniform flow. The water is assumed 
to be an ideal fluid. 


Analysis. The specific energy for the flow must be the same in each 
section, since no friction losses occur. Within the wide section, the 
critical depth is 
2\1/3 (300 ft?/s )? 5 
: t/s 
Ye ~ (S) El ux CPI 
gb ( 32.2 ft/s? )(6 ft) 
Since the depth y — 2ft — 427ft, the flow is supercritical, or rapid, in 
the wide section. 
We can find the specific energy for the flow in this section, b ~ 6ft, 
using Eq. 12-6. 
-Č , 2. Qon) 
zea ee 2 2.2 
2gb^y? 2(32.2 ft/s?) (6 ft)’y 





+y (1) 


This value of E must remain constant through the channel since the 
channel bottom remains horizontal, and there are no frictional losses. 
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When the width is 3 ft, Eq. 12-6 becomes m 
2 300 ft/s )? 
E Eu (2) 
2gb!y? 2(322 ft/s?) (3 c)?y? 


When y — 2ft, E — 11.705ft. Using this value when b = 3 ft, we have 


(300 fe /s ? 
IAE Du ee a ee 
2( 32.2 ft/s?)(3 ft)?y? 
y! — 11.705? 4 15528 = 0 (3) 


The critical depth in this section is 


2 (£^ — [. QG00 1/5) E 
Em ———ET 
7e gp! (32.2 ft/s?)(3 f)? 


Solving Eq. (3) for the depths we obtain 
y (ft) 
IYS Mir ONR Subcritical 
y — 4.71 ft < 6.77 ft Supercritical 
yc — 2E Not realistic 


Since the flow was originally supercritical, it remains in this 
state, and so the depth in the 3-ft section will be 





( 11.705 


b= 6ft Emi] ^ 10.16 
b=3t 


y = 4.71 ft Ans. — Eaj- 6407 


If we plot Eqs. 1 and 2, Fig. 12-9b, it will help to understand why the (b) 
flow of 300 ft*/s remains supercritical throughout the channel. In 

the figure, the values of E,,;, were found from Eq. 12-8. As the width 

of the channel gradually narrows from 6 ft to 3 ft, the water rises 

upward from y — 2 ft on the curve for b — 6 ft, until it reaches the 

point on the curve for b —3 ft. This occurs at the depth of y — 4.71 ft. 

It is not possible for the water to reach the greater depth of 

y — 10.2 ft in this section, because the specific energy must remain 

constant, and so it cannot decrease to Emin ~ 10.16 ft and then 

increase again to the required E — 11.705 ft. 
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EXAMPLE | 42.3 


The channel has a triangular cross section as shown in Fig. 12-10. 
Determine the critical depth if the flow is 12 m?/s. 


SOLUTION 
Fluid Description. We assume steady flow of an ideal fluid. 


Analysis. For critical flow, we require the specific energy to be a 
minimum, which means we must satisfy Eq. 12-11. From Fig. 12-10, 


Diop = 2(y, cot 60°) = 1.1547y, 
Fig. 12-10 


l 
a (3 (y, cot 600) = 0.5774y2 


gA; 


Q^ b, 


m] 
(9.81m/s?)(0.5774y2 ! 
(12 m? /s )(1.1547y,) 


Solving vields 
y, — 2.45 m 





12.4 Open-Channel Flow over a 
Rise or Bump 


When liquid flows over a rise in a channel bed, as shown in Fig. 12—1 1a, it 
will change the depth of flow, since the increased elevation of the channel 
bed will increase the potential energy of the liquid mass. To investigate 
this effect, we will consider the flow to be one-dimensional, that is, 
horizontal, by assuming that the change in elevation is small and occurs 
gradually. We will also neglect any frictional effects, since the change 
occurs over a short distance. 
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y O=0 
Rapid 


Rapid V2 








Rapid flow over a rise YN yi Emin E Ei 
(a) (b) 
Rise. Let's first consider the case where y, < y,,so the approach flow . 
is rapid, Fig. 12-11a. As the flow passes over the rise, the liquid is /ifted a Tranquil 
distance A, and so with the datum at the bottom of the lower portion of ki E uum 
the channel, the liquid's specific energy will decrease from E, to E, acta 


Fig. 12-115, while the depth of flow will increase from y, to y>. In other 
words, as energy is used to lift the liquid by h (increase in potential 
energy), because of the continuity of flow, the liquid will slow down 
(decrease in kinetic energy), although it still remains rapid flow.* 

If we now consider y, > y,, as in the case of tranquil flow, Fig. 12-11c, 


Datum 


then after passing the rise, the specific energy will decrease from E; to E, Tranquil flow over a rise 

Fig. 12-114. Here a decrease in the depth of flow (decrease in potential (c) 

energy) from y, to y, causes the velocity of flow to increase (increase in 

kinetic energy); however, tranquil flow will prevail. y Q-0 


Q,b 
Bump.  Ifabump or hill is placed on the channel bed, Fig. 12-11e, then 
there will be an upper limit by which E can decrease in lifting the fluid. As 
shown in Fig. 12-11f, it is (E1 — Emin). This gives a maximum rise of the 1 
bump of (y, — y) — A,. If this rise occurs, and the bump is designed f 
properly, specific energy can follow around the nose of the curve, and the Ae Tranquil flow 
flow will thereby change from rapid to tranquil.’ In other words, just when Yzy = 
reaching the top of the bump, the flow will be at the critical depth. Then as Ye M 
the bump begins to slope downward, kinetic energy will be added back to i ps. E 
the flow. This gets converted to potential energy and raises the depth to y; j 
as the specific energy is returned to £}. (d) 


Rapid flow 


P 


Tranquil 





Datum 


— ll Rapid flow 
(e) 


Ein Ei 
(f) 


Fig. 12-11 
"The continuity of flow requires Q = V, (vy,b) = V;(y2b), or V, = V,(y,/y,). But 
Yı/ y2 © 1, s0 V, < V. 
*Without a proper design, the flow will be returned to rapid flow. Also, a bump can change 
tranquil flow into rapid flow. 
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EXAMPLE [12:4 





Water flows through the rectangular open channel in Fig. 12-122 that 
is 1.5 m wide. The initial depth is 1 m and the flow is 10 m/s. If the 
bed of the channel rises 0.15 m, determine the new depth. 





0.15 m 
Datum SOLUTION 


| Fluid Description. We have steady flow. The water is 
(a) assumed to be an ideal fluid. 


Analysis. The critical depth for the flow is determined from 
yim) Eq. 12-7. We have 


ERVIE (10 m?/s)? 1/3 
aes Ye (2:) ~ [LS ;) = 1.65m 
Q 7 10 m/s gb (9.81 m/s?)(1.5 m) 


b=15m And the mini mum specific energy, Eq. 12-8, is 
Tranquil flow 






a = 
~— Rapid flow Emin ^ 4X. — 5 (1-65 m) = 2.48 m 
Since originally y — 1 m < 1.65 m, the flow is supercritical, or 


rapid. 
As the water passes over the rise, it gives up some of its kinetic 
energy because the water is being lifted to increase its potential 
energy. For the flow, Q — 10 m?/s, the specific energy on each side of 
Fig. 12-12 the rise must be the same if we use the same datum. Using Eq. 12-6, at 
yı 1m, we have 


——— +y 
2gblyp ^| 


(10 m/s)? 
2(9.81 m/s?)(1.5 mf'(1 m 
and at y>, for the same datum, we require 
(10 m? /s)? 
2(9.81 m/s?)(1.5 m?y3 
y? — 3.115y2 4 2:265 7 0 
Solving for the three roots yields 
y; — 2.83 m — 1.65 m Subcritical 
y2 ~ 1.05m < 1.65 m Supercritical 
y, — —0.764 m Unrealistic 


+ 1m 327m 


+ (y, + 0.15 m) = 3.27 m 


The flow must remain supercritical because it cannot have less specific 
energy than Emin 2.48 m as it is being lifted. In other words, the 
specific energy F is confined between (3.27 m ^ 0.15 m) ^ 3.12 m and 
3.27 m, Fig. 12-125. Consequently, 


y, — l.05 m Ans. 
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EXAMPLE | 42.5 





Water flows through the channel in Fig. 12—13a that has a width of 3 ft. 
If the flow is 80 ft^/s and the depth is originally 2 ft, show that the 
upstream flow is rapid, and determine the required height / of a bump 
placed on the bed of the channel so that the flow is able to change to 
tranquil downstream from the bump. 


SOLUTION 


Fluid Description. Steady flow occurs. The water will be considered 
an ideal fluid. 





Analysis. The critical depth for the flow is y (ft) 


2 N 1/3 80 ft?/s )? 1/3 
Ye T (£) X ———- is) ;) — 2.81 ft 
gb (32.2 ft/s?) ft) 


Since y — 2ft — 2.81 ft, then before the bump the flow is rapid. 
Also, the minimum specific energy is 







Q 7 80 ft^ /s 
b —3ft 


Tranquil 


3 
Eoin € 2 yx. — 4.21 ft 





y, 7 2.81 
In general, the specific energy for the flow is — 
7 ae E = 421 4.76 E 
E E (80 ft /s) $ 
- — [y ————Á [03 0. 
2gb^y? 2(322 fus?) (3 fo! as 
(b) 
ev Re 
a (1) Fig. 12-13 


y 
At the depth y 72 ft, then E — 4.76 ft, Fig. 12-135. The depth for 
tranquil flow at this same specific energy can be determined by solving 
4.76 — =s +y 
aes 
y! - 476y + 11.04 = 0 
The three roots are 
yo — 4.11 ft > 2.81 ft Subcritical 
yo — 2 ft < 2.81 ft Supercritical (as before) 


y, — —134 ft Unrealistic 


As shown in Fig. 12-135, to produce tranquil flow after the bump, the 
rise must first remove 4.76 ft — 4.21 ft — 0.55 ft of the specific energy 
from the water. Then, just after the top of the bump. if the bump is 
designed properly, the same amount of the energy will be returned, so 
that tranquil flow occurs at the new depth of y, — 4.11 ft. Thus, the 
required height of the bump is 


h — 0.55 ft Ans. 
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Sluice gates are placed at the crest of this dam 
in order to maintain control of the water 
elevation in the reservoir behind the dam. 





Datum 


Flow under a sluice gate 


Fig. 12-14 


12.5 Open-Channel Flow under 
a Sluice Gate 


A Sluice gate is a structure that is often used to regulate the discharge of 

a liquid from a reservoir into a channel. An example is shown in Fig. 12-14, 

where the gate is partially opened. If we neglect frictional losses through 

the gate and assume we have steady flow of an ideal fluid, then we can 

apply the Bernoulli equation on the streamline between point 1, where 

there is essentially no flow, and point 2, where the flow is steady and has 
an average velocity V3. This gives 

7 ^ 

PUn, =P iy, 

Y g ` Y 28 "7 


2 
2 





0+0+y 70+ ty 


2g 
To obtain the flow as a function of depth, we can use Q ^ V;by;, where b 


is the width of the (rectangular) channel. Substituting for V> and solving 
for Q, we get 


4 


ú 





yı T 


2gb^y 
Q = V2gb(y3y, — y3)! ene) 


Opening and closing the gate will vary v» and also the flow through the 
gate. Maximum flow can be determined by taking the derivative of the 
above equation and setting it equal to zero. 


ER = V (F )| Obri = y3) "(2ysy, = 3y;) —0 


The solution requires 


m4 | 
n» 3"! (12-14) 
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When y; is this critical depth, then the maximum flow is determined from a 


Eq. 12-13. We have 
Dr Vo; enl (12-15) 


The Froude number at maximum flow, that is, when y ~ yi and 
y Ormax/ by», is 


soe Vom Qu/by; 1 [Sgb*yi 
EO SS, EE 
V gya Vey? by; Vgy;N 27 


z(=) E 
27 vi 


Therefore, the classification of flow just past the sluice gate is 





Fr < 1 Subcritical (tranquil) flow 
Fr — 1 Critical flow 
Fr ^ 1 Supercritical (rapid) flow 


These results can be interpreted as follows: When the gate is initially 
opened, the flow increases so that (Fr — 1). The flow reaches a maximum 
discharge when the depth y, = ay, (Fr — 1). A further opening of the 
gate will now cause the flow to decrease (Fr — 1). Here the gravitational 
force becomes greater than the inertia force. In other words, it is more 
difficult for the liquid to pass under the gate, since on the other side y; is 
high enough so the weight of fluid restrains any increase in the flow. In 
practice, the results of this analysis are modified somewhat to account for 
the frictional losses under the gate. This is usually done using an 
experimentally determined discharge coefficient that is multiplied by the 
flow. We will discuss this in Sec. 12.9, where it also applies to weirs. 


Important Points 


A flow will remain tranquil or rapid both before and after the 
channel experiences either a change in width or a change in 
elevation (rise or drop). 


A bump can be designed to change the flow from one type to 
another; for example, from rapid to tranquil. This occurs because 
the bump can first remove specific energy from the flow, bringing 
the flow to the critical depth, and then return it to its original 
specific energy. Doing so allows the specific energy to transfer 
around the “nose” of the specific energy diagram. 


The steady flow over a channel rise, over a bump, or under a 
sluice gate can be assumed to be one-dimensional flow, with no 
frictional losses, since the length of the transition is normally 
short. The flow on each side of the tra nsition is classified according 
to the Froude number. 


Maximum flow under a sluice gate will occur if the gate is opened 


so the exit flow depth is y; — yi. 
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EXAMPLE | 42.6 


Fig. 12-15 


EXAMPLE [12:7 


(a) 


Fig. 12-16 


The sluice gate in Fig. 12-15 is used to control the flow of water from 
a large reservoir that has a depth of 6 m. If it opens into a channel that 
has a width of 4 m, determine the maximum flow that can occur 
through the channel and the associated depth of flow. 


SOLUTION 


Fluid Description. The water surface in the reservoir is assumed to 
be at a constant elevation so we have steady flow. Also, the water is 
assumed to be an ideal fluid. 


Analysis. Maximum flow occurs at the critical depth, which is 
determined from Eq. 12-14. 


-2 = 26m) =4m Ans 
y2 3^! 3 . 


The flow at this depth is determined from Eq. 12-15. 


= L8. 23 
Omax 5; Xi 


a 
27 
= 100.23 m*/s = 100 m*/s 


(9.81 m/ s*)(4 m)*(6 my? 


As expected, the Froude number for this flow is 


vV, _ (100.23 m*/s)/[4m(4m)] _ 


Fr = — = = 


gy, V/(9.81 m/s? )(4 m) 


The flow in the 8-ft-wide channel in Fig. 12-16a is controlled by the 
sluice gate, which is partially opened so that it causes the depth of the 
water near the gate to be 4 ft and the mean velocity there to be 1.25 ft/s. 
Determine the depth of the water far upstream, where it is essentially 
at rest, and also find its depth downstream from the gate. 


SOLUTION 


Fluid Description. The water a distance far from the sluice gate is 
assumed to have a constant depth so that the flow at points 1 and 2 
will be steady. Also, the water is assumed to be an ideal fluid. 
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Analysis. Ifthe Bernoulli equation is applied between points 0 and 1, 
located on a streamline at the water surface, we have 


yo = 4.024 ft = 4.02 ft Ans. 


The Bernoulli equation can be applied between points 1 and 2, but we 
can also apply it between points 0 and 2. If we do this, we have 


V2 y3 
BLA =2 yyy, 
y 2g Y 2 


2 


0+ 0+ 4.024 ft = 0+ (1) 


2(32.2 fr) 
Continuity requires the flow at 1 and 2 to be the same. y (ft) 
Q © ViA T V 
(1.25 ft/s)(4 fO(8 fO ^ V5vs(8 ft) 
Vj 7 5 4.00 






O = 40 ft*/s 
b —8ft 
Substituting V; — 5/y; into Eq. 1 yields 


yj — 4.0245 -- 0.3882 = 0 Tranquil flow 


Solving for the three roots, we get 2.68 
y, — 4.00 ft Subcritical (as before) 0.324 moe 
ys 7 0.3239 ft Supercritical 274 402 us 
ys ^ —0.2996 ft Not realistic 
The first root indicates the depth, v; ^ 4.00 ft, and the second root is (b) 
the depth downstream from the gate. Thus, 
y»; — 0.324 ft Ans. 


The specific energy for the flow can be determined from point 0, 1, or 2 
since the bed elevation of the channel is constant and frictional losses 
through the gate have been neglected (ideal fluid). Using point 1, 





2 (1.25 ft/sY4 fo(8 fo)? 
E= g -+y = 100.25 f/x 6 +4 ft = 4.024 ft = 4.02 ft 
2gb?yi 2(32.2 ft/s?)(8 ft(4 ft 


A plot of the specific energy is shown in Fig. 12-165. Here 


, = 
Ye 


yo = = (4.024 ft) = 2.683 ft = 2.68 ft 
_ [40.25 ft/sY(4 fo(8 fo]? 
2gby2 e 2( 32.2 ft/s*)(8 ft)°(2.683 ft) 
As noted, tranquil flow occurs upstream near the gate, and rapid flow 
occurs downstream. 


Q, 





+ 2.683 ft = 2.74 ft 


E min ~ 
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A= yb 
P= 2y+b 








A A> 
Ata *”) 


p= ah 
sina 








Drainage canal having a trapezoidal 
CTOSS section 


12.6 Steady Uniform Channel Flow 


Since all open channels have a rough surface, then in order to maintain 
steady uniform flow in the channel, it is essential that it have a constant 
slope and a constant cross section and surface roughness along its length. 
Although these conditions rarely occur in practice, an analysis based on 
these assumptions is often used to design many types of channels for 
drainage and irrigation systems. Furthermore, this analysis is sometimes 
used to approximate the constant flow characteristics of natural channels 
such as streams and rivers. 

Typical prismatic cross sections of open channels that are commonly 
used in engineering practice are shownin Fig.12-17. Important geometric 
properties that are related to these shapes are defined as follows: 


Area of Flow, A. The area of the flow cross section. 


Wetted Perimeter, P. The distance around the cross section of the 
channel where the channel is in contact with the liquid. This does not 
include the distance over the free liquid surface. 


Hydraulic Radius, R,. The ratio of the area of the flow cross section 
to the wetted perimeter. 


A 
R, == 425. 
^ p (12-16) 


Reynolds Number. For open-channel flow, the Reynolds number is 
generally defined as Re ~ VR,,/v, where the hydraulic radius A, is the 
“characteristic length.” Experiments have shown that laminar flow 
depends upon the cross-sectional geometry, but in many cases it can be 
specified as Re = 500. For example, a channel having a rectangular cross 
section of width 1 m and flow depth 0.5 m has a hydraulic radius of 
R, = A/P = {1 m(0.5 m) | /{2(0.5 m) + 1m] = 0.25 m. If the channel is 
carrying water at standard temperature, it would require the mean velocity 
for laminar flow to be at most 


VR, |. W0.25 
Re =—: 500 = SAT 


—— —M —— V -— 224mm/s 

v 1.12(10 5) m?/s / 

This is extremely slow, and so, as mentioned previously, practically all 
open-channel flow is turbulent. In fact, nearly all flow occurs at very high 
Reynolds numbers. 
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Chézy Equation.  Toanalyze the steady uniform flow along a sloped 
channel, we will apply the energy equation since the channel has a surface 
roughness, and so a head loss will occur over its horizontal length L. If we 
consider the control volume of liquid shown in Fig. 12-18, then the vertical 
control surfaces have the same depth y. Also, Vin ~ V44 — V. Tocalculate 
the hydraulic head p/y + z, we will make reference to points on the 
liquid surface. Here Pin ~ Poy ~ 0.* 








i Vi o Vs 
= P + Zin t hoump "— t + Zou + Aa + Az 
y? v? 
O+—+ytAy+0=0+—+yt+0+h, 
2g 2g Slope Sp 
For small slopes, Ay ~ Ltan@ ~ LSo, and so Steady uniform flow 
Fig. 12-18 
h, — LS, 


We can also express this head loss using the Darcy-Weisbach equation. 


L NV? 
h, = f — |— 
"(zm 


Since channels have a variety of cross sections, here we have used the 
hydraulic diameter D; ^ 4R;, something that we discussed in Sec. 10.1. 
If we now equate the above two equations and solve for V, we get 


V 7 CV R,S (12-17) 


where C ^ V 8g/f. 


This result is known as the Chézy formula, named after Antoine de 
Chézy, a French engineer who deduced it experimentally in 1775. The 
coefficient C was originally thought to be constant; however, through 
later experiments it was found to depend on the shape of the channel's 
cross section and on the roughness of its surface. 


*This head remains constant over the surface and can be calculated at any point on the 
surface, as shown in Example 5.11. 
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Manning Equation. In 1891 Robert Manning, an Irish engineer, 
established experimental values for C by expressing it in terms of the 
hydraulic radius and a dimensional surface roughness coefficient, n, 
Perimeter h which has units of s/m!? or s/ft!?. He found C = R}’*/n. Typical values 

(s/m'?) | of n, which are in SI units, for some common conditions encountered in 
engineering are listed in Table 12-1. Expressing the average velocity in 


TABLE 12-1 Surface Roughness 


Coefficient 








Earth channel terms of n, the Manning equation is then 
Clean 0.022 E kR 23 Sg’? | 
Weedy 0.030 ve (12-18) 
Small stones 0.035 The value of k serves to modify the formula for use with either SI or FPS 
Artificially lined channel units when n is selected from Table 12-1. This requires application of a 
TERP AE, 0.012 conversion factor (0.3048 m/ft) '? — 1.486, so that 
Finished concrete 0.012 k — | (ST units) (12-19) 
uu k — 1.486 (FPS units) | 
Unfinished concrete 0.014 
Wood 0.012 Since Q = VA, and the hydraulic radius is Rj, ^ A/P, Eq. 12-18 can also 
HM be expressed in terms of the volumetric flow. It is 
Brick-lined 0.015 A 
= tA Se (12-20) 
nP?? | | 


Best Hydraulic Cross Section. It can be seen that for a given 
slope Sp and surface roughness n, the flow Q in Eq. 12-20 will increase if the 
wetted perimeter P decreases. Therefore, we can obtain the maximum Q by 
minimizing the wetted perimeter P. Such a cross section is called the best 
hydraulic cross section since it will both minimize the amount of material 
needed to construct the channel and maximize the flow. For example, if the 
channel has a rectangular cross section of given width 5, Fig. 12-19, then 
A=by and P = 2y + b = 2y + A/y. Thus, for a constant value of A, 
although the relationship between b and y is not as yet known, we have 


dP d A A 
— ——[29,-—|]72-—-^-—0 

dy * " +) y? 

NL _ b 

A 7 2y! 7 by == 

y y or y} 2 


Therefore, a rectangular channel flowing at a depth of y ~ b/2 will require 
the smallest amount of material used for its construction. Since this design 
Fig. 12-19 size will also provide the maximum amount of uniform flow, it is the best 
cross section for the rectangle. 

In a strict sense, a semicircular cross section, flowing full, is the best 
design shape; however, for very large flows this form is generally difficult 
to excavate in soil and costly to construct. Instead, large channels have 
trapezoidal cross sections, or for shallow depths, their cross sections may 
be rectangular. In any case, the best hydraulic cross section for a selected 
cross-sectional shape can always be determined as demonstrated here, that 
is, by expressing the wetted perimeter in terms of the cross-sectional area, 
and then setting its derivative equal to zero. Once the best cross section is 
found, then the uniform velocity within it can be determined using 
Manning’s equation. 
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Critical Slope. If Eq. 12-20 is solved for the slope of the channel, 
and we express it in terms of the hydraulic radius AR; ^ A/P, then we get 


= 2n P 
So = TRA (12-21) 


Channel slope 





The critical slope for a channel of any cross section requires the depth of 
flow to be at the critical depth, y,, and since the critical depth is determined 
from Eq. 12-11, the above equation for critical slope becomes 


Flow through a concrete channel 
having a trapezoidal cross section 


n^gA , 
2 4/3 


Critical slope 


(12-22) 


C 


Here the critical area A, and hydraulic radius R,, are determined by 
setting y — v, for the section. With this equation, like the depth y, we can 
compare the actual slope of a channel Sp with its critical slope S., and 
thereby classify the flow. 


Sy < S. Subcritical (tranquil) flow 
So ^ S, Critical flow 
Sp > Se Supercritical (rapid) flow 


The examples that follow illustrate a few applications of these concepts. 


Important Points 


Steady uniform open-channel flow can occur provided the 
channel has a constant slope and surface roughness and the liquid 
in the channel has a constant cross section. When this occurs, the 
gravitational force on the liquid will be in balance with the 
frictional forces along the bottom and sides of the channel. 


The Manning equation can be used to determine the average 
velocity within an open channel having steady uniform flow. 


The best hydraulic cross section for a channel of any given shape 
having a constant flow, slope, and surface roughness can be 
determined by minimizing its wetted perimeter. 


The type of steady uniform flow in a channel can be determined 
by comparing its slope Sp with the critical slope S.. 
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E EXAMPLE [3278 


OPEN-CHANNEL FLOW 





The channel in Fig. 12-20 is made of finished concrete, and the bed 
drops 2 ft in elevation for a horizontal stretch or reach of 1000 ft. 
Determine the steady uniform volumetric flow when the depth of the 


water is 4 ft. 





Fig. 12-20 


SOLUTION 


Fluid Description. The flow is steady and uniform, and the water is 
assumed incompressible and flows with an average velocity V. 


Analysis. Here we will use the Manning equation for FPS units. The 
slope of the channel is 5; — 2 ft/1000 ft — 0.002, and from Table 12-1, 
for finished concrete n= 0.012. Also, for a 4-ft depth of water, the 
hydraulic radius is 


—-.A.  (6fod4df)  _ 
AR ascercam 04^ 
Therefore, 
_ kRPP Sh? 
n 
——Q 4861.74 f" 0.092) !? 
(4 f0(6 fo 0.012 


Q — 190 ft /s Ans. 
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EXAMPLE | 12.9 


The channel in Fig. 12-21 consists of an unfinished concrete section 
and overflow regions on each side that contain light brush (r — 0.050). 
If the bottom of the channel has a slope of 0.0015, determine the 
volumetric flow when the depth is 2.5 m, as shown. 


SOLUTION 


Fluid Description. We have steady uniform flow, and we will assume 
the water is an incompressible fluid. 


Analysis. The cross section is divided into three composite rectangles, 
Fig. 12-21. The flow through the entire cross section is thus the sum Fig. 12-21 
of the flows through each composite shape. For the calculation, note 
that the wetted perimeter does not include the liquid boundary between 
the shapes because n does not act on these surfaces. Since n ~ 0.014 for 
unfinished concrete, and for light brush nm — 0.050, as stated, the 
Manning equation, written in the form of Eq. 12-20, becomes 

kA 5842 5/3 AS A $n 
Q7 x - qpsse( AL eut) 

nP’ mP njPj^ niPj^ 
[(1 mX5 m)]?? E [(2 mY2.5 mj |?? [(5 mX1 m) P? 

0.0501 m + 5m)?  0.014(1.5 m 2m + 1.5 my? 0.050(1 m 4 5 my? 


— 20.7 m /s Ans. 


- (0.0015) 


EXAMPLE }| 42.10 


The triangular flume in Fig. 12—22a is used to 
carry water over a ravine. It is made of wood and 
has a slope of S; — 0.001. If the intended flow is to 
be Q = 3 m’/s, determine the depth of the flow. 
SOLUTION 


Fluid Description. We assume steady uniform 
flow of an incompressible fluid. 


Analysis. If y is the depth of the flow, Fig. 12-22b, then 
P=2V2y and A= ilex») =y? 


From Table 12-1, n — 0.012 for a wood surface. For SI units, 
E (X y?)§8(0.001)"”? 

5 0.012(2V2y )?7 

y = 136m 


E kA 55842 


E 3 
np m 
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E" EXAMPLE [327141 





The channel in Fig. 12-23 has a triangular cross section and is made of 
unfinished concrete. If the flow is 1.5 m?/s, determine the slope that 
produces critical flow. 


SOLUTION 


Fluid Description. We assume steady uniform flow of an 
incompressible fluid. 


Analysis. The critical slope is determined using Eq. 12-21, but first 
we need to determine the critical depth. Since 


A, ^ 2|(1/2)Cy, tan 30*)y,] 7 y? tan 30* 


= 2y, tan 30° 





(O Andrew Orlemann/Shutterstock ) b top 


Then applying Eq. 12-11, 
gA; 
Q^boy 
(9.81 m/s?)(v?tan 30? —. 
( 1.5 m? /s J(2y, tan 30^) 


zl 





y, — 1.066 m 
Fig. 12-23 Using this value and n — 0.014 for unfinished concrete, 
Diop — 2(1.066 m) tan 30° = 1.231 m 


A. = (1.066 m)* tan 30° = 0.6560 m2 


1.066 m 

P, = 2| ——— ] = 2.462 
I ( cos 30* ) E 

r, = de = 9.6560 m -— end 

" P 240m | 

Thus, 
meA, — (0.014) (9.81 m/s?)(0.6560 m?) — 
CUAL —— 7 040598 Ans. 
kb Rye. (1)(1.231 m)(0.2665 m)*^ 


Therefore, when the channel has a flow of Q — 1.5 m?/s, then any 
slope less than S, will produce subcritical (tranquil) flow, and any 
slope greater than S, will produce supercritical (rapid) flow. 
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12.7 Gradual Flow with Varying Depth 





In the previous section we considered steady uniform flow in an open 
channel having a constant slope. This required that the flow occurs at a 
unique depth, so that this depth remains constant over the length of the 
channel. However, when the slope or cross-sectional area of the channel 
gradually changes, or there is a change in surface roughness within the 
channel, then the depth of the liquid will vary along its length, and 
steady nonuniform flow will result. 

To analyze this case, we will apply the energy equation between the “in” 
and “out” sections on the differential control volume shown in Fig. 12-24. 
We will select the points at the top of the liquid surface to calculate the 
hydraulic head terms,* p/y + z. Here Pin = Poy — 0, and so 











, VE V? 
Po LR a o Pt I Len 
y g y 8 
Vie : 
0 + p" + (Zin T Yin) =0+ Oe + (Zout + Yout) + hy 
| Nonuniform flow 
V2 v2 i 
p* 7 2: i (Yout — Yn) + (Zout — Zn) + hy rig. — 


The two terms on the left represent the change in the velocity head over 
the length dx. Also, Vouw — v ^ dy, and Zou — zi ^ —59 dx, where 5; is 
the slope of the channel bed, which is positive when it slopes downward 
to the right. Therefore, 


d(V?N, 
(£) dx — dy — Sy dx t hj 


If we define the friction slope S, as the slope of the energy line, then 
h, — S,dx, Fig. 12-24. Substituting this for /, into the above equation, we 
have, after simplifying, 


dy d ( V? | 
dx 4 2g ) or ais 


* Any point on the open control surfaces can be selected, as noted in Example 5.10. 
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Examples of typical surface profiles 


(a) 


Fig. 12-25 


Rectangular Cross Section. If the channel has a rectangular 
cross section, then V ^ Q/by, and so 


4(5) -46:5) A 
dx X 2g dxX2gb^y? 2gb^y? / dx gy / Ndx 


Finally, we can express this result in terms of the Froude number. Since 
Fr = V/V gy, then V?/gy — Fr?. Therefore, 


d (x) _ „dy 
—  — = —Fr^—— 
dx N 2g dx 


For a rectangular cross section, Eq. 12-23 can now be expressed as 








dy _ So~ 5 
dx 1—Fr 





(12-24) 


Surface Profiles. Since Fr’ is a function of y, the above equation is 
a nonlinear first-order differential equation that requires an integration 
to obtain the depth y of the liquid surface as a function of x along the 
channel. It is important to be able to determine the shape of this surface 
and its depth, especially when the channel bed changes slope or the flow 
meets an obstruction such as a dam or a sluice gate. Here there is a 
possibility that flooding, spillover, or some other unforeseen effect 
can occur, 

As shown in Table 12-2, there are twelve possible shapes the liquid 
surface can have. Each group of shapes is classified by the channel's 
slope, that is, horizontal (H), mild (M), critical (C), steep (5), or adverse 
(A). Also, each shape is classified by a zone, indicated by a number that 
depends upon the depth of the actual flow, y, compared to the depth for 
uniform or normal flow, y,, and the depth for critical flow, y,. Zone 1 is 
for high values of y, zone 2 is for intermediate values, and zone 3 is for 
low values. Typical examples of how these shapes or profiles can occur in 
a channel are illustrated in Fig. 12-25a. 
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sketched by studying the characteristics of its slope as defined by Eq. 12-24. 
For example, in the case of the H2 profile shown in Fig. 12—25b, because 
y > Ya the flow will be subcritical or tranquil, so that Fr < 1. Then from 
Eq. 12-24, when Sọ — 0 and Fr < 1, the initial slope of the water surface, 
dy / dx, will be negative as shown, and so indeed the depth will decrease as x 
increases. 


The shape of the liquid surface for any of these twelve shapes can be Eg 








Y> Yn? Ye 

Saas om 
Yn F Ye Y E On = Y” 

, m ee "y 


Critical slope (C) S = S. 
















Mild slope (M) $ — S, 
| Nun 
y> Ye > Yn, — , 
z^ SI 





= 
i PN HR NN as m 
0 9C EX ^ - d 


Horizontal (H) 5 — 0 


676 CHAPTER 12 OPEN-CHANNEL FLOW 


Calculating the Surface Profile. Once the water surface 
profile has been classified, then the actual profile can be determined by 
integrating Eq. 12-23. Over the years, several procedures have been 
developed for doing this; however, here we will consider using a finite 
difference method to perform a numeri cal integration. To do this, we first 
write Eq. 12-23 in the form 


2 


s d(y + V7/2g) 
“(5 2 = So — Sy or MEER 
If the channel is divided into small finite reaches, or segments, then this 
equation can be written in terms of a finite difference, 
2 Qs — y) + (V2 — VP)/28 
So = Sy 

We start from a control point, having a known discharge Q and water 
elevation y;, Fig. 12-26. For small slopes, the vertical depth y, can be used 
to calculate the cross-sectional area A, of the flow. Then the mean velocity 
V; can be calculated using V; — Q/A,. An increase in the water depth Ay 
is assumed, and the area A; at v; 7 y; * Ayisthen calculated. And finally 
the mean velocity is found from V; = Q/A». If we further assume the head 
loss over the segment is the same as that over the same segment having 
uniform flow, then we can use the Manning equation, Eq. 12-18, to 
determine the friction slope. 





Ax (12-25) 





nV? 

S; = ER AP (12-26) 
The values V,, and Ram are average values of the mean velocity and the 
mean hydraulic radius for the segment. Substituting all the relevant values 
into Eq. 12-25, we can then calculate Ax. The iteration is continued for 
the next segment until one reaches the end of the channel. Although this 
process is tedious to do by hand, it is rather straightforward to program 
into a pocket calculator or computer. Example 12.13 demonstrates how 
itis done numerically. 


Important Points 


^ When steady nonuniform flow exists, the liquid depth will 
gradually vary along the length of the channel. The slope of the 
liquid surface depends upon the Froude number, Fr, the slope of 
the channel bed, Sp, and the friction slope S;. 


For nonuniform flow there are twelve classifications for the liquid 
surface profile, as shown in Table 12-2. To determine which 
profile occurs, it is necessary to compare the channel slope Sp 
with its critical slope S., and to compare the liquid depth y with 
the depths for uniform or normal flow, y,,, and critical flow, y,. 
For nonuniform flow, it is possible to use a finite difference 
method to numerically integrate the differential equation 
dy /dx — (Sg — S,)/ (1 E Fr’), and thereby obtain a plot of the 
liquid surface. 
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EXAMPLE | 42.12 





The rectangular channel in Fig. 12-27a is made of unfinished concrete 
and has a slope of S; — 0.035. At a specific location, the water has a 
depth of 1.25 m and the flow is Q = 0.75 m*/s. Classify the surface 
profile for the flow. 


SOLUTION 

Fluid Description. The flow is steady, and here the flow occurs 
at a depth that is assumed to produce nonuniform flow. The water 
is considered incompressible. 


Analysis. To classify the surface profile, we must determine the 
critical depth y,, the normal flow depth y,, and the critical slope 
S,. From Eq. 12-7, 


E (S = ( (0.75 m? /sy? 


(8) T (S81 m/s2 m 





1/3 
) = 0.2429 m (a) 


Since y ~ 1.25m > y, — 02429 m, the flow is tranquil. For unfinished 
concrete, 7? — 0.014. The depth y, that will produce normal or uniform 
flowfor Q — 0.75 m? /sis determined from the Manning equation. Since 


A_ (my, _ Yn 
PAG Fam ty ed) 


then Eq. 12-20 becomes 
kA 5,72 D[Q my, ]*?(0.035)'? 
Q7 ———. 05 mi/s — SAL) 
nP?’ 0.014(2y,, + 2m) 
yo/3 
E ÁO ETUR 
(2y, * 2m)^^ 
Solving by trial and error, or using a numerical procedure, we get 
y, ^ 0.1227 m 
The critical slope is now determined from Eq. 12-22, 


mgA, (0.014) (9.81 m/s?)(2 m(0.2429 m) 
Kb RAP 2 m(0.2429 m) |*? 
2(0.2429 m) + 2m 


ST 


op (1)*(2 m) 





— 0.004118 


(b) 


Since y 7 1.25 m > y, 7 y, and Sọ — 0.035 — S,, we have nonuniform 
flow, where the surface is defined by an 51 profile. According to Fig. 12-27 
Table 12-2 the water surface will look like that shown in Fig. 12-27b. 
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E EXAMPLE [3213 





(a) 


Fig. 12-28 





Water flows from a reservoir under a sluice gate and into the 
1.5-m-wide unfinished concrete recta ngular channel, which is horizontal, 
Fig. 12-28a. At the control point 0, the measured flow is 2 m*/s and 
the depth is 0.2 m. Show how to determine the variation of the water 
depth along the channel, measured downstream from this point. 


SOLUTION 


Fluid Description. Assuming the reservoir maintains a constant 
level, then the flow will be steady. Just after point 0, it will be non- 
uniform because its depth is changing. As usual, we assume water to 
be incompressible and use a mean velocity profile. 


Analysis. First we will classify the water surface profile. The critical 
depth is 


1/3 


2\1/3 2 m?/s )? 
= (3) = (931 m/s (1.5 m? Ur = 0.5659 m 


gb? 9.81 m/s? )(1.5 m)? 


Here y 7 0.2m < y. 7 0.5659 m, so the flow is rapid. Since the 
channel is horizontal, Sy — 0. Using Table 12-2, the water surface 
profile is H3, as shown in Fig. 12—28a. This indicates that the water 
depth will increase as x increases from the control point. (Note that if 
the channel had a slope, then the Manning equation would have to be 
used to find y,, since this value is also needed for a profile classification.) 

To determine the downstream depths, we will divide the calculations 
into increments of depth, choosing Ay = 0.01 m. At the initial 
station 0, y 7 0.2 m, and the velocity is 


These results are entered into the first line of the table shown in 
Fig. 12-28b. 
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Station y V vo R; Ri S fm Ax x 
(m) (m/s) (m/s) (m) (m) (m) (m) 
ü 0.2 6.667 0.1579 0 
6.508 0.1610 0.09479 2.116 
l 0.21 6.349 0.1641 2.12 
6.205 0.1671 0.08200 2.104 
2 0.22 6.061 0.1701 4.22 
5.929 0.1731 0.07144 2.089 
3 0.23 5.797 0.1760 6.31 


(b) 


At station 1, y, = 0.2m + 0.01 m = 0.21 m, thus, V, — Q/A, = 
6.349 m/s and R,; — A,/P, — 0.1641 m (third line of table). The 
intermediate second line gives the values of 


_ Vo t+ Vi _ 6.667 m/s + 6.349 m/s 





Rig + Ry — 0.1579 m + 0.1641 | 
Rig = = -01610m 
2 2 
mp 0.014)7(6.508 m/s)” 212m | 
Sm = - D —_—_— = 0.09479 4.22 m 
ER, AP (10.1610 m)*^ a 
a Qi — »9 * (Vg - VG) /22 (c) 
a ——-——— 
IM Fig. 12-28 


_ (0.21 m — 0.2 m) + [(6.349 m/s)” — (6.667 m/s) ] / [2(9.81 m/s?) ] 
(0 — 0.09479) 


— 2.116m 


The calculations are repeated for the next two stations as shown in the 
table, and the results are plotted in Fig. 12-28. They appear satisfactory, 
since each increase Ay — 0.01 m produces somewhat uniform changes 
Ax. Had larger changes occurred, then smaller increments of Ay should 
be selected to improve the accuracy of the finite-difference method. 
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Hydraulic jump 


Fig. 12-29 








(a) 


12.8 The Hydraulic Jump 


When water passes down the spillway of a dam or underneath a sluice 
gate, it is typically rapid flow, Fig. 12-29. The transition to much slower 
tranquil flow downstream can occur, and when it does, it happens in a 
rather abrupt manner resulting in a hydraulic jump. This is turbulent 
mixing that releases some of the water’s kinetic energy, and in doing so 
brings the water surface up to the depth needed for tranquil flow. 

Regardless of how the jump is formed, it is possible to determine the 
energy loss and the difference in water depth across the jump. To do this 
we must apply the continuity, momentum, and energy equations to a 
control volume containing the region of the jump, Fig. 12—30a. For the 
analysis, we will consider the jump to occur along the horizontal bed of a 
rectangular channel having a width b. 


Continuity Equation. Since the control volume extends just 
beyond the jump into regions of steady flow, we have 


a 
=f pav+ | pv-aa =o 


O — pV\(y,b) + pV2(y2b) — 0 


Vi MN as Vay2 ( 12-27) 


Datum 





N 


Free-body diagram 
(b) 


Fig. 12-30 


Momentum Equation. Experiments have shown that the jump 
happens within a short distance, and so frictional forces acting on the 
fixed control surfaces at the channel’s bed and sides are negligible 
compared to the forces due to pressure, Fig. 12-305. Applying the 
momentum equation in the horizontal direction, we have 


à 
sr 73 f voav + [Novaa 
OS ey a 


^ 


] ] o. | | 
T payib)vi — 3 (pgyobys 7 0 Vop[Vaby)] * Vip[ -Vi(by] 


Or, after simplifying, 


Using the continuity equation to eliminate V3, then dividing each side by 
y1 — y». and finally multiplying both sides by 2y;/ yj, we get 


2VW — hE y» . | 
— — (Lll (12-28) 


SY Nl MN 
Since the Froude number at section 1 is Fr; ~ V,/ V gy), then 


yi yı 


Using the quadratic formula, and solving for the positive root of v;/ v. 
we have 


n3 


V 


~~ 


| 


(V1 + 8Frz — 1) (12-29) 


Sel 
uv |= 


Notice that if critical flow occurs upstream, then Fr, — 1, and this equation 
shows y © yı. In other words, there is no jump. When rapid flow occurs 
upstream, Fr; > 1, and so y > yı, as expected. Consequently, tranquil 
flow will occur downstream. 
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Typical formation of a hydraulic jump 
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Fig. 12-30 





Hydraulic jump in a small stream 


Energy Equation. If we apply the energy equation between points 
on top of the water surface at the open control surfaces 1 (in) and 2 (out), 
Fig. 12-30, noting that p, — p; — 0, we have 


V5 
t= tz t Ru + Ay 
2g 


2 
A 


PI — 
— D T2 + — 
y 2g | Aourmp 


x [S 


> D 

74 Vs 
0+ +y +050 ++ +0 h 
2g 2g 


Datum 
Or, written in terms of the specific energy, the head loss is 


umean (Ee) (Bon) 
L l 2 2g yy 2g y2 


This loss reflects the turbulent mixing of the liquid within the jump, which 
is dissipated in the form of heat. Using the continuity equation, 
V5 — Vi(y4/ y»), we can also write this expression as 


TROJN 
Lg » y — ») 


Finally, if Eq. 12-28 is solved for Vj, and the result is substituted into the 
above equation, it can be shown that after simplification the head loss 
across the jump is 


(12-30) 





For any real flow, it is always necessary for A; to be positive. A negative 
value would violate the second law of thermodynamics, since frictional 
forces only dissipate energy, they never add e nergy to the fluid. As shown 
by Eq. 12-30, h; is positive only if y» > y,,and soa hydraulic jump occurs 
only when the flow changes from rapid flow upstream to tranquil flow 
downstream, 


Important Point 


* Nonuniform flow can occur suddenly in a channel in the form of 


a hydraulic jump. This process removes energy from rapid flow 
and thereby converts it to tranquil flow over a very short distance. 
The description of the jump can be determined by satisfying the 
continuity, momentum, and energy equations. 








EXAMPLE [12:14 


Water flows down a dam spillway and then forms a hydraulic jump, 
Fig. 12-31. Just before the jump, the velocity of flow is 25 ft/s, and the 
water depth is 0.5 ft. Determine the average velocity of the flow 
downstream in the channel. 





Fig. 12-31 


SOLUTION 


Fluid Description. Steady uniform flow occurs before and after the 
jump. The water is considered incompressible, and average velocity 
profiles will be used. 


Analysis. The Froude number for the flow before the jump is 
V 25 ft/s 


Fry "A T eee = 6.2310 > 1 
^ vg W322 ft/s^(0.5 ft) 


Thus the flow is rapid, as expected. After the jump the depth of the 
water is 


2 =1( Viz ary - 1) 


» 2 
%_ = 1. >nemin ) 
ee a a + a =a 
Osh 5 ( l 8(6.2310) l 
y, ^ 4.163 ft 


We can now obtain the velocity V5 by applying the continuity equation, 
Eq. 12-27. 


Vivi 7 Voyvo 
(25 ft/s)(0.5 ft) = V.(4.163 ft) 
V, = 3.00 ft/s Ans. 
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Fig. 12-32 





The sluice gate in Fig. 12-32 is partially opened in a 2-m-wide channel, 
and water passing under the gate forms a hydraulic jump. At the low 
level, just before the jump, the water depth is 0.2 m, and the measured 
flow is 1.30 m/s. Determine the depth of flow in the channel farther 
downstream and also the head loss across the jump. 


SOLUTION 


Fluid Description. We will assume the water is incompressible and 
the level in the reservoir is maintained, so steady flow occurs past the 
sluice gate. 


Analysis. Just before the jump, the Froude number is 


Fr U e — ——— — ——Ó———— 707 2.320 > 1 
Vei V Y V/9.81 m/s*(0.2 m) 


Thus the flow is rapid, so indeed a jump can occur. Applying Eq. 12-29 
to determine the water height after the jump, we have 


"ach t 8Fr; — 1); y2 =1(vy] + 8(2.320} — 1) 


0.2m 2 
ys — 0.5638 m — 0.564 m Ans. 





ad 
— 


At this depth, 


Fr — ——- — ————H— —— — 0.4902 — 1 
° V 8Y2 V/9.81 m/5^(0.5638 m) 


The flow is tranquil, as expected. The head loss can be determined 
from Eq. 12-30, 


— (y2 — YD? _ (0.5638 m — 0.2 m} _ E 
x ——  "Amouwunsag,,  01068m 70.107m Ans. 
BEL 4(0.2 m)(0.5638 m) T m Ans 


Note that since the original specific energy of the flow is 
B B ( 1.30 m*/s)? _ 
2gb!yi 2(9.81 m/s?)(2 m)0.2 m) 


then, after the jump. the specific energy of the flow becomes 


E, 


E, ^ E, — h, = 0.7384 m — 0.1068 m = 0.6316 m 


This produces the following percent of energy lost within the jump, 


h 0.1068 
E, =Æ x 100% 7 —— — 


100%) = 14.46% 


12.9 Weirs 


Most open-channel flow is measured using a weir. This device consists of 
a sharp-edged obstruction that is placed within the channel, causing the 
water to back up and then flow over it. Generally there are two types of 
weirs: sharp-crested weirs and broad-crested weirs. 


Sharp-Crested Weirs. A sharp-crested weir normally takes the 
form of a rectangular or triangular plate that has a sharp edge at the 
upstream side to minimize contact with the water, Fig. 12-33. As the water 
flows over the weir, it forms a vena contracta called a nappe. To maintain 
this shape it is necessary to provide proper air ventilation underneath the 
nappe so that the water will fall clear of the weir plate. This is especially 
true for rectangular plates that extend the entire width of the channel, as 
in Fig. 12-33.* 

Streamlines within the nappe are curved, and so the accelerations that 
occur here will cause nonuniform flow. Also, in the channel near the weir 
plate, the flow involves the effects of turbulence and vortex motion. 
Upstream from this region, however,the streamlines remain approxi mately 
parallel, the pressure varies hydrostatically, and the flow is uniform. And 
so, if we assume the liquid is an ideal fluid, then we can show that the flow 
over the weir is a function only of the upstream depth of the liquid — 


something that makes the weir a convenient device for measuring the flow. 


Weir plate 





Flow over a rectangular weir 


Fig. 12-33 


*It may be of interest to note that the spillway of a large dam often has the same profile 
as a free-falling nappe, because then the water is only in slight contact with the surface, 
and so the pressure distribution over the surface will be approximately atmospheric. 


12.9 WEIRS 


Flood control of water flowing from a 
reservoir 
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Rectangular weir 


(a) 


(b) 


Actual inside width 


mm of — | 
[ ^ | 


m 





Suppressed rectangular weir 
(c) 
Fig. 12-34 


Rectangle. If the weir has a rectangular opening that extends over 
the entire width of the channel, Fig. 12—34a, then the Bernoulli equation 
can be applied between points 1 and 2 on the streamline shown in 
Fig. 12-345. Assuming the approach velocity V, is small compared to V5, 
so that V; can be neglected, we have 


vi Vi 
Fix tly, wis ta, 
Y 2g Y 2g 
Vi 
P L04zg 704 — (Rh y 
Y 2g 


Here p; — 0 because within the nappe the liquid is in free fall, so the 
pressure is atmospheric. Also, note from Fig. 12-345 that the hydraulic 
head p /y 4 z, — h' * y + h. Substituting and solving for V>, we obtain 


V, — V2eh (12-31) 


Since the velocity is a function of h, the theoretical discharge through the 
entire cross section of the nappe must be determined by integration, 
Fig. 12-34a. We have 


H H 
o= [v.a - f Vagn an = Vg» | h"?dh 
A 0) 0 


2 
- 2V 2g bH?? (12-32) 


To account for the effects of frictional loss, and for the other assumptions 
that were made, an experimentally determined discharge coefficient C, 
is used to calculate the actual discharge. Its value also accounts for the 
smaller depth of flow over the weir, point A in Fig. 12-345, and the amount 
of contraction of the nappe. Specific values of C, can be found in the 
literature related to open-channel flow. See Ref. [9]. Using Cy, Eq.12-32 
then becomes 


2. 
Qactual — Ca 2g bH " (12-33) 


To further restrict the upstream flow Vj, a suppressed rectangular weir 
can be used, Fig. 12-34c. Care must be taken, however, in selecting the 
width, b, since the nappe will also contract horizontally for very 
narrow widths. 





Triangular weir 


Fig. 12-35 


Triangle. When the discharge is small, it is convenient to use a weir 
plate with a triangular opening, Fig. 12-35. The Bernoulli equation 
yields the same result for the velocity as before, which is expressed by 
Eq. 12-31. Using the differential area dA ^x dh, the theoretical 
discharge now becomes 


H 
o= fva | V/2gh x dh 
A 0 


Here the value of x is related to h by similar triangles, 





x -b 
H—h H 
b 
—-—(H-—h 
HS ) 


so that 
= V2 tf h'^(H — h)dh --VA 2g bH?? 
Because tan (0/2) — (b/2)/H,then 
-— o, 5/2 a2 
Q, - 15 2g H^ tan, (12-34) 


Using a discharge coefficient, C,,, determined from experiment, the actual 
flow through a triangular weir is therefore 


Qactual ~ V 2g H*? tans (12-35) 


Cr 
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Datum 





Broad-crested weir 


Fig. 12-36 





Weir used to measure the flow of a river 
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Broad-Crested Weirs. A broad-crested weir consists of a weir 
block that supports the nappe of the flow over a horizontal distance, 
Fig. 12-36. It provides a means for finding both the critical depth v, and 
the flow. As in the previous two cases, we will assume the fluid to be ideal 
and the velocity of approach to be negli gible. Then applying the Bernoulli 
equation between the streamline points 1 and 2, we have 


2 2 
PB M. ,Q.—-R.—.. 
Y 2g Y 2g 


V: 
UTUTHECUT-T 
2g 


Thus, 


V; — V2g(H — y) 


Provided the flow is originally tranquil, then as it begins to pass over the 
weir block, it will accelerate until the depth drops to the critical depth 
y — y,, where the maximum discharge will occur and the specific energy 
will be a minimum. Here Eq. 12-9 applies. 


V5 E Ve — V/gy, 
Substituting this result into the above equation yields 


H (12-36) 


w | 


Ye 


If the channel is rectangular and has a width b, then using these results, 
the theoretical discharge is 


E] 


9 


bVe(3H) 


This result is rather close to the actual flow obtained by experiment: 
however, to bring the two into better agreement, so as to account for the 
assumption of an ideal fluid, an experimentally determined broad-crested- 
weir coefficient C,,, is used. See Ref. [9]. Thus, 


w in 


(12-37) 


2 HAUS 
Q cual -= Cb (5H) (12-38) 
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Important Points m 


Sharp-crested and broad-crested weirs are used to measure the 
flow in an open channel. 


Sharp-crested weirs are plates that have either rectangular or 
triangular shapes and are placed perpendicular to the flow in the 
channel. 


Broad-crested weirs support the flow over a horizontal distance. 
They are used to determine the critical depth and the discharge. 


The flow or discharge over a weir can be determined using the 
Bernoulli equation, and the result is adjusted to account for frictional 
loss and other effects by using an experimentally determined 
discharge coefficient. 


EXAMPLE | 42.16 


Water in the channel in Fig. 12-37 is 2 m deep, and the depth from the 
bottom of the triangular weir to the bottom of the channel is 1.75 m. If 
the discharge coefficient is C, ^ 0.57, determine the volumetric flow 
in the channel. 


30 4.30. 


Fig. 12-37 
SOLUTION 


Fluid Description. The water level in the channel is assumed to be 
constant, so we have steady flow. Also, water is considered to be 
incompressible. 


Analysis. Here H72 m -1.75 m 70.25 m. Applying Eq. 12-35, the 
flow is therefore 


8 0 
Orewa ~ Cite V 2g H = an 


- (0.57 V (931 m/s?) (0.25 m)? tan30* — 0.0243 m*/s — Aris. 
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Sec. 12.1-12.4 


12-1. A large tank contains water that has a depth of 4 m. 
If the tank is on an elevator that is descending, determine 
the speed of a wave created on its surface if the rate of 
descent is (a) constant at 8 m/s, (b) accelerated at 4 m/s’, 
(c) accelerated at 9.81 m/s?. 


12-2. A river is 4m deep and flows at an average speed of 
2 m/s. If a stone is thrown into it, determine how fast the 
waves will travel upstream and downstream. 


12-3. A rectangular channel has a width of 2 m. If the flow 
is 5 m*/s, determine the Froude number when the water 
depth is 0.5m. At this depth is the flow subcritical or 
supercritical? Also, what is the critical speed of the flow? 


*12-4. A rectangular channel has a width of 2 m. If the 
flow is 5 m?/s, determine the Froude number when the 
water depth is 1.5 m. At this depth, is the flow subcritical or 
supercritical? Also, what is the critical speed of the flow? 


12-5. A rectangular channel transports water at 8 m/s. 
The channel width is 3 m and the water depth is 2 m. Is the 
flow subcritical or supercritical? 


12-6. Water flows with an average speed of 6 ft/s in a 
rectangular channel having a width of 5 ft. If the depth of 
the water is 2ft, determine the specific energy and the 
alternate depth that provides the same flow. 


12-7. Water flows in a rectangular channel with a speed of 
3 m/s and depth of 1.25 m. What other possible depth of 
flow provides the same specific energy? 


*12-8. Water flows in a rectangular channel with a mean 
speed of 6 m/s and depth of 4 m. What other possible 
average velocity of flow provides the same specific energy? 


12-9, A rectangular channel having a width of 3 m is 
required to transport 40 m?/s of water. Determine the 
critical depth and critical velocity of the flow. What is the 
specific energy at the critical de pth, and also when the depth 
is 2 m? 


12-10. The channel transports water at 8 m?/s. If the depth 
of flow is y — 1.5 m, determine if the flow is subcritical or 
supercritical. What is the critical depth of flow? Compare 
the specific energy of the flow with its minimum specific 
energy. 





Prob. 12-10 


12-11. Water flows within the rectangular channel with 
a flow of 8 m?/s. Determine the two possible flow 


depths, and identify the flow as supercritical or subcritical, 


if the specific energy is 2 m. Also, plot the specific energy 
diagram. 





Prob. 12-11 
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Determine the critical depth y, and plot the specific energy 


*12-12. Therectangular channel transports water at 4 m/s. E 
diagram for the flow. Indicate y for E — 1.25 m. 





Prob. 12-12 


12-13. The rectangular channel transports water at 8 m/s. 
Determine the critical depth vy, and plot the specific energy 
diagram for the flow. Indicate y for E — 2 m. 





Prob. 12-13 


12-14. Water flows within the rectangular channel such 
that the flow is 4 m?/s. Determine the critical depth of flow 
and the minimum specific energy. If the specific energy 1s 
8 m, what are the two possible flow depths? 





Prob. 12-14 


692 CHAPTER 12 OPEN-CHANNEL FLOW 





12-15. The rectangular channel transports water at a flow 12-18. The venturi is placed in the channel in order to 
of 8 m?/s. Plot the specific energy diagram for the flow and measure the volumetric flow. If the depth of flow at A is 
indicate y for E ~3 m. y4 ^ 2.50 m and at the throat B is yg — 2.35 m, determine 


the flow through the channel. 





Prob. 12-15 


Prob. 12-18 


12-19. Water flows at 25 ft?/s in the channel, which is 
originally 6 ft wide and then gradually narrows to b; — 4 ft. 
If the original depth of water is 3 ft, determine the depth v; 
after it passes through the constriction. What width b; will 
12-17. The rectangular channel has a transition that produce critical flow y; ^ y,? 

causes its width to narrow to 1.5 m. If the flow is 5 m?/s and 

ya 5 m, determine the depth of flow at B. 


*12-16. The rectangular channel passes through a 
transition that causes its width to narrow to 1.5 m. If the flow 
is 5 m?/s and y 4 —3 m, determine the depth of flow at B. 





Probs. 12-16/17 Prob. 12-19 


Sec. 12.4 


*12-20. The rectangular channel has a width of 8 ft and 
transports water at 30 ft*/s. If the depth of flow at A is 6 ft, 
determine how high + the channel bed should rise in order 
to produce critical flow at B. 





Prob. 12-20 


12-21. The channel is 2 m wide and transports water at 
18 m/s. If the elevation of the bed is raised 0.2 m, 
determine the new depth y, of the water and the speed of 
the flow. Is the new flow subcritical or supercritical? 





Prob. 12-21 


12-22. The channel is 2 m wide and transports water at a 
flow of 18 m?/s. If the elevation of the bed is lowered by 
0.1 m, determine the new depth y; of the water. 
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channel having a width of 4 ft. If the depth of flow y, — 4 ft, 
determine if the depth increases or decreases after the 
water flows over the 0.25-ft rise. What is yg? 


12-23. Water flows at 18 ft?/s through the rectangular m 








Prob. 12-23 


*12-24. Water flows at 18 ft*/s through the rectangular 
channel having a width of 4 ft. If the depth y, — 0.5 ft, 
determine if the depth yj increases or decreases after the 
water flows over the 0.25-ft rise. What is yg? 





Prob. 12-24 


12-25. Water flows within the 4-m-wide rectangular 
channel at 20 m?/s. Determine the depth of flow yg at the 
downstream end and the velocity of flow at A and B. Take 
y4~ 5m. 


12-26. Water flows within the 4-m-wide rectangular 
channel at 20 m?/s. Determine the depth of flow yg at the 
downstream end and the velocity of flow at A and B. Take 
VA — 0.5 m. 





Prob. 12-22 


Probs. 12-25/26 
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12-27. The rectangular channel is 2 m wide, and the depth 
of the water is 1.5 m as it flows with an average velocity of 
0.5 m/s. Show that the flow is tranquil, and determine the 
required height / of the bump so that the flow can change 
to rapid flow after it passes over the bump. What is the new 
depth v; for rapid flow? 


0.5 m/s 


——- 





Prob. 12-27 


*12-28. The rectangular channel is 2 m wide, and the 
depth of the water is 0.75 m as it flows with an average 
velocity of 4 m/s. Show that the flow is rapid, and determine 
the required height A! of the bump so that the flow can 
change to tranquil flow after it passes over the bump. What 
is the new depth v; for tranquil flow? 


4 m/s 





Prob, 12-28 


12-29. The rectangular channel has a width of 3 ft, and the 
depth of the water is originally 4 ft. If the flow is 50 ft/s, 
show that the upstream flow is tranquil, and determine the 
required depth of the water, y', at the top of the bump so 
that the downstream flow can be transformed to rapid flow. 
What is the downstream depth? 





Prob. 12-29 


Sec. 12.5 


12-30. The sluice gate is 5 ft wide. If the flow is 200 ft/s, 
determine the depth of flow y, and the type of flow 
downstream from the gate. What is the maximum volumetric 
flow of water that can pass through the gate? 


12-31. The sluice gate is 5ft wide. Determine the 
volumetric flow of water through the gate if y; — 2 ft. What 
type of flow occurs? 

sad 









Probs. 12-30/31 


*12-32. The 2-m-wide sluice gate is used to control the 
flow of water from a reservoir. If the depths y, ^ 4 m and 
y; — 0.75 m, determine the volumetric flow through the gate 
and the depth y; just before the gate. 


12-33. The 2-m-wide sluice gate is used to control the flow 
of water from a reservoir. If the flow is 10 m?/s and y, 74 m, 
determine the depth y», and depth y; just before the gate. 


12-34. The sluice gate and channel both have a width of 
2 m. If the depth of flow at A is y, ^ 3 m, determine the 
volumetric flow through the channel as a function of depth 
y; and specify Q when the depth y; is (a) 1 m, (b) 1.5 m. 


» 





Probs. 12-32/33/34 
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Sec. 12.6 12-37. A rectangular channel has a width of 2 m, is made 
of unfinished concrete, and is inclined at a slope of 0.0014. 
12-35. Determine the hydraulic radius for each channel Determine the volumetric flow when the depth of flow of 


cross section. the water is 1.5 m. 


12-38. The channel is made of wood and has a downward 
slope of 0.0015. Determine the volumetric flow of water if 
y-2tt. 


12-39. The channel is made of wood and has a downward 
slope of 0.0015. Determine the depth of flow y that will 
produce the maximum volumetric flow using the least 
amount of wood when it is flowing full of water, that is, 
when y © h. What is this volumetric flow? 





(a) (b) 





b 





(c) 
Prob. 12-35 Probs. 12-38/39 


*12-40. The drainage canal has a downward slope of 0.002. 
If its bottom and sides have weed growth, determine the 


*12-36. Thechannelhasa triangular crosssection. Determine volumetric flow of water when the depth of flow is 2.5 m. 
the critical depth y ^ v, in terms of 8 and the flow Q. 





Prob. 12-36 Prob. 12-40 
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required to carry water at 60 ft*/s when it is half full. If the 0.006 and a width of 3 m. The depth of the water is 4 m. If 
downward slope of the pipe is 0.0015, determine the the volumetric flow through the channel is 30 m/s, 
required internal radius of the pipe. determine the value of n in the Manning formula. 


E 12-41. The sewer pipe, made of unfinished concrete, is *12-44. A rectangular channel has a downward slope of 





The channel is made of unfinished concrete and has the 
cross section shown. If the downward slope is 0.0008, 
determine the flow of water through the channel when 
y-74m. 





Prob. 12-41 





Prob. 12-45 
12-42. A3-ft-diameter unfinished-concrete drain pipe has 
been designed to transport 80 ft?/s of water at a depth of 
2.25 ft. Determine the required downward slope of the pipe. PESE Tis channel te eds OF cline enis ind 
12-43. Water flows uniformly down the triangular channel has the cross section shown. If the downward slope is 0.0008, 
having a downward slope of 0.0083. If the walls are made determine the flow of water through the channel when 
of finished concrete, determine the volumetric flow when y~ 6m. 
y—15m. 





Prob. 12-43 


12-47. The channel has a triangular cross section and is 
flowing full of water. Determine the volumetric flow if the 
sides are made of wood and the downward slope is 0.002. 





Prob. 12-47 


*12-48. The drainage pipe is made of unfinished concrete 
and is sloped downward a t 0.0025. Determine the volumetric 
flow from the pipe if the center depth is y — 3 ft. 


12-49, The drainage pipe is made of unfinished concrete 
and is sloped downward at 0.0025. Determine the volumetric 
flow from the pipe if the center depth is y ~ 1 ft. 





Probs. 12—48/49 
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12-50. The culvert carries water and is at a downward 
slope S, Determine the depth y that will produce the |. 


maximum volumetric flow. 





12-81. The culvert carries water and is at a downward 
slope Sp. Determine the depth y that will produce maximum 
velocity for the flow. 





Probs. 12-50/51 


*12-52. The channel is made of unfinished concrete and 
has a downward slope of 0.003. Determine the volumetric 
flow if the depth is y=2m. Is the flow subcritical or 
supercritical? 


12-53. The channel is made of unfinished concrete and 
has a downward slope of 0.003. Determine the volumetric 
flow if the depth is y 73m. Is the flow subcritical or 
supercritical? 





Probs. 12-52/53 


12 
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12-54. The channel is made of finished concrete and has a 
trapezoidal cross section. If the average velocity of the flow 
is to be 6 m/s when the water depth is 2 m, determine the 
required slope. 





Prob. 12-54 


12-55. The channelis made of unfinished concrete. Its bed 
has a drop in elevation of 2ft for 1000 ft of horizontal 
length. Determine the volumetric flow when the depth 
y 78ft. Is the flow subcritical or supercritical? 





Prob. 12-55 


12-57. The bed of the channel drops 2 ft per 1000 ft of 
horizontal length. If it is made of unfinished concrete, and 
the depth of the water is y-6f[t, determine the 
volumetric flow. 


12-58. The bed of the channel drops 2 ft per 1000 ft of 
horizontal length. If it is made of unfinished concrete, 
determine the depth of the water if the flow is Q = 800 ft*/s. 





10 ft 


Probs. 12-57/58 


12-59, Determine the volumetric flow of water through 
the channel if the depth of flow is y — 1.25 m and the 
downward slope of the channel is 0.005. The sides of the 
channel are finished concrete. 





Prob. 12-59 


*12-56. The channel is made of unfinished concrete. Its 
bed has a drop in elevation of 2 ft for 1000 ft of horizontal 
length. Determine the volumetric flow when the depth 
y — 4 ft. Is the flow subcritical or supercritical? 


“12-60. Determine the normal depth of water in the 
channel if the flow is Q — 15 m?/s. The sides of the channel 
are finished concrete, and the downward slope is 0.005. 





Prob. 12-56 Prob. 12-60 


12-61. The channel is made of unfinished concrete. If it is 
required to transport water at 400 ft*/s, determine the 
critical depth y = y, and the critical slope. 





Prob. 12-61 


12-62. The channel is made of unfinished concrete. If it is 
required to transport water at 400 ft*/s, determine its 
downward slope when the depth of the water is 4 ft. Also, 
what is the critical slope for this depth and what is the 
corresponding critical flow? 





Prob. 12-62 


12-63. The unfinished concrete channel is intended to 
have a downward slope of 0.002 and sloping sides at 60°. If 
the flow is estimated to be 100 m?/s, determine the base 
dimension b of the channel bottom. 





Prob. 12-63 
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*12-64. A rectangular channel has a width of 2.5 m and is 

made of unfinished concrete. If it is inclined downward at 
a slope of 0.0014, what depth of water will produce a 
discharge of 12 m?/s? 





12-65. Determine the angle 8 of the channel so that it has 
the best hydraulic triangular cross section that uses the 
minimum amount of material for a given discharge. 





Prob. 12-65 


12-66. Determine the length of the sides a of the channel 
in terms of its base b, so that for the flow at full depth it 
provides the best hydraulic cross section that uses the 
minimum amount of material for a given discharge. 





Prob. 12-66 
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12-67. Determine the angle 8 and the length / of its sides 
so that the channel has the best hydraulic trapezoidal cross 
section of base b. 





Prob. 12-67 


*12-68. Show that the width b — 2h(csc 0 — cot 0) in 
order to minimize the wetted perimeter for a given cross- 
sectional area and angle 8. At what angle 8 will the wetted 
perimeter be the smallest for a given cross-sectional area 
and depth A? 





Prob. 12-68 


12-69, Show that when the depth of flow y~R, the 
semicircular channel provides the best hydraulic cross section. 





Prob. 12-69 


Sec. 12.7 


12-70. ^ rectangular channel is made of unfinished 
concrete, and it has a width of 125 m and an upward 
slope of 0.01. Determine the surface profile for the flow if it 
is 0.8 m?/s and the depth of the water at a specific location is 
0.5 m. Sketch this profile. 


12-71. A rectangular channel is made of finished concrete, 
and it has a width of 1.25 m and an upward slope of 0.01. 
Determine the surface profile for the flow if it is 0.8 m*/s 
and the depth of the water at a specific location is 0.2 m. 
Sketch this profile. 


*12-72. A rectangular channel is made of finished 
concrete, and it has a width of 1.25 m and a downward slope 
of 0.01. Determine the surface profile for the flow if it is 
0.8 m?/s and the depth of the water at a specific location is 
0.6 m. Sketch this profile. 


12-73. A rectangular channel is made of finished concrete, 
and it has a width of 1.25 m and a downward slope of 0.01. 
Determine the surface profile for the flow if it is 0.8 m*/s 
and the depth of the water at a specific location is 0.3 m. 
Sketch this profile. 


12-74. Water flows at 4 m?/s along a horizontal channel 
made of unfinished concrete. If the channel has a width of 
2 m, and the water depth at a control section A is 0.9 m, 
approximate the depth at the section where x — 2 m from 
the control section. Use increments of Ay — 0.004 m and 
plot the profile for 0.884 m 5 y 5 0.9 m. 


12-75. Water flows at 4 m?/s along a horizontal channel 
made of unfinished concrete. If the channel has a width of 
2 m, and the water depth at a control section A is 0.9 m, 
determine the approximate distance x from A to where the 
depth is 0.8 m. Use increments of Ay ~ 0.025 m and plot 
the profile for 0.8m = y = 0.9m. 


*12-76. Water flows at 12 m?/s down a rectangular channel 
made of unfinished concrete. The channel has a width of 4m 
and a downward slope of 0.008, and the water depth is 2 m at 
the control section A. Determine the distance x from A to 
where the depth is 2.4 m. Use increments of Ay ~ 0.1 mand 
plot the profile for 2m = y = 2.4m. 





Prob. 12-76 


12-77. The unfinished concrete channel has a width of 4 ft 
and slopes upward at 0.0025. At control section A, the water 
depth is 4 ft and the average velocity is 40 ft/s. Determine 
the depth of the water y, 40 ft downstream from A. Use 
increments of Ay ~ 0.1 ft and plot the profile for 
4ft=y =44ft. 





Prob. 12-77 


PROBLEMS 701 


Sec. 12.8 
12-78. Water flows under the partially opened sluice gate, 


which is in a rectangular channel. If the water has the depth 
shown, determine if a hydraulic jump forms, and if so, find 
the depth y. at the downstream end of the jump. 





UNENE OIRA TONGE D IER TATTIRA E 


Prob. 12-78 


12-79. The sill at A causes a hydraulic jump to form in the 
channel. If the channel width is 1.5 m, determine the average 
upstream speed and downstream speed of the water. What 
amount of energy head is lost in the jump? 





Prob. 12-79 
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*12-80. Water flows at 18 m3/s over the 4-m-wide spillway 12-82. The hydraulic jump has a depth of 5 m at the 
of the dam. If the depth of the water at the bottom apron is downstream end, and the velocity is 1.25 m/s. If the channel 





0.5 m, determine the depth y, of the water after the is 2 m wide, determine the depth y, of the water before the 
hydraulic jump. jump and the energy head lost during the jump. 
1.25 m/s 





Prob. 12-82 





Prob. 12-80 12-83. Water flows at 30 ft?/s through the 4-ft-wide 
rectangular channel. Determine if a hydraulic jump will 
form, and if so, determine the depth of flow y; after the 
jump and the energy head that is lost due to the jump. 


12-81. Water runs from a sloping channel with a flow of 
8 m?/s onto a horizontal channel, forming a hydraulic jump. 
If the channel is 2 m wide, and the water is 0.25 m deep 
before the jump, determine the depth of water after the 
jump. What energy is lost during the jump? Prob. 12-83 





*12-84. Water flows down the 3-m-wide spillway, and at 
the bottom it has a depth of 0.4 m and attains a speed of 
8 m/s. Determine if a hydraulic jump will form, and if so, 
determine the speed of the flow and its depth after the jump. 





Prob. 12-81 Prob. 12-84 


702 CHAPTER 12 OPEN-CHANNEL FLOW 


*12-80. Water flows at 18 m3/s over the 4-m-wide spillway 12-82. The hydraulic jump has a depth of 5 m at the 
of the dam. If the depth of the water at the bottom apron is downstream end, and the velocity is 1.25 m/s. If the channel 





0.5 m, determine the depth y, of the water after the is 2 m wide, determine the depth y, of the water before the 
hydraulic jump. jump and the energy head lost during the jump. 
1.25 m/s 





Prob. 12-82 





Prob. 12-80 12-83. Water flows at 30 ft?/s through the 4-ft-wide 
rectangular channel. Determine if a hydraulic jump will 
form, and if so, determine the depth of flow y; after the 
jump and the energy head that is lost due to the jump. 


12-81. Water runs from a sloping channel with a flow of 
8 m?/s onto a horizontal channel, forming a hydraulic jump. 
If the channel is 2 m wide, and the water is 0.25 m deep 
before the jump, determine the depth of water after the 
jump. What energy is lost during the jump? Prob. 12-83 





*12-84. Water flows down the 3-m-wide spillway, and at 
the bottom it has a depth of 0.4 m and attains a speed of 
8 m/s. Determine if a hydraulic jump will form, and if so, 
determine the speed of the flow and its depth after the jump. 





Prob. 12-81 Prob. 12-84 
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15 m?/s. If the weir and the channel have a width of 3 m, 
determine the depth of water y within the channel. Take 
C,, — 0.80. 


Sec. 12.9 12-87. The flow of water over the broad-crested weir is m 





12-85. The rectangular channel has a width of 3 m and 
the depth of flow is 1.5 m. Determine the volumetric flow 
of water over the rectangular sharp-crested weir. Take 
C, — 0.83. 





Prob. 12-85 


12-86. The rectangular channel is fitted with a 90° 
triangular weir plate. If the upstream depth of the water 
within the channel is 2 m, and the bottom of the weir plate is 
1.5m from the bottom of the channel, determine the 


: *12-88. Determine the volumetric flow of water over the 
volumetric flow of water over the weir. Take C, — 0.61. 


broad-crested weir if it is in a channel having a width of 5 ft. 
Take C,, — 0.95. 





Prob. 12-86 Prob. 12-88 
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E" CHAPTER REVIEW 





Practically all open-channel flow is 
turbulent. For analysis, we assume 
the flow is one-dimensional and 
use an average velocity over the 
cross section. 


The speed of a wave traveling over 
a liquid surface is called the wave 
celerity. It is a function of the depth 
of a channel. 


The characteristics of flow along a 
channel are classified using the 
Froude number, since gravity is a 
driving force for open-channel 
flow. When Fr — lI, the flow is 
tranquil, and when Fr > 1, the flow 
is rapid. If Fr = 1, then critical flow 
occurs, In which case a standing 
wave can form on the surface of 
the liquid. 


Both rapid and tranquil flow can 

produce the same specific energy Tranquil 
for a specified flow and channel | 7 
width. Using a properly designed 

bump, where critical flow occurs at 

its peak, the flow can be changed 

from rapid to tranquil, or from 

tranquil to rapid. 


Flow over a channel rise, or under a 
sluice gate, can be analyzed using 
the continuity equation and the 
Bernoulli equation. 





Steady uniform flow in an open channel 
will occur if the channel has a constant 


cross section, slope, and surf ace roughness. 


The velocity of the flow can be determined 
using Manning’s equation, which uses an 
empirical coefficient n to specify the 
surface roughness. 


If nonuniform flow occurs in a channel, 
then there are twelve possible types of 
surface profiles. The profile can be 
determined numerically using a finite 
difference method derived from the 
energy equation. 


Nonuniform flow can occur suddenly in 
an open channel, causing a hydraulic 
jump. The jump removes energy from the 
flow, causing it to convert from rapid to 
tranquil flow. 


The flow in an open channel can be 
measured using a sharp-crested or broad- 
crested weir. In particular, a broad-crested 
weir can also convert the flow into flow 
having a critical depth. 


kR23s2 
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Chapter 13 





(© Super Nova Images/Alamy) 


Local shock waves form on the surface of this jet plane at places where the 
airflow approaches the speed of sound. The effect is seen because the air is 
humid and condensation forms on the shock. 


Compressible Flow 








13.1 Thermodynamic Concepts 


Up to this point we have considered applications of fluid mechanics only 
to problems where the fluid is considered incompressible. In this chapter 
we will extend our study to include the effects of compressibility, 
something that is important in the design of jet engines, rockets and 
aircraft, and high speed flow through long municipal and industrial gas 
lines, as Well as in air ducts used for heating and ventilation. 

We will begin the chapter with a presentation of some of the more 
important concepts in thermodynamics that are involved in compressible 
gas flow. Thermodynamics plays an important role in understanding 
compressible flow behavior because any drastic change to the kinetic 
energy of a gas will be converted into heat, causing large density and 
pressure variations throughout the gas. 
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Ideal Gas Law. Throughout this chapter we will consider the gas to 
be an ideal gas, that is, one that is composed of molecules that behave like 
elastic spheres. The molecules are assumed to have random motion and 
interact only on occasion, since there is a large distance between them 
compared to their size. Real gases are quite similar to ideal gases at the 
pressures and temperatures found on earth, although this approximation 
becomes more accurate as the density of the gas becomes smaller. 

It has been found through experiment that the absolute temperature, 
absolute pressure, and the density of an ideal gas are related through a 
single equation, referred to as the ideal gas law. It is 


Here R is the gas constant, which has a unique value for each gas. The 
ideal gas law is referred to as an equation of state since it relates the three 
state properties p, p, T of the gas when it is in a specific state or condition. 





Internal Energy and the First Law of Thermodynamics. 
Another important state property is internal energy, and for an ideal gas 
this refers to the collective kinetic and potential energy of its atoms and 
molecules. A change in internal energy occurs if heat and work are 
transferred to or from the gas. The first law of thermodynamics is a 
formal statement of this balance. It states that if we consider a unit mass 
of a gas as a contained system, then the change in its internal energy du, 
as the system moves from one state to another, is equal to the heat 
(thermal energy) dq transferred into the system minus the work dw done 
by the system on its surroundings. The work is defined as flow work, 
discussed in Sec. 5.5, and can be written as dw = pdv. Thus 

Heat 

added 


du — dq — pd 13-2 
u v ( ) 
q | P | 


Change in Flow work 
internal energy removed 
This change in internal energy is independent of the process used to 
move the system from one state to another; however, the values of dq 
and pdv depend upon this process. Typical processes include changes 
under constant volume, constant pressure, or constant temperature; or, if 
no heat enters or leaves the system, an adiabatic process occurs. 


Specific Heat. The amount of heat dq is directly related to the 
change in temperature dT of a gas by the specific heat c, which is a 
physical property of the gas. It is defined as the amount of heat needed to 
raise the temperature of a unit mass of the gas by one degree. 


EL. 
= dT 
This property depends upon the process by which the heat is added. It is 
measured in J/(kg * K) or ft * Ib/(slug - R). Normally, it is determined by 


adding the heat at constant volume, c,, or at constant pressure, c,. 


(13-3) 


C 


13.1 


Constant-Volume Process. When the volume of a gas remains 
constant, then dv = 0, and no external flow work is done. The first law of 
thermodynamics then states that du = dg. In other words, the internal 
energy of the gas is raised only because of the amount of heat supplied. 
Thus, Eq. 13-3 becomes 


_ du 
dT 
For the range of most engineering applications, c, is essentially constant 


as the temperature changes, and so we can integrate this equation between 
any two points of state and write it as 


Au = c, AT (13-5) 


Therefore, if c, is known, this result provides a means of obtaining the 
change in internal energy for a given temperature change AT. 


(13-4) 


Cy 


Constant-Pressure Process. For a constant-pressure process, the 
gas can expand, and so Eq. 13-2 states that a change in internal energy 
and flow work can occur. Solving for dq, and using Eq. 13-3, we have 

du + pdv 
P dT 
To simplify this expression, we will define another state property of a gas 
called the enthalpy h. Formally, enthalpy is defined as the sum of the 


internal energy wu and the flow work pv of a unit mass of the gas. Since the 
volume per unit mass is v = 1 /p, then 


h=ut+pv=u +e (13-6) 
Using the ideal gas law, the enthalpy can also be written in terms of 
temperature. 
h =u + RT (13-7) 
To find the change in the enthalpy, we take the derivative of Eq. 13-6. 
dh = du + dpv + pdv (13-8) 


Since the pressure is constant, dp — 0, and so dh = du + p dv. Therefore, 


Cp NOW becomes 


_ dh 
Cp = dT 
This equation can be integrated between any two points of state, since c; 


is only a function of temperature. Within the temperature ranges normally 
considered in e ngineering,.c,, like c,, is essentially constant. Thus, 


(13-9) 


Ah = c, AT (13-10) 


Therefore if c, is known, then if a change in temperature AT occurs, we 
can calculate the corresponding change in the enthalpy (internal energy 
plus flow work). 
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If we take the derivative of Eq. 13-7 and substitute Eq. 13-4 and Eq. 13-9 
into the result, we obtain a relation among c,, c,, and the gas constant. It is 
e 


p~ C =R (13-11) 
If we now express the ratio of specific heats as 





k = — (13-12) 
Cy 
then, using Eq. 13-11, we can write 
R N : 
Cy = k —] (13-13) 
and also 
kR | 
Cy = mm (13-14) 


Appendix A gives values of k and R for common gases, so the values of 
c, and c, can be calculated from these two equations. 


Entropy and the Second Law of Thermodynamics. 
Entropy s is a state property of a gas, and in thermodynamics, as well as 
here, we will be interested in how it changes. We define the change in 
entropy as the amount of heat that takes place per degree of temperature, 
as a unit mass of gas moves from one state of pressure, volume, and 
temperature to another. Thus, 

1 = 13-15 

ds T ( ) 
For example, when two objects at different temperatures are placed near 
one another in an insulated container (closed system), eventually they will 
reach the same temperature due to increments of heat dq moving from the 
hot to the cold object. One will gain entropy, and the other will lose entropy. 
This process of heat flowing from the hot to the cold body is irreversible. 
In other words, heat never flows from a cold to a hot body, because there 
is more thermal agitation of the molecules or internal energy within the 
hot body than in the cold body. 

The second law of thermodynamics is based on the change in entropy, 
and it determines the time order in which a physical phenomenon can 
take place. It gives a preferred direction to time and it is sometimes called 
the "arrow of time." The second law states that the entropy will always 
increase, since the process for change is irreversible. In a gas it is the result 
of viscous friction which increases the agitation of the gas, thereby causing 
the heat of the gas to increase. If the process is assumed to be reversible, 
that is, without internal friction, no change in entropy will occur. Thus, 


ds — 0 Reversible 
ds > 0 Irreversible 


For purposes of calculation, we can obtain a relationship between the 
change in entropy and the intensive properties 7 and p by first combining 
Eq. 13-15 with the first law of thermodynamics to eliminate dg. We have 


T ds = du + pdv (13-17) 


(13-16) 
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Now, if we substitute v = 1/p into this equation, and use the ideal gas law 
p = pRT and the definition of c,, Eq. 13-4, we get 


dT R fi 
ds = c,— + i-i) 
T  l/p Mp 


Integrating, with c, remaining constant during the temperature change, 
yields 





Bare aaa p ( 
2 — 81 = Gyn — Rin (13-18) 


Also, the change in entropy can be related to 7 and p. First, the enthalpy 
can be related to the entropy by substituting Eq. 13-17 into Eq. 13-8. 
We get 


T ds — dh — v dp (13-19) 


Then using the definition of cp, Eq. 13-9, and the ideal gas law, written as 
p = RT/v, we have 


ds = dT R2 
y — 67. , 


When integrated, this gives 


T | | 
S — S = ny EUN in (13-20) 


T-s Diagram. When solving compressible gas flow problems, it is 
sometimes helpful to establish a T—s state diagram, which represents a 
plot of the temperature versus the entropy. For example, a constant- 
temperature process would plot as a horizontal line, since for every 
change in entropy the temperature must be constant, 7,, Fig. 13-1. If 7 
instead the volume of the gas is held constant at V,. then dv — 0, and 
eliminating du from Eqs. 13-17 and 13-4, we find 


Tds = c,dT + pdv 
dT T 


ds C 


which represents the slope of the curve for constant volume, Fig. 13-1. 
Finally, if the pressure is held constant at p,, then dp = 0, and eliminating 
dh from Eqs. 13-19 and 13-9, we have 


T ds — c,dT — v dp 
dr T 





T—-s diagrams 


ds Cp Fig. 13-1 


which is the slope of the curve for constant pressure, Fig. 13-1. Apart from 
these examples, we will show, in Secs. 13.7 and 13.8, how the 7—s diagram 
provides a graphical aid for the interpretation of analytical results. 
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lsentropic Process. Many types of problems involving 
compressible flow through nozzles and duct transitions occur within a 
localized region over a very short period of time, and when this happens, 
the changes in the gas can often be modeled as an isentropic process. 
This process involves no heat transfer to the surroundings, while the gas 
is suddenly brought from one state to another; that is, the proccess is 
adiabatic, dg =0. Also, itis reversible, provided friction within the system 
is neglected, and as a result, ds = 0. Therefore, for an isentropic process, 
Eqs. 13-17 and 13-19 become 





0 — du + pdv 
0 — dh — vdp 


If we express these equations in terms of the specific heats, we have 


— c,dT + pdv 


0 — c,dT — v dp 
Eliminating dT and using Eq. 13-12,k = c,,/c,, yields 


d, lv 
dp , dv 
v 


Since k is constant, integrating between any two points of state gives 


v vU k 
In +kin— =0 (&)(3) =i 
Pi Ui PI Ui 


Substituting v — 1/p and rearranging terms, the relationship between 
pressure and density becomes 


" k 
a- (8) om 


Also, we can express the pressure in terms of the absolute temperature 
by using the ideal gas law, p — p RT. We obtain 


Š ie k/ik— 1) 
^ " e (13-22) 
l 


Throughout the chapter, we will use several of the equations developed 
in this section to describe either isentropic or adiabatic compressible flow. 
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Important Points 


For most engineering applications, a gas can be considered as 
ideal, that is, composed of molecules in random motion, with 
large distances between them compared to their size. Ideal gases 
obey the ideal gas law, p = pRT. 





A system in equilibrium has certain state properties, such as 
pressure, density, temperature, internal energy, entropy, and 
enthalpy. 


The change in internal energy per unit mass of a system is 
increased when heat is added to the system, and it is decreased 
when the system does flow work. This is the first law of 
thermodynamics, du — dq — p dv. 


Enthalpy is a state property of a gas that is defined in terms of 
three other state properties, namely, h = u + p/p. 


The specific heat at constant volume relates the change in internal 
energy of a gas to the change in its temperature, Au = c,AT. 


The specific heat at constant pressure relates the change in 
enthalpy of a gas to the change in its temperature, Ah — c, AT. 


Change in entropy ds provides a measure of the amount of heat 
that takes place per degree of temperature, ds = dq/T. 


The second law of thermodynamics states that for an irreversible 
process, entropy will always increase because of friction, ds > 0. 
If the process is reversible, or frictionless, then the change in 
entropy will be zero, ds = 0. 


The specific heat c, can be used to relate the change in entropy 
As to the change in T and p, Eq. 13-18, and c, can be used to 
relate As to the change in T and p, Eq. 13-20. 


An isentropic process is one where no heat is gained or lost and 
the flow is frictionless. This means that the process is adiabatic 
and reve rsible,ds = 0. 
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ON i ee S 





ps-20kPa Air flows at 5 kg/s through the duct in Fig. 13-2, such that the gage 
Tg ^ 20C pressure and temperature at A are p, — 80 kPa and T4, = 50°C, and 





pa = 80 kPa : at B, py, — 20 kPa and T, — 20°C. Determine the changes in the 

7 = 50°C . B enthalpy, internal energy, and entropy of the air between these points. 
‘ SOLUTION 

— Fluid Description. Because the temperature and pressure change 

between A and B, the density of the air will also change, and so we 

Fig. 13-2 have steady compressible flow. For air, k = 1.4 and R = 286.9 J/kg: K. 


Change in Enthalpy. The change in the enthalpy is determined 
from Eq. 13-10. However, first we must determine the specific heat at 
constant pressure using Eq. 13-14. 


kR 1.4(286.9 J/kg - K) 
C = See 
ASIE (1.4 — 1) 
The temperature in thermodynamic calculations in SI units must be 
expressed in kelvins, and so we have 
Ah = c(Tg — T4) = 1004.15 J/kg + K[(273 + 20) K — (273 + 50) K) 
= —30.1 kJ/kg Ans. 
The negative sign indicates a decrease in enthalpy. 
Change in Internal Energy. In this case Eq. 13-13 applies. First we 
determine the specific heat at constant volume. 
R 286.9 J/kg- K 
——S ae 
" k-1  (4-D s 
c(Tg — T4) = (717.25 J/kg- K)|(273 -- 20) K — (273 + 50) K] 
—21.5 kJ/kg Ans. 


Here the gas moving from a hot to a cooler temperature will decrease 
the internal energy of the gas. 


= 1004.15 J/kg-K 


Au 


Change in Entropy. Since both the temperature and pressure are 
known at points A and B, we will use Eq. 13-20 to find As. Always 
remember p and T must be absolute values. 


T 
Sg — $4 — c, n= sa R ne 
A PA 
(273 + 20)K (101.3 + 20) kPa 


(273 t WE (101.3 + 80) kPa 
— 17.4 J/kg:K Ans. 


As expected, As > 0. 


NOTE: If needed, the velocity at A can be determined from the mass 
flow, m — p4,V4A4. where the density of the air p, is found from 
Da — p4ART,. The results are p, — 1.956 kg/m? and V, = 13.0 m/s. 
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EXAMPLE [13:2 


The closed container with the movable lid in Fig. 13-3 contains 4 kg of F 
helium at a gage pressure of 100 kPa and a temperature of 20°C. 
Determine the temperature and density of the gas if the force F 
compresses the gas isentropically to a pressure of 250 kPa. 





SOLUTION 


Fluid Description. Since we have an isentropic process, during the 
change no heat or friction losses occur. 


Temperature. The new temperature can be determined using 
Eq. 13-22 since the initial and final pressures are known. From 
Appendix A, for helium k = 1.66, and so 


p (z^ 
Pp AT 


(101.3 + 250) kPa _ ( T> i 
(101.3 + 100)kPa \(273 + 20)K 


Tə = 365.6 K = 366 K Ans. 





Fig. 13-3 


Density. The initial density of helium can be determined from the 
ideal gas law. Since R — 2077 J/kg - K, 


pi — pjRT, 


(101.3 -- 100)(10?) Pa = p,(2077 J/kg + K)(273 + 20) K 
pı = 0.3308 kg/m? 


Applying Eq. 13-21, to determine the final density, we have 


P (2) 
Pi pi 


1.66 
(101.3 + 250) kPa _ p» 
(101.3 + 100) kPa (0.3307 kg/m?) 
p; — 0.463 kg/m* Ans. 


Or, we can use the ideal gas law. 


p — pRT; (101.3 + 250) kPa = p,(2077 J/kg - K)(365.6 K) 
p> = 0.463 kg/m? Ans. 


This represents about a 40% change in the density. 
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13.2 Wave Propagation through 
a Compressible Fluid 


If a fluid is assumed to be incompressible, then any pressure disturbance 
will be noticed instantly at all points within the fluid. All fluids, however, 
are compressible, so they will propagate a pressure disturbance through 
the fluid at a finite speed. This speed c is referred to as the speed of sound, 
or the sonic velocity. 

We can determine the sonic velocity by considering the fluid contained 
within the long open tube shown in Fig. 13-4a. If the piston moves a 
slight distance to the right at velocity AV, a sudden increase in pressure 
Ap will be developed in the fluid just next to the piston. The molecular 
collisions within this region will propagate to adjacent fluid molecules 
on the right, and the momentum exchange that occurs will in turn be 
transmitted down the tube in the form of a very thin wave that will 
separate from the piston and tra vel along the tube with the sonic velocity 
c, where c — AV. As noted on the differential control volume of this 
wave, Fig. 13-45, as the wave travels down the tube, behind the wave the 
movement of the piston has caused the fluid density, the pressure, and 
the velocity of the fluid to increase by Ap, Ap, and AV, respectively. 
In front of the wave the fluid is still undisturbed, and so the density is p, 
the pressure is p, and the velocity is zero. 

If the wave is seen by a fixed observer, then the flow past the observer 
will appear as unsteady flow since the fluid, originally at rest, will begin 
to change with time as the wave passes by. Instead, we will consider 
the observer to be fixed to the wave and moving with the same speed c, 
Fig. 13-4c. From this viewpoint we have steady flow, so that the fluid 
appears to enter the control volume on the right with a velocity c, and 
leave it on the left with a velocity c — AV. 








(a) 


4—— B -—— c 


p+Ap § » c—AV 
p + åp P 
Control volume having a speed c Veloaties relative to the control volume 
(b) (c) 


Fig. 13-4 
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Continuity Equation. Since the cross-sectional area A on each 
side of the control volume remains the same, the continuity equation for 
the one-dimensional steady flow of the wave is 





a 
— | par + f pV cs" dA = 0 


0 — pcA * (p * Ap)(c — AV)A = 0 


—pcA t pcA — pA NV + cApA — ApAVA = 0 


As AV and Ap approach zero, the last term goes to zero since it is of the 
second order. Therefore, this equation reduces to 


cdp — pdV 


Linear Momentum Equation. As shown on the free-body 
diagram, Fig. 13-4d, the only forces acting on the open control surfaces 
are those caused by pressure. If we now apply the momentum equation 
to the control volume, for steady flow, we have 


(p+ åp Ağ pA 


Free-body diagram 
(d) 


3j 
4 >F = = / Vyo, pdV / V fes PV fjes * dA Fig. 13-4 (cont.) 


(p + Ap)A — pA = 0 * [—ep(-cA)- (c — AVY(p - ApY(c — AVA] 
Neglecting the second- and third-order terms, in the limit, 
dp — 2pc dV — c! dp 


Using the continuity equation, and solving for c, we get 


q 
c- dL (13-23) 
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We can ex press c in terms of the absolute temperature by noting that since 
the wave is very thin, no heat is transferred into or out of the control 
volume during the very short time the wave passes through the fluid. In 
other words, the process is adiabatic. Also, frictional losses within the 
"thin" wave can be neglected, and so the pressure and density changes 
involve a process that is reversible. Consequently, sound waves or pressure 
disturbances form an isentropic process. Therefore we can relate the 
pressure to the density using Eq. 13-21, which can be written in the form 





p = Cø 


where C is a constant. Taking the derivative, the change in p and p gives 


d f C 
oP - Ckp* ! -— cx) — a (P) = (2) 
dp p p p 


Using the ideal gas law, where p/p = RT, Eq. 13-23 becomes 


c = VkKRT (13-24) 


Sonic velocity 


The velocity of sound in the gas therefore depends upon the absolute 
temperature of the gas. For example, in air at 15 C (288 K) c — 340 m/s, 
which is very close to its value found from experiment. 

We can also express the speed of sound in terms of the bulk modulus 
and the density of the fluid. Recall that the bulk modulus is defined by 
Eq. 1-12 as 

dp 
E = viv 
For a mass m = pV, the change in mass is dm = dp ¥ + pd¥. Since the 
mass is constant, dm = 0, and so —dV /V = dp /p. Thus, 


dp 


Ey = —— 
” dpjp 


Finally, from Eq. 13-23, we have 


p 


This result shows that the speed of sound, or the speed of the pressure 
disturbance, depends on the elasticity or compressibility (E,) of the 
medium and on its inertial property (p). The more incompressible 
the fluid, the faster a pressure wave will be transmitted through it; and the 
larger the fluid’s density, the s/ower this wave will travel. For example, the 
density of water is about a thousand times the density of air, but water's 
bulk modulus is so much greater than that of air that sound travels a little 
over four times faster in water than in air. At 20°C, c, = 343 m/s, and 
cy = 1482 m/s. 
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13.3 Types of Compressible Flow 


To classify a compressible flow, we will use the Mach number, M. Recall 
from Chapter 8 that this is a dimensionless number that represents the 
square root of the ratio of the inertial force to the compressible force 
acting on the fluid. There we showed that it can be expressed as a ratio of 
the velocity of the fluid, V, to the sonic velocity c created by a pressure 





wave within the fluid. Using Eq. 13-24, we can therefore write the Mach -Phe Concorde was a supersonic commercial 


number as 





Um (13-26) 


or, if the Mach number is known, then 


V = MVE&ERT (13-27) 


Let us now consider a body such as an airfoil moving through a fluid with 
a velocity V, Fig. 13-5a. During the motion, its forward surface, like the 
piston in Fig. 13-4, will compress the air in front of it, causing pressure 
waves to form and move away from the front surface at the sonic velocity c. 
The effect produced depends upon the magnitude of V. 


Subsonic Flow, M < 1. As long as the body continues to move 
at a subsonic velocity V, the pressure waves the body creates will always 
move ahead of the body with a relative speed of c — V. In a sense, these 
pressure disturbances signal the fluid in front of the body that it is 
advancing and enable the fluid to adjust before the body arrives. 
Consequently, the fluid molecules begin to move apart, which produces 
a smooth flow over and around the body's surface, as shown in 
Fig. 13-5a. As a general rule, the changes in pressure generated by the 
movement of the body begin to become significant when M > 0.3, or 
V > 0,3c. At the speed V — 0.3c, the compressibility of the air creates 
pressure changes of about 1%; and as we have assumed in the previous 
chapters, speeds at or below 0.3 or 30% of c can be considered using 
incompressible flow analysis, which is accurate enough for most 
engineering work. Speeds within the range 0.3c < V < c are referred 
to as subsonic compressible flow. 


aircraft that was capable of flying at speeds 
up to M = 2.3. 


V<c 
= 


< 


Subsonic flow 
(a) 


Fig. 13-5 
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Since c; 7 c; > c, the waves 
bunch up and form a shock 


(c) 


Fig. 13-5 (cont.) 





Supersonic flow 


(b) 


Sonic and Supersonic Flow, M = 1. When the body is traveling 
at a speed V that is equal to or faster than the pressure waves it creates, the 
fluid just ahead of the body cannot sense the presence of the body 
advancing. The fluid should move out of the way, but instead, the pressure 
waves bunch up and form a very thin wave in front of the body, Fig. 13-55. 

To understand how this occurs, consider a close-up view of the interacti on 
between the fluid and the surface of the body shown in Fig. 13-5c*. As the 
fluid impacts the sur face, because of the molecular collisions, a temperature 
gradient is created within the fluid, such that the highest temperature 
develops at the surface. Recall the sonic velocity is a function of 
temperature, c = WV KRT, and so the pressure disturbance or wave formed 
closest to the surface will have the highest sonic speed as it moves away 
from the surface at c;. As a result it will catch up with the wave in front of 
it since cı > cz. The succession of all sonic waves coming off the surface of 
the body will therefore bunch up, and create an increasing pressure 
gradient within a localized region. Although each successive pressure 
disturbance or wave can be considered an isentropic process, as stated in 
Sec. 13.2, the collection of these waves will reach a point where the pressure 
will get so large that viscous friction and heat conduction effects begin to 
stabilize their formation. In other words the collective process becomes 
nonisentropic. In standard atmospheric air, the thickness is on the order of 
a few times the mean free path of the molecules, about 0.03 um. It is called 
a shock wave, and its effect will cause an abrupt localized change in the 
pressure, density, and temperature as it passes through the fluid. If the 
body and the shock wave near it move at M = 1, it is sonic flow, and if 
M > 1, it is termed supersonic. The motion is further classified as 
hypersonic if a body, such as a missile or low-flying spacecraft, is moving 
at M = 5. 


* Further details of this process are outlined in Ref. [5]. 
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Mach Cone. It is important to realize that the formation of a 
shock wave is a very localized phenomenon that occurs on or near the 
surface of a moving body. As the body moves from one position to 
the next, each shock wave formed will move away from the body at the 
sonic speed, c. To illustrate this, consider a jet plane that is flying 
horizontally at a supersonic speed V, Fig. 13-6. At each location the 
plane will produce a spherical shockwave that then travels through the 
atmosphere at c. As shown, the wave produced when ; — 0 will travel a 
distance ct', when the plane travels a distance Vt' in the time t = t’. 
Portions of the waves that are produced at ¢ = t'/3 and t = 2t'/3 are 
also shown in the figure. If we summed all the waves produced during 
the time rf’ it would have a conical boundary, called a Mach cone. The 
sound produced by the shock wave will be heard by someone within 
the cone, and outside no sound produced by the plane will be detected. 
The energy of the waves is mostly concentrated at the cone’s surface, 
where the spherical waves interact, and so when this surface passes by 
an observer, the large pressure discontinuity created by the wave will 
produce a loud “crack” or sonic boom. 

The half angle « of the Mach cone in Fig. 13-6 depends upon the speed 
of the plane. It can be determined from the red shaded triangle drawn 
within the cone. It is 





i l | 
si Eur e im 13-28 
sina =~ M ( ) 


As the jet increases its speed V, then sin a, and therefore a, will 
become smaller. 





Development of a mach cone 


Fig. 13-6 











722 CHAPTER 13. COMPRESSIBLE FLOW 


Important Points 


* The speed at which a pressure wave travels through a medium is called the sonic velocity, c, because sound 
is a result of changes in press ll pressure waves undergo an isentropic process, and for a particular 
gas, the sonic velocity isc = V KART. 


Compressible flow is classified by using the Mach number, M — V /c. Pressure waves for subsonic flow 
(M « 1) will always move ahead of the body and signal the fluid that the body is advancing, thereby 
allowing the fluid to adjust. If M — 0.3, we can generally consider the fluid to be incompressible. 


Pressure waves for sonic (M = 1) or supersonic flow (M > 1) cannot move ahead of the body, so they 
bunch up in front of the body and develop a shock wave near or on its surface. As it is formed, it produces 
a Mach cone having a surface that travels at M = 1 away from the body. 


EXAMPLE [13:3 


The jet flies at M — 2.3 when it is at an altitude of 18 km, Fig. 13-7. 
Determine the time for someone on the ground to hear the sound of 
the plane just after the plane passes overhead. Takec — 295 m/s. 


SOLUTION 


Fluid Description. The plane compresses the air ahead of it since 
it is flying faster than M = 1. Although the speed of sound (or the 
Mach number) depends upon the air temperature, which actually 
varies with elevation, for simplicity, here we have assumed c is 
constant. 


Analysis. The Mach cone, which forms on the jet, has an angle of 
a = 25.77° 


Since this same cone angle can be extended to the ground, then from 
Fig. 13-7, 


tan 25.77 = 
x = 37.28 km 


18km 
J 


37.28(10°) m — 2.3(295 m/s): 
t= 54.95 Ans. 


This is a significant time lag, and so locating the jet may be a bit 
difficult. 
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13.4  Stagnation Properties 


The high-speed gas flow through nozzles, transitions, or venturies can 
usually be approximated as an isentropic process. This is because the 
flow is over a s/iort distance, and as a result, the temperature changes 
will be small over this distance. Therefore, it is reasonable to assume no 
heat transfer occurs, and frictional effects can be ignored. 

During the flow,the state of the gas can be described by its temperature, 
pressure, and density. In this section we will show how to obtain these 
properties at any point in the gas provided we know their values at some 
other reference point. For problems involving compressible flow, we will 
choose the stagnation point in the flow as this reference point, because 
experimental measurements can conveniently be made from this point, 
as will be shown in Sec. 13.13. 





Stagnation Temperature. The stagnation temperature Ty 
represents the temperature of the gas when its velocity is zero. For 
example,the temperature of a gas at rest in a reservoir is at the stagnation 
temperature. For either adiabatic or isentropic flow no heat is lost, and so 
this temperature To is sometimes referred to as the total temperature. It 
will be the same at every point in the flow after the flow is brought to rest. 
However, it is different from the static temperature T, which is measured 
by an observer moving with the flow. 

We can relate the static temperature to the stagnation temperature of 
a gas by considering the fixed control volume in Fig. 13-8, where point O 
is in a reservoir where the stagnation temperature is 7) and the velocity 
is Vy = 0, and some other point, located in the pipe where the static 
temperature is 7 and the velocity is V. If we apply the energy equation, 
Eq. 5-15, neglecting the changes in the potential energy of the gas, and 
assuming the flow is adiabatic, so there is no heat transfer, we have 


"d : Vost Vin 
Qin — War + Woump = how + 7 + Zou } — hin + 3 * gn, || mM 








y? 
0-0+0=((h +4 +0) ~ Gin +040) 





2 


V | | 


This result can be written in terms of temperature using Eq. 13-10, 
Ah — c, AT or hy — h — c,(Tg — T). Therefore, 


^ 





CpTo = CT + EI 
or 
To = r: + v ) (13-30) 
0 2c. T | | 
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To eliminate c, and also express this equation in terms of the Mach 


number, we can use Eq. 13-14, c, — kR/(k — 1), and Eq. 13-24, 


c = V kRT. This gives 


(13-31) 





To summarize, T is the static temperature of the gas at a point because it 
is measured relative to the flow, whereas To is the temperature of the gas 
after it is brought to rest at this point through an adiabatic process. 
Notice that where M = 0, as expected, Eq. 13-31 indicates that the 
temperature 7 of the gas is then equal to its stagnation temperature. 


Stagnation Pressure. The pressure p in a gas at a point is refe rred 
to as the static pressure because it is measured relative to the flow. The 
stagnation or total pressure po is the pressure of the gas after the flow has 
been brought isentropically to rest at the point. This process must be 
isentropic since otherwise heat transfer and frictional effects will change 
the total pressure. For an ideal gas, the temperature and pressure for an 
isentropic process (adiabatic and reversible) are related using Eq. 13-22. 


To ki(k-1) 
Po — (2) 


Substituting Eq. 13-31, we get 


Es] k/ik — D) 
po — »(1 X 2 v?) (13-32) 





Although the static pressure p may change, the stagnation pressure po is 
the same at all points along a streamline, provided the flow is isentropic. 

When k = 1.4, which is appropriate for air, oxygen, and nitrogen, the 
ratios T/T) and p/p, have been calculated from the above two equations 
for various values of M, and for convenience, they are tabulated in 
Appendix B, Table B-1.* If you take a moment to scan the data in this 
appendix, you will notice that the ratios 7T/T, and p/p, are always less 
than one, so that the static values of T and p will always be smaller than 
the corresponding stagnation values of Th and po. 


Stagnation Density. If Eq. 13-32 is substituted into Eq. 13-21, 
p = Cp*, we obtain a relationship between the stagnation density pp 
and the static density p of the gas. This is 





k=] 1/(k— 1) 
po = (1 + m?) (13-33) 


As expected, like Ty and pp, this value py is the same along any streamline, 
provided the flow is isentropic. 


*The many equations involving compressible flow can also be solved using programmable 
pocket calculators, or their calculated values can be found on websites that provide this 
information, 
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Important Points 


* Stagnation temperature 7) is the same at each point on a streamline, provided the flow is adiabatic (no 
heat loss). The stagnation pressure pp and density pp remain the same if the flow is isentropic (adiabatic 
and no frictional losses). Most often, these properties are measured at a point in a reservoir, where the 
gas is stagnant or at rest. 


* The static temperature 7, pressure p, and density p are measured within the gas, while moving with 
the flow. 


* The value of T is related to 7; using the energy equation, assuming an adiabatic process. Since the flow of 
gas through a nozzle or transition is essentially isentropic, then p and p can be related to pp and po. For 
each case the corresponding values depend upon the Mach number and the ratio k of the specific heats for 
the gas. 


EXAMPLE F134 


Air at a temperature of 100°C is under pressure in the large tank shown 
in Fig. 13-9. If the nozzle is open, the air flows out at M=0.6. Determine 
the temperature of the air at the exit. 


SOLUTION 


Fluid Description. The Mach number, M = 0.6 < 1, indicates that 
this problem involves subsonic compressible flow. We will assume the 
flow is steady. 


Analysis. The stagnation temperature is Ty = (273 + 100) K = 373K 
since the air is at rest within the tank. Assuming the flow to be adiabatic 
through the nozzle, this is the same stagnation temper ature throughout 
the flow since no heat is lost in the process. Applying Eq. 13-31 yields 


-1 
m= 7(1 +45 m?) 


14-1, 
: os?) 


T = 348 K = 75°C Ans. 


373 K = r(1 23 


We can also obtain this result using the ratio 7'/ T; listed in Table B-1 
for M — 0.6. We have 


T — 373K(0.9328) — 348K Ans. 


This lower temperature, as measured relative to the flow, is actually the 
result of a drop in pressure that occurs as the air emerges from the tank. 
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Nitrogen flows isentropically through the pipe in Fig. 13-10 such that 
its gage pressure is p = 200 kPa, the temperature is 80°C, and the 


velocity is 150 m/s. Determine the stagnation temperature and 
13 stagnation pressure for this gas. The atmospheric pressure is 101.3 kPa. 


“a X BEY 
—— 


Fig. 13-10 


SOLUTION 


Fluid Description. The Mach number for the flow is first determined. 
The speed of sound for nitrogen at T — (273 + 80) K = 353K is 


c — VKkRT = NV 1.40(296.8 J/kg - K)(353 K) — 383.0 m/s 


Thus, 


Here we have steady subsonic compressible flow. 


Stagnation Temperature. Applying Eq. 13-31, we have 








k—1 14-1 
rM r(1 4 v?) = 353 (1 + (0.3917) 


2 


Ty = 363.8 K = 364K Ans. 
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Stagnation Pressure. The static pressure p = 200 kPa is measured 
relative to the flow. Applying Eq. 13-32 and reporting the result as an 
absolute stagnation pressure, we have 


pud k/(k— 1) 
Po = of + 2 m?) 


po = (101.3 + 200) KPa( 4 





alan 
14-1 


Lg] 





(039179) 


Po = 334.9 kPa = 335 kPa Ans. 


Since k — 1.4 for nitrogen, these values for Tọ and po can also be 
determined by using Table B-1. Throughout this chapter, to improve 
numerical accuracy, we will use linear interpolation when using any of 
the tables in Appendix B. For example, the temperature ratio in 
Appendix B-1 is determined as follows: M = 0.39, T/T, = 0.9705, and 
M = 0.40, T/T, = 0.9690. Therefore, for M = 0.3917, 


0.4 — 0.39 — 0.9690 — 0.9705 
0.4 — 0.3917 0.9690 — T/T, 


0.009690 — 0.01T/T, — 0.00001251 
T/T, — 0.97025 


Thus, 


353K 


o7 0sms > * 


Because we have an isentropic process, realize there will be no 
change in the entropy. This can be shown by applying Eq. 13-20. 


T 
$ — $9 7 c" In E Rin 


_ (14(296.8 ——m ( 353 K ) (33 E) 
s TEE "\3638K) (968 J/kg* K) In [5 o Pa 


As =0 
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EXAMPLE [13.6 





The absolute pressure within the entrance to the pipe in Fig. 13-11 is 
98 kPa. Determine the mass flow into the pipe once the valve is 
opened. The outside air is at rest, at a temperature of 20°C and 
atmospheric pressure of 101.3 kPa. The pipe has a diameter of 50 mm. 





50 mm 


T ^x'C 
p 7 101.3 kPa 





Fig. 13-11 


SOLUTION 


Fluid Description. We will assume steady isentropic flow through 
the entrance. The Mach number can be obtained using Eq. 13-32 since 
the pressures are known. The stagnation pressure is pọ = 101.3 kPa 
since the outside air is at rest, and the lower (static) pressure p =98 kPa 
is within the pipe. Since k = 1.4 for air, we have 


k—1 k/ik—10) 
po = ol T 5 v?) 


14-1, V 
101.3 kPa — 98 kPal ] ^ > M 








M = 0.218 < 1 subsonic flow 


Although this value is less than what we classify as compressible flow 
(M > 0.3), all flow, regardless of its speed, is actually compressible 
flow. Also, this result can be obtained by interpolating in Table B-1, 
using p/po = 98 kPa/101.3 kPa = 0.967. 


Analysis. The mass flow is determined using m = pAV, and so we 
must first find the density and velocity of the gas. 

The stagnation density of the air at T = 20°C is determined from 
Appendix A. It is pp = 1.202 kg/m*. Therefore, using Eq. 13-33, the 
density of the air in the pipe is 


Rt 1/(k-1) 
po = o| + 5 v?) 


axa 
14-1 z- 
ol I (0218)) | 


1.1739 kg/m? 








1.202 kg/m? 


p 
Note that we can also obtain this value from Eq. 13-21, p/po — (p/ po. 


13.4 STAGNATION PROPERTIES 


The velocity of the flow into the entrance is determined using Eq. 13-27, 


V = MVKRT, which depends upon the temperature within the flow. 
The temperature can be found from Table B-1 or using Eq. 13-31 for 








M — 0.218. 
r= 71 Ew) 
2 
1.4 SIN l 73 
(273 - 20K — (1 pue (0218) ) 
T = 290.24 K 
Thus, 


V = MV&RT = 0.218V/1.4(286.9 J/kg + K)(290.24 K) = 74.44 m/s 


The mass flow is therefore 


m — pVA = 1.1739 kg/m? (74.44 m/s) [ 7(0.025 m)? | 
— 0.172 kg/s Ans. 
NOTE: If this problem is solved assuming the air is an ideal fluid 


(incompressible and frictionless), then with steady flow, the Bernoulli 
equation can be used to determine the velocity. In this case, 


Vo. Vi 
Be ee es 
p 2 p 2 
101.3( 10°) N/m? - 98(10") N/m v? 
1.202 kg/m? 1.202 kg/m? 2 
V; — 74.10 m/s 


This value is in error by about 0.46% from the value V = 74.44 m/s, 
found by accounting for the compressibility of the air. 
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DON — 
V+ AV 


(p + ApMA + AA) 


Free-body diagram 
(b) 


Fig. 13-12 


13.5 Isentropic Flow through 
a Variable Area 


Compressible flow analysis is often applied to gases that pass through 
ducts in jet engines and rocket nozzles. For these applications we will 
generalize the discussion, and show how the pressure, velocity, and density 
of the gas are affected by varying the cross-sectional area of the duct 
through which the gas flows, Fig. 13-12a. For short distances, we will 
require the flow to be steady and the process to be isentropic. Also, the 
cross-sectional area of the duct is assumed to change gradually, so that the 
flow can be considered one-dimensional and average gas properties can 
be used. The fixed control volume shown in Fig. 13-12a contains a portion 
of the gas in the duct. 


Continuity Equation.  Sincethe velocity,density,and cross-sectional 
area all change, the continuity equation gives 


a 
JE ] w^ — 0 


0 — pVA + (p+ ApXV + AV\A + AA) = 0 


After multiplying and taking the limit as Ax — 0, the second- and third- 
order terms will drop out. Simplifying, we get 


pVdA + VAdp + pAdV = 0 
Solving for the velocity change yields 


d 
dV = -v(# + a) 
p A 


(13-34) 
Linear Momentum Equation. As shown on the free-body 
diagram of the control volume, Fig. 13-125, the surrounding gas exerts 
pressure on the front and back open control surfaces. Since the sides of 
the duct increase the cross-sectional area by AA, the average pressure, 
p + Ap/2, will act horizontally on this increased area. Applying the 
linear momentum equation in the direction of flow, we have 


ot 


a 
xr - 2 [ voa [ vpv-aa 
Ap 
pA pt^yX AA — (p + ApXA + AA) = 


0 + Vo( VA) * (V - AVX(p + ApXV + AVXA + AA) 


Expanding, and again realizing that the higher-order terms drop out in 
the limit, we get 


,dA | | 
dp — -(2ovav + V7dp + pve) (13-35) 
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Substituting the value for dV from Eq. 13-34 yields 


dp dA 
dp — v(4+4) 
Pw t 


Eliminating dp by substituting Eq. 13-23,dp = dp/c*, and then expressing 
the result in terms of the Mach number M — V /c, we find that the change 
in pressure related to the change in area becomes 


pV? dA 


dp = = 
P 1-M A 


(13-36) 
The change in the velocity related to the change in the area can be 
determined by equating Eq. 13-36 to Eq. 13-35, and then eliminating the 
term dp/ p using Eq. 13-34. This gives 


V dA 


dv = -— — 
I- M? A 


(13-37) 
Finally, the change in the density related to the change in the area is 
determined by equating Eq. 13-37 and Eq. 13-34. The result is 


pM? dA 


pa- = S 
^ 1-M!A 


(13-38) 


Subsonic Flow. When the flow is subsonic, M < 1, then the term 
(1 — M?) in the above three equations is positive. As a result, an increase 
in area, dA, or a divergent duct, will cause the pressure and density to 
increase and the velocity to decrease, Fig. 13-13a. Likewise, a decrease in 
area, or a convergent duct, will cause the pressure and density to decrease 
and the velocity to increase, Fig. 13-135. These results for pressure and 
velocity are similar to those for incompressible flow, as noted from the 
Bernoulli equation. For example, if the pressure increases, then the 
velocity will decrease, and vice versa. 


Supersonic Flow. When the flow is supersonic, M > 1, then the 
term (1 - M?) will be negative. Now the opposite effect occurs; that is, an 
increase in duct area, Fig. 13-13c, will cause the pressure and density to 
decrease and the velocity to increase, whereas a decrease in area will 
cause the pressure and density to increase and the velocity to decrease, 
Fig. 13-134. This seems contrary to what we might expect, but 
experimental results have shown that indeed it occurs. In a sense, 
supersonic flow behaves in a manner similar to traffic flow. When cars 
come to a widening of a roadway, their speed increases (higher velocity) 
and so they begin to spre ad out (lower pressure and density). A narrowing 
of the roadway causes congestion (higher pressure and density) and a 
lowering in speed (lower velocity). 





M = 1 (subsonic flow) 
Divergent duct + dA 
Pressure and density increase. 


Velocity decreases. 
(a) 


——— oe 
M = 1 (subsonic flow) 
Convergent duct — dA 


Pressure and density decrease. 
Velocity increases. 


(b) 
— 


M > 1 (supersonic flow) 
Divergent duct + dA 
Pressure and density decrease. 
Velocity increases. 

(c) 


—— 
M > 1 (supersonic flow) 
Convergent duct — dA 
Pressure and density increase. 


Velocity decreases. 


(d) 





Fig. 13-13 
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— — P Ó 
M-71 


Subsonic Sonic Supersonic 


Laval Nozzle 





Fig. 13-14 


Laval Nozzle. From these comparisons, we see that to produce 
supersonic flow (M > 1), a nozzle can be fashioned as in Fig. 13-14 so 
that it has an initial convergent section to increase the subsonic velocity 
until it becomes sonic at the throat, M = 1, and then add a divergent 
section to further increase the now sonic velocity to supersonic speed, 
M > I. This type of nozzle is termed a Laval nozzle, named after the 
Swedish engineer Carl de Laval, who designed it in 1893 for use in a 
steam turbine. It is important to realize that the flow can never be greater 
than sonic speed (M — 1) through the throat, because once sonic speed is 
attained, a pressure wave at this speed cannot move upstream (against 
the flow) to cause further acceleration of the flow into the nozzle. 


Area Ratios. We can determine the cross-sectional area at any point 
along a nozzle by expressing it in terms of the Mach number using the 
continuity equation. If sonic conditions occur at the throat, then the cross 
section at the throat A* can be used as a reference, where T — T*,p — p, 
and M = 1. At any other point, since V ^ Mc = MV KRT, continuity of 
mass flow requires 


th = pVA = p V"A~ = p(MV&RT)A = p'(1VkRT )A* 


A -d(p Z - 
A* "3. T Un) 


This result can also be expressed in terms of the stagnation density and 
temperature by introducing the appropriate ratios. 


ALL 24) [rr ae 
A” ue p Toy T y 


Substituting Eqs. 13-31 and 13-33 for each ratio, and realizing that M = 1 
for the ratios p /pp and T / Ts, we get, after simplifying, 


or 


1 +4(k — 1)M? 


2(k — 1) 
13-41 
la 1D ( ) 
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A graph of this equation for a given value of k is shown in Fig. 13-15. 
Except when A — A*, there is a double value for the Mach number for 
each value of A/A*. One value, Mj, is for the area A ' in the region where 
subsonic flow exi sts, and the other, M», is for A’ in the region of supersonic 
flow. Rather than solving Eq. 13-41 for M, and M;, for convenience, if 
k — 1.4, we can use Table B-1. It is worth noting how the values within 
this table follow the shape of the curve in Fig. 13-15. Scan down the table 
and notice that as M increases, A /A " decreases, until M — 1, and then 
A /A* increases again. 

With Eq. 13-41, or Table B-1, we can now determine the required 
cross-sectional area A; of a nozzle at a point where the flow must be M;, 
provided we know M, and the cross-sectional area A, at some other 
point. To show how to use the table in this manner, take the case shown 
in Fig. 13-16, where M, — 0.5, A, — z(0.03m)?, and M, = 1.5. To 
determine A; we must reference A, and A; to the throat area A*, since 
the ratio A/A “is used in the table. Using M, = 0.5, the ratio 
A/A * — 1.3398 is determined from Table B-1 (or Eq. 13-41). Likewise, 
using M, = 1.5, the ratio A;/A * — 1.176 is also found from Table B-1. 
With these two area ratios, we can then write 








sO 





> > {1.176 
td; = 17(0.03 m) (5) 


d, = 56.2 mm 


This method will also provide a valid solution even if flow through the 
throat is not at M = 1. In this case, we can imagine that the nozzle has a 
location where the throat narrows to A*. This is a reference where M = 1, 
and in the above area ratios A* cancels and is never actually calculated. 
In other words, we have considered A* only as a reference location, where 
the area ratios in the above fraction actually cause A* to cancel out. 





Fig. 13-16 


A 
A * 
A 
A - 
A m1 
A + 
l = I 
M M M, 
Subsonic Supersonic 


Flow through a Laval nozzle 
area ratio vs. Mach number 


Fig. 13-15 
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EXAMPLE | 43.7 





Air is drawn through the 50-mm-diameter pipe in Fig. 13-17 and 
passes section | with a speed of V; = 150m/s, while it has an absolute 
pressure of p, = 400kPa and absolute temperature of 7; = 350K. 
Determine the required area of the throat of the nozzle to produce 
sonic flow at the throat. Also, if supersonic flow is to occur at section 2, 
find the velocity, temperature, and required pressure at this location. 





75 mm 











150 m/s 
O 
Fig. 13-17 
SOLUTION 
Fluid Description. We assume isentropic steady flow through the 
nozzle. 


Throat Area. The Mach number at section 1 is first calculated. 
For air k= 1.4, R = 286.9 J/kg-K. Therefore, 


150 m/s 


V 
M, — —— — ——ÀM————— — (440 
VKkRT, — V1.4(286.9 J/kg - K)(350 K) 


Although we can use Eq. 13-41 with M, and A, to determine the 
throat area A*, since k — 1.4 it is simpler to use Table B-1. Thus, for 
M, = 0.40, we find 


A, 
a* = 1.5901 
LM T(0.025 my? 
^ 1.5901 
— 0.001235 m? Ans. 


Properties at Section 2. Nowthat A* is known, the Mach number 
at A; can be determined from Eq. 13-41; however, again it is simpler 
to use Table B-1, with the ratio 


A;  m7(0.0375m) - 


- — 3.58 
A* — 0.001235 m? 
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We get M; — 2.8230 (approximately), because supersonic flow must 
occur at the end of the divergent section. (The other root, M, = 0.155 
(approximately) refers to subsonic flow at the exit.) 

The temperature and pressure at the exit can be determined using 
M = 2,8230 and Eqs. 13-31 and 13-32; however, first we must know the 
stagnation values Tọ and po. To find them we can again use Eqs. 13-31 
and 13-32 with M, — 0.40 and 7| and p,. A simpler method is to use 
Table B-1 by referencing the ratios 7;/T, and p;/p, in terms of the 
stagnation ratios as follows: 


T, TT 0 
T: Taito _ 0.38553 L 0.39787 
T, T/T) 0.96899 


0.03972 
Therefore, without having to find To and pp, we have 


T, = 0.39837, = 0.39787(350 K) = 139.25 K Ans. 
p2 = 0.03990p, = 0.03972(400 kPa) = 15.9 kPa Ans. 


This lower pressure at the exit is what draws the air through the 
50-mm-diameter pipe at 150 m/s. 
The average velocity of the air at section 2 is 


V; — M, VKkRT; — 2.8230 V 1.4(286.9 J/kg - K)(139.25 K) 


— 668 m/s Ans. 





13.6  Isentropic Flow through Converging 
and Diverging Nozzles 


In this section we will study the compressible flow through a nozzle that 
is attached to a large vessel or reservoir of stagnant gas, Fig. 13-18. 
Here the pipe on the end of the nozzle is connected to a tank and 
vacuum pump. By operating the pump and opening the valve on the 
pipe, we can regulate the backpressure p, in the tank and thus the flow 
through the nozzle. We will be interested in how this backpressure 
affects the pressure along the nozzle and the mass flow through the 
nozzle. 
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V=0 
po ^ constant Tank 
T > constant 









Valve 





(a) 


] no flow 


2 subsonic 
flow 


3 sonic flow 
4 expansion 
waves 


(b) 


m 


M inax 


Mass flow vs. backpressure 
(c) 


Fig. 13-18 












Converging Nozzle. Here we will consider attaching a converging 
nozzle to the reservoir, Fig. 13-18a. 


When the backpressure is equal to the pressure within the reservoir, 
Pp = Po, no flow occurs through the nozzle, as indicated by curve 1, 
Fig. 13-185. 


If pp is slightly /ower than pp, then flow through the nozzle will 
remain subsonic. Here the velocity will increase through the nozzle, 
causing the pressure to decrease, as shown by curve 2. 


Further drops in pressure p; will cause the flow at the nozzle exit to 
eventually reach sonic flow, M = 1. The backpressure at this point is 
called the critical pressure p*, curve 3. The value of this pressure 
can be determined from Eq. 13-32 with M = 1. Since pg is the 
stagnation pressure, the result is 


x* " 
) 2 k/tk— 1) | | 
-— _ (: - -) (13-42) 





For example, for air k = 1.4, and so P /po = 0.5283 (also see 
Table B-1). In other words, the pressure just outside the nozzle 
must be approximately one-half that within the reservoir to achieve 
sonic flow. For backpressures from p; — p, down to p; — p* the flow 
can be considered isentropic without appreciable error. This is 
because the absolute pressure always remains positive within the 
nozzle, and the flow is rapid, resulting in boundary layers that are 
thin so as to produce minimal frictional losses as the flow is 
accelerated through the nozzle. 


If the backpressure is lowered further, say to p' — p then neither 
the pressure distribution through the nozzle nor the mass flow out 
of it will be affected. The nozzle is said to be choked since the 
pressure at the exit of the nozzle, “the throat," must remain at p*. 
Remember that at sonic velocity, a pressure /ess than p* cannot be 
transmitted back into the upstream flow to draw more gas through 
the nozzle. Outside and just beyond the nozzle exit, the pressure will 
suddenly decrease to this lower backpressure p’; however, this occurs 
only through the formation of three-dimensional expansion waves, 
curve 4, Within this region the isentropic process ceases, since the 
expansion of the gas causes an increase in entropy due to friction 
and heat loss. 


The mass flow as a function of the backpressure for each of these four 
cases is shown in Fig. 13-18c. 
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Converging-Diverging Nozzle. Let's now consider the same Vv-0 
test using a converging-diverging, or Laval, nozzle, Fig. 13-19. po constant Tank 


T — constant 
( 
e As before, if the backpressure is equal to the pressure in the 
chamber, p; = po, then no flow occurs through the nozzle because 
the pressure through the nozzle is constant, curve 1, Fig. 13-195. 








(a) 
è If the backpressure drops somewhat, then subsonic flow occurs. 


Through the convergent section the velocity at the throat increases 
to its maximum, while the pressure decreases to a minimum. 
Through the divergent section the velocity decreases, while the 
pressure increases, curve 2. 





è When the backpressure becomes p3;, the pressure at the throat drops 
to p* so that the flow finally reaches sonic speed, M= 1, at the throat. 
This is a limiting case where subsonic flow continues to occur in 
both the convergent and divergent sections, curve 3. Any further 
slight decrease in backpressure will not cause an increase in mass 
flow through the nozzle since the velocity through the throat is at its 
maximum (M=1). Hence, the nozzle becomes choked, and the mass 
flow remains constant. 






No flow 
J 


3 Isentropic 
subsonic flow 
DN 

4 Isentropic 

supersonic flow 

x 


* To further accelerate the flow isentropically within the divergent 
section, it is necessary to decrease the backpressure all the way until 
it reaches py, as shown by curve 4. Again, this will not affect the mass 
flow since the nozzle is choked. 


* Because of the branching of the pressure curves 3 and 4, isentropic 
flow through the nozzle occurs for p = p, and p = p4. This is 
because for a given ratio of A /A* (exit area versus throat area), 
Eq. 13-41 gives only two possible Mach numbers at the exit, as 
noted in Fig. 13-15 (M; subsonic and M; supersonic). Thus, if the 
backpressure is somewhere in between these isentropic exit 
pressures of p; and p,, or is lower than py, then the exit pressure 
will suddenly convert to this pressure only through a shock wave, 
formed within the nozzle or just outside of it. This is nonisentropic — wr jet aircraft have nozzles that can 
since a shock involves frictional losses and will result in àn be flared or closed so that they alter the 
inefficient use of the nozzle. We will discuss this phenomenon efficiency of their thrust. 
further in Sec. 13.7. 
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Important Points 


Subsonic flow through a converging duct will cause the velocity to increase and the pressure to decrease. 
Supersonic flow causes the opposite effect; the velocity will decrease and the pressure will increase. 


Subsonic flow through a diverging duct will cause the velocity to decrease and the pressure to increase. 
Supersonic flow causes the opposite effect; the velocity will increase and the pressure will decrease. 


A Laval nozzle has a convergent section to accelerate subsonic flow to sonic speed at the throat, 
M = 1, and a divergent section to further accelerate the flow to supersonic speed. 


It is not possible to make a gas flow faster than sonic speed, M= 1, through the throat of any nozzle, since 
at this speed the pressure at the throat cannot be transmitted back upstream to signal an increase in flow. 


The Mach number at a cross-sectional area A of a nozzle is a function of the throat area, where M = 1. 


A nozzle becomes choked provided M = 1 at the throat. When this occurs, the pressure at the throat is 
called the critical pressure p*. This condition provides maximum mass flow through the nozzle. 


For a Laval nozzle, when M = | at the throat there are two possible backpressures that produce isentropic 
flow within the nozzle. One produces subsonic speeds within the divergent section, M < 1, and the other 
produces supersonic speeds within this section, M > 1. No shock wave is produced in either case. 


EXAMPLE | 13.8 


Determine the required pressure at the entrance of the 2-in.-diameter 

pipe at section 1 in Fig. 13-20, in order to produce the greatest flow of 

air through the pi pe. Outside the pipe, the air is at standard atmospheric 
© pressure and temperature. What is the mass flow? 


Fig. 13-20 SOLUTION 
Fluid Description. We assume steady isentropic flow through the 
nozzle. 


Analysis. The stagnation pressure, temperature, and density are 
equal to the “standard atmospheric values” since the outside air is 
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at rest. From Appendix A, we have pp = 14.7psi, Tp = 59°F, 
and py = 0.00238 slug/ft*. The maximum flow into the pipe occurs 
when M - 1 at the pipe entrance. In other words, once this occurs, 
the air flowing through the pipe cannot transmit a reduced pressure 
to the air behind it any faster than M = 1. Using Table B-1 or 
Eq. 13-32 to obtain this required pressure, we have 


k—1 k/(k 1) iG e d 1.4/(1.4— 1) 
Po = »(1 t Mj) 14.7 psi = (1 + a) 











2 
pı = 7.71 psi Ans. 
To obtain the mass flow m = pVA, we must first determine the 
density of the air and the velocity of the flow to produce M = 1. 


The density of the air within the pipe at location 1 can be determined 
from Eq. 13-33 or Eq. 1321, p;/p, — (p;/pj)* . Using Eq. 13-33. 


R1 1/(k-1) 
po — (1 TR M?) 


l.4— 1 I/(L.4—1) 
0.00238 slug /ft® = a(i t7 a») 








p, — 0.001509 slug/ft 


The velocity is a function of the air temperature in the pipe, that 


is; V — MV KkRT. We can obtain this temperature using Table B-1, 
Eq. 13-31 with M - 1, or Eq. 13222, p;/p, — (T;/T,)" ^ ". Using 
Eq. 13-31, we have 








Ty — Zt + n) (460 + 59)R = (1 Qa a) 


2 
T, — 4325 R 
Thus, 
V; — M, VEKRT, — (1) V 1.4(1716 ft* Ib/slug- R)(432.5 R) — 1019.3 ft/s 


The mass flow is therefore 


m — p,VjAj 


= (0.001509 slug /ft*)( io19:38/5) s r) | 


— 0.0336 slug /s Ans. 
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EXAMPLE [13:9 





Fig. 13-21 


m — pVA — (Eva = 


The converging nozzle on the tank in Fig. 13-21 has a 300-mm exit 
diameter. If nitrogen within the tank has an absolute pressure of 
500 kPa and an absolute temperature of 1200 K, determine the 
mass flow from the nozzle if the absolute pressure in the pipe at the 
nozzle is 300 kPa. 


SOLUTION 


Fluid Description. We assume steady isentropic flow through the 
nozzle. 


Analysis. Since the nitrogen within the tank is at rest, the stagnation 
pressure and temperature are py = 500 kPa and 7) = 1200 K. For 
the greatest mass flow through the nozzle, it is necessary that M= 1 at 
the exit, and so Eq. 13-32 or Table B-1 requires 
* 
= = 0.5283 or p = (500kPa)(0.5283) = 264.15 kPa 
0 


For this case, however, p — 300 kPa, which is greater than 264.15 kPa. 
Therefore, the nozzle is not choked at its exit. 

Since we know both p and p, then p/pg — 300 kPa/500 kPa = 0.6, 
and so we can determine M from Eq. 13-32 or Table B-1. We get 
M = 0.8864. 

To obtain the mass flow, m = pVA, we must obtain the density and 


velocity at the exit. First the temperature is determined from Eq. 13-31 
or from Table B-1 for M = 0.8864 or p/po = 0.6. 


T 
— = 0.8642 
T, 864 


T = 0.8642(1200 K) = 1037K 


Therefore, the exit velocity of the nitrogen is 


V — MV kRT — (0.8864) V 1.4(296.8 J/kg- K)(1037K) = 581.9 m/s 


The density can be found using the ideal gas law. The mass flow 
from the nozzle is therefore 


300( 10?) N/m? 
(296.8 J/kg - K)(1037 K) 


p 2 
E (581.9 m/s) | 7(0.15m)* | 


m = 40.1 kg/s Ans. 
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EXAMPLE [13:10 


The Laval nozzle in Fig. 13-22 is connected to a large chamber 
containing air at an absolute pressure of 350 kPa. Determine the 
backpressure in the pipe at B that will cause the nozzle to choke and 
yet produce isentropic subsonic flow through the pipe. Also, what 
backpressure is needed to cause isentropic supersonic flow? 








Fig. 13-22 
SOLUTION 
Fluid Description. We assume steady isentropic flow through the 
nozzle. 


Analysis. Here we must find the two backpressures, p; and p,, in 
Fig. 13-195, required to produce M = 1 at the throat. The area ratio for 
the nozzle between the exit and the throat is 


A 
A 


7(0.05 m)? | 
(0.025 m)* 


= 


* 


If this ratio is used in Eq. 13-41, two roots for M at the exit can be 
determined, Fig. 13-15. However, we can also solve this problem using 
Table B-1. With A 5/A * — 4, we get M, — 0.1467 (subsonic flow) and 
Pg/ po = 0.9851. Thus, the higher backpressure at B that will cause 
subsonic flow is 


(Pp) max = 9.9851(350kPa) = 345 kPa Ans. 


Further in the table, the alternative solution, where A p/A" = 4, 
gives M, = 2.940 (supersonic flow) and p,/pp = 0.02980. Thus, the 
lower backpressure at B is for supersonic flow. 


(Pg)min = 0.02980(350kPa) = 10.4kPa Ans. 
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EXAMPLE [13.11 


100 mm 





Fig. 13-23 


e 


al 
T M, =i 





Air flows through the 100-mm-diameter pipe in Fig. 13-23 having an 
absolute pressure of p, — 90kPa. Determine the diameter d at the 
end of the nozzle so that isentropic flow occurs out of the nozzle at 
M; — 0.7. The air within the pipe is taken from a large reservoir at 
standard atmospheric pressure and temperature. 


SOLUTION I 
Fluid Description. We assume steady isentropic flow through the 
nozzle. 


Analysis. The diameter d can be determined from continuity of the 
mass flow, which requires 


m = piV\A, = p2V2A2 (1) 


We must first find M, and then find the densities and velocities at 1 and 2. 

The stagnation values for atmospheric air are determined from 
Appendix A as pọ = 101.3 kPa, Tọ = 15?C, and p, ^ 1.225 kg/m*. 
Knowing p; and py, we can now determine M; at the entrance 1 of the 
nozzle using Eq. 13-32. 


k=1 k/ik — 1) 
Po - »(1 T > M?) 


L4 — lA 
101.3 kPa — (90 kPa)| 1 ——— M, 








M, = 0.4146 


As expected, M; < M; = 0.7. 


Since V = MVERT, applying Eq. 13-31 to find the temperatures at 
the entrance and exit, we have 


k —1 
To = (i + 2 My) 


1E 
2 








(273 + 15)K = "(i + (0.4146) ) 


T, = 278.4K 


p 
To = (1 T 2 Mj) 


(273 + 15)K = n(i + — 07) 








T> = 262.3K 
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Thus, the velocities at the entrance and exit are 


V, 2 M, VkRT, — 0.4146 V/ 1.4(286.9 J/kg + K)(278.4 K) = 138.6 m/s 
Va = M; VkRT; — 0.7V/1.4(286.9 J/kg + K)(262.3 K) = 227.2 m/s 


The density of the air at the entrance and exit of the nozzle is 
determined using Eq. 13-33. 

















k— |1 A 1/(k—1) db] — 
pı = 1.126 kg/m? 
Ex : 1/(k — 1) A= 4 : —— 
po »(1 * 2 M?) 1.225 kg/m? — py | + 5 (Ul 


p> = 0.9697 kg/m? 


Finally, applying Eq. 1, 
PiViA, = PVA? 


(1.126 kg/m?) (138.6 m/s) [7(0.05 m)?] = (0.9697 kg/m’ )(227.2 m/ on($ ) 
d — 84.2 mm Ans. 


SOLUTION Il 


We can also solve this problem in a direct manner using Table B-1, 
even though subsonic flow occurs at the end of the nozzle. To do so, 
we will make reference to a phantom extension of the nozzle, where 
M - 1 and A — A*, and then relate the area ratios A, for M, — 0.4146 
and A; for M; — 0.7 to this reference. Using Table B-1, we therefore 
have 


Thus, 





— 84.2 mm Ans. 
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High volumetric gas flows within industrial 
pipes can be studied using compressible 
flow analysis. (© Kodda/Shutterstock ) 





13.7 The Effect of Friction on 
Compressible Flow 


In most real situations, the conduit or duct through which a gas flows will 
have a rough surface, and so frictional effects will cause heating of the gas 
and thereby alter the characteristics of the flow. This typically occurs in 
exhaust and compressed-air pipes. In this section we will consider how the 
flow will change if the conduit is a pipe having a constant cross section, 
and a wall friction factor f, as determined from the Moody diagram.* We 
will assume the gas is ideal and has a constant specific heat, and the flow 
is steady. Also, the heat that is generated in the gas is assumed not to 
escape through the walls of the duct, and so the process is adiabatic. This 
type of flow is sometimes called Fanno flow, named after Gino Fanno, 
who was the first to investigate it. 

To study how the flow ts affected by friction and the Mach number, we 
will apply the fundamental equations of fluid mechanics to the fixed 
differential control volume in Fig. 13-24a. The flow properties are listed 
at each open control surface. 


Continuity Equation. Since the flow is steady, the continuity 
equation becomes 


) i. D 
7 / pdt / pV-dA =0 
€ v CY wy OUS 


0 t (p + ApYK(V + AV)A + p(-VA)=0 


In the limit, 


l IV 
£, Z =o (13-43) 
p f 





*Although most duct cross sections are circular, if other geometries are to be considered, 
then we can replace the pipe diameter D by the hydraulic diameter of the duct, defined as 
D, = 4A /P. Here A is the cross-sectional area, and P is the perimeter of the duct. Note 
that for a circular duct, D, = 4( m D?/4)/im D) = D, as required. 
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Linear Momentum Equation. As shown on the free-body 
diagram, Fig. 13-245, the friction force AF; acts on the closed control 
surface, and is the result of wall shear stress 7,,, discussed in Chapter 9. It is 


à 

defined by Eq. 9-16, 7, = zn (p + yh). Since the fluid is a gas, its weight 
ax 

can be neglected, and so we get 


-OG 


We can eliminate 4p by noting that the head loss from Eq. 10-1 is 
Ah, = Ap/pg, or from Eq. 10-3, Ah, = f(Ax/D)(V7/2g). If we equate 
the right sides of these two equations and solve for Ap, we get 
Ap — f( Ax/D)(pV?/2). Therefore, 


- QE) 
7 4/\D 2 8 


Finally, since 7,, acts on the control surface area mD Ax, and since the 
open control surfaces have an area of A = mD?/4, the friction force 
becomes 


: y2 
AF; = T,,| 7DAx| = Ao as 


Using this result, the momentum equation for the control volume is therefore 


d 
SSF =Å | vpav + ] vov a^ 
OF Sov cs 


Ae 
D 2 


In the limit, where Ax — 0, neglecting the second- and third-order terms, 
and using Eq. 13-43, we get 


2 
D 





pV? | 
( 2 ) ax — dp — pVdV (13-44) 


Our goal is to now use this result, along with the ideal gas law and the 
energy equation, to relate fdx/D to the Mach number for the flow. 





Free-body diagram 
(b) 
Fig. 13-24 (cont.) 


jas — (p * Ap)A * pA — 0 t (V t AV)Y(p t ApYKV + AV)A t Vp(—VA) 
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Ideal Gas Law. This lawis p = pRT. but its differential form is 
dp = dpRT + pRdT 


Or 





zy p dT 
dp = ( & )p + — 
. (4 AE 


Here p can be eliminated by using the continuity equation, Eq. 13-43, so 
that 


—=—-— (13-45) 


Energy Equation. Since the flow is adiabatic, the stagnation 
temperature throughout the pipe will remain constant, and so application 
of the energy equation produces Eq. 13-31, which is 





To = r(1 +4 : v?) (13—46) 


Taking the deriv ative, we get after simplification 


dT 2(k — DM 
—— — LL EU (13-47) 
E 2 + (k — 1) M4 
Also, since V = MV&RT, its derivative becomes 
dV dM 1 dT | - 
V M 2T pm 


Now eliminating p in Eq. 13-44 using the ideal gas law, realizing that 
V — MVERT, we obtain 


dx dp dV 
— +$—— + —=0 
ID 


l 
2 kp V 


Substituting Eqs. 13-45, 13-47, and 13-48 into this equation and 
simplifying the algebra gives our final result. 


dx (1-M?)a(Mm?) 
ID 


E ——— 13-49 
kM*(1 - dk — 1)M?) ' i 
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M=1 M; M=1 
p 6 ——» — a — 
r* 
Reference (Les) Reference 
location max location 
(a) M; M=] 
——- —- 
= Loo Reference 
max) location 
ll 
M, 
(b) 
Fig. 13-25 


Pipe Length versus Mach Number. When Eq. 13-49 is integrated 
along the pipe, from position 1 to position 2, Fig. 13—25a, it will result in a 
complicated expression, and additional work will be required to apply it 
numerically. However, if the pipe is actually long enough (or imagined to be 
long enough), the effect of friction will tend to change the flow to the sonic 
speed M = 1. This occurs at the critical location, and we will use it as a 
reference point to apply the limits of integration from position 1 to this 
position x,, — L,,44, Where M = 1, p = p*, T= T*, and p = p. Fig. 13-25a. 
Along the length Lmax the friction factor will actually vary, because it is a 
function of the Reynolds number, but since the Reynolds number is 
generally high, for our purposes we will use a mean value’ for f. Therefore, 


[e (1 - M)d(M) 


um KM*(1 - 3(k — DM?) 


(13-50) 


fos 1-M k+l MIS 


D kM? 2k = L1 + 3(k — 1)M 





With this equation, we can now determine the length L of pipe needed to 
change the Mach number from M, to M; if the pipe length L = Lmax As 
shown in Fig. 13-255, to do this we simply require 


fL JL aai 7 F2 


—— € (13-51) 
M, D 


D D 








M; 


*High values of Re produce almost constant values for f, because the curves of the Moody 
diagram tend to flatten out. 
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1.0 


Fanno flow 


Fig. 13-26 


Temperature. f we now apply Eq. 13-46 to position 1 and to the 
critical or reference location where M - 1, realizing that the stagnation 
temperature remains constant because the process is adiabatic, we get 
the temperature ratio expressed in terms of the Mach number. 


T T/T | i(k + 1) 
* 


n ——— 13-52 
T T'ÁT) 19 lk — DM? | 


Velocity. Relating the velocity to the Mach number, we can use 
Eq. 13-52 to express the velocity ratio as 


1/2 


V MV&RT — lk + 1) (13-53) 
V^. (DMVART 1 + i(k — 1)M? | 


Density. Applying the continuity equation, pVA = p*V*A, and 
using Eq. 13-53, the density ratio becomes p/ p =v* / V.or 


1/2 
p 1) 1+3(k — 1M? 
a | cee 


l . | 
P M lk + 1) (13-54) 


Pressure. From the ideal gas law, p = pRT, we have p/p* = 
(p/p )(T/T ). Therefore, from Eqs. 13-52 and 13-54, we obtain the 
pressure ratio 


1/2 

1 
p l x(k + 1) . | 
—m—L—É|—————— 13-55 
p= M| 1 - DM? ye 


Finally, the stagnation pressure ratio will vary along the pipe since the 
process is nonisentropic. It can be obtained by realizing that pp/ po = 
( po/ p ) (p/p) (p /pg ). And so, using Eqs. 13-32 and 13-55, we get 


Po l 2 X k=] yr | 
EX. lc " 2 E 
po ud Fitt M (13-56) 


Graphs of the variation of the ratios T/ T*, V/V*, p/ p“, and f(Lmax/ D) 
versus M are shown in Fig. 13-26, and their numerical values can be 
determined from the equations, or by using calculated values found on the 
Internet, or ifk = 1.4, by interpolation using Table B-2 of Appendix B. 
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The Fanno Line. Although we can describe the flow completely 

using the previous equations, it is instructive to show how the fluid behaves 

by considering how the entropy will vary along the pipe as a function of 

temperature. To do this, we must first express the change in entropy 

between the initial location 1 and some arbitrary location along the duct. 
Starting with Eq. 13-18, 


$—5,7c, i +R In! (13-57) 

T, p s 
we will want to express p,/p in terms of temperature. Since A is 
constant, the continuity equation requires p,/p = V/V), and since the 
stagnation temperature remains constant for an adiabatic process, then 
from Eq. 13-30, we have V — V 2c,(Ty — T). Using these expressions, 
Eq. 13-57 now becomes 


s—5, —c,ln T — c,ln T, * R In V2c,(Ty — T) - RInV, 
R R 
= Cln T + " In (Ty — T) + | —e,InT, + > In 2c, — R In V; | (13-58) 


The last three terms are constant and are evaluated at the initial 
location of the pipe, where 7 = 7; and V — Vj. If we plot Eq. 13-58, it 
represents the Fanno line for the flow (7-s diagram) and looks like 
that shown in Fig. 13-27. 

The point of maximum entropy is found by taking the derivative of the 
above expression and setting it equal to zero, ds/dT =0. This occurs when 
the flow is sonic, that is, M= 1. The region above M = 1 is for subsonic flow 
(M < 1), and the lower region is for supersonic flow (M > 1). For both 
cases, friction increases the entropy as the gas travels down the pipe. As 
expected, for supersonic flow the Mach number decreases until it reaches 
M = 1, where the flow becomes choked at the critical length. For subsonic 
flow, however, the Mach number increases. Although this may seem 
counterintuitive, it happens because the pressure drops rapidly, as noted 
in Fig. 13-26, for M = 1. This drop increases the velocity of the flow more 
than friction can provide resistance to slow the flow. 


Important Points 


* Ideal gas flow through a pipe or duct that includes the effect of 
friction along the wall of the pipe without heat loss is called Fanno 
flow. Using an average value for the friction factor f, the gas 
properties 7, V, p, and p can be determined at a location along the 
pipe where the Mach number is known, provided these properties 
are known at the reference or critical location, where M = 1. 


Friction in the pipe will cause the Mach number to increase for 
subsonic flow until it reaches M = 1, and to decrease for supersonic 
flow until it reaches M = 1. 





T(K) 





Subsonic flow 





Fanno line 
(T-s diagram) 


Fig. 13-27 
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SON ies me 


Air enters the 30-mm-diameter pipe with a velocity of 153 m/s, and a 30 mm 
temperature of 300 K, Fig. 13-28. If the average friction factor is f — 
0.040, determine how long, Lmax the pipe should be so that sonic flow 

13 occurs at the exit. Also, what is the velocity of the flow in the pipe at Linas. 
and at the location L — 0.8 m? 


SOLUTION 


Fluid Description. We assume that adiabatic steady compressible 
(Fanno) flow occurs along the pipe. 


Maximum Pipe Length. The critical length of pipe, Lmax, is 
determined using Eq. 13-50 or Table B-2. First we need to determine 
the initial Mach number. 


V = MVKERT; 153 m/s = M, V 1.4(286.9 J/kg + K)(300 K) 
M, = 0.4408 < 1 subsonic flow 





Using Table B-2, we get ( //D) ux] = 1.6817, so that 





B (Ss m 


0.040 ) asm = ].2613 m = 1.26 m Ans. 


At this exit, M = 1. The velocity of the gas is determined from the 
tabulated ratio for M; = 0.4408. It is V, Jv* — 0.47371. Thus, 








"ridi (ssa tie = 
V = vv? 7 loann (153 m/s) = 322.98 m/s — 323 m/s Ans. 


Flow Properties at L — 0.8 m. Since the table and equations are 
referenced from the critical location, we must calculate (f/ D)L from this 
location, Fig. 13-28. Thus, 





f , 0.04 E 7 
7L'- qiu. (1.2613 m — 0.8 m) — 0.6150 
Using the table, this time with interpolated values of the ratio for V/V", 
we have 
V | 
x: p — (0.60667)(322.98 m/s) — 196 m/s Ans. 


As the air travels 800 mm down the pipe, notice how the velocity 
has increased from 153 m/s to 196 m/s. As an exercise, show that 
the temperature decreases from 300 K to 260 K, and the veloci 
V* atthe end of the pipe can also be calculated using V* = (1) VERT’, 
where 7" = 259.71 K. 
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EXAMPLE [13:13 





Air within a large reservoir flows into the 50-mm-diameter pipe in 
Fig. 13-29a, at M — 0.5, determine the Mach number of the air when 
it exits the pipe. Take L — 1 m. Explain what happens if the pipe is 
extended, so that L — 2 m. The average friction factor for the pipe is 
f = 0.030. 


50 mm 





SOLUTION 


Fluid Description. We assume that adiabatic steady compressible 


(Fanno) flow occurs within the pipe. (a) 


L= 1. First we will calculate Lmax for the pipe, so that sonic flow 
(M = 1) chokes the flow at the exit when M, = 0.5 at the entrance. 
From Table B-2 or Eq. 13-50, we get 


fL .— 1.0691(0.05 m) 


max 
—_ = 1.0691: Lo = — 1782 
D s max 0.030 m 
Since L = 1m < 1.782 m, then at the exit, 
f 0.030 
= J' = = ( 1.782 m — 1 = 0.4691 
D m im 
Using Table B-2, 
M, = 0.606 Ans. 


L=2m. The length Lmax = 1.782 m produces sonic flow (M = 1) at 
the exit when M, = 0.5. If the pipe is extended to L = 2m, then 
friction will cause a reduced flow into the pipe, so that sonic flow 
chokes the exit of the pipe. In this case, 


fLmax (0.032 m) 


D (0.05 m) 









——— gy» Ā ~ — 
ited ine 


L 
Then using Table B—2, the new Mach number at the entrance becomes 2 B acum 
M, — 0.485 Ans. (b) 
NOTE: Consider what would happen if we required supersonic flow Fig. 13-29 
(M, > 1) through the entrance of the extended pipe. In this case, 
sonic flow (M — 1) will still occur at the pipe exit; however, a normal 
shock wave will form within the pipe, Fig. 13-295. This wave will 
convert the supersonic flow on the left side of the wave to subsonic 
flow on the right side. In Sec. 13.9 we will show how to relate the Mach 
numbers M;' and M;' on each side of this wave. With this relationship, 
the specific location L' of the wave can then be determined, since it 
must be where L';, gives M - 1 at the exit. As the pipe is extended 
further, the wave will be located further towards the entrance, and 
then within the supersonic supply nozzle. If it reaches the throat of this 
nozzle it will choke it (M = 1) and thereby reduce the mass flow. 
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A room is at atmospheric pressure, 101 kPa, and a temperature of 
293 K. If the air from the room is drawn into a 100-mm-diameter pipe 
isentropically, such that it has an absolute pressure of p; — 80 kPa as 
it enters the pipe, determine the mass flow, and the stagnation 
temperature and stagnation pressure, at the location L = 0.9 m. The 
average friction factor is f= 0.03. Also, what is the total friction force 
acting on this 0.9-m length of pipe? 


SOLUTION 


Fluid Description. We assume that adiabatic steady compressible 
(Fanno) flow occurs along the pipe. 


Mass Flow. The mass flow can be determined at the entrance to the pipe 
using m — p,V,A ,, but we must first determine V; and p,. Since the flow 
into the pipe is isentropic, and the pressure is p, — 80 kPa, while the 
stagnation pressure is py — 101 kPa, we can determine the Mach number 
of the air and its temperature at the entrance using Eq. 13-32 and 
Eq. 13-31. 


pı _ 80kPa 


= = ().792 
Po 101 kPa 


T 
M, = 0.5868 and * = 0.93557 
0 


Therefore, 7, = 0.93557(293 K) = 274.12 K, and so 
V; — Mj, VKRT, = 0.5868 V 1.4(286.9 J/kg - K)(274.12 K) 


= 194.71 m/s 


Using the ideal gas law to obtain p;, we have 
p = p, RT; 80(10?) Pa — p, (286.9 J/kg - K)(274.12 K) 
pı = 1.0172 kg/m? 
The mass flow is then 
mh = p,ViA, — (1.0172 kg/m?)(194.71 m/s) [7(0.05 my?] 
m — 1.5556 kg/s — 1.56 kg/s Ans. 


Stagnation Temperature and Pressure. Because the flow is adiabatic 
through the pipe, the stagnation temperature remains constant at 


(Tg, ^ (T); = 293 K Ans. 
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Friction will change the stagnation pressure throughout the pipe because 
the flow is nonisentropic. We can determine (pp), at L = 0.9 m 
by using Eq. 13-56 (or Table B-2).* First we must find the length of 
duct Lmax needed to choke the flow. Using M, — 0.5868, Eq. 13-50 
gives fLmax/ D = 0.03 Lmax/0.1 = 0.5455, and so Lmax = 1.8183 m. At 
this location, Eqs. 13-53, 13-56, and 13-55 give 





Vi _ 194.71 m/s 








= 0.6218 = = 313.16 
y” 0.6218 = 
(Po)i 4 — 101 kPa 
— 1.2043; = ———— = 83.87 kP 
Dov P =T 5 : 
Pi E *o 80 kPa E 
+ = 1.8057: p“ = Tos) 7 44.30 kPa 


Since Lmax is the reference point, then at section 2, Fig. 13-30a, 
fL'/D = 0.03(1.8183 m — 0.9 m)/0.1 m — 0.27548. From Eq. 13-56 
the stagnation pressure at this location is 


p T1188; (py) LIIS8(83.87 kPa) — 93:8 kPa Ans 
0 


Friction Force. The resultant friction force is obtained using the 
momentum equation applied to the free-body diagram of the control 


volume, shown in Fig. 13-30b. First we must determine the static — «— FP, -— 
pressure p, and the velocity Vz. At fL’/D = 0.27548, ua i 
p;A pA 

p» | l 
—* — 1.5689 p = 1.5689(44.30 kPa) = 69.51 kPa Free-body diagram 
P (b) 

V. 

yr 70702; Vz = 0.7021(313.16 m/s) = 219.9 m/s Fig. 13-30 (cont.) 


Therefore, 


d 
xp 2 f vodv T ] vov 4^ 
cv cs 
ae + pi A m p;A =0 + Vam + ViC—m) 


—F, * [80(10)) N/m? | [z(0.05 m? | — [69.51(10?) N/m?] [7(0.05 m)?| 
= 0 + 1.5556 kg/s (219.9 m/s — 194.71 m/s) 
F; = 43.4N Ans. 


* More accuracy is obtained from the equation, rather than using linear interpolation 
from the table. 
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Pipes in chemical processing plants are 
sometimes heated along their lengths, 
resulting in the conditions for Rayleigh flow. 
(© Eric Gevaert / Alamy) 








pA (p * Np)A 
Free-body diagram 
(b) 


Fig. 13-31 


13.8 The Effect of Heat Transfer 
on Compressible Flow 


In this section we will consider how heat transfer through the walls of a 
straight pipe of constant cross-sectional area will affect the steady 
compressible flow of an ideal gas having a constant specific heat. This type 
of flow can typically occur in the pipes and ducts of a combustion chamber 
of a turbojet engine, where heat transfer is significant and friction can be 
ignored. The heat can also be added within the gas itself, and not through 
the walls of the pipe. For example,this can occur by a chemical process or 
nuclear radiation. However the heat is added, this type of flow is 
sometimes called Rayleigh flow, named after the British physicist Lord 
Rayleigh. To simplify the numerical work, we will do the same as for 
Fanno flow, and develop the necessary equations in terms of the Mach 
number, making reference to the gas properties 7*, p*, p”. and V* at 
the location in the pipe where the critical or choked condition M = 1 
occurs. A differential control volume for this situation is shown in 
Fig. 13-3la. Here AQ is positive if heat is supplied to the gas, and it is 
negative if cooling occurs. 


Continuity Equation. The continuity equation is the same as 
Eq. 13-43, namely 


dp dV | 
et (13-59) 
p V 


Linear Momentum Equation. Only a pressure force acts on the 
open control surfaces, as shown on the free-body diagram, Fig. 13-315. 
We have 


) 
SSF == | Vpav + | vov a 
0 Ww J cs 


—(p * Ap)A + p(A) = 0 * (V * AVY(p * ApY(V + AV)A t V(—pVA) 
Taking the limit, and eliminating dp using Eq. 13-59, we obtain 
dp + pVdV — 0 


If we divide this equation by p and use the ideal gas law, p = pRT and 
V = MVERT to eliminate p and T, we get 


„dV 
P pte - 


0 (13-60) 
V 
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Ideal Gas Law. When the ideal gas law, p = pRT, is expressed in 
differential form, combined with the continuity equation, we get Eq. 13-45. 


ip dT dV | 
ao -< (13-61) 
P T V 





Energy Equation. No shaft work is performed on the gas, and 
there is no change in its potential energy. Therefore, the energy equation 
becomes 





Pg Vin . 
Qi, — Wa + W pump = || ow + > * £294] ^ LI 7 t gz jm 


V+ Av) 2 
ġ-0+0= (r+ an+ 5n +0) = (n+ ni 


Dividing both sides by m in the limit yields 


l 
d L dh + VdV 
dm 


= ZU + --) 
2 


At the stagnation point, h + V? /2 = họ, and so using Eq. 13-10, dA — c, dT, 
we have for a finite application of heat, 





d 

7E. — d(h) 7 c, dr, 

A o 
AE - e[(T)à - (To) (13-62) 


As expected, because we do not have an adiabatic process, the result 
indicates that the stagnation temperature will not remain constant; rather, 
it will increase as heat is applied. 

We will now combine, and then integrate, the above equations to show 
how the velocity, pressure, and temperature are related to the Mach 


number. 
Velocity. Since V — MV KRT, its derivative produces Eq. 13-48, 
that is, 
dV dM | aT | | 
ay, om o, tae | 
V M 2T =) 
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Rayleigh Flow 


Fig. 13-32 


If we combine this equation with Eqs. 13-60 and 13-61, we obtain 


dV 2 
— = ——— dM (13-64) 
Vo M(1 + kM?) 
Integrating between the limits V= V*,M=1 to V= V,M=M, we get 
Vo MU +h) | | 
= = 13-65 
V — 1 + kM? l l 


Density. From the continuity equation, for a pipe of finite length, 
B.V H * +4: 
p V A = pVA or V/V’ = p /p,and so the densities are related by 


Pp — 1+kM 
=— = 


> | (13-66) 
p M*(1 + k) 


Pressure. For the pressure, combining Eqs 13-60 and 13-64, we get 


d 2kM 
dp 2M M 
p —] + kM^ 
which, when integrated from p — p M = ltop = p, M = M, yields 
p 1+k | 
i a 13-67 
p | + kM? ( ) 


Temperature. Finally, the temperature ratio is determined by 
substituting Eq. 13-64 into Eq. 13-63. This gives 


dT _ 2(1 — kM’) 
T M(1 + kM?) 
And upon integrating from T= 7*, M =1 to T= T, M =M, we obtain 
T | M ky aa ze 
LL (13-68) 
T (1+ kM?) 
The variation of the ratios V/V", pip”, and T/ T" versus the Mach 


number is shown in Fig. 13-32, and for k = 1.4 their numerical values are 
given in Appendix B, Table B-3. 


Stagnation Temperature and Pressure. Theratios of the stagnation 
temperatures and pressures at a location in the pipe, and at the critical or 
reference location, are sometimes needed for calculations. They can be 
determined using Eqs. 13-68 and 13-31, 


™ hT T k—-1..,\|M7(1+k)?] 2 
T ppt pe l+ > ^ “fe. an aha wc 
T T T, T, 2 (1 + kM?)? |k +1 
2(k + ow Ew) 
To ~ 2 





a 13-69 
Te (1 + M2} vee 
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And in a similar manner, using the pressure ratios of Eqs. 13-67 and 
13-32, we get 


Po |o Kk 2 k — 1. ,N Wb 
LT = | a EN qo—— M? E 
pe (s + JG " (a i ) pru 


For convenience these ratios are also given in Table B-3. 


Rayleigh Line. To better understand Rayleigh flow, we will show, 
just as we did for Fanno flow, how the entropy of the gas changes with 
temperature. Making reference to the critical state, where M - 1, the 
change in entropy in terms of the temperature and pressure ratios is 
expressed by Eq. 13-20; that is, 


LH p 
$—8 MERE CONAMUR 


The last term can be expressed in terms of the temperature by squaring 
Eq. 13-67 and then substituting the result into Eq. 13-68. This gives 


(5) =a 
p) Mr 


Finally, when we solve for M? in Eq. 13-68 and substitute this into the 
above equations, the change in entropy becomes 


T k+ 1] , 2 T 
s— s. — c ne - gs | E. I ¢ T ) - a 








T 2 2 


When this equation is graphed, it produces the Rayleigh line 
( T-s diagram) shown in Fig. 13-33. If we set ds/dT — 0, then like Fanno 
flow, the maximum entropy occurs when M - 1. Also, like Fanno flow, 
the upper portion of the graph defines subsonic flow (M < 1) and the 
lower portion supersonic flow (M > 1). Notice that for supersonic flow, 
the addition of heat will cause the temperature of the gas to increase, 
but its Mach number will decrease until it reaches M = 1, and the flow 
becomes choked. Therefore, to increase supersonic fl ow, it is ne cessary 
to cool the pipe rather than heat it. For subsonic flow the addition 
of heat will cause the gas to reach a maximum temperature, 
Tmax, While its speed is increasing until its Mach number is M = 1/ Vk 
(at dT /ds = 0); then the gas temperature will drop as M approaches the 
limit M = 1. This is also evident in Fig. 13-32. 






Supersonic 
flow 


Rayleigh flow 
(T-s diagram) 


Fig. 13-33 


757 





758 CHAPTER 13. COMPRESSIBLE FLOW 


EXAMPLE [13:15 


Important Points 


* Rayleigh flow occurs when heat is added or removed as the gas 
flows through a pipe or duct. Because the process is not 
adiabatic, the stagnation temperature is not constant. 


* The gas properties V. p, p, and T, at a specific location in the 
pipe where M is known, can be determined, provided these 
properties are also known at the reference or critical location, 
where M - 1. 


Outside air is drawn isentropically into the pipe having a diameter 
of 200 mm, Fig. 13-34. When it arrives at section 1, it has a velocity of 
75 m/s, an absolute pressure of 135 kPa, and a temperature of 295 K. 
If the walls of the pipe supply heat at 100 kKJ/kg * m, determine the 
properties of the air when it reaches section 2. 


SOLUTION 


Fluid Description. We assume the air to be inviscid and to have 
steady compressible flow. Due to the heating, this is Rayleigh flow. 


Air Properties at Critical Location. The air properties at location 
2 can be determined using the ratios in Table B-3, provided we first 
know the properties at the critical location, where M = 1. We can find 
these using the properties at section 1, but first we need the Mach 
number at section 1. 


V; - M'VkRT, — 75m/s — M, V14(286.9 J/kg - K)(295 K) 


M, = 0.2179 < 1 Subsonic 
Using Table B-1, 


pu I 295K 
T,/T 0.24046 


135 kPa 
2.2504 


= 1226.84 K 


= 59.99 kPa 


= 701.84 m/s 
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Air Properties at Section 2. We can determine the Mach number 
at section 2 by using Eq. 13-69. However, before we can do this or use 
the tables, we must find the stagnation temperatures (To) and T ; 
First, (75); can be determined using Eq. 13-31, or Table B-1 for 
isentropic flow. For M, — 0.2179, we get 





Tı 295K 
T,/(T), 0.9904 





(T9) = — 297.86 K 


Now, using the energy equation, Eq. 13-62, with 
kR è 1.4(2869 J/kg- K) 


e T Wm = 1004.15 J/kg- K 
A 
p = cj (To)a — (T9)i] 
100( 10°) J 
e m) — [1.00415(10?) J/kg-K | [ (Tg); — 297.9 K | 


Also, from Table B-3, for M, — 0.2179, the stagnation temperature at 
the critical or reference location is therefore 


= (To) — 29786K 


= = = 1472.44K 
0 (T%)1/7% 020229 
Finally, we can find M; from the stagnation temperature ratio. 


(Tp); | 49703K 


= — 0.33756 
T, .— 17244 K 


Using Table B3, we get M; — 0.2949, The other ratios at M; give 


T 
T, = (ža) = 1226.84 K(0.39813) = 488 K Ans. 
p = (4) — 59.99 kPa(2.1394) — 128 kPa Ans. 
* Vs 
V,=V (53) — 701.84 m/s (0.18612) — 131 m/s Ans. 


The results indicate that as the Mach number increases from 
M, = 0.2179 to M, — 0.2949, the pressure decreases from 135 kPa to 
128 kPa, and the temperature and velocity increase from 295 K to 
488 K and from 75 m/s to 131 m/s. These changes follow the trend 
shown by the curves for Rayleigh subsonic flow in Fig. 13-32. 
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The exhaust from this rocket is designed to 
pass through its nozzles at supersonic speed, 
ideally without forming a shock, However, as 
the rocket ascends, the ambient pressure will 
decrease, and so the exhaust will fan or flare 
off the sides of the nozzles, forming expansion 
waves. (© Valenjs Kostreckis/Alamy) 


OO 


Ti. pi. pi (low) T5. p». p; (high) 





ee — 
M, > 1 M, <1 
into wave out of wave 
Back Front 


Standing shock wave 


(a) 


piA PoA 





Free-body diagram 
(b) 


Fig. 13-35 


13.9 Normal Shock Waves 


When designing any nozzle or diffuser used in supersonic wind tunnels or 
for high-speed aircraft or rockets, it is possible to develop a standing shock 
wave within the nozzle. As indicated in the previous sections, standing 
shock waves can also develop in pipes, for both Fanno and Rayleigh flow. 
In this section we will study how the flow properties change across a shock 
wave as a function of the Mach number. To do this, we will use the 
equations of continuity, momentum, and energy, and the ideal gas law. 

In Sec. 13.3, we stated that a shock wa ve is a high-intensity compression 
wave that is very thin. If the wave is “standing,” that is, at rest, then on the 
downstream side the temperature, pressure, and density will be high and 
the velocity low, whereas the opposite effect occurs on the upstream side, 
Fig. 13-35a. A large amount of heat conduction and viscous friction 
develops within the wave due to the extreme decelerations of the gas 
molecules. As a result, the thermodynamic process within the wave 
becomes irreversible, and so the entropy across the wave will increase. 
Thus, the process is nonisentropic. If we consider a control volume to 
surround the wave and extend a slight distance beyond it, then the gas 
system within this control volume undergoes an adiabatic process 
because no heat passes through the control surfaces. Instead, the changes 
in temperature are made within the control volume. 


Continuity Equation. When the wave is standing, the flow is 
steady,* and so the continuity equation becomes 


à 
=f par + | pv-da =o 
C cv Cs 


0 — pi VA + p;V5A =) 
PiVi = p22 (13-71) 


Linear Momentum Equation. As shown on the free-body 
diagram of the control volume, Fig. 13-355, only pressure forces act on 
each side of the wave, and it is the difference in these forces that causes 
the gas to decelerate and thereby lose its momentum. Applving the linear 
momentum equation, we have 


a 
SSF =< | vov [ vov-aa 


pA = pA = 0 + Vip( -VjA) + V2p2(V2A ) 
pi mu = pm + poV3 (13-72) 


With this equation we can relate the Mach numbers on each side of the 
wave, and from this, obtain the ratios of the gas properties 7, p;, and p 
across the wave. 


*If the wave is moving, then steady flow occurs if we attach our reference to the wave. 
This will produce the same results. 


Ideal Gas Law. Considering the gas to be ideal with constant 
specific heats, then using the ideal gas law, p = pRT, we can write 


Eq. 13-72 as 
(1 = £) = (1 -+ Lj 


Since V = MV&RT, the pressure ratio, written in terms of the Mach 
numbers, becomes 


p l| - KMj | | 
"n — (13-73) 

Py 1 + KM5 
Energy Equation. Since an adiabatic process occurs, the stagnation 
temperature will remain constant across the wave. Therefore, 
(To) = (To), and from Eq. 13-31, which was derived from the energy 
equation, we have 





+ 2 
nlt 0 ^ (13-74) 
T k— 1l. m 
p ——Mj 


The ratio of the velocities on each side of the shock can be determined 
from Eq. 13-27, V — MVKEKRT.Itis 


V;  M;VERT; -— (2 
T 


— = — m = (13-75) 
Vi. M,VxRT, Mi 
Using Eq. 13-74, our result is 
k-1_,, |” 
+ —! - 
2 td aa : i (13-76) 
V M k—1., m 
| + 3 M5 


From the continuity equation, Eq. 13-71, we obtain the density ratio 


1/2 








k—1., 2 
p M? 
$$ X M 2 (13-77) 
V M k —1 TU 
^ 2 a) i M? 


We can establish a relationship between the Mach numbers M, and M; 
by first forming the temperature ratio using the ideal gas law. 


T,  polpoR — Ba) 
T, pi/ pjR Pi \P2 
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Ti. py. i (low) T. p», p; (high) 
o oo 
M,>1 M, <1 
into wave out of wave 
Back | $ | Front 





Standing shock wave 


(a) 


Fig. 13-36 


If we now substitute Eqs. 13-73, 13-74, and 13-77 into this expression and 
equate the result to Eq. 13-74, we will be able to solve for M; in terms of 
M,. Two solutions are possible. The first one leads to the trivial solution 
M, = M,, which refers to is entropic flow with no shock. The other soluti on 
leads to irreversible flow, which gives the desired relationship. 


(13-78) 





Thus, if M, is known, then M; can be found from this equation, and then 
the ratios p2/p, , T/T), V2/V,, and p/p, that occur in front of and behind 
the shock can be determined from the previous equations. 
Finally, the increase in entropy occurring across the shock can be found 
from Eq. 13-20 (or Eq. 13-19), 
T; P2 | | 
$,— s — c,I1n— — RlIn—— (13-79) 
T Pi 
The stagnation pressure across the shock will decrease due to this increase, 
$5 — s;. To determine (po)5/(po);, we use Eq. 13-32 and write 


kaj k/(k—- 1) 
1 + —— M3 
(Po) — (22) (2)( Pi ) pi 2 (13-86) 
( Po)1 pa P1/ N(CPo)i PI, t- l? 


If Eqs. 13-73 and 13-78 are combined and simplified, we obtain 
p» 2k n k-i 


p k+1 | k+l 








(13-81) 


Substituting this and Eq. 13-78 into Eq. 13-80 and simplifying, we obtain 
our result, 


k+l , k/(k— 1) 

















; M 
k=l., 
( po) +] Mi 
o2  L 2 ^]. | | 
( Po) E 2k , k-1]|"/«» (13-82) 
Mj ~ 
k+ 1 k+1 


For convenience, this ratio along with p,/p;, p2/p,, T2/T,, and M> are 
tabulated in Appendix B, Table B—4, for k — 1.4. 

For any specific value of k, it can be shown, using Eq. 13-78, that when 
supersonic flow occurs behind the shock, Fig. 13-36a, M, > 1, subsonic 
flow will always occur in front of the shock, M, < 1. This happens 
because the entropy, determined from Eq. 13-79, increases, which is in 
accordance with the second law of thermodynamics. Realize that subsonic 
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flow cannot occur behind the shock, M, — 1, because Eq. 13-78 would 
predict that supersonic flow must occur in front of the shock, M, > 1. 
This is not possible since Eq. 13-79 would indicate a decrease in entropy, 
which is a violation of the second law of thermodynamics. 


13.10 Shock Waves in Nozzles 


Propulsion nozzles used, for example, on rockets are subjected to changing 
conditions of outside pressure and temperature as the rocket ascends 
through the atmosphere. Consequently, the thrust, which is a function of 
this pressure, will also be changing. This can lead to a shock wave forming 
within the nozzle, which in turn will cause the nozzle to lose its efficiency. 
To understand this process, let us again review the pressure variations 
through a converging-diverging ( Laval) nozzle in Fig. 13-3 for various 
changes in the backpressure. 


e When the backpressure is at the stagnation pressure, pi = po, there 
is no flow through the nozzle, curve 1 in Fig. 13-36b. 


e Lowering the backpressure to p, causes subsonic flow through the 
nozzle, with the lowest pressure and maximum velocity occurring at 
the throat. This flow is isentropic, curve 2. 


e When the backpressure is lowered to p3, sonic velocity (M = 1) 
develops at the throat, and subsonic isentropic flow continues to 
occur through both the convergent and the divergent sections of the 
nozzle. At this point, maximum mass flow occurs through the nozzle 
and is independent of a further drop in the backpressure, curve 3. 


e As the backpressure is lowered to ps, a standing normal shock wave 
will develop within the divergent portion of the nozzle, Fig. 13-36c. 
This is nonisentropic flow. Across the shock the pressure rises 
suddenly from A to B, curve 5, Fig. 13-365, causing subsonic flow to 
occur from the shock to the exit plane. In other words, the pressure 
follows the curve from B and reaches the backpressure ps at the exit. 


e A further lowering of the backpressure to pẹ will bring the shock 
wave to the exit plane, Fig. 13-36d. Here the divergent section has 
supersonic flow throughout its length so that it reaches a pressure of 
p4 to the left of the wave. At the exit the shock wave will suddenly 
change the pressure from p, to ps so that the exit flow is subsonic, 
curve 6. 


e Aneven further lowering of the backpressure from p, to p; will not 
affect the pressure to the left of the exit plane from the nozzle. It will 
remain at p, — p;. Under these conditions, at py the gas molecules 
are farther apart than when they are at p;, and so the gas is said to be 
overexpanded. As a result, the gas will develop a series of oblique 
compression shock waves forming a series of shock diamonds 
outside the nozzle, as the flow extends from the nozzle and the 
pressure of the gas rises to equal the backpressure, p7, Fig. 13—36e. 







V = 
pa^ constant 
Th ~ consta 
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e When the backpressure is lowered to py, it has reached the isentropic 
design condition for the nozzle, with subsonic flow through the 
converging section, sonic flow at the throat, and supersonic flow 
through the divergent section, curve 4. No shock will be produced, 








P4> Pe and so no energy is lost. Efficiency is at a maximum. 
Underexpanded flow e A further reduction in backpressure to ps will cause the flow within 
backpressure, curve 8 the divergent section to be underexpanded, since the pressure to the 
(f) left of the exit plane of the nozzle, py, will now be higher than the 
Fig. 13-36 (cont.) backpressure, py > pg. Asa result the gas will undergo a series of 


expansion shock waves, again forming a pattern of shock diamonds 
outside the nozzle until the pressure equals the backpressure, 
Fig. 13-36f. 


The effect of overexpanded and underexpanded flow is further 
discussed in Sec. 13.12. Also, these details are treated more thoroughly 
in books related to gas dynamics. For example, see Ref. [3]. 


Important Points 


A shock wave is very thin. It is a nonisentropic process that causes the entropy to increase due to frictional 
effects within the wave. Because the process is adiabatic, no heat is gained or lost, and so the stagnation 
temperature on each side of the shock is the same. The stagnation pressure and density, however, will be 
larger in front of a standing shock, due to the change in entropy. 


If the Mach number M, of the flow behind a standing shock is known, the Mach number M; in front of the 
shock can be determined. Also, if the temperature, pressure, and density, 71. p;. p;, are known behind the 
shock, then the corresponding values 75, p;. p; in front of the shock can be found. 


A standing shock wave always requires supersonic flow behind it and subsonic flow in front of it. The 
opposite effect cannot occur, since it would violate the second law of thermodynamics. 


A converging-diverging, or Laval, nozzle will be most efficient when it operates at a backpressure 
that produces isentropic flow, with M = 1 in the throat and supersonic flow at the exit plane, curve 4, 
Fig. 13-36b. This is a design condition in which no heat transfer or friction loss will occur. 


Initially, when a nozzle becomes choked, then M - 1 at the throat and the flow is subsonic at the exit plane, 
curve 3. A further slight lowering of the backpressure will cause a standing shock wave to form within the 
divergent portion of the nozzle, curve 5. Further lowering of the backpressure to p; will cause this wave to 
move toward, and finally reach, the exit plane, curve 6. 


A further drop in backpressure to p; results in shock waves forming off the edges of the nozzle. When the 
backpressure is lowered to p,, then supersonic isentropic flow occurs throughout the nozzle. And finally, if 
the backpressure is lowered to pg, expansion waves will form on the edge of the nozzle, creating conditions 
of underexpansion. 
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EXAMPLE [13:16 


The pipe in Fig. 13-37 transports air at a temperature of 20 C having 
an absolute pressure of 30 kPa and a speed of 550 m/s, measured just 
behind a standing shock wave. Determine the temperature, pressure, 





and speed of the air just in front of the wave. DO 
EP 
SOLUTION — 
Fluid Description. The shock wave is an adiabatic process. Steady pı 7 30 kPa 
i ; T, = 20°C 
flow occurs in back and in front of the wave. 
Fig. 13-37 


Analysis. The control volume contains the shock, as shown in 
Fig. 13-37. Since k = 1.4 for air, it is easier to solve this problem using 
Table B-4, rather than using the equations. First, though, we must 
determine M,. We have 


= 550 m/s 


M; = — = = 1.6032 
^— MART, — V14(2869 J/kg -K)(273 4- 20) K 


Since M, — 1, we expect M, < 1 and for both the pressure and 
temperature to increase in front of the wave. 

Using M, — 1.6032, the value of M; in front of the shock (subsonic) 
and the ratios of pressure and temperature are taken from Table B-4. 


They are 
M; — 0.66747 
P 2.8322 
Pı 
T, 
— = 1.3902 
T 
Thus, 
p; — 2.8322(30 kPa) — 85.0 kPa Ans. 
Tə = 1.3902(273 + 20) K = 407.3 K Ans. 


The speed of the air in front of the shock wave can be determined 
from Eq. 13-76, or, since T; is known, we can use Eq. 13-27. 


Va = My V&RT> = 0.66747 V 1.4(286.9 J/kg +K)(407.3 K) = 270 m/s — Ans. 
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EXAMPLE [13:17 





A jet plane is traveling at M = 1.5, where the absolute air pressure is 

50 kPa and the temperature is 8°C. At this speed, a shock forms at the 
intake of the engine, as shown in Fig. 13—38a. Determine the pressure 
and velocity of the air just to the right of the shock. 








M=1.5 
«—— 
= 
Pi = 50 kPa 
= 9° — — 
(a) (b) 
Fig. 13-38 

SOLUTION 


Fluid Description. The control volume that contains the shock 
moves with the engine so that steady flow occurs through the open 
control surfaces, Fig. 13-38b. An adiabatic process occurs within 
the shock. 


Analysis. The velocity V; will be obtained from V; — M; VKRT;, 
and so we must first obtain M, and T>. Since k = 1.4, using Table B-4, 
or Eqs. 13-78, 13-81, and 13-74, for M, — 1.5 (supersonic), we have 


M, = 0.70109 Subsonic 


E2 24583 
Pi 

f? _ 1390 
x 


Therefore, just to the right of the shock, 
p; — 2.4583(50 kPa) — 123 kPa Ans. 


Tə = 1.3202(273 + 8) K = 370.92 K 


Thus, relative to the engine, the velocity of the air is 


V> = Ma VKRT> = 0.70109 V 1.4(286.9 J/kg + K)(370.98 K) 


V, — 271 m/s Ans. 
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EXAMPLE | 143.18 








The nozzle in Fig. 13—39a is connected to a large reservoir where the 
absolute air pressure is 350 kPa. Determine the range of outside 
backpressures that cause a shock wave to form within the nozzle and 
just outside of it. 


SOLUTION 
Fluid Description. We assume steady flow through the nozzle. 


Analysis. First we will establish the backpressures that produce 
subsonic and supersonic isentropic flow through the nozzle,curves 3 and 
4 in Fig. 13-39b. The area ratio between the exit and the throat of the 
nozzle (divergent section) is A /A* — m(0.125 m)?/z(0.0625 m)? — 4. 
This ratio gives two values for the Mach number at the exit using p 
Table B-1 (k = 1.4). Choosing the isentropic subsonic flow 
within the divergent section (curve 3) for A/A* = 4, we get 350kP 
M ~ 0.1467 < 1 and p/pp=0.9851. Since there is no shock wave, the p 
stagnation pressure throughout the flow is 350 kPa. Then, at the exit, 
p3 = 0.9851(350 kPa) = 345 kPa. In other words, this backpressure 
will cause M = 1 at the throat and subsonic isentropic flow of 
M = 0.1467 at the exit. 

For isentropic supersonic flow within the divergent region 
(curve 4), from Table B-1, for A/A" — 4, we get M * 2.9402 > 1 
and p/pg — 0.02979. Thus, at the exit, p, — 0.02979(350 kPa) — (b) 
10.43 kPa — 10.4 kPa. Fig. 13-39 

This pressure is lower than the previous value since it must produce 
the required supersonic flow at the exit of M = 2.9402. The two 
solutions are for isentropic flow with backpressures that produce no 
shock within the nozzle; however, for both conditions the nozzle is 
choked since M = | at the throat. 

If a standing shock is formed at the exit of the nozzle, Fig. 13-39b, 
curve 6, then this will occur when the pressure in the nozzle at the e xit, 
to the left or behind the shock, is 10.4 kPa. To find the backpressure in 
front of the shock, that is, just outside the exit plane, we must use 
Table B-4 with M = 2.9402, in which case p¢/p, = 9.9176, so that 
Po = 9.9176ps, = 9.9176(10.43 kPa) = 103 kPa. 

Thus, a normal shock is created within the divergent portion of the 
nozzle (such as curve 5, which is between curves 3 and 6) when the 
backpressure is in the following range: 

345 kPa > p, > 103 kPa Ans. 


For compression waves to occur at the exit, curve 7, the backpressure 
(between curves 6 and 4) should be in the range 
103 kPa > p, > 10.4 kPa Ans. 
Finally, expansion waves will form if the backpressure is anywhere 
below curve 4 (as in curve 8), that is, 
10.4kPa > p, Ans. 
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13.11 Oblique Shock Waves 


In Sec. 13.2 we showed that when a jet plane or other fast-moving body 
encounters the surrounding air in front of it, the pressure created by 
the body pushes the air to flow around it. At subsonic speeds, M < 1, 
the streamlines adjust and follow the contour of the surface, Fig. 13—40a. 
However, as the speed of the body increases to supersonic, so that 
M = lI,the pressure created in front of the surface cannot communicate 
to the air upstream fast enough to move out of the way. Instead the air 
molecules bunch up and create an oblique shock wave. This shock 
begins to bend just in front of the surface, Fig. 13-405. Here it is 
detached from its surface. At higher speeds, and if the body has a sharp 
nose, Fig. 13-40c, the shock can become attached to the surface, causing 
the wave to turn at a sharp angle B. As the spe ed increases further, this 
angle B will continue to decrease. Farther removed from the surface, 
the effect of this shock weakens and develops into a Mach cone having 
an angle a that travels at M = 1 through the atmosphere, Fig. 13-41. The 
result of all this will alter the direction of the streamlines for the flow. 
Near the origin of the oblique shock, the streamlines are turned the 
most, as they become almost parallel to the surface of the body.* 
Farther away they essentially remain unchanged when they pass 
through the weaker Mach cone. 

Oblique shock waves can be studied in the same manner as normal 
shocks,although here the change in dir ection of the streamlines becomes 
important. To analyze the situation, we will use two angles to define the 
geometry. As shown in Fig. 13—42a, B defines the angle of the shock wave, 
and @ defines the angle of the deflected streamline or the direction of the 
velocity V; in front of the shock. For convenience we will reference the 
flow normal and tangential to the wave. Resolving V, and V; into their n 
and t components, we have 


Vi, — V,sin B Van = Vasin (B — 8) 
Vie = V,cos B V5, 7 V5cos (B — 0) 
Or, since M — V /c, we can also write 
NM M,, = M, sin B M5, — Ms;sin (B — 0) (13-83) 
M,, = M, cos B M;, = M, cos (B — @) (13-84) 


For analysis, we will consider a standing wave and select a 
fixed control volume that includes an arbitrary portion of 
the wave, having a front (on the right) and back (on the left), 
each with an area A, Fig. 13-42a. 


* At supersonic speeds the boundary layer is very thin, and so it has little effect on the 
direction of the streamlines. 
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Continuity Equation. Since the flow is steady, measured relative 
to the surface, and no flow is assumed to occur through the wave in the 


t direction, we have 
a 
È pdy + [ pv-da=0 
at cv es 


0 — p,Vi,A * p2V2,A = 0 


PIV in = PV an (13-85) 





Momentum Equation. As shown on the free-body diagram of 
the control volume, Fig. 13—42b, the pressure only acts in the n direction. (a) 
Also, the flow pV* A is caused only by the normal components of V, 
and V,. Therefore, applying the momentum equation in the ¢ direction, 


we have l 
n 


à 
vxn-i | vers ] vov an 


0 — 0 + Vul PiV nA) + Va (p2V2,A) 


A 
Using Eq. 13-85, we obtain E p;A 


Viu = Va = V, Free-body diagram 


I ; I (b) 
In other words, the tangential velocity components remain unchanged on 


each side of the shock. Fig. 13-42 
In the n direction, we have 


à 
N XF, -i] V,pdv + ] vov a 


pA 0 pA = 0+ Vin PIV nA) + Von(P2V 2A) 
or 


pi pyVis — pa + PWA (13-86) 


Energy Equation. Applying the energy equation, neglecting the 
effect of gravity, and assuming an adiabatic process occurs, 


dQ dW V2 y2 i 
(2) B (T5) = (a + a + - (^. T 3t ess hi 


V3, + V3 Vin + Vi 
o - 0 - (m + o) - (ny TP o 





m 
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Since Vi, = Vap we get 

vi h, + Vin (13-87 
2 MAT ) 

Equations 13-85, 13-86, and 13-87 are the same as Eqs. 13-71, 13-72, and 
13-29. As a result, for oblique shocks we can describe the flow in the 

normal direction using the normal shock equations (Table B-4) developed 

previously. These equations become 





h, 

















A Schlieren image showing the development Mi, + 
of oblique shocks formed on a model that is M2. = aK (13-88) 
being tested in a wind tunnel (©L. Weinstein/ e 2k ! | | 
Science Source) k-—1 in — 1 
l 
(13-89) 
ki{k~ 1) 
2 
In 
= 
aa 2 
2 Mi, 
S k — (13-90) 
7 ad 
o: k * 1 
Â 
-— (13-91) 
< T; 2 
Shock angle 8 I+ 2 M5, 
Oblique deflection vs. wave angle 
p k-1_., 7? 
. | + ——— M5 
Fig. 13-43 p» Vin Mi, 2n 
a= | ——— (13-92) 


If M, and M; on each side of the shock wave are both supersonic, and 
the component M,,, is also supersonic, then M», must be subsonic, so it 
does not violate the second law of thermodynamics. For many practical 
problems, the initial flow properties Vi, p;, Tj, p; and the angle @ 
will be known. 

We can relate the angles 0 and 8 and the Mach number M, in the 
following manner. Since Vi; = V>,, then by Eq. 13-27, 


M, VkRT, ^ Mu WVKkRT; 


T, 
My = Mi T, 
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Like velocity, in Fig. 13—42a, M3,, = M2, tan (6 — @). Therefore, 


M>,, = M, UTI tan(B — 0) = M, cos e tan(B — 8) 
2 2 


Squaring this equation and substituting the temperature ratio, Eq. 13-91, 
we obtain 





k—1 
2 7 
k—1..4 


In 





1+ M5, 


M3, = M{ cos’ B tan^(B — 0) 





Combining this equation with Eq. 13-88 and Eq. 13-83, and noting that 
in Fig. 13-424, like velocity, M;,, = M, sin B, we get our final result. 


. 2cot B(Mi sin B — 1) 


M? (k + cos2B) + 2 e 





A plot of this equation, for several different values of Mj, produces 
curves of 6 vs. B, shown in Fig. 13-43. Notice, for example, that for the 
curve M, — 2, when the deflection angle 6 = 20°, there are two values for 
the shock angle 8. The lower value 8 = 53 corresponds to a weak shock, 
and the higher value B — 74^ to a strong shock. Most often a weak shock 
will form before a strong shock because its pressure ratio will be smaller.* 
Also, notice that solutions are not possible for all deflection angles 8. For 
the higher deflection values, the wave will become detached from the 
surface and instead form in front of it, producing a higher drag, 
Fig. 13-415. For the extreme case of no deflection, 0 = 0 , Eq. 13-93 
gives B = sin '(1/M,) = a, which produces a Mach cone, Fig. 13-41. 


Important Points 


* An oblique shock wave will form on the front surface of a body 
traveling at M = 1. As the speed incre ases, the wave will begin to 
attach itself to the surface of the body, and the angle of alignment 
B will begin to decrease. Farther from the localized region of the 
wave, a Mach cone will form and will travel at M — 1. 


* The tangential component of velocity or its Mach number for an 
oblique shock remains the same on each side of the wave. The 
normal component can be analyzed using the same equations as 
for normal shocks. An equation is also available to determine the 
deflection angle 0 of the streamlines that pass through the wave. 





* An increase in pressure can occur downstream if the flow is blocked by a sudden change 
in the shape of the surface. If this occurs, the pressure ratio will be higher and a strong 
shock will be produced. 
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EXAMPLE [13:19 











(d) 
Fig. 13-44 


A jet plane is flying horizontally at 845 m/s, at an altitude where the 
air temperature is 10°C and the absolute pressure is 80 kPa. If an 
oblique shock forms on the nose of the plane, at the angle shown in 
Fig. 13-44a, determine the pressure and temperature, and the direction 
of the air just behind the shock. 


SOLUTION 


Fluid Description. The air is considered compressible, and the 
shock is an adiabatic nonisentropic process. Steady flow occurs as 
viewed from the plane. 


Analysis. The Mach number for the jet must first be determined. 


From the geometry shown in Fig. 13-445, M; is resolved into its normal 
and tangential components relative to the wave. The normal component 
is M,, — 2.5063 sin 40° = 1.6110. We can now use Table B-4 or 
Eqs. 13-88, 13-89, and 13-91 to obtain the speed, temperature, and 
pressure in front of the shock. Using the table, we get M5, = 0.6651. 
This is subsonic, which is to be expected so as not to violate the se cond 
law of thermodynamics. Also from Table B-4, 


T 
= — 1.3956; T; — 1.3956(273 + 10) K = 394.96 K = 395K Ans. 
l 


: = 2.8619; p, — 2.8619(80 kPa) = 228.91 kPa — 229 kPa — Aris. 
l 


The angle 0 can be obtained directly from Eq. 13-93 since M, and 8 
are known. However, another way of calculating it is to first find Mb. 
This can be done by first finding the stagnation temperature in front of 
the shock. Using Table B-1, for M, — 2.5063, it is 


T1. — 04432: (Ty) = 21 + 1K (93854 K 
(TQ) ~~) 04432 — ^ 


Since flow across the shock is adiabatic, the stagnation temperature is 
constant, and so (To), = (To). Therefore, using Table B-1, 

T, | 39496K 
(Tj); 638.54K 
Finally, from Fig. 13-44c, the streamline deflection can now be 
determined from 
Mə, = M;sin (B — 0); 0.66551 = 1.7563 sin (40° — @) 

_, 0.6651 





= 0.6185; M; — 1.7563 





0 — 40? — sin = 1. Ans. 


The resulting flow is shown in Fig. 13-444. 
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13.12 Compression and Expansion Waves 


When an airfoil or other body is moving at supersonic speed, not only 
will it form an oblique shock at its front surface, but in addition, if the 
surface is curved, the flow must follow this surface, and in doing so it may 
also form compression or expansion waves as the flow is redirected. For 
example, in Fig. 13-45a the concave surface on the jet plane causes 
compression waves to form, which, when extended, become concurrent 
and merge into an oblique shock —something we studied in the previous 
section. However, if the surface is convex, then the air has room to 
expand asit follows the surface, and so a multitude of divergent expansion 
waves will form, creating a “fan” of an infinite succession of Mach waves, 
Fig. 13-455. This behavior also occurs at a sharp corner, as shown in 
Fig. 13-45c. Notice that during the expansion process, the Mach number 
for each succeeding wave will increase, while the Mach angle a of each 
wave will decrease. Because the changes in the gas properties that are 
made through the formation of each of these waves are infinitesimal, the 
process of creating each wave can be considered isentropic, and for the 
entire “fan” of waves it is also isentropic. 





Oblique shock 








Expansion 
waves 


(c) 
Fig. 13-45 
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deflection of 





(b) 


Fig. 13-46 


To study this wave fan, we will isolate one wave and assume it alters the 
streamline that passes through the wave by the differential turning angle 
d0, Fig. 13-46a. Our goal is to express d6 in terms of the Mach number 
M that is just in front of the wave. Here M > | and the wave acts at the 
Mach angle a. Resolving the velocities V and V + d¥ into their normal 
and tangential components, and realizing that the velocity components 
in the tangential direction remain the same, we require Va = Vp or 


V cos «a = (V + dV)cos(@ + dł) = (V + dV (cos æ cos dð — sin æ sin d0) 


Since d0 is small, cos dð ~ 1l andsin d0 — 40. Therefore, our equation 
becomes dV /V —(tan a)d0. Using Eq. 13-28, sin « — 1/M, the tan a is 








ns sin a sin a l 
z ga = O q[ÂÃ— —— 
cosa V1 — sinla M2 — 1 
Therefore, 
dV dé | | 
Vm (13-94) 
V M^-1 
Since V = MV kRT, its derivative is 
— l kR 
dV = dMVKRT + v(1) —— dT 
2/ N/kRT 
Or 
dV dM | dT | | 
— ee. — —À ~9 
V M I7 (13-25) 


For adiabatic flow, the relationship between the stagnation temperature 
and the static temperature is determined from Eq. 13-31, that is, 


k—1 ^5 


Taking the derivative of this expression, and rearranging the terms, 
we obtain 





dT | Xk — DM aM 


13-96 
T 2 -(k— DM? Uoc 


Finally, combining Eqs. 13-94, 13-95, and 13-96, the deflection angle for 
the wave can now be expressed in terms of the Mach number and its 
change. It is 


_ 2VM*—1 dM 
2 + (k — 1)M? M 
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For a finite turning angle 0, we must integrate this expression between the 
initial and final waves, each having a different Mach number. Normally, 
the final Mach number for the flow is unknown, so it is more convenient 
to integrate this expression from a reference position, where at 0 = 0°, 
M = 1. Then from this reference, we can determine the turning angle 0 = 
w, through which the flow expands, so that the Mach number changes 
from M = 1 to M. We have 





[ow [- 2VM?—1 dM 
() l 


2 +(k- DM M 





This equation is referred to as the Prandtl-Meyer expansion function, 
named after Ludwig Prandtl and Theodore Meyer. With it we can find 
the total turning angle of the flow caused by the fan of isentropic 
expansion waves. For example, if the flow in Fig. 13—46b has an initial 
Mach number of M, and the surface deflects @, then we can determine 
the resulting Mach number M, by first applying Eq. 13-97 to obtain w; 
for M}. Since ð = w, — w, then w = w, + 8. With this angle, œw, we can 
then reapply Eq. 13-97 to determine Mb. Although this would require a 
numerical procedure, it is convenient to use tabular values for Eq. 13-97. 
They are listed in Appendix B, Table B-5. 


Important Points 


* Asthe flow passes over a curve or edge of a surface, it can cause 
compression or expansion waves when M = 1. 


* The compression waves merge into an oblique shock. 


* The expansion waves form a "fan" of an infinite succession of 
Mach waves. The streamline deflection angle caused by the 
expansion waves can be determined using the Prandtl-Mever 
expansion function. 
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EXAMPLE [13.20 


Air flows over a surface at a speed of 900 m/s, where the absolute 
pressure is 100 kPa and the temperature is 30°C. Expansion waves 
occur at the sharp transition shown in Fig. 13-47a. Determine the 
velocity, temperature, and pressure of the flow just to the right of 
the wave. 


SOLUTION 


Fluid Description. We have steady compressible flow that expands 
isentropically. 
The initial or upstream Mach number for the flow is 


Analysis. Since the Prandtl-Meyer expansion function, Eq. 13-97, 
has been referenced from M - 1, the turning angle from this reference is 


e ETI (ee a I 
w = AT tan Vr (Mi 1) - tan VM? - 1 (1) 
— m 2.57 — | — y T 
VGL um HE 5798) — 1) —tan ! V (2.5798) 


= 40.96° 








This same value (or one close to it) can also be determined from 
Table B-5. Since the boundary layer over the inclined surface is very 
thin, the deflection angle for the streamlines is defined by the same 
angle as the deflection of the surface, that is, 180° — 170° = 10°, 
Fig. 13-47b. The downstream wave must therefore have a Mach 
number M; that produces a turning angle of 40.96 + 10° = 50.96 
from the M - 1 reference. 

Rather than using this angle and trying to solve for M; by trial and 
error using the Prandtl-Meyer function, Eq. 13-97, we will use the 
Table for «w, — 50.796". We get 


M, = 3.0631 Ans. 
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In other words, the expansion waves increase the Mach number from 
M, = 2.5798 to M, = 3.0631. Realize, however, that this increase 
does not violate the second law of thermodynamics, because only the 
normal component of the wave converts from supersonic to subsonic. 
Since we have isentropic expansion, we can determine the 
temperature on the right side of the waves using Eq. 13-74. 











k-1.., 14-1 : 
r, 1+ M° 1 +757 25798)? 
SS = 084 
T k-1 14-1 ; 
ZEE MJ 1+ ; (3.0631)? 
T, — 0.8104(273 + 30) K = 245.54 K = 246K Ans. 


We can also use Table B-1 as follows: 


^A v 


l 
=É e f = (034764)( ) = 0.8104 


so that again 7; = 0.8104(273 + 30) K = 246 K. 
The pressure is obtained in a similar manner using Eq. 13-22, or 
Table B-1. Here 





P2 P» Po 
== = === — (0.02478)| ————— 1 — 0.479 
Pi PoP (sso) * 
sO 
p> = 0.4793(100 kPa) = 47.9 kPa Ans. 


The velocity of the flow after the expansion is 


V> = Mo VERT> = 3.0631 V 1.4(286.9 J/kg + K)(245.54 K) = 962 m/s. Ans. 


777 











778 


CHAPTER 13. COMPRESSIBLE FLOW 





Pitot-static tube 
Subsonic flow 


(a) 





Pitot tube and piezometer 
Sonic or supersonic flow 


(b) 


Fig. 13-48 


13.13  Compressible Flow Measurement 


Pressure and velocity in compressible gas flows can be measured in a 
variety of ways. Here we will discuss a few of them. 


Pitot Tube and Piezometer. Asin the case of incompressible 
flow, discussed in Sec. 5.3, a Pitot-static tube, such as the one shown in 
Fig. 13-48a, can also be used for compressible flow measurement. The 
static pressure p within the flow is measured at the side opening of 
the tube, whereas the stagnation or total pressure pp is measured at the 
stagnation point, which occurs at the front opening. At the stagnation 
point the flow comes rapidly to a standstill, with no significant frictional 
loss, and so the process can be assumed isentropic. 


Subsonic Flow. For subsonic compressible flow, the pressures are 


related by Eq. 13-32. Since V = MV&RT, solving for M, substituting 
this into Eq. 13-32, and then solving for V, we get 


em (ey 


Provided we know the temperature 7, we can then use this equation to 
determine the velocity of the flow. 

In practice, it is generally easier to measure the stagnation temperature 
T, at the stagnation point, rather than T within the flow, since the flow is 
easily disturbed. The relationship used for this case can be determined by 
combining Eqs. 13-30 and 13-98, and after a bit of algebra, we obtain 


v- donji- A] a 


Substitution of the measured quantities then gives the undisturbed, free-flow 
velocity of the gas. 





(13-98) 





Supersonic Flow. If the gas is flowing at supersonic speeds, then 
it will form a shock just before it strikes the nose of the Pitot tube, 
Fig. 13—48b. The shock changes the flow from supersonic, point 1, to 
subsonic, point 2. To obtain the velocity of flow in this case, we must 
therefore use Eq. 13-73 to relate the pressures p, and p; across the 
shock. Also, the relationship between p; and the measured stagnation 
pressure po is determined using Eq. 13-32. We can combine these two 
equations and express the result in terms of the upstream Mach number 
using Eq. 13-78. Doing this, we get 


k 
kt lo XC 
( > me) l 


Pi (2 -i)i 
k+1 |! k+1 
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The pressure p, can be measured independently, using a piezometer on 
the boundary of the flow, well upstream of the shock, Fig. 13-485. With p; 
and p; known, we can then obtain the Mach number M, => | for the flow 
from Eq. 13-100. Since the stagnation temperature remains constant on 
both sides of the shock, combining Eqs. 13-30 and 13-27, we can then 
determine the velocity of the flow. 





1/2 


2c "m 


V, —|————— 
' | 1 (2c,/kRMi) 


(13-101) 


As an alternative procedure, rather than using a Pitot tube and pie zometer, 
we can measure the velocity of the gas using a hot-wire anemometer, 
which was described in Sec. 10.5. 


Venturi Meter. Ifa venturi meter, as in Fig. 13-49, is used, then the 
change in density of the gas must be taken into account when making 
measurements of the flow at the throat. The flow can be assumed 
isentropic, since the passage through the meter occurs rapidly and with 
little frictional loss. Between points 1 and 2, the continuity equation is 


à 
= f pay + [ jv an —0; 0 — pjJA,V, * p; A»V» 


And the energy equation, Eq. 13-29, when applied between any two 
points within the flow, becomes 





^ 


Vr _ Vy 
"mt-ht, Fig. 13-49 


For isentropic flow, the pressure is related to the density by Eq. 13-21, 
pi/pl — p2/ ps, and the enthalpy change is related to the temperature 
change by Eq. 13-10, 4; — ^; — c, (T; — Ty). If all four of these equations 
are combined, the theoretical mass flow at the throat of the nozzle can be 
determined. Any losses not accounted for are considered by multiplying 
this result by a velocity coefficient, C,, determined experimentally as a 
function of the Reynolds number determined at the throat. The actual 
compressible mass flow rate then becomes 


à — CA: V nelle)" Qsfp m] 
k - 1 [1 — (As/Ai)* Gos/ pi)" ] 


If the flow has a low velocity (V — 0.3M), then the gas can be considered 
incompressible, and, as shown in Sec. 5.3, the mass flow can be 
determined from 


2p(p, — p; 


n= C,V>,pA> = C,A> 
Do m ON T> (D/D) 


(13-102) 
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In practice, Eq. 13-102 is sometimes modified to compare it with the 
compressible case. This is done by using an experimentally determined 
expansion factor, Y, so that for compressible flow we can then use 


(13-103) 


u _2pi(Pi = Pr) 
m — C,YA; [d — (D/D,)*) 


Values of the velocity coefficient or expansion factor are available from 
graphs for various pressure ratios. See Ref. [6]. Equations 13-102 and 
13-103 can also be used with a flow nozzle and orifice meter since the 
basic principles of operation are the same. 
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Sec. 13.1 


13-1. Oxygen is decompressed from an absolute pressure 
of 600 kPa to 100 kPa, with no change in temperature. 
Determine the changes in the entropy and enthalpy. 


13-2. If a pipe contains helium at a gage pressure of 
100 kPa and a temperature of 20°C, determine the density 
of the helium. Also, determine the temperature if the 
helium is compressed isentropically to a gage pressure of 
250 kPa. The atmospheric pressure is 101.3 kPa. 


13-3. Helium is contained in a closed vessel under an 
absolute pressure of 400 kPa. If the temperature increases 
from 20°C to 85°C, determine the changes in pressure 
and e ntropy. 





*13-4. The oxygen in section A of the pipe is at a 
temperature of 60°C and an absolute pressure of 280 kPa, 
whereas when it is at B, its temperature is 80°C and the 
absolute pressure is 200 kPa. Determine the change per unit 
mass in the internal energy, enthalpy, and entropy between 
the two sections. 


13-5. The hydrogen in section A of the pipe is at a 
temperature of 60°F and an absolute pressure of 301b /in?, 
whereas when it is at B, its temperature is 100°F and the 
absolute pressure is 201b/in*. Determine the change per 
unit mass in the internal energy, enthalpy, and entropy 
between the two sections. 


wp 
B 


A 





Probs. 13-4/5 


13-6. The closed tank contains helium at 200°C and 
under an absolute pressure of 530 kPa. If the temperature 
is increased to 250°C, determine the changes in density 
and pressure, and the change per unit mass in the internal 
energy and enthalpy of the helium. 





Prob. 13-6 


13-7. The closed tank contains oxygen at 400"F and under 
an absolute pressure of 30lb/in. If the temperature 
decreases to 300°F, determine the changes in density and 
pressure, and the change per unit mass in the internal 
energy and enthalpy of the oxygen. 





Prob. 13-7 


*13-8. Agashasaspecific heat that varies with the absolute 
temperature, such that c, = (1256 * 36 728/ T?) J/kg- K. If 
the temperature rises from 300 K to 400 K, determine the 
change in enthalpy per unit mass. 
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13-9. Air has a temperature of 600°R and absolute 
pressure of 100 psi at A. As it passes through the transition, 
its temperature becomes 500° R and the absolute pressure 
becomes 40 psi at B. Determine the changes in the density 
and the entropy per unit mass of the air. 





13-10. Air has a temperature of 600°R and absolute 
pressure of 100 psi at A. As it passes through the transition, 
its temperature becomes 500°R and the absolute pressure 
becomes 40 psi at B. Determine the change per unit mass in 
the internal energy and the enthalpy of the air. 


T 


bh 
E 





Prob. 13-10 


13-11. Air flows in a horizontal duct at 20°C with a 
velocity of 180 m/s. If the velocity increases to 250 m/s, 
determine the corresponding temperature of the air. Hint: 
Use the energy equation to find Ah. 
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Sec. 13.2-13.3 


*13-12. The half-angle « on the Mach cone of a rocket 
is 20°. If the air temperature ts 65°F, determine the speed of 
the rocket. 


13-13. Determine the speed of a jet plane that fhes at 
Mach 2.3 and at an altitude of 10 000 ft. Use the Standard 
Atmospheric Table in Appendix A. 


13-14. Compare the speed of sound in water and air at a 
temperature of 20°C. The bulk modulus of water at 
T = 20°C is Ey = 2.2 GPa. 


13-15. Determine the speed of sound in water and in air, 
both at a temperature of 60'F. Take E. — 311(10°) psi 
for water. 


*13-16. A ship is located where the depth of the ocean is 
3 km. Determine the time needed for a sonar signal to 
bounce off the bottom and return to the ship. Assume the 
water temperature is 10°C. Take p = 1030kg/m* and 
Ey = 2.11(10°) Pa for sea water. 


13-17. Determine how fast a race car must travel in 20°C 
weather in order for M= 0.3. 


13-18. A jet plane is flying at Mach 2.2. Determine its 
speed in kilometers per hour. The air is at 10°C. 


13-19. Water is at a temperature of 40°F. If a sonar signal 
takes 3 s to detect a large whale, determine the distance 
from the whale to the ship. Take p = 1.990 slug/ft^ and 


E, = 311(10*) psi. 


*13-20. Determine the Mach number of a cyclist pedaling 
at 15 mi/h. The air has a temperature of 70°F. 1 mi = 5280 ft. 


13-21. A jet plane has a speed of 600 mi/h when flying 
at an altitude of 10 000 ft. Determine the Mach number. 
1 mi = 5280 ft. Use the Standard Atmospheric Table in 
Appendix A. 


13-22. Determine the half-angle « of the Mach cone at 
the nose of a jet if it is flying at 1125 m/s in air at 5°C. 


13-23. A jet plane has a speed of 600 m/s. If the air has a 
temperature of 10°C, determine the Mach number and the 
half-angle « of the Mach cone. 





Prob. 13-23 


*13-24. A jet plane passes 5 km directly overhead. If the 
sound of the plane is heard 6 s later, determine the speed of 
the plane. The average air temperature is 10°C. 


13-25. The Mach number of the airflow in the wind tunnel 
at B 1s to be M = 2.0 with an air temperature of 10°C and 
absolute pressure of 25 kPa. Determine the required 
absolute pressure and temperature within the large 
reservoir at A. 





Prob. 13-25 


13-26. The absolute stagnation pressure for air is 875 kPa 
when the stagnation temperature is 25°C. If the absolute 
pressure for the flow is 630 kPa, determine the velocity of 
the flow. 


13-27. The flow at a point in a wind tunnel has a speed of 
M = 2.5 when the absolute pressure of the air is 16 kPa and 
the temperature is 200 K. Determine the speed of the air at 
the point, and also find the temperature and pressure of the 
air in the supply reservoir. 


*13-28. The 4-in.-diameter pipe carries air that is flowing 
at M = 1.36. Measurements show that the absolute pressure 
is 60 psi and the temperature is 95°F. Determine the mass 
flow through the pipe. 


13-29. The 4-in.-diameter pipe carries air that is flowing at 
M = 0.83. If the stagnation temperature is 85°F and the 
absolute stagnation pressure is 14.7 psi, determine the mass 
flow through the pipe. 





Probs. 13-28/29 


13-30. The absolute stagnation pressure for methane is 
110 lb/in? when the stagnation temperature is 70°F. If 
the pressure in the flow is 80 lb/in?, determine the 
corresponding velocity of the flow. 


13-31. The temperature and absolute pressure of air 
within the circular duct are 40°C and 800 kPa, respectively. 
If the mass flow is 30 kg/s, determine the Mach number. 





Prob. 13-31 


“13-32. Determine the pressure of air if it is flowing at 
1600 km/h. When the air is still, the temperature is 20°C and 
the absolute pressure is 101.3 kPa. 


13-33. What are the ratios of the critical pressure, 


temperature, and density to the stagnation pressure, 


temperature, and density for methane? 
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Sec. 13.5-13.6 


13-34. The nozzle is fitted to a large chamber of air in 
which the absolute pressure is 175 psi and the absolute 
temperature is 500°R. Determine the greatest possible mass 


flow through the nozzle. The throat has a diameter of 2 in. m 
LE: 





Prob. 13-34 


13-35. Nitrogen in the reservoir is at a temperature of 
20°C and an absolute pressure of 300 kPa. Determine the 
mass flow through the nozzle. The atmospheric pressure 
is 100 kPa. 





Prob. 13-35 
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*13-36. The large tank contains air at an absolute pressure 
of 150 kPa and temperature of 20°C. The 5-mm-diameter 
nozzle at A is opened to let air out of the tank. Determine 
the mass flow and the horizontal force that must be applied 
to the tank to prevent it from moving. The atmospheric 
pressure is 100 kPa. 





Prob. 13-36 


13-37. Nitrogen, at an absolute pressure of 600 kPa and 
temperature of 800 K, is contained in the large tank. 
Determine the backpressure in the hose to choke the nozzle 
and yet maintain isentropic supersonic flow through the 
divergent portion of the nozzle. The nozzle has an outer 
diameter of 40 mm, and the throat has a diameter of 20 mm. 


13-38. Nitrogen, at an absolute pressure of 600 kPa and 
temperature of 800 K, is contained in the large tank. 
Determine the backpressure in the hose to choke the nozzle 
and maintain isentropic subsonic flow through the divergent 
portion of the nozzle. The nozzle has an outer diameter of 
40 mm, and the throat has a diameter of 20 mm. 





Probs. 13-37/38 


13-39, The large tank contains air at an absolute pressure 
of 700 kPa and temperature of 400 K. Determine the mass 
flow from the tank into the pipe if the converging nozzle 
has an exit diameter of 40 mm and the absolute pressure in 
the pipe is 150 kPa. 


*13-40. The large tank contains air at an absolute pressure 
of 700 kPa and temperature of 400 K. Determine the mass 
flow from the tank into the pipe if the converging nozzle 
has an exit diameter of 40 mm and the absolute pressure in 
the pipe is 400 kPa. 





Probs. 13-39/40 


13-41. The large tank contains air at an absolute pressure 
of 600 kPa and temperature of 70°C. The Laval nozzle has a 
throat diameter of 20 mm and an exit diameter of 50 mm. 
Determine the absolute pressure within the connected pipe 
so that the nozzle chokes but also maintains isentropic 
subsonic flow within the divergent portion of the nozzle. 
Also, what is the mass flow from the tank if the absolute 
pressure within the pipe is 150 kPa? 


13-42. The large tank contains air at an absolute pressure 
of 600 KPa and temperature of 70°C. The nozzle has a throat 
diameter of 20 mm and an exit diameter of 50 mm. 
Determine the absolute pressure within the connected pipe, 
and the corresponding mass flow through the pipe, when 
the nozzle chokes and maintains isentropic supersonic flow 
within the divergent portion of the nozzle. 





Probs. 13-41/42 


13-43. The absolute pressure is 400 kPa and the 
temperature is 20°C in the large tank. If the pressure at the 
entrance A of the nozzle is 300 kPa, determine the mass 
flow out of the tank through the exit of the nozzle. 


*13-44. Atmospheric air at an absolute pressure of 
103 kPa and temperature of 20°C flows through the 
converging nozzle into the tank where the absolute pressure 
at A is 30 kPa. Determine the mass flow into the tank. 





Probs. 13-43/44 


13-45. Air exits a large tank through a converging nozzle 
having an exit diameter of 20 mm. If the temperature of 
the air in the tank is 35°C and the absolute pressure in the 
tank is 600 kPa, determine the velocity of the air as it exits 
the nozzle. The absolute pressure outside the tank is 
101.3 kPa. 


13-46. Air exits a large tank through a converging nozzle 
having an exit diameter of 20 mm. If the temperature of the 
air in the tank is 35°C and the absolute pressure in the tank 
is 150 kPa, determine the mass flow of the air as it exits the 
nozzle. The absolute pressure outside the tank is 101.3 kPa. 


Probs. 13-45/46 
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13-47. Nitrogen is contained in the large tank under an 
absolute pressure of 20 psi and at a temperature of 25°F. If 
the absolute outside pressure is 14.7 psi, determine the mass 
flow from the nozzle. The throat has a diameter of 0.25 in. 


*13-48. Nitrogen is contained in the large tank under an 
absolute pressure of 80 psi and at a temperature of 25°F. If 
the absolute outside pressure is 14.7 psi, determine the mass 
flow from the nozzle. The throat has a diameter of 0.25 in. 





Probs. 13—47/48 


13-49. If the fuel mixture within the chamber of the rocket 
is under an absolute pressure of 1.30 MPa, determine the 
Mach number of the exhaust if the area ratio of the exit to 
the throat is 2.5. Assume that fully expanded supersonic 
flow occurs. Take k — 1.40 for the fuel mixture. The 
atmosphere has a pressure of 101.3 kPa. 


Prob. 13-49 
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13-50. The large tank contains air at a gage pressure of 
170 Ib/in? and temperature of 120°F. The throat of the 
nozzle has a diameter of 0.35 in., and the exit diameter is 
1 in. Determine the absolute pressure in the pipe required 
to produce a jet that has isentropic supersonic flow through 
the pipe. Also, what is the Mach number of this flow? The 
atmospheric pressure is 14.7 psi. 


13-81. The large tank contains air at a gage pressure of 
170 Ib/in? and temperature of 120?F. The throat of the 
nozzle has a diameter of 0.35 in., and the exit diameter is 
1 in. Determine the absolute pressure in the pipe required 
to choke the nozzle and also maintain isentropic subsonic 
flow through the pipe. Also, what ts the velocity of the flow 
through the pipe for this condition? The atmospheric 
pressure is 14.7 psi. 





Probs. 13-50/51 


*13-52. The diameter of the exit of a converging nozzle is 
50 mm. If its entrance is connected to a large tank containing 
air at an absolute pressure of 500 kPa and temperature of 
125°C, determine the mass flow through the nozzle. The 
ambient air is at an absolute pressure of 101.3 kPa. 


13-53. The diameter of the exit of a converging nozzle is 
50 mm. If its entrance is connected to a large tank containing 
air at an absolute pressure of 180 kPa and temperature of 
125°C, determine the mass flow from the tank. The ambient 
air is at an absolute pressure of 101.3 kPa. 


13-54. Air flows at V4 — 100 m/s at 1200 K and has an 
absolute pressure of p 4, 76.25 MPa. Determine the diameter 
d of the pipe at B so that M - 1 at B. 


13-55. Air flows at V, = 100 m/s at 1200 K and has an 
absolute pressure of py = 6.25 MPa. Determine the 
diameter d of the pipe at B so that M = 0.8 at B. 


100 m/s 


100 mm 





Probs. 13-54/55 


*13-56. Air flows at 200 m/s through the pipe. Determine 
the Mach number of the flow and the mass flow if the 
temperature is 500 K and the absolute stagnation pressure 
is 200 kPa. Assume isentropic flow. 


13-57. Air flows at 200 m/s through the pipe. Determine 
the pressure within the flow if the temperature is 400 K and 
the absolute stagnation pressure is 280 kPa. Assume 
isentropic flow. 


0.3 m 





Probs. 13-56/57 


13-58. The converging-diverging nozzle at the end of a 
supersonic jet engine is to be designed to operate efficiently 
when the absolute outside air pressure is 25 kPa. If the 
absolute stagnation pressure within the engine is 400 kPa 
and the stagnation temperature is 1200 K, determine the 
exit plane diameter and the throat diameter for the nozzle if 
the mass flow is 15 kg /s. Take k = 1.40 and R — 256 J/ kg : K. 


13-59, Natural gas (methane) has an absolute pressure of 
400 kPa and flows through the pipe at A at M = 0.1. 
Determine the diameter of the throat of the nozzle so that 
M = 1 at the throat. Also, what are the stagnation pressure, 
the pressure at the throat, and the subsonic and supersonic 
Mach numbers of the flow through pipe B? 


*13-60. Air has an absolute pressure of 400 kPa and flows 
through the pipe al A at M = 0.5. Determine the Mach 
number at the throat of the nozzle where d, = 110 mm, and 
the Mach number in the pipe at B. Also, what are the 
stagnation pressure and the pressure in the pipe at B? 


200 mm 





Probs. 13-59/60 


13-61. The tank contains oxygen at a temperature of 70°C 
and absolute pressure of 800 kPa. If the converging nozzle 
at the exit has a diameter of 6 mm, determine the initial 
mass flow out of the tank if the outside absolute pressure 
is 100 kPa. 


13-62. The tank contains helium at a temperature of 80°C 
and absolute pressure of 175 kPa. If the converging nozzle 
at the exit has a diameter of 6 mm, determine the initial 
mass flow out of the tank if the outside absolute pressure is 
98 kPa. 





Probs. 13-61/62 


13-63. The large tank contains air at 250 K under an 
absolute pressure of 1.20 MPa. When the valve is opened, 
the nozzle chokes. The outside atmospheric pressure is 
101.3 kPa. Determine the mass flow from the tank. The 
nozzle has an exit diameter of 40 mm and a throat diameter 
of 20 mm. 


*13-64. The large tank contains air at 250 K under an 
absolute pressure of 150 kPa. When the valve is opened, 
determine if the nozzle is choked. The outside atmospheric 
pressure is 90 kPa. Determine the mass flow from the tank. 
Assume the flow is isentropic. The nozzle has an exit 
diameter of 40 mm and a throat diameter of 20 mm. 





Probs. 13-63/64 
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13-65. Air at A flows into the nozzle at M=0.4. Determine 
the Mach number at C and at B. 













pip 40 mm "LO m 
"A -— 
Prob. 13-65 


13-66. Air at A flows into the nozzle at M = 0.4. If p4 — 
125 kPa and 7, = 300 K, determine the pressure at B and 
the velocity at B. 






70 

UL. 40 mm p 
- au 
T1 "4 C z F 


Prob. 13-66 


13-67. Air flows isentropically into the nozzle at M, = 0.2 
and out at M, = 2. If the diameter of the nozzle at A is 
30 mm, determine the diameter of the throat and the 
diameter at B. Also, if the absolute pressure at A is 300 kPa, 
determine the stagnation pressure and the pressure at B. 


*13-68. Air flows isentropically into the nozzle at M, =0.2 
and out at Mj — 2. If the diameter of the nozzle at A is 30 
mm, determine the diameter of the throat and the diameter 
at B. Also, if the temperature at A is 300 K, determine the 
stagnation temperature and the temperature at B. 


30 mm d 


| 





Probs. 1367/68 
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13-69, Air flows through a pipe having a diameter of 
50 mm. Determine the mass flow if the stagnation 
temperature of the air is 20°C, the absolute pressure is 
300 kPa, and the stagnation pressure is 375 kPa. 


13-70. Air at a temperature of 25°C and standard 
atmospheric pressure of 101.3 kPa flows through the nozzle 
into the pipe where the absolute internal pressure is 80 kPa. 
Determine the mass flow into the pipe. The nozzle has a 
throat diameter of 10 mm. 


13-71. Air at a temperature of 25^C and standard 
atmospheric pressure of 101.3 kPa flows through the nozzle 
into the pipe where the absolute internal pressure is 30 kPa. 
Determine the mass flow into the pipe. The nozzle has a 
throat diameter of 10 mm. 





10mm 


Probs. 13-70/71 


*13-72. The large tank contains air at an absolute pressure 
of 800 kPa and a temperature of 150°C. If the diameter at 
the end of the converging nozzle is 20 mm, determine the 
mass flow out of the tank where the standard atmospheric 
pressure is 101.3 kPa. 





Sec. 13.7 


13-73. A large reservoir contains air at a temperature of 
T = 20°C and absolute pressure of p = 300kPa. The air 
flows isentropically through the nozzle and then through the 
1.5-m-long, 50-mm-diameter pipe having an average friction 
factor of 0.03. Determine the mass flow through the pipe 
and the corresponding velocity, pressure, and temperature at 
the inlet 1 and outlet 2 if the flow is choked at section 2. 


13-74. A large reservoir contains air at a temperature of 
T = 20*C and absolute pressure of p — 300kPa. The air 
flows isentropically through the nozzle and then through 
the 1.5-m-long, 50-mm-diameter pipe having an average 
friction factor of 0.03, Determine the stagnation temperature 
and pressure at outlet 2 and the change in entropy between 
the inlet 1 and outlet 2 if the pipe is choked at section 2. 





Probs. 13-73/74 


13-75. The duct has a diameter of 200 mm. If the average 
friction factor is f — 0.003, and air is drawn into the duct with an 
inlet velocity of 200 m/s, temperature of 300 K, and absolute 
pressure of 180 kPa, determine these properties at the exit. 


*13-76. The duct has a diameter of 200 mm. If the average 
friction factor is f — 0.003, and air is drawn into the duct with 
an inlet velocity of 200 m/s, temperature of 300 K, and 
absolute pressure of 180 kPa, determine the mass flow 
through the duct and the resultant friction force acting on 
the 30-m length of duct. 


200 mm 





30 m 


Probs. 13-75/76 


13-77. Air in a large room has a temperature of 24°C and 
absolute pressure of 101 kPa. If it is drawn into the 
200-mm-diameter duct isentropically such that the absolute 
pressure at section 1 is 90 kPa, determine the critical length 
of duct Lmax Where the flow becomes choked, and the Mach 
number, temperature, and pressure at section 2. Take the 
average friction factor to be f — 0.002. 


13-78. Air in a large room has a temperature of 24°C and 
absolute pressure of 101 KPa. If it is drawn into the 
200-mm-diameter duct isentropically such that the absolute 
pressure at section 1 is 90 kPa, determine the mass flow 
through the duct and the resultant friction force acting on 
the duct. Also, what is the requir ed length Lmax to choke the 
flow? Take the average friction factor to be f= 0.002. 





13-79. The 40-mm-diameter pipe has a friction factor of 
f= 0.015. A nozzle on the large tank A delivers nitrogen 
isentropically to the pipe at section 1 with a velocity of 
1200 m/s, temperature of 460 K, and absolute pressure of 
750 kPa. Determine the mass flow. Show that a normal 
shock forms within the pipe. Take L' — 1.35 m. 


*13-80. The 40-mm-diameter pipe has a friction factor of 
f = 0.015. A nozzle on the large tank A delivers nitrogen 
isentropically to the pipe at section 1 with a velocity of 200 m/s 
and temperature of 460 K. Determine the velocity and 
temperature of the nitrogen at L=2 mif L' = 3 m. 





Probs. 13-79/80 
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13-81. The 100-mm-diameter pipe is connected by a 
nozzle to a large reservoir of air that is at a temperature of 
40°C and absolute pressure of 450 kPa. If the absolute 
pressure at section 1 is 30 kPa, determine the mass flow 
through the pipe and the length L of the pipe so that a 
backpressure of 90 kPa in the tank maintains supersonic 
flow through the pipe. Assume a constant friction factor of 
0.0085 throughout the pipe. 


13-82. The 100-mm-diameter pipe is connected by a 
nozzle to a large reservoir of air that is at a temperature of 
40°C and absolute pressure of 450 kPa. If the absolute 
pressure at section 1 is 30 kPa, determine the mass flow 
through the pipe and the length L of the pipe so that sonic 
flow occurs into the ta nk. What is the required backpress ure 
in the tank for this to occur? Assume a constant friction 
factor of 0.0085 throughout the pipe. 





Probs. 13-81/82 


13-83. The 100-mm-diameter pipe is connected by a nozzle 
to a large reservoir of air that is at a temperature of 40°C and 
absolute pressure of 450 kPa. If the backpressure causes 
M, > 1, and the flow is choked at the exit, section 2, when 
L = 5 m,determine the mass flow through the pipe. Assume a 
constant friction factor of 0.0085 throughout the pipe. 


*13-84. The 100-mm-diameter pipe is connected by a nozzle 
to a large reservoir of air that is at a temperature of 40*C and 
absolute pressure of 450 kPa. If the backpressure causes 
M, < 1, and the flow is choked at the exit, section 2, when 
L — 5 m, determine the mass flow through the pipe. Assume a 
constant friction factor of 0.0085 throughout the pipe. 





Probs. 13-83/84 
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Sec. 13.8 


13-85. Outside air at a temperature of 60°F is drawn 
isentropically into the duct and then heated along the duct at 
200(10?) ft * Ib /slug. At section l the temperature is T = 30°F 
and the pressure is 13.9 psia. Determine the Mach number, 
temperature, and pressure at section 2. Neglect friction. 


13-86. Outside air at a temperature of 60°F is drawn 
isentropically into the duct and then heated along the duct 
at 200(10°) ft*Ib/slug. At section 1 the temperature is 
T = 30°F and the pressure is 13.9 psia. Determine the mass 
flow and the change in the entropy per unit mass that occurs 
between sections 1 and 2. 





Probs. 13-85/86 


13-87. Nitrogen having a temperature of T, — 270K and 
absolute pressure of p, — 330 kPa flows into the smooth 
pipe at M, — 0.3. If it is heated at 100 KJ/kg m, determine 
the velocity and pressure of the nitrogen when it exits the 
pipe at section 2. 


*13-88. Nitrogen having a temperature of T, — 270K and 
absolute pressure of p; — 330 kPa flows into the smooth pipe at 
M, — 0.3. If it is heated at 100 kJ/kg-m, determine the 
stagnation temperatures at sections 1 and 2, and the change in 
entropy per unit mass between these two sections. 





4m 


Probs. 13-87/88 


13-89, Air is drawn isentropically into the pipe at 
V, — 640 m/s, 7, = 80°C, and absolute pressure of 
p, = 250kPa. If it exits the pipe having a speed of 470 m/s, 
determine the amount of heat per unit mass that the pipe 
supplies to the air. 


13-90. Air is drawn into the 100-mm-diameter pipe at 
V, = 640 m/s, Tı = 80°C, and absolute pressure of 
p, = 250kPa. If it exits the pipe having a speed of 470 m/s, 
determine the stagnation temperatures at sections 1 and 2 and 
the change in entropy per unit mass between these sections. 


l 2 


LL 


Probs. 13-89/90 






13-91. Air from a large reservoir is at a temperature of 
275 K and absolute pressure of 101 kPa. It isentropically 
enters the duct at section 1. If 80 kJ/kg of heat is added to 
the flow,determine the greatest possible velocity it can have 
at section 1. The backpressure at 2 causes M, — I. 


*13-92. Air from a large reservoir is at a temperature of 
275 K and absolute pressure of 101 kPa. It isentropically 
enters the duct at section 1. If 80 kJ/kg of heat is added to 
the flow, determine the temperature and pressure at the 
entrance of the duct. The backpressure at 2 causesM, > |. 





Probs. 13-91/92 


13-93, Nitrogen hawng a temperature of 300 K and 
absolute pressure of 450 kPa flows from a large reservoir 
into a 100-mm-diameter duct. As it flows, 100 kJ/kg of heat 
is added. Determine the temperature, pressure, and density 
at section 1 if the backpressure causes M, — 1 and the flow 
becomes choked at section 2. 





Prob. 13-93 


13-94. Nitrogen having a temperature of 300 K and 
absolute pressure of 450 kPa flows from a large reservoir 
into a 100-mm-diameter duct. As it flows, 100 kJ/kg of heat 
is added. Determine the mass flow if the backpressure 
causes M, — I and the flow becomes choked at section 2. 





Prob. 13-94 
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Sec. 13.9-13.10 


13-95, The converging nozzle has an exit diameter of 
0.25 m. If the fuel-oxidizer mixture within the large tank has 
an absolute pressure of 4 MPa and temperature of 1800 K, 
determine the mass flow from the nozzle when the 
backpressure is a vacuum. The mixture has & = 1.38 and 
R = 296 J/kg* K. 


*13-96. The converging nozzle has an exit diameter of 0.25 
m. If the fuel-oxidizer mixture within the large tank has an 
absolute pressure of 4 MPa and temperature of 1800 K, 
determine the mass flow from the nozzle if the atmospheric 
pressure 1s 100 kPa. The mixture has A = 1.38 and 
R = 296 J/kg- K. 





Probs. 13-95/96 


13-97. The bottle tank contains 0.13 m? of oxygen at an 
absolute pressure of 900 kPa and temperature of 20°C. If 
the nozzle has an exit diameter of 15 mm, determine the 
time needed to drop the absolute pressure in the tank to 
300 kPa once the valve is opened. Assume the temperature 
remains constant in the tank during the flow and the 
ambient air is at an absolute pressure of 101.3 kPa. 


15mm 





Prob. 13-97 








792 CHAPTER 13. COMPRESSIBLE FLOW 


13-98. The rocket has a converging-diverging exhaust 
nozzle. The absolute pressure at the inlet to the nozzle is 
200 Ib/in*, and the temperature of the fuel mixture is 
3250°R. If the mixture flows at 300 ft /s into the nozzle and 
exits with isentropic supersonic flow, determine the areas of 
the throat and exit plane. The inlet has a diameter of 18 in. 
The outside absolute pressure is 14.7 psi. The fuel mixture 
has k = 1.4 and R — 1600 ft * Ib/slug - R. 





Prob. 13-98 


13-99, The rocket has a converging-diverging exhaust 
nozzle. The absolute pressure at the inlet to the nozzle is 
200 Ib/in?, and the temperature of the fuel mixture is 
3250" R. If the mixture flows at 500 ft/s into the nozzle and 
exits with isentropic supersonic flow, determine the areas of 
the throat and exit plane and the mass flow through the 
nozzle. The inlet has a diameter of 18 in. The outside 
absolute pressure is 7 psi. The fuel mixture has k = 1.4 and 
R — 1600 ft * Ib/slug * R. 





*13-100. The jet engine is tested on the ground at standard 
atmospheric pressure of 101.3 kPa. If the fuel—air mixture 
enters the inlet of the 300-mm-diameter nozzle at 250 m/s, 
with an absolute pressure of 300 kPa and temperature of 
800 K, and exits with supersonic flow,determine the velocity 
of the exhaust developed by the engine. Take k = 1.4 and 
R = 249 J/kg- K. Assume isentropic flow. 


13-101. The jet engine is tested on the ground at standard 
atmospheric pressure of 101.3 kPa. If the fuel-air mixture 
enters the inlet of the 300-mm-diameter nozzle at 250 m/s, 
with an absolute pressure of 300 kPa and temperature of 
800 K, determine the required diameter of the throat d,, and 
the exit diameter d,, so that the flow exits with isentropic 
supersonic flow. Take k = 1.4 and R = 249 J/kg- K. 





Probs. 13-100/101 


13-102. The nozzle is attached onto the end of the pipe. 
The air supplied from the pipe is at a stagnation temperature 
of 120°C and an absolute stagnation pressure of 800 kPa. 
Determine the mass flow from the nozzle if the backpressure 
is 60 kPa. 


13-103. The nozzle is attached onto the end of the pipe. 
The air in the pipe is at a stagnation temperature of 120°C 
and an absolute stagnation pressure of 800 kPa. Determine 
the two values of the backpressure that will choke the 
nozzle yet produce isentropic flow. Also, what is the 
maximum velocity of the isentropic flow? 


60 mm 





Probs. 13-102/103 


*13-104. The jet plane creates a shock that forms in air 
having a temperature of 20°C and absolute pressure of 
80 kPa. If it travels at 1200 m/s, determine the pressure and 
temperature just behind the shock wave. 





Prob. 13-104 


13-105. The jet plane flies at M = 1.8 in still air at an 
altitude of 15 000 ft. If a shock forms at the air inlet for the 
engine, determine the stagnation pressure within the engine 
just behind the shock and the stagnation pressure a short 
distance within the chamber. 





Prob. 13-105 


13-106. A shock is produced by a jet plane flying at a 
speed of 2600 ft/s. If the air is at a temperature of 60°F and 
an absolute pressure of 12 Ib/in?, determine the velocity of 
the air relative to the plane and its temperature just behind 
the shock. 


13-107. A shock is produced by a jet plane flying at a 
speed of 2600 ft/s. If the air is at a temperature of 60°F and 
an absolute pressure of 12 Ib/in?, determine the stagnation 
pressure and the pressure just behind the shock. 


PROBLEMS 793 


“13-108. A standing shock occurs in the pipe when 
the upstream conditions for air have an absolute pressure 
of p, = 80kPa, temperature 7, = 75°C, and velocity 
V, — 700 m/s. Determine the downstream pressure, 
temperature, and velocity of the air. Also, what are the 
upstream and downstream Mach numbers? 


1 2 





Prob. 13-108 


13-109. The large tank supplies air at a temperature of 
350 K and an absolute pressure of 600 kPa to the nozzle. If 
the throat diameter is 0.3 m and the exit diameter is 0.5 m, 
determine the range of backpressures that will cause 
expansion shock waves to form at the exit. 





Prob. 13-109 


13-110. The large tank supplies air at a temperature of 
350 K and an absolute pressure of 600 kPa to the nozzle. If 
the throat diameter is 0.3 m and the exit diameter is 0.5 m, 
determine the range of backpressures that will cause 
oblique shock waves to form at the exit. 





Prob. 13-110 
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13-111. The nozzle is attached to the end of the pipe that 
carries air having an absolute stagnation pressure of 60 psi 
and stagnation temperature of 400°R. Determine the range 
of backpressures that will cause a standing shock to form 
within the nozzle. 


*13-112. The nozzle is attached to the end of the pipe that 
carries air having an absolute stagnation pressure of 
60 Ib/in* and stagnation temperature of 400°R. Determine 
the range of backpressures that will cause oblique shocks to 
form at the nozzle exit. 


1 in. 1.5 in. 





Probs. 13-111/112 


13-113. A 200-mm-diameter pipe contains air at a 
temperature of 10°C and an absolute pressure of 100 kPa. If 
a shock is formed in the pipe and the speed of the air in 
front of the shock is 1000 m/s, determine the speed of the 
air behind the shock. 


13-114. The jet is flying at M — 1.3, where the absolute air 
pressure is 50 kPa. If a shock is formed at the inlet of the 
engine, determine the Mach number of the air flow just 
within the engine where the diameter is 0.6 m. Also, what 
are the pressure and the stagnation pressure in this region? 
Assume isentropic flow within the engine. 








().6 m 


Prob. 13-114 


13-115. The large tank supplies air at a temperature of 
350 K and an absolute pressure of 600 kPa to the nozzle. If 
the throat diameter is 30 mm and the exit diameter is 
60 mm, determine the range of backpressures that will 
cause oblique shock waves to form at the exit. 





Prob. 13-115 


*13-116. The large tank supplies air at a temperature of 
350 K and an absolute pressure of 600 kPa to the nozzle. If 
the throat diameter is 30 mm and the exit diameter is 
60 mm, determine the range of backpressures that will 
cause a standing shock to form within the nozzle. 





Prob. 13-116 


13-117. A shock is formed in the nozzle at C, where the 
diameter is 100 mm. If the air flows through the pipe at A 
at M, = 3.0 and the absolute pressure is p4 — 15 kPa, 
determine the pressure in the pipe at B. 


150. mm 
100 mm 





Prob. 13-117 


13-118. Air at a temperature of 20°C and an absolute 
pressure of 180 kPa flows from a large tank through the 
nozzle. Determine the backpressure at the exit that causes 
a shock wave to form at the location where the nozzle 
diameter is 50 mm. 





Prob. 13-118 


13-119. The nozzle is attached to the large tank A 
containing air. If the absolute pressure within the tank is 
14.7 psi, determine the range of pressures at B that will 
cause expansion shock waves to form at the exit plane. 


*13-120. The converging-diverging nozzle is attached to 
the large tank A containing air. If the absolute pressure 
within the tank is 14.7 psi, determine the range of pressures 
at B that will cause a standing normal shock wave to form 
within the nozzle. 


13-121. The nozzle is attached to the large tank A 
containing air. If the absolute pressure within the tank is 
14.7 psi, determine the range of pressures at B that will 
cause oblique shock waves to form at the exit plane. 





Probs. 13-119/120/121 
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13-122. Air in the large reservoir A has an absolute 
pressure of 70 Ib /in?. Determine the range of backpressures 
at B so that a standing normal shock wave will form within 


the nozzle. 
02 a go 


ul 


———- 


BT 





Prob. 13-122 


13-123. Air in the large reservoir A has an absolute 
pressure of 70 lb /in?. Determine the range of backpressures 
at B so that oblique shock waves appear at the exit. 


*13-D24. Air in the large reservoir A has an absolute 
pressure of 70 Ib /in?. Determine the range of backpressures 
at B so that expansion shock waves appear at the exit. 


0.2 m 


——— > 


Bd 





Probs. 13-123Y124 


13-125. The cylindrical plug is fired with a speed of 
150 m/s in the pipe that contains still air at 20°C and an 
absolute pressure of 100 kPa. This causes a shock wave to 
move down the pipe as shown. Determine its speed and the 
pressure acting on the plug. 





— m 


150 m/s 


Prob. 13-125 
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Sec. 13.11-13.12 


13-126. Air flows at 800 m/s through a long duct in a wind 
tunnel, where the temperature is 20°C and the absolute 
pressure is 90 KPa. The leading edge of a wing in the tunnel ts 
represented by the 7° wedge. Determine the pressure created 
on its top surface if the angle of attack is set ata = 2°. 


13-127. Air flows at 800 m/s through a long duct in a wind 
tunnel, where the temperature ts 20°C and the pressure 1s 
90 kPa. The leading edge of a wing in the tunnel is 
represented by the 7^ wedge. Determine the pressure 
created on its bottom surface if the angle of attack is set 
ata — 2*. 


800 m/s 





Probs. 13-126/127 


*13-128. Air flows at 800 m/s through a long duct in a wind 
tunnel, where the temperature is 20°C and the absolute 
pressure is 90 kPa. The leading edge of a wing in the tunnel can 
be represented by the 7° wedge. Determine the pressure created 
on its top surface if the angle of attack is set ata = 5°. 


13-129, Air flows at 800 m/s through a long duct in a wind 
tunnel, where the temperature is 20°C and the absolute 
pressure is 90 kPa. The leading edge of a wing in the tunnel 
can be represented by the 7° wedge. Determine the pressure 
created on its bottom surface if the angle of attack is set 
ata = 5°. 


800 m/s 





Probs. 13-128/129 


13-130. A jet plane is flying in air that has a temperature 
of 8°C and absolute pressure of 90 kPa. The leading edge of 
the wing has the wedge shape shown. If the plane has a 
speed of 800 m/s and the angle of attack is 2°, determine 
the pressure and temperature of the air at the upper surface 
A just in front or to the right of the oblique shock wave that 
forms at the leading edge. 


13-131. A jet plane is flying in air that has a temperature 
of 8°C and absolute pressure of 90 kPa. The leading edge of 
the wing has the wedge shape shown. If the plane has a 
speed of 800 m/s and the angle of attack is 2°, determine 
the pressure and temperature of the air at the lower surface 
B just in front or to the right of the oblique shock wave that 
forms at the leading edge. 





Probs. 13-130/131 


*13-132. The leading edge on the wing of the aircraft has 
the shape shown. If the plane is flying at 900 m/s in air that 
has a temperature of 5°C and absolute pressure of 60 kPa, 
determine the angle 8 of an oblique shock wave that forms on 
the wing. Also, determine the pressure and temperature on 
the wing just in front or to the right of the shock. 





Prob. 13-132 


13-133. A jet plane is flying at M = 2.4, in air having a 
temperature of 2°C and absolute pressure of 80 kPa. If the 
leading edge of the wing has an angle of 5 = 16°, determine 
the velocity, pressure, and temperature of the air just in 
front or to the right of the oblique shock that forms on the 
wing. What is the angle 6 of the leading edge that will cause 
the shock wave to separate from the front of the wing? 





Prob. 13-133 


13-134. The jet plane is flying upward such that its wings 
make an angle of attack of 15° with the horizontal. The plane 
is traveling at 700 m/s, in air having a temperature of 8°C and 
absolute pressure of 90 kPa. If the leading edge of the wing 
has an angle of 8^, determine the pressure and temperature of 
the air just in front or to the right of the expansion waves. 


700 m/s 





Prob. 13-134 
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13-135. Nitrogen gas at a temperature of 30°C and an 
absolute pressure of 150 kPa flows through the large 
rectangular duct at 1200 m/s. When it comes to the 
transition, it is redirected as shown. Determine the angle 6 
of the oblique shock that forms at A, and the temperature 
and pressure of the nitrogen just in front or to the right of 
the wave. 


*13-136. Nitrogen gas at a temperature of 30°C and an 
absolute pressure of 150 kPa flows in the large rectangular 
duct at 1200 m/s. When it comes to the transition, it is 
redirected as shown. Determine the temperature and 
pressure just in front or to the right of the expansion waves 
that form in the duct at B. 





A 


Probs. 13-135/136 


13-137. The wing of a jet plane is assumed to have the 
profile shown. It is traveling horizontally at 900 m/s, in air 
having a temperature of 8°C and absolute pressure of 85 kPa. 
Determine the pressure that acts on the top surface in front 
or to the right of the oblique shock at A and in front or to the 
right of the expansion waves at B. 





Prob. 13-137 
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CHAPTER REVIEW 


Ideal gases obey the ideal gas law. 


The first law of thermodynamics states that the change in 
internal energy of a system is increased when heat is 
added to the system, and decreased when the system 
does flow work. 


du — dq — pdv 


The change in entropy ds indicates the heat energy 
transfer per unit mass that occurs at a specific temperature 
during the change in state of a gas. The second law of 
thermodynamics states that this change will always 
increase due to friction. 


A pressure wave travels through a medium at the 
maximum velocity c, called the sonic velocity. This is an 
isentropic process; that is, no heat is lost (adiabatic) and 
the process is frictionless, so ds = 0. 


Compressible flow is classified according to the Mach 
number, M — V/c. If M < 1 the flow is subsonic, if 
M-litissonic, and if M — 1 itis supersonic. If V = 0.3c, 
we can assume the flow is incompressible. 


The stagnation temperature remains the same if the flow is 
adiabatic, and the stagnation pressure and stagnation density 
are the same if the flow is isentropic. These properties can be 
measured at a point where the gas is at rest. 


Specific values of the static temperature 7, pressure p, 
and density p of the gas, measured while moving with the 
flow, are obtained from formulas that relate them to the 
stagnation values Tp Po po- They depend on the Mach 
number and the ratio k of the specific heats for the gas. 


In a converging duct, subsonic flow will cause an increase 
in velocity and a decrease in pressure. For supersonic 
flow the opposite occurs; that is, the velocity decreases 
and the pressure increases. 


In a diverging duct, subsonic flow will cause a decrease in 
velocity and an increase in pressure. For supersonic flow 
the opposite occurs; that is, the velocity increases and the 
pressure decreases. 
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A Laval nozzle can be used to convert subsonic flow in the 
convergent section to sonic speed at the throat, and then to 
further accelerate the flow through the divergent section to 
supersonic flow at the exit. 


M<1 


oOo 


Subsonic Supersonic 
A Laval nozzle becomes choked when M = 1 at the throat. 
If this occurs, there are two backpressures that will 
produce isentropic flow throughout the divergent section. 
One produces subsonic flow downstream of the throat, and 
the other produces supersonic flow. 


Fanno flow considers the effect of pipe friction as the gas 
undergoes an adiabatic process. Equations are used to 
determine the properties of the gas at any location, 
provided these properties are known at the reference or 
critical location, where M= 1. 








Rayleigh flow considers the effect of heating or cooling the 
gas as it flows through a pipe. The properties of the gas can 
be determined at any location, provided they are known at 
the reference or critical location, where M - 1. 







A shock wave is a nonisentropic process that occurs over a 
very small thickness. Because the process is adiabatic, the 
stagnation temperature will remain the same on each side 
of the shock. 













Ty. pi. pı (low) 


—————9 
M71 
The Mach number, temperature, pressure, and density of a 
gas on each side of a shock can be related, and the results 


from these equations are presented in tabular form. 








If the backpressure does not create isentropic flow through 
a nozzle, then a shock can form within the nozzle or at its 


exit. This is an inefficient use of the nozzle. 









An oblique shock will form at the point where the speed 
over a surface is the greatest. The properties of temperature, 
pressure, and density on each side of the shock are related 
to the normal component of the Mach number, in the same 
manner as they are for normal shocks. 















On curved surfaces or at sharp corners, compression 
waves will merge into an oblique shock, or they can 
produce expansion waves. The deflection angle of the flow 
caused by expansion waves can be calculated using the 
Prandtl-Meyer expansion function. 





Compressible flow can be measurement using a Pitot tube 


and piezometer, or a venturi meter. Hot-wire anemometers 
and other meters can also be used for this purpose. 


Chapter 14 
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Pumps play an important role in transporting fluids in chemical processing 
plants, and distributing water as shown in this water treatment plant. 





Turbomachines 





14.1 Types of Turbomachines 


Turbomachines consist of various forms of pumps and turbines, which 
transfer energy between the fluid and the rotating blades of the machine. 
Pumps, which include fans, compressors, and blowers add energy to fluids, 
whereas turbines remove energy. Each of these turbomachines can be 
categorized by the way the fluid flows through it. If the fluid flows along its 
axis, it is called an axial-flow machine. Examples include the compressor and 
turbine for a jet engine and the axial-flow pump in Fig. 14-1a. A radial-flow 
machine directs the flow mainly in the radial direction to the rotating blades. 
This occurs in a centrifugal pump, Fig. 14-1). Finally, a mixed-flow machine 
changes the direction of axial flow a moderate amount in the radial direction, 
as in the case of the mixed-flow pump in Fig. 14—1c. 





Axial-How pump _ pump D pump M 


(a) Fig. 14-1 
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Positive-displacement pump 





(d) 
Fig. 14-1 (cont.) 





Stator 
(fixed) 


Impeller 
(rotating) 


Axial-flow pump 
(a) 


(b) 
Fig. 14-2 





These three types of turbomachines are generally referred to as 
dynamic fluid devices because the flow is changed by its dynamic 
interaction with a series of rotating blades as it freely passes through 
the machine. A device called a positive-displacement pump will not 
be discussed here. It works like your heart, transferring a specific 
volume of fluid by moving the boundary of the volume in contact with 
the fluid. Examples include a gear pump for an internal combustion 
engine, Fig. 14-1d, and a pump composed of a piston and cylinder or 
screw. Although these devices can produce pressures that are much 
higher than those produced by a dynamic fluid device, the flow 
through them is generally much smaller. 


14.2  Axial-Flow Pumps 


Axial-flow pumps can produce a high flow, but they have a disadvanta ge 
of delivering the fluid at a relatively low pressure. As a result, this type 
of pump works well for removing water from a low-lying area. They are 
usually designed so that in the process of pumping the fluid, there is no 
change in the direction of the flow. The fluid enters and then exits the 
pump in the axial direction, Fig. 14—2a. Energy is added to the fluid by 
using an impeller consisting of a series of vanes or blades that are fixed 
to a rotating shaft. Fixed diffuser vanes, called stator vanes, are often 
located at the downstream side to remove the swirl component of the 
velocity of the fluid as it exits the impeller. These vanes are sometimes 
also located at the upstream side if the fluid has an initial whirl, 
although in most cases straight upward flow occurs, and so initial vanes 
are not used. 

We can show how an axial-flow pump works by considering the 
impeller blade shown in Fig. 14-25. As the fluid is scooped upwards by 
the impeller, this removal of fluid lowers the pressure in the downstream 
region, and so more fluid is drawn upwards with a velocity V,. Once on 
the blade, the velocity of the fluid is V;. When the fluid moves off the 
impeller, it will have a greater velocity V3. 

To analyze the flow through the pump, we will assume the liquid to be 
an ideal fluid that is guided smoothly onto and over the blades of the 
impeller. With these assumptions, we will consider the control volume to 
be the contained li quid within the im peller, Fig. 14—2:, and then write the 
basic equations of fluid mechanics related to the flow. Although within 
the impeller the flow is unsteady, it is cyclic, and on average it can be 
considered quasi steady as it enters and then leaves the open control 
surfaces, which are a short distance away from the impeller. 





Continuity. As the pump draws incoming axial flow through the 
open control surface 1 in Fig. 14-25, it must equal the outgoing axial 
flow through the open control surface 2. Since these surfaces have the 
same cross-sectional area, applying the continuity equation for steady 


flow, we have 
‘) > 
= | av + IDEE 


0 — pV,,A + pVpA = 0 
Vat = a2 = Va 


This result is to be expected; that is, the mean velocity of the flow in the 
axial direction remains constant. 


Angular Momentum. The torque T that is applied to the liquid 
by the impeller changes the liquid’s angular momentum as it passes 
over the blades. If we assume that the blades are relatively short, then 
as a first approximation, the angular momentum of the liquid can be 
determined using the impeller's mean radius r,,, Fig. 14—2c. Applying 
the angular momentum equation, Eq. 6-4, about the center axis of the 
control volume yields 


3 
:M 72 [ ex vam + [ex V)p V * dA 


—04 fo x V)pV - dA 


The component of V that produces the moment in the term r X V is V,, 
and the component that contributes to the flow pV *: dA is V,. Therefore, 


T= ] evo an (14-1) 


s 


Integrating over the control surfaces at sections 1 and 2, using 
O~V,A, yields T 7 r,VopQ — r,V4pQ or 


(14-2) 


This equation is often referred to as the Euler turbomachine equation. 
The terms on the right are the product of the mass flow produced by the 
pump, pQ, and the moment, r,,V,. If the blades are long, then the torque 
on the liquid can be determined to a closer approximation by dividing the 
blades into small se gments, each having its own small width rand mean 


radius r,,,. In this way, numerical integration of Eq. 14-1 can be carried out. 


14.2 AxiAL-FLOw PUMPS 


U= 





(c) 


Fig. 14-2 (cont.) 
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Stator 


U 


V. Velocity onto stator 
a 


(d) 


V; V, 






Velocity 
of blade's midpoint 


(b) 


Vi 


V: 
( Lm 
Bi 


ad 
Vn 


(a) 
Fig. 14-3 


Power. The shaft power developed by the pump on the fluid is defined 
as the product of the applied torque and the angular velocity w (omega) 
of the impeller. Using Eq. 14-2, we have 


Woump — To = pOr (Ve — Vio (14-3) 


We can also write this equation in terms of the velocity of the midpoint of 
the impeller, rather than the impeller’s angular velocity. At this point, the 
blade has a speed of U = wrp, Fig. 14—2c, and so 


Wamp — PQU(Vin — Vu) (14-4) 


The above equations imply that the torque developed, or the rate of 
energy transferred to the liquid, is independent of the geometry of the 
pump or the number of blades that are on the impeller.* Instead, it 
depends only upon the motion U of the midpoint of the impeller and the 
tangential component V, of the velocity of the liquid as it enters and 
leaves the impeller. 


Flow Kinematics. To properly define the velocity components in the 
above equations, it is convenient to establish velocity kinematic diagrams of 
the flow as it enters and then exits each impeller blade, Fig. 14—3. The center 
of the blade has a velocity U = r,,w, so the velocity of the liquid relative to 
the blade, (¥V,.));, will be at the blade tangent angle ,, Fig. 14—3a. This 
interaction changes the velocity of the liquid to V;, acting at the angle a. 
Note carefully the convention used to establish o, and ,. The angle a, is 
directed between V, and U, whereas f, is between V,,, and -U. From the 
parallelogram law of vector addition, we can therefore express the velocity 
Vi in terms of two different sets of components, 


V; — U t (Vui (14-5) 
and 
Vi — Va + V, (14-6) 


where V,, ~ V,,cot ay. 


For the most efficient performance of the pump, the blade angle B, should 
be designed so that V, is directed upwards, where a, — 90°. When this is 
the case, the initial upward direction of the liquid velocity will be 
maintained so that V, — V,. Also, V,, — 0, so that the power, calculated 
from Eq. 14-4, will be a maximum. 


"There are disadvantages to having too many blades because the flow becomes restricted 
and frictional losses increase. 


A similar situation occurs just as the liquid is directed off the impeller. 
Here, the relative velocity of the liquid at the tail of the impeller blade is 
( Via)». which is directed at the blade angle 65, Fig. 14—35. The components 
of V; are shown in Fig. 14—3c, where 


V; -U-c (Ve (14-7) 
and 


V2 © Vn + Va (14-8) 
To reduce turbulence and frictional losses, proper design re quires that V; 


be directed tangentially onto the stator vanes at the angle œ, as shown in 
Fig. 14—3d. 


Procedure for Analysis 


The following procedure provides a method for analyzing the flow 
through the blades of an axial-flow pump. 


* For flow onto a blade, first establish the direction of the midpoint 
velocity of the blade, U. Its magnitude is determined from 
U = wr,,. Then show the velocity of the flow V, at an angle a, 
from U, Fig. 14—35. 


The axial velocity through the pump V, is always perpendicular 
to U. Its magnitude is determined from the flow Q — V,A, where 
A is the open cross-sectional area through the blades. The 
relative velocity of the flow onto a blade, (V,.4),. is tangent to the 
blade at the design angle Bj, measured from the direction of -U, 
Fig. 14-3). 


Analyzing flow off the blades follows the same procedure, as 
noted by the kinematic diagram in Fig. 14—34. 


When U, V, V,, and V,,; are established, then the tangential 
component of velocity V, can be constructed by the vector 
resolution of V into its rectangular components. Here 
V — V, t V, but also V — U * V,4. Depending upon the 
problem, the various magnitudes and/or angles can be determined 
from these vector resolutions using trigonometry. 


Once the tangential components of velocity, V,, and V;;, are 
known, then the torque and power requirements for the pump 
can be found from Eqs. 14-2 through 14-4. 





14.2 AxiAL-FLOw PUMPS 


805 





806 CHAPTER 14 TURBOMACHINES 





EXAMPLE [14:1 


The axial-flow pump in Fig. 14—4a has an impeller that is rotating at 
150 rad/s. The blades are 50 mm long and are fixed to the 
S0-mm-diameter shaft. If the pump produces a flow of 0.06 m/s, and 
the lead blade angle of each blade is B, — 30* and the tail blade angle 
is B, — 607, determine the velocity of the water when it is just on a 
blade and when it just leaves it. The average cross-sectional area of 
the open region within the impeller is 0.02 m. 





50mm 50mm 


= Va 


SOLUTION 


Fluid Description. We assume steady ideal flow, using 
average velocities. 





0 rad/s 


(a) 


Kinematics. Using the mean radius to determine the velocity of the 
midpoint of the blades, we have 





U = wr, = (150 rad/s)( 0.025 — 2) = 7.50 m/s 
Also, since the flow is known, the axial velocity of the liquid through 
the blades is 
Q — VA; 0.06 m?/s — V,(0.02 m?) 


Va — 3m/s 


The kinematic diagram for the water as it just encounters a blade is 
shown in Fig. 14—4b. As usual, two sets of components for V, are 
established. They are V, — V,, * V, and V, — U + (Viei Using 
trigonometry, one way we can determine V; is as follows: 


V4 — 7.50 m/s — (3 m/s) cot 30? — 2.304 m/s 


tna, =a, a, = S247 
an 3304 m/s' -1 
3 m/s — Vj, sin 52.477, V, — 3.78 m/s Ans. 


The kinematic diagram for the water just leaving the blade is shown in 
Fig. 14—4c. We can determine V; the same way we determined Vi, but 
here is another way to do it. 


3 m/s 


tan60° - 
7.50 m/s = Vis 


V,5 — 5.768 m/s 


Therefore, 


Va = V (Va + (Va) ^ V(3 m/s) + (5.768 m/s)? = 6.50 m/s Ans 
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EXAMPLE [14:2 





The blades on an impeller of the axial-flow pump in Fig. 14-5a have a 
mean radius of r,, ^ 125 mm and rotate at 1000 rev / min. If the pump 
is required to produce a flow of 0.2 m*/s, determine the initial blade 
angle B, so that the pump runs efficiently. Also, find the average 
torque that must be applied to the shaft of the impeller, and the 
average power output of the pump if the fluid is water. The average } 
open cross-sectional area through the impellers is 0.03 m?. | 1000 rev/min. 


125 mm (mean radius) 












SOLUTION 


Fluid Description. We assume steady ideal flow through the pump 


and will use average velocities. p = 1000 kg/m’. (Viae 


B, 70 


Kinematics. The midpoint velocity of the blades has a magnitude of 


: Impeller 
= — { 1000 rev \/ 1 min \/ 27 rad 2 D 
U © or, ( m X 60 s X T ors m) — 13.09 m/s (a) 
And the axial velocity of the flow through the impeller is 


Q 7 VA; 0.2 m?/s — V,(0.03 m?); V, = 6.667 m/s 


The pump will run efficiently when the velocity of the water onto the 
blades is V, — V, — 6.667 m/s as shown in Fig. 14-55. Here a, — 90* 
and so 


Vi B Va = 6.667 m/s 





_ 6.667 m/s EDA : 
tan B, 1309 m/s Eds Bi ns. 
Also, because a; = 90°, Entrance 
LT —~ 0 (5) 
At the exit, Fig. 14—5c, E 
U- 1309 m/s, 
V,; — 13.09 m/s — (6.667 m/s) cot 70° = 10.664 m/s 70 v; 
Torque and Power. Since the tangential components of velocity ~ 6.667 m/s 
are known, Eq. 14-2 can be applied to determine the torque. Vin 
T — pQr,(Vo — V4) V, 76.667 m/s 
— (1000 kg/m?) (0.2 m3/s) (0.125 m)(10.664 m/s — 0) L Rn 
— 267 N*m Ans. 
Exi 
From Eq. 14-4, the power supplied to the water by the pump is AR 
Woump — PQU(Vi2 — Vi) Fig. 14-5 
= (1000 kg /'m*)(0.2 m*/'s)(13.09 m/s)(10.664 m/s — 0) 
— 27.9 kW Ans. 


Note: If a; < 90°, V; would have a component V,, as in the previous 
example and this would decrease the power. 





808 CHAPTER 14 TURBOMACHINES 






i 
Casing 
I 


Guide 
vane T 


Centrifugal pump 
(a) 





(b) 


Fig. 14-6 


/ Impeller 


blade 


14.3  Radial-Flow Pumps 


A radial-flow pump is probably the most common type of pump used in 
industry. It operates at slower speeds than an axial-flow pump, so it 
produces a lower flow, but at a higher pressure. Radial-flow pumps are 
designed so that the liquid enters the pump in the axial direction at the 
center of the pump, and then it is directed onto the impeller in the radial 
direction, Fig. 14—6a. To show how this pump works, consider the impeller 
blade in Fig. 14—65. Due to its rotation, the liquid is scooped up by the 
blade. Just as in the axial-flow pump. this will lower the pressure and 
draw more liquid onto the blade. As the liquid flows off each blade, it 
then moves onto, then later off, the guide vanes and accumulates around 
the entire circumference of the pump's casing, Fig. 14—6&:. Because of the 
way the liquid flows, this type of pump is also called a centrifugal or a 
volute pump. 


Kinematics. The kinematics of the flow over the impeller can be 
analyzed in a manner similar to that used for an axial-flow pump, as 
described in the Procedure for Analysis given in Sec. 14.2. 

A typical blade is shown in Fig. 14—6c, where the front end of the blade 
has a velocity of U; 7 wr, and the tail has a higher velocity of U, Z wrn. 
Note carefully how the front and tail blade angles B are established 
between -U and the relative velocity V,,), and the angles a are established 
between the velocity of the fluid V and U. Similar to Eqs. 14-5 and 14-6, 
we can express V in terms of two different se ts of its components, namely, 
V =U + Ver its tangential and radial components, V ~ V, + V,. 


Continuity. To analyze the flow, we will again assume that friction 
can be neglected, the fluid is incompressible, and the flow is guided 
smoothly over the blades of the impeller, each of which has a constant 
width 5. The control volume contains the fluid within the impeller as 
shown in Fig. 14—-6a. Since steady flow through the open control surfaces 
] and 2 occurs in the radial direction, then the continuity equation 
applied to these surfaces becomes 


> pdV + [ pv-aa =o 


0 — pV,4(Qmrjb) + pV,(27r,b) = 0 
or 


Vari ~ Var; (14-9) 


Note that since n > n, the velocity component V, < Va- 
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Angular Momentum. The torque on the shaft of the impeller can 

be related to the angular momentum of the fluid using the angular 

momentum equation. 

(Viren) 





j 
5M ai x V)pdV + fo X V)pV * dA 
0L J ev cv 


The component of V that produces the moment in the factor r X V is V, 
and the component that contributes to the flow pV * dA is V,. Therefore, 
we have 


T 70 * nV4p| -(V,)mr,b)] * r;Vapl (V, arrob) | 
— p(V,)2mrr3b)r;V — PV amr br Va (14-10) 
Since Q — V,(2zrjb) = V,.(27Mmb), we can also express this equation as 
T~ pQ(rV2 — Vin) (14-11) 


From the impeller kinematics in Fig. 14—6c, for any r, V, — V, cot a. 
Therefore, the torque can also be expressed in terms of V, and a. It is 


E pQir; V, cota, — rnviy cot a) (14-12) 


Power. The power developed by a pump is often called the shaft 
or brake horsepower, since it refers to the actual horsepower going 
to the pump shaft and not the horsepower going to the motor. In 
FPS units it is measured as brake horsepower, bhp, where 
l bhp — 550 ft- Ib/s. In the SI system, power is measured in watts, 
where IW — I N:m/s. 

With Eq. 14-12, the power delivered to the fluid can be expressed in 
terms of the speed of the head and tail of the impeller blades. Since 
U, — wr, and U, — wr, we have 





? Entrance U, 


Wap ~ Tœ = pQ (UV,a cotan — UjV4 cota) — (14-13) 

(Vrev2 V5 

Radial-flow pumps are often designed so that the blade angle 8; provides i 

an initial flow that is directed onto the impeller blades in the radial 

direction, that is, the tangential component of velocity Vj; ^ 0, and so 

a, — 90^, Fig. 14—6d. If this is the case, then Eq. 14-13 will provide a greater 

power because the last term in the above equation will be zero, i.e., 
cot 90 = 0. 


We can also express Eq. 14-13 in terms of the tangential component of | n 
velocity. Since in ge neral V, — V, cot a, then X Exit 

— | | (d) 
Woump u PO (UV - Ui Va) (14-14) 


Fig. 14-6 (cont.) 
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Flow within the Casing. The flow that occurs within the pump 
casing can be obtained by applying the angular momentum equation to 
the fluid within a control volume having open control surfaces just after 
the head of the guide vanes, 2, and at a general point within the casing, 
where the liquid is free flowing, Fig. 14—6e. Since here there is no torque 
on the liquid, 7 — 0, Eq. 14-11 becomes 


0 — rV, ET rV 


OT 








This represents a case of free-vortex flow, discussed in Sec. 7.9. As a result, 
the flow pattern within the casing looks like that shown in Fig. 14—6e. It 
is this accumulation of the flow, as it passes off the guide vanes, that 
requires the casing to have the growing spiral or volute shape; hence the 
name “volute pump.” 


14.4 Ideal Performance for Pumps 


The performance of any pump depends upon a balance of energy as the 
fluid flows through the impeller. For example, in the case of an axial-flow 
pump, Fig. 14-2a, assuming we have incompressible steady flow through 
the open control surfaces, and neglecting frictional losses, the energy 
equation, Eq. 5-13, applied between points | (in) and 2 (out) on the open 
control surfaces becomes 


| y.2 V2 
Pin » = Lu T —- + Zout + Aiur + hy 


—_—_—-+_— - 


xb 
y 2g —. "T y 2g 


7 ? 
= [Pow , Vout Pin , Vin , | 
hoump ( y T 2g + zon) = ( y + 2g + zn) 


This is an ideal pump head because it neglects any frictional losses that 
may occur. It represents the change in the total head of the fluid and it 
applies to both axial- and radial-flow pumps. Using Eq. 5-16, the ideal 
power produced by the pump is then 


acis 


Finding /tyump for a pump is important, because it refers to the additional 
height to which the liquid can be raised when the pump is operating. 
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Head Loss and Efficiency. If we express the ideal pump head in 
terms of the impeller’s tangential velocities using Eq. 14—4 for an axial- 
flow pump or Eq. 14-14 for a radial-flow pump, we have 


= U(Vj — V4) 4c 

pump 7 M (14-16) 
Axial-flow pump 

= UV — UVa . 

hue 7 — 2 5 (14-17) 


Radial-flow pump 


The actual head, (/pump)act, delivered by the pump will be less than this 
ideal value, because it must account for the mechanical head losses Ay 
within the pump. These losses are a result of friction developed at the 
shaft bearings, fluid friction within the pump casing and the impeller, and 
additional fluid flow losses that occur because of inefficient circulation 
into and out of the impeller. The head loss is therefore (a) 


nz E pimp p pump act (Via V, 
The hydraulic or pump efficiency 1,4, (eta) is the ratio of the actual head 
delivered by the pump to its ideal head, that is, 





Ideal pump head versus flow 


(h Jac 
Noump = ——— (100%) (14-18) 


Apump 


Head-Discharge Curve — Radial-Flow Pump. Asstated earlier, 
radial-flow pumps generally have impeller blades designed so that the fluid 
has no inlet swirl, so that V,, — 0 since a, — 90^, Fig. 14-64. Also, for this 
case, the component V,» can be related to V,» at the tail of the blade by noting 
that V; — U; — V,; cot B5. The ideal pump head then becomes 





B;« 90 

h — UWn — U,V4 .. UXx(U5 — Vi; cot B;) — U,(0) (b) 

pump g g -~ d 
Since Q — V,A — V,4(2arr3b), where b is the width of the blades, Fig. 14—6b, (Vh oy, 
we get i 

—_ U5 UQ coth, | 
h ——— 14-19 
pump g 2m nbg ( 
(a, — 907) 


This equation is plotted in Fig. 14—7a for two different blade angles, 
B- =< 90°, Fig. 14—7b, and B, — 90^, Fig. 14—7c. Notice from the graph that 
when the blades of the impeller are curved backward, B; — 90^, which is 
the usual case, then the ideal pump head will decrease as the flow Q 
increases. If B; — 90^, then the tails of the blades are in the radial 
direction, and so cot 90° = 0, and Apump does not depend on the flow Q. 
It is simply hy, — U,” /g. Engineers generally do not design radial-flow 
pumps with forward curved blades, for which B, > 90°, because the flow 
within the pump has a tendency to become unstable and cause the pump 
to surge. This can cause rapid pressure changes that make the impeller 
oscillate back and forth in an attempt to find its operating point. 
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Important Points 


The continuity equation requires that the velocity of the flow of 
liquid through an axial-flow pump remains constant along its 
axis, whereas for radial-flow pumps, the radial component of 
velocity of the liquid must decrease as the liquid flows outward. 





Blade angles for axial- and radial-flow pumps are defined in the 


same way; that is, « is measured between the velocity U of the 

blade and the velocity V of the flow, and B is measured between 
This leaf blower acts as a radial-flow pump -U and the velocity V,., of the flow measured relative to the 
Notice the volute shape of the casing as it blade, Fig. 14-3 and Fig. 14—6b. 


accumulates air and expels it out of the pipe. : i 
j "T The torque and power developed by axial- and radial-flow pumps 


depend on the motion of the blades, and on the tangential 
components of the flow as it just enters and just leaves the blades. 


Axial- and radial-flow pumps are usually designed so that the 
entrance flow onto the blades is only in the axial or radial 
direction. Therefore, V,, ~ 0 since a, = 90°. 


The performance of axial- and radial-flow pumps is measured 
by the increase in energy, or the increase in head /15,,, produced 
by the pump once the fluid passes over the impeller. This head 
depends on the impeller's speed U and the difference in the 
tangential components of velocity, V, of the fluid as it just enters 
and just leaves the impeller. 


Hydraulic efficiency of axial- and radial-flow pumps is the ratio 
of the actual pump head divided by the ideal pump head. 





EXAMPLE [14:3 


Determine the hydraulic efficiency for the axial-flow pump in 
Example 14.2 if frictional head losses produced by the pump are 0.8 m. 
SOLUTION 

Fluid Description. We assume steady, incompressible flow through 
the pump. 

Pump Head. We can use Eq. 14-16 and the results of Example 14.2 
to determine the ideal pump head. 


_ UV. — Va) _ 7.50 m/s(5.768 m/s — 2.304 m/s) 
A 5 9.81 m/s? 
The actual pump head is determined from Eq. 14-11. 


(Apunpaa (pump! ~ hy, = 2.648 m — 0.8 m — 1.848 m 


h — 2.648 m 


Hydraulic Efficiency. Applying Eq. 14-18 yields 


( m 1.848 m 
— — (100%) = — (100%) — 69.8% 
2.648 m ) 


pump h 
pump 
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EXAMPLE | 14.4 


The impeller on the radial-flow pump in Fig. 14-8a has an average 
inlet radius of 50 mm and outlet radius of 150 mm, and an average 
width of 30 mm. If the blade angles are B, = 20" and B, = 10, 
determine the flow through the pump, and the ideal pump head when 
the impeller is rotating at 400 rev/min. The flow onto the impeller is in 
the radial direction. 


SOLUTION 


Fluid Description. We will assume steady, incompressible flow and 
use average velocities. 





Kinematics. To find the flow, we must first determine the speed of 
the fluid as it moves onto the blades. We will also need the speed of 
the blades at its entrance and its exit. 


400 | mi 2 d 
LUAM (Os )( Se )( = oos m) — 2.094 m/s 





min 60 s ] rev 
400 rev | min \/ 27 rad 
U, = uq — | mm 0.150 = 6.283 
UE min Kara ) n n 


The kinematic diagram for the flow onto the impeller is shown in 
Fig. 14-8b. Since V, is in the radial direction (a, — 90^), 





V, —V, — U,tan B, — (2.094 m/s) tan 20" — 0.7623 m/s 


V 
Flow. The flow into as well as out of the pump is MOI 
Q EZ ViA, € ViQ2rribi) 
= 0.7623 m/s|2:3(0.05 m)(0.03 m) 
= 0.007184 m?/s — 0.00718 m/s 





Ideal Pump Head. The ideal pump head is (b) 
h = uy .. U;Q cot B; Fig. 14-8 
pump 8 27 robe 


. (6.283 m/s) (6.283 m/s)(0.00718 m? /s) cot 10° 
9.81 m/s? 23(0.150 m)(0.03 m)(9.81 m/s?) 
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EXAMPLE | 74.5 







Typical radial-flow pump 


V, = 11.00 ft/s 





The impeller of a radial-flow water pump has an outer radius of 5 in., 
average width of 1.25 in., and a tail angle 8; — 20", Fig. 14-9. If the 
flow onto the blades is in the radial direction, and the blades are 
rotating at 100 rad/s, determine the ideal horsepower. The discharge 
is 3 ft’ /s. 


SOLUTION | 


Fluid Description. We assume steady, incompressible flow and will 
use average velocities. Here y,, = 62.4 lb/ft’. 


Kinematics. The power can be determined using Eq. 14-13, with 
a, ~ 90°, First we must find U>, V,2, and a>. The speed of the impeller 
at the exit is 


5 
Uy = wr, = (100 rad/s > 3 — 41.67 ft/s 

Also, the radial component of velocity V, can be found from Q — V,» A». 

5 1.25 
"nc E (= a) (+S) 

DEI nmm 12 

As shown in Fig. 14—9, 

V,. ^7 U; — V,2 cot 20° = 41.67 ft/s — (11.00 ft/s) cot 20° = 11.44 ft/s 


Via A 11.00 ft/s 





Therefore, 
_ Vio (=) — 
anc y. (iais 02 ^7 
Ideal Power 
Woump — PQ(U;V,; cota; — U,V, cot a) 
= (SER) t) )(41.67 ft/'s)(11.00 ft/s) cot 43.87° — 0 
———a t/s í t/s à t/s) cot 43.87° — 
322 ft/s? nM n x 
= (2771.72 ft Ib Y a ) =5.04h A 
MUN IP ssoft-Db/s) BP m 
SOLUTION II 


The ideal power can also be r elated to the ideal pump head by Eq. 14-15, 
W pump ~ QYħpump- First we must find A pump DY using Eq. 14-19. This gives 


z U? |. U5Q cot B; 


hoump ; 





27 robe 
_ (41.67 ft/s)? (41.67 ft/s)(3 f /s) cot 20° 


2R/? (5 1.25 
we 2n( = i) (= i) (32.2 ft/s?) 


— 14.81 ft 
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Therefore, 
W pump = QYpump = (3 ft*/s)(62.4 1b/fè)(14.81 fö 


= 2772 ft-lb = 
/$\ 550 ft- Ib/s 


) = 5.04 hp 





14.5 Turbines 


Unlike a pump that delivers energy to a fluid, a turbine is a turbomachine 
that receives energy from a fluid. Turbines can be classified into two 
different types: impulse turbines and reaction turbines. Each type removes 


the fluid’s energy in a specific way. Pelton wheel 
(a) 


Impulse Turbines. An impulse turbine consists of a series of 
"buckets" attached to a wheel as shown in Fig. 14-10a. A high-velocity 
water jet strikes the buckets, and the momentum of the water is then 
converted into an angular impulse acting on the wheel. If the flow is 
split uniformly into two directions by using double-cupped buckets, as 
shown in Fig. 14-105, then the device is generally referred to as a 
Pelton wheel, named after Lester Pelton, who designed this turbine in 
the late 1870's. An impulse turbine such as this is often used in 
mountainous regions, where water is delivered with a high velocity 
and with small volume. 

The force created by the fluid striking the buckets of a Pelton wheel 
can be determined by applying the equation of linear momentum to the 
control volume in Fig. 14-105, which is attached to the bucket and 
moving with a constant speed U. If V is the velocity of flow from the 
nozzle jet, then V,., ^ V — U is the relative velocity onto, and then off, 
each bucket, Fig. 14-10c. Therefore, from the free-body diagram, 








Fig. 14-10d, for steady flow, with Q — VA, we have y 
—————- 
— e +> 
a U Vic 
2F =— f Voi pdV + f V jes P V fjes * dA ] 
dt Jey cs | (c) 
(2) =F = 0 * Vpsp(-VA) * (Vy cos 0) p (VA) 
Since Q — VA, 
F — pQV,j(1 * cos8) (14-20) Free-body diagram 
(d) 
Notice that when the exit angle 0° = @ < 90°, the cos 0 remains positive, 
Fig. 14-10 


thereby producing a larger force than when 90° = @ = 180°, 
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Pelton wheels are most efficient at high 
hydraulic heads and low flows. This one has 
a diameter of 2.5 m, and was used for a head 
of 700 m, flow of 4 m?/s, and a rotation of 
500 rpm. 





(b) 
Fig. 14-10 (repeated) 


Torque. The torque developed on the wheel is the moment of this 
impulsive force about the axis of the wheel. Here we have a succession of 
buckets that receives the flow, and so for continuous turning, we have 


T — Fr > pQVp.. + cos0)r (14-21) 


Power. Since each bucket has an average speed of U = wr, 
Fig. 14-10a, the shaft power developed by the wheel is 


Wir ~ To = POVi U + cos @) (14-22) 


Maximum power from the fluid requires the bucket angle @ = 0’, since 
cos 0° = 1, Also, since Vij. — V — U,then Wa 7 pQ(V — U)U(2). The 
product ( V — U) U must also be a maximum, which requires 


d 
—(V- U)U = (0 —- DU + (V- U)1) = 0 
dU 


U = 


nie 


Therefore, to generate maximum power, the relative velocity of the fluid 

onto the buckets is Vjes — V — V/2 — V/2, so as the fluid comes off the 

buckets, it will have a velocity of V~ U + Vp, ~ V/2 — V/2 — 0. In other 

words, the fluid has no kinetic energy, and instead, the power of the water 

jet will be converted completely into the power of the wheel. 
Substituting these results into Eq. 14-22, we get 


u V? 
(W turb) max u o(*) (14-23) 


This, of course, is a theoretical value, which unfortunately is not practical 
since the fluid coming off one bucket would actually splash off the back 
of the next bucket that strikes the water, thus causing a reverse impulse. 
To avoid this back splashing, engineers normally design the exit angle 
Ü to be about 20^, Fig. 14-105. Considering other losses due to splashing, 
and viscous and mechanical friction, a Pelton wheel will have an 
efficiency of about 85% in converting the energy of the fluid into 
rotational energy of the wheel. 
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EXAMPLE TS 


The Pelton wheel in Fig. 14-11 has a diameter of 3 m and bucket 
deflection angles of 160°. If the diameter of the water jet striking the 
wheel is 150 mm, and the velocity of the jet is 8 m/s, determine the 
power developed by the wheel when it is rotating at 3 rad/s. 





V-78my/s 


U e 4.50 m/s Vr 





(a) (b) 


Fig. 14-11 


SOLUTION 


Fluid Description. We have steady flow onto the blades, and we 
will assume water to be an ideal fluid for which p,, = 1000 kg/m’. 


Kinematics. The average speed of the buckets is 
U = wr — 3rad/s(1.5 m) — 4.50 m/s 


The kinematic diagram in Fig. 14-115 shows the flow of the water onto 
and then off each bucket. Here the relative speed of the flow onto the 
bucket is Vies ~ 8 m/s — 4.50 m/s — 3.50 m/s. 


Power. We will use Eq. 14-22, with 0 = 20* and Q — VA. Thus, 


Wt es PwOV ,U(l t cos 0) 


— (1000 kg/m?) [(8 m/sym(0.075 m)? ] (3.50 m/s)(4.50 m/s)(1 + cos 20°) 
= 4.32 kW "e 
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Reaction Turbines. Unlike an impulse turbine, the flow delivered 
to blades or runners of a reaction turbine is relatively slow, but it does 
handle a large volume of fluid. As a result, the casing for the turbine will be 
completely filled. If the turbine is designed to receive axial flow, it is known 
as a propeller turbine. A Kaplan turbine, named after Viktor Kaplan, 
Fig. 14~—12a, is a type of propeller turbine, where the blades can be adjusted 
to accommodate various flows. Propeller turbines are used for low flows 
and low hydraulic heads. If the flow through the turbine is radial or a mix 
of radial and axial flow, it is called a Francis turbine, named after James 
Francis, Fig. 14-12b. This turbine is the most common type used for 


Whirl chamber., ^ „Guide vanes 


— Runner 
— Draft tube 








Propeller or Kaplan turbine I . . . 
(a) hydroelectric power because it can be designed for a variety of flows and 
hydraulic heads. 
Inlet from SM r e ; : . 
penstock Guide Kinematics. The analysis of reaction turbines follows the same 


vanes 


Scroll or volute methods used to analyze axial- and radial-flow pumps, discussed 
Runner previously. Even the blade kinematics is the same, as outlined in the 
Procedure for Analysis of Sec. 14.2. As a review, consider the case of a 
turbine fan used on a jet engine. This is a type of propeller turbine, 
where constant axial flow of a mixture of hot air and fuel passes through 
a sequence of stationary or stator blades, then rotating or rotor blades, 
Fig. 14-13a. Considering one of these interactions, Fig. 14-135, the 
stator directs the flow at an angle a}, so that it strikes a rotor blade with 
a velocity V;. The rotor blade then delivers the flow with a velocity V; 
at the angle œ, tangent to the blades on the next stator, etc. Since the 
turbine removes energy from the flow, the fluid velocity (kinetic energy) 
will decrease (V; — Vj) as the flow passes over each set of rotors. 
Following the same convention as for pumps, note carefully how the 
velocity components are established. By convention, « is measured 


| . 
vac verom between U and V, and f is measured between -U and Ve. 


Draft tube 


Exit to 
tàil race 








Guide vanes 
| 






Francis turbine 
(b) 
Fig. 14-12 





Flow onto Flow off rotor blade 
Axial-Flow Turbine rotor blade Rotor Stator 





(a) (b) 
Fig. 14-13 


Torque. If we apply the angular momentum equation to the rotor, 
then we can determine the torque applied to the rotor from Eq. 14—2 or 
Eq. 14-11. 


T pQr,( Vo m Va) (14-24) 


Propeller turbine 


T = pQr — rVa) (14-25) 


Francis turbine 
Here the torque will be negative since Va > Vp, Fig. 14-13b. 


Power. Knowing the torque, the power produced by the turbine is then 


Was 7 To (14-26) 


Head and Efficiency. The ideal turbine head removed from the fluid 
can be expressed as a function of the power by using Eq. 14-15. 


Wur 
ke n - (14-27) 
Oy 


Finally, since the turbine extracts energy, the actual turbine head removed 
from the fluid will be greater than the ideal head, because the actual head 
also accounts for frictional losses. Thus, 


(rar dact = LES T hy, 


Therefore, the turbine efficiency based on the frictional losses is 


— } lturb , 
Tub — .. . (10056) (14-28) 
ü lurbJact 


The example which follows provides a typical application of these equations. 





Important Points 


^ A Pelton wheel acts as an impulse turbine, where a high-velocity 
jet of fluid strikes the buckets on the wheel. By changing the 
momentum of the jet, this creates a torque, causing the wheel to 
turn, thereby producing power. 


Maximum power produced by a Pelton wheel occurs when the 
flow is completely reversed by the buckets and the wheel turns so 
that the velocity of the fluid leaving the buckets is zero. 


Reaction turbines, such as Kaplan and Francis turbines, are 
similar to axial-flow and radial-flow pumps, respectively. All 
turbines remove energy from the fluid. 
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This propeller turbine has a diameter of m 


4.6 m, and was used for a head of 7.65 m, 
flow of 87.5 m?/s, and had a rotation of 
75 rpm. 





This Francis turbine has a diameter of 4.6 m, 
and was used for a head of 69 m. flow of 
447 mm/s, and had a rotation of 125 rpm. 
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EXAMPLE | 44.7 





The guide vanes of a Francis turbine in Fig. 14—-14a direct water onto 
the 200-mm-wide runner blades at an angle of a, — 30". The blades are 
rotating at 25 rev/min, and they discharge water at 4 m/s in the radial 
direction, that is, toward the center of the turbine, o; — 90^, Fig. 14-145. 
Determine the power developed by the turbine and the ideal head loss. 


SOLUTION 


Fluid Description. We have steady flow onto the blades and assume 
water to be an ideal fluid for which p,, = 1000 kg/m’. 


Kinematics. In order to determine the power, we must first find the 
tangential components of velocity onto and off the blades, Fig. 14-145. 
Using the flow, the radial component of velocity of the water onto 


Linkage used to operate guide vanes for 
a Francis turbine 


each blade, atr,; — Im, is 
O ~ V,,A; 
4 m*/s = V,,[2(1 m)(0.20 m) | 
Vi 3.183 m/s 


Thus, from Fig. 14-145, the tangential component is 
V4, — (3.183 m/s) cot 30° = 5.513 m/s 


At the tail of the runner, V;; ^ 0, since only radial flow occurs. 


Power. Applying Eqs. 14-25 and 14-26, we get Wy ~ 
p,Q(r;Vi — rj V4)o. Since we have a Francis turbine, the power output 
is therefore 


: 25 rev | min \ / 27 rad 
Wis» — (1000 kg/m*)(4 m*/s)| 0 — (1 m)(5.513 m/ (ESE) 
wub ( g/m )(4 m’/s) (1 m)(5.513 m/s) min 60 s | rev 








Wea = —57.74(10°) W = —57.7kW Ans. 


The negative sign indicates the removal of energy from the water, 
which is expected. 


Head Loss. The ideal head loss is determined from Eq. 14-27. 


= Was — —57.74(10°) W 
ee SE—————— 
(b) "P — Qy — (Am?/s)(1000 kg/m?)(9.81 m/s?) 
— —].47 m Ans. 


Fig. 14-14 


14.6 Pump Performance 


When selecting a specific pump to use for an intended application, an 
engineer must have some idea about its performance characteristics. For 
any given flow, these include the shaft power requirements E the 
actual pump head (/,,,,),4, that can be developed, and the pump's 
efficiency 7. In past sections, we have studied how these characteristics 
are calculated based on an analytical treatment; however, for any real 
application, where fluid and mechanical losses occur, the data must be 
determined experimentally. In order to give some idea as to how this is 
accomplished, we will consider an experimental test as it applies to a 
radial-flow pump. 

The testing of this pump follows a standardized procedure, which is 
outlined in Ref. [12]. The setup is shown in Fig. 14-15a, where the pump 
is made to circulate water ( or the intended fluid) from tank A to another 
tank B through a constant-diameter pipe. Pressure gages are located on 
each side of the pump, and the valve is used to control the flow, while a 
meter measures the flow before the water is returned from B to A. The 
pump's impeller is turned by an electric motor and so the power input 
W pump can also be measured. 

The test begins with the valve closed. The pump is then turned on and 
its impeller begins to always run at a fixed nominal speed wp». The valve is 
then opened slightly, and the rate of flow Q, the pressure difference 
across the pump (p; — pi). and the power supply Woas are all measured. 
The actual pump head is then calculated using the energy equation, 
applied between points 1 and 2. Here V5 ^ V, ^ V, and any elevation 
difference z; — z, and head losses within the pump are factored in as 
part of the pressure head, 1.€.,(/pump)act — pump — hj. We have 


i 4 
[e til iea 


omo — 





Pump test 
(a) 


Fig. 14-15 
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VERE 
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Pumps and pipe systems play an important 
role in refineries and chemical processing 
plants. 
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Pin Vin — Pout Vie 
y tg T in + Ppp vy Cg + Zout + Jum + Ru 
p Vv? | Pp, VW 
—_—+—+ 0 + (h Le ere + 0 +0 4+ 0 
y 2g a o x 
,—P27Hi 
(Apurmp act m y 





Once (hpump)act 1S calculated, and Q and "M on are measured, we can then 
determine the hydraulic efficiency using Eqs. 14-15 and 14-18; that is, 


mu (Apump)act — QY (hpump)act 
Npump a T CSa ———— 
Pump Woump 


If we continue to change Q in increments, until the pump is running at its 
maximum capacity, and plot the successive values Of (Mpump)act> | M and 
"pump Versus Q, we will produce three performance curves that look 
similar to those shown in Fig. 14-155. Included on this graph is the 
straight-line ideal pump head, as established previously in Fig. 14-7. 
Both this and the actual pump head blue curve assume the impeller 
blade has a backward curve, B < 90°, which, as we stated earlier, is most 
often the case. 


hoump pump: W pump 









Ideal 
pump head B, < 90° 


Power 


Actual 
pump head 


Efficiency Q 


Qua d Omax 


Pump Performance 


(b) 


Fig. 14-15 cont. 


Note that the actual pump head in blue is always below its ideal head. 
Several factors are responsible for this. The most important is the loss of 
head that occurs because the impeller has a finite, rather than an infinite, 
set of blades. As a result, the flow will actually leave each blade at an 
angle that will be slightly different from the blade’s design angle f). 
Hence, the pump head will be proportionally reduced. Along with this 
effect, there are additional losses due to fluid friction and mechanical 
friction at the shaft bearings and seals, and turbulent losses due to 
improper flow along the impeller. 

The green curve for efficiency shows that it increases as Q increases, 
until it reaches a maximum called the best efficiency point (BEP), and 
then it begins to decrease to zero at Omax. If the required design flow 
happens to be Q,eq'a, then based on these curves, this pump should be 
chosen, because it will operate at maximum efficiency (BEP) for this 
flow. When used, it will produce a power defined at point A on the red 
curve, and a head defined at point B. 


Manufacturer's Pump Performance Curves. From similar 
types of experimental tests, manufacturers provide pump performance 
curves for many of their pumps. Normally, each pump is designed to run 
at a constant nominal speed «y and is designed to accommodate several 
different diameter impellers within its casing. An example is shown in 
Fig. 14-16, which is for an impeller that runs at « ^ 1750RPM and can 
be fitted with 5 in., 5.5 in., and 6 in. diameter impellers as indicated by the 
blue curves. Following these curves one can then obtain the efficiency 
(green) and brake horsepower (red) for a required flow. For example, 
when a pump with a 6-in.-diameter impeller is required to produce a 
flow of 470 gal/min, it then has an efficiency of 86% (point A) and 
produces a total head of about 140 ft with a brake horsepower of 21 bhp. 


(NPSH )reqid 


z = 
"2 "Se M 
3 rs 


) 





100 — 200 . 300337 400 470 500 600 700 800 
Flow Q (gal/min) 


Fig. 14-16 
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14.7 Cavitation and the Net Positive 
Suction Head 


One important phenomenon that can actually limit the performance of a 
pump occurs when the pressure within its casing drops below a certain 
limit, so that it causes cavitation. Recall from Sec. 1.8 that cavitation is the 
result of the pressure within a liquid falling to or below the vapor pressure 
p, for the liquid. For a radial-flow pump this usually occurs on the suction 
side, within the center or eye of the impeller, since there the pressure is the 
lowest. When cavitation does occur, the liquid will boil, and bubbles or 
cavities will form within the liquid. As these bubbles are transported along 
the blades of the impeller, they reach regions of higher pressure, where 
they suddenly collapse. This violence causes outward pressure waves that 
produce a repeated pounding on any adjacent hard surface, which 
eventually causes material fatigue and wearing away of the surface. The 
process of wear is further aggravated by corrosion, or other 
electromechanical effects. Cavitation is associated with vibration and noise, 
which usually resembles the sound of rocks or pebbles striking the sides of 
the casing, and once it occurs, the pump’s efficiency falls dramatically. 

For any specific pump there will be a critical suction head, developed 
at the suction side of the pump, where cavitation within the pump will 
begin to occur. Its value can be determined experimentally by maintaining 
a specified flow and varying the elevation of the pump from a reservoir. 
As the vertical length of pipe needed to draw the fluid up into the pump 
increases, a critical elevation will be reached where the pump's efficiency 
will suddenly drop. Using the energy equation, with the datum at the 
pump inlet, we can obtain this critical suction head. It is represented by 
the sum of the pressure and velocity heads at the inlet, ( p/y + V*/2g ). If 
the vapor pressure head p,,/y for the liquid is subtracted from this 
head, the result is referred to as the net positive suction head (NPSH). 
Since cavitation or p, actually occurs within the pump, and not at the 
inlet, the NPSH is the additional head needed to move the fluid from the 
inlet to the point of cavitation within the pump. 

Manufacturers normally perform experiments of this sort, and for 
various values of the flow, the results are plotted on the same graph as the 
performance curves. The values are termed the required NPSH, or 
(NPSH),,44. Notice that for the pump in Fig. 14-16, the (NPSH);.44 is 
about 17 ft (point B) when the flow is 470 gal/min and the pump with 
the 6-in.-diameter impeller is at its maximum efficiency (86%). Once 
(NPSH),,44 is determined from the graph, it is then compared to the 
available net positive suction head, (NPSH),,4;. To obtain this value, we 
must apply the energy equation to the inlet or suction side of the pump, 
and to some other point in the actual flow system for which the pump is 
being used. The result is then subtracted from the vapor pressure head, p,. 
To prevent cavitation, it is necessary that 


(NPSH), 4; & (NPSH) qa (14-29) 
For further clarification, the following example provides an application 
of this concept. 
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EXAMPLE [14:8 


The pump shown in Fig. 14-17 is used to transfer 70°F sewage water from the 
wet well to the sewage treatment plant. If the flow through the 3-in.-diameter 
pipe is to be 0.75 ft^/s, determine if cavitation occurs when the pump in 
Fig. 14-16 is selected. The pump turns off just after the water reaches its lo west 
level of h — 10 ft. Take the friction factor for the pipe to be f — 0.02, and 
neglect minor losses. 


SOLUTION 


Fluid Description. We will assume steady flow of an incompressible fluid. 
For water, y,, = 62.4 lb/ft. 


Inlet Pressure. We can determine the available suction head at the pump's 
impeller inlet by applying the energy equation. The control volume consists of 
the water in the vertical pipe and the well, Fig. 14-17. The largest suction at B 
occurs when ^ — I0 ft. Here we will work with absolute pressures since the 
vapor pressure is generally reported as an absolute pressure. At A the 
atmospheric pressure is p, — 14.7 psi. Since 


Q _ (0.75 ft/s) 





Fig. 14-17 


V, = V == = — = 15.28 ft 
B A cm /s 
7 12 
then 
Pa Và — ps , Và L V? y? 
St ty thim | +t- tat ha tes At aKT 
y 2g A pump y 2p B turb T D 2g > L 2p 
( 14.7 Ib/in?)(12 in/ft - 
w +0-10f +0= 
62.4 lb/ft 
pg (15.28 ft/s)? (10 ft) (15.28 ft/s)? 


+0 +0 + (0.02)-——— — +0) 
(a) 222 ft/s?) 
2 


6241b/fü —2(322 fts) 


Pg — 1085.65 lb/ft? 
The available suction head at the pump inlet is therefore 
Pa, Vz _ 1085.651b/ft? (15.28 ft/s) 
Y 2g 62.4 lb/ft? 2(322 ft/s?) 


From Appendix A, at 70°F, the (absolute) vapor pressure for water is 
(0.363 Ib/in?. Therefore, the available NPSH is 


(0.363 Ib/in*) ( 12 in./1ft)? 
(NPSH),,; ^ 21.02 ft - | 5————À —— — —- | - 20.19 ft 
62.4 lb/ft 


The flow in gallons per minute is 


= (0.75 50 (7.48 gal (60 sY = | 
Q ( X (=) 337 gal/min 


S ft 
From Fig. 14-16, at Q = 337 gal/min, (NPSH) qa ~ 12ft (point D), and since 
(NPSH) avait > (NPSH),.o'g, Cavitation will not occur in the pump. 
Also note from Fig. 14-16 that if a 6-in.-diameter impeller is used in this 
pump (point C), then the pump will have an efficiency of about 77% and will 
have a shaft or brake horsepower of about 19 bhp. 
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14.8 Pump Selection Related to the 
Flow System 


A flow system may consist of reservoirs, pipes, fittings, and a pump that is 
used to convey the fluid. If it is required to provide a specific flow for the 
system, then this should be accomplished in the most economical and 
efficient way. For example, consider the system shown in Fig. 14—18a. If we 
apply the energy equation between points 1 and 2 to the system, we have 


9 > 





Pin Vin — Pow Vout 
y "a. Zin + Hh amp mm t 2g t Zout + hurd + hy 


O+0 +2 t (h)a7 0*0 z t0 h, 


op Jui i (Z3 = z) T "n 


Here (/5455),4 1s the actual head supplied by the pump to the system. It is a 
function of Q^", since the head loss in the above equation is of the form 
h, = C(V7/2g), where C is a constant. Since V = Q/A, then we have 
h, — C(Q?/2gA?) 7 C'Q^. If we plot this equation, (Mpump)act = 
(z2 — zı) + C'Q?, it will be a parabola and will look something like the solid 
curve A shown in Fig. 14-18b. 

If the pump in Fig. 14-18a produces a pump head [o like the 
blue head performance curve in Fig. 14-155, then the flow required for the 
system will have to be Q4. This is represented by point O on the system 
curve. In other words, if this pump is selected, then the actual pump head 
[ore Jus it produces will satisfy the flow requirement Q;.4 for the 
system. This is the operating point for the system, and if it is close to the 
best efficiency point (BEP ) for the pump (Fig. 14—15)), it justifies choosing 
this pump for this application. In doing so, realize that over time the 
pump's characteristics will change. For example, the pipes in the system 
may corrode, causing an increased frictional head loss, and this would 
raise the system curve, Fig. 14-185. Also, the pump can deteriorate, causing 
its performance curve to lower. Both effects would shift the operating 
point to O', and lower the pump's efficiency. For best engineering design, 
the consequences of these changes should be considered when choosing 
a pump for any particular application. 


(h pumpJact 
Older system New system 
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Pump System Curves 
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EXAMPLE | 14.9 





The radial-flow pump in Fig. 14—-19a is used to transfer water from the 
lake at A into a large storage tank, B. This is done through a 3-in.- 
diameter pipe that is 300 ft long and has a friction factor of 0.01 5. The 
manufacturer's data for the performance of the pump is given in 75 ft 
Fig. 14-195. Determine the flow if this pump is selected with a 6-in. 
impeller to do the job. Neglect minor losses. 


SOLUTION 


Fluid Description. We assume steady, incompressible flow while 
the pump is operating. 

System Equation. We can relate the pump head to the flow Q by 
applying the energy equation between the water levels at A and B. The 
control volume contains the water within the pipe and a portion of the 
water in the lake and tank. Since the friction factor has been given, we 
do not need to obtain its value from the Moody diagram. 











| y. » Fa 
B il + Zin + Aoump e t + Zour + Pur + hy 
300 ft Vv? 3 
h & ?5f + 0.015 URL 2 
(yume a ft 2(32.2 ft/s?) z 
Also, TER 
D= | x(43 i) | 
When the above two equations are combined, we get 020 040 060 080 100 120 140 160 
(Apump)act ~ (75 + 116.097) ft (1) Flow Q (ft^) 
A plot of this equation is shown in Fig. 14-19b as Eq. 1. It shows the m E 
actual pump head Dudas that must be supplied by the pump to (b) 


provide a flow Qyeqa for the system. Along with this curve are the 
manufacturer’s curves for the pump. (For convenience Q is reported in 
ft?/s; however, in practice it is commonly in gal/min.) We see that for 
the pump with a 6-in.-diameter impeller, the operating point O is 
where the performance and system head curves intersect, graphically 
at about Q = 0.82 ft/s (Ans.) and Dun = 150 ft. Therefore, if 
this pump is selected, then the efficiency for this flow is determined 
from the efficiency curves to be about y — 8155.* By comparison, this 
is near the best efficiency point for the pump (86% ), and so the choice 
of this pump with a 6-in. impeller would be appropriate. 

It is interesting to note that if the elevation difference between the 
water levels in the lake and storage tank were 100 ft, rather than 75 ft, 
then Eq. 1 would plot as the dashed curve in Fig. 14—29b. In this case, the 
operating point O' gives a flow of about 0.70 ft^ /s; however, the operating 
efficiency is about xj — 77946, making the pump a relatively poor choice 
for this condition. Instead, performance curves for other pumps would 
have to be considered to match a more efficient pump to the system. 


Fig. 14-19 


“As noted by the curves, use of a smaller diameter impeller would give a lower efficiency. 
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14.9  Turbomachine Similitude 


In the previous two sections we showed how to select a radial-flow pump 
to produce a required flow. However, if we are to select a type of pump, 
such as an axial-, radial-, or mixed-flow pump. that works best for a specific 
job, it then becomes convenient to use dimensional analysis, and express 
each machine's performance parameters in terms of dimensionless groups 
of variables that involve its geometry and the fluid properties. We can also 
use these dimensionless groups to compare the performance of one type 
of pump with that of a similar type of pump, or if we build a model of a 
pump, to test its performance characteristics and thereby predict the 
characteristics for a prototype. 

In the previous section we found that when producing performance 
curves, it was convenient to consider the dependent variables tor the 
pump to be the pump head h, the power W, and the efficiency y. From 
experiments, it has been found that these three variables all depend upon 
the fluid properties p and p, the flow Q, the rotation w of the impeller, 
and some "characteristic length" — usually the diameter D of the impell er. 
As a result, the three dependent variables are related in some way to 
these independent variables by the functions 





gh ^ fi(p. p. Q. w, D) 

W = flp, p, Q, œ, D) 

n ™ flp. p, Q, œ, D) 
Here we have considered gh, the energy per unit mass, for the convenience 
of a dimensional analysis. If we apply the Buckingham Pi theorem, as 


described in Chapter 8, we can create dimensional groups of the variables 
in these three functions. They are* 


gh _ (2 — 
4 








a D? wD? ' H 
W _ « Q po 

pur D “NoD a 
iot 

"cu wD? H 


*See, for example, Probs. 8-37 and 8-43. 
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The dimensionless parameters on the /eft of these three equations are 
called the head coefficient, the power coefficient, and, as noted previously, 
the efficiency. On the right, Q/ «D is the flow coefficient, and pwD' / p. is 
a form of the Reynolds number that considers the viscous effects within 
the pump. Experiments have shown that for either pumps or turbines, this 
number ( poD? / p ) does not affect the magnitudes of the three dependent 
variables as much as the flow coefficient. As a result, we will neglect its 
effect and write 


-gh . .(.9. wol 9 ml 
wD? (S) po? D a) " A.) 


Pump Scaling Laws. For a particular type of pump, these three 
functional relationships can be determined by experiment, which 
requires varying the flow coefficient, and then plotting the resultant 
head, power coefficients, and the efficiency. The resulting curves will all 
have shapes something like those shown in Fig. 14-20. And, because 
these shapes are all similar for any family of pumps (axial-, radial-, or 
mixed-flow), the coefficients become pump scaling laws, sometimes 
called pump affinity laws. In other words, they can be used to design or 
compare any two pumps of the same type. For example, the flow 
coefficients for two pumps of the same type must be the same, so that 





Efficiency 


Head 
coefficient 


Efficiency, head, and power coefficients 





—_& | | 
di = 22. (14-30) 
w Dj aD; Power 
Flow coefficient coefficient 
Likewise, the other two coefficients can be equated between, say, two Flow coefficient 


radial-flow pumps, or a model and its prototype, to determine their scaled 


characteristics. If the same fluid is used, then Fig. 14-20 


hy = hy 














at _ = M (14-31) 
w Df ws Dy 
Head coefficient 
W oe W3 , , 
= —+. (14-32) 


in5 3 
coijDj . «5D; 
Power coefficient 


mo m 


Efficiency 


As stated previously, a pump can often house different-diameter impellers 
within its casing, or it can be made to run at different angular velocities. 
As a result, these scaling laws can also be used to determine Q, h, and W 
for the pump when D or w changes. For example, if the pump can produce 
a head of hıwhen the impeller diameter is Dj, then from the head 
coefficient, the head produced by the same pump with an impeller 
diameter D, would be h; — hi ( D2/ D), provided it has the same w. 
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Specific Speed. To select the type of turbomachine to use for a 
specific job, it is sometimes helpful to use another dimensionless 
parameter that does not involve the dimensions of the machine. This 
parameter is called the specific speed, N,, and it can be determined either 
through a dimensional analysis or by simply eliminating the impeller 
diameter D from the ratio of the flow and head coefficients. This gives 


(Q/ad*)'? _ woi? 
( gh /a D? y^ "E 


For each type of turbomachine we can plot N, versus efficiency as shown 
in Fig. 14-21. See Ref. [15]. Notice that maxi mum efficiency for a particular 
type of turbomachine occurs at the peak of each curve, and this peak is 
located at a particular value of specific speed N,. For example, it is inherent 
in their design that radial-flow pumps operate at low specific speeds, so 
they produce low flows and large heads (high pressure), Fig. 14—21a. On 
the other hand, axial-flow pumps produce high flows and develop low 
heads (low pressure). They operate well at high specific speeds, although 
this does make them susceptible to cavitation. Pumps designed for mixed 
flow operate in the intermediate range of specific speeds. Typical profiles 
of the impellers used for these three types of pumps are shown in 
Fig. 14-22. The same trend occurs for turbines that work on the same 
principles as pumps, Fig. 14-215. 


N, = (14-33) 


Important Points 


Due to both mechanical and fluid frictional losses in turbomachines, 
the actual performance of the machine must be determined by 
experiment. 

Cavitation can occur within turbomachines wherever the liquid 
pressure falls below the vapor pressure for the liquid. To avoid 
this,it is important to select a turbomachine that has a ( NPSH),,,i 
that is greater than its required (NPSH),.,. 


Performance curves of efficiency, total head, and power versus 
flow provide a means for selecting a proper-size pump for a 
particular application. The pump selected must match the 
required flow and total head demands for the fluid system, and it 
must operate with high efficiency. 


The performance characteristics of a pump or turbine can be 
compared to a geometrically similar pump or model by using the 
dimensionless parameters of the head, power, and flow coefficients. 


The selection of a type of turbomachine to be used for a specific 
task is based upon the machine's specific speed. For example, 
radial-flow pumps are efficient for low flows and delivering high 
heads, whereas axial-flow pumps are efficient at high flows and 
delivering low heads. 
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EXAMPLE [14:10 


A turbine for the dam operates under a hydraulic head of 90 m, 
producing a discharge of 50 m/s. If the reservoir level drops so that 
the hydraulic head becomes 60 m, determine the discharge from the 
turbine. 






SOLUTION 


Here /,, — 90 m and Q, — 50 m?/s. Because we also know /i5 — 60 m, 
then we will eliminate the unknowns w, and w, from the flow and 
head coefficients to obtain a relationship between h and Q. Using 
Eqs. 14-30 and 14—31, we have 











a _ OD; 
o Q;Di d) 
oj _ hD? 
o x hD?’ 

so that 
ope = A (2) 
Q;D| 2 


Since D; = Ds, 


h 
= — 
Q- Qi " 


l 
60 
= (50 m?/s), ie = 40.8 m?/s Ans. 
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EXAMPLE | 44.979 


The Francis turbine in Fig. 14-23 is rotating at 75 rev/min under a 
| hydraulic head of 30 ft and develops 150 hp with a discharge of 
0.10 m/s. If the guide vanes remain in their fixed position, what is the 
rotation of this turbine when the hydraulic head is 15 ft? Also, what is 
the corresponding discharge and the power of the turbine? 


» SOLUTION 
Here o, ^ 75 rev/ min, ^ 30 ft, W, ^ 150 hp, and Q, ^ 0.10 m? /s. 


For h, — 15 ft, the rotation w can be determined from the head 
coefficient similitude, Eq. 14-31, 


hy __ħ 
w D? wD? 
Since D, — D;, 
-o E 
w O hy 
= (75 rev/min), an = 53.0 rev/min Ans 
30 ft l i 





To obtain Q, we use the flow coefficient similitude, Eq. 14-30, with 
D, — D: that is, 


= 9,22 
Q; Qi = 
53.0 rev/min 
(0.10 m it 75 rev /min ) 0.0707 m? /s Ans. 


Finally, W, is determined from the power coefficient similitude, 
Eq. 14-32, with D, — D;. We have 


i pU (5 V? 
W ~ Wi o 


= (150 hp)( 


53.0 rev /min 


3 
75 rev/min ) — 53.0 hp Ans. 
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EXAMPLE [14:12 





The pump has an impeller diameter of 8 in. and when operating 
discharges 5 ft*/s of water while producing a hydraulic head of 20 ft. The 
power requirement is 12 hp. Determine the required impeller diameter 
of a similar type of pump that must deliver a discharge of 8 ft*/s and 
produce a 30-ft head. What is the power requirement for this pump? 


SOLUTION 


Here we have D, ^ 8 in, Q) = 5 ft*/s, h; = 20 ft, and W, = 12 hp. 
Since Q; — 8 ft/s and /5 730 ft, we can eliminate the angular velocity 
ratio w/w, by using Eq. 2 in Example 14.10 to determine D>. 


(Di hy 
ODI h 


E Q i ( h !u 
D: »($ hy 


8ft/ JAC: 3 de 
— (8 in. — — 9.14 in. : 
(8 in (5 ng 30 ft 9.14 in Ans 











From the flow coefficient, or Eq. 1 of Example 14.10, the angular 
velocity ratio is 


1 _ O,D; 
2 QD? 


e 


S 


Thus the power coefficient similitude, for constant p, becomes 


W, W 
oj D? o5 D 
5-6) -(698) 6) -(6)8) 
W, w 2 Q; D, D; Q; D; 





EN a) (2) = EEN 8 in. )- 
=w (a) = ———- | = 23. 
"2 Ze D, maen An A 





834 CHAPTER 14 TURBOMACHINES 


References 


1. W. Janna, /ntroduction to Fluid Mechanics, Brooks/Cole, 1983. 

2. F. Yeaple, Fluid Power Design Handbook, Marcel Dekker, New York, NY, 1984. 

3. R. Warring, Pumping Manual, 7th ed., Gulf Publishing, Houston, TX, 1984. 

4. O.Balje, Turbomachines: A Guide to Design, Selection and Theory, John Wiley, New York, NY. 
5. I. J. Karassick, Pump Handbook, 2th ed., McGraw-Hill, New York, NY, 1995. 


6. R. Evans et al., Pumping Plant Performance Evaluation, North Carolina Cooperative Extension Service, 


Publ. No. AG 452-6. 


7. R. Wallis, Axial Flow Fans and Ducts, John Wiley, New York, NY. 
8. I. J. Karassick, Pump Handbook, McGraw-Hill, New York, NY. 
9. Hydraulic Institute Standards, 14th ed., Hydraulic Institute, Cleveland, OH. 
10. P. N Garay, Pump Application Desk Book, Fairmont Press, Lilburn, GA. 1990. 
11. G.F.Wislicenus, Fluid Mechanics of Turbomachinery 2nd ed., Dover Publications, New York, NY, 1965. 
12. Performance Test Codes: Centrifugal Pumps, ASME PTC 8.2-1990, New York, NY, 1990. 
13. Equipment Testing Procedure: Centrifugal Pumps, American Institute of Chemical Engineers, New York, NY. 
14. E. S Logan and R. Roy, Handbook of Turbomachinery , 2nd ed., Marcel Dekker, New York, NY, 2003. 
15. J.A. Schetz and A. E. Fuhs, Handbook of Fluid Dynamics and Fluid Machinery , John Wiley, New York, NY, 1996. 
16. L. Nelik, Centrifugal and Rotary Pumps, CRC Press, Boca Raton, FL, 1999, 


EC M 


Sec. 14.1-14.2 


14-1. Water flows at 5 m/s towards the impeller of the 
axial-flow pump. If the impeller is rotating at 60 rad/s, and it 
has a mean radius of 200 mm, determine the initial blade 
angle 8, so that a, — 90°. Also, find the relative velocity of 
the water as it flows onto the blades of the impeller. 


14-2. Water flows at 5 m/s towards the impeller of the 
axial-flow pump. If the impeller is rotating at 60 rad/s, and 
it has a mean radius of 200 mm, determine the velocity of 
the water as it exits the blades, and the relative velocity of 
the water as it flows off the blades of the impeller. 





Probs. 14-1/2 


14-3. Water flows through the axial-flow pump at 
4(10 ?) m?/s, while the impeller has an angular velocity of 
30 rad/s. If the blade tail angle is 35 ^, determine the velocity 
and tangential velocity component of the water when it 
leaves the blade.p, — 1000 kg/m". 


30 rad /s 





Prob. 14-3 


*14-4. Water flows at 6 m/s through an axial-flow pump. If 
the impeller blade has an angular velocity of — 100 rad /s, 
determine the velocity of the water when it is delivered to 
the stator blades. The impeller blades have a mean radius of 
100 mm and the angles shown. 


14-5. Water flows at 6 m/s through an axial-flow pump. 
If the impeller blade angles are 45^ and 30* as shown, 
determine the power supplied to the water by the pump 
when œw — 100rad/s. The impeller blades have a mean 
radius of 100 mm. The volumetric flow is 0.4 m/s. 


Impeller Stator 





Probs. 14—4/5 


14-6. If the water velocity onto the impeller is 3 m/s, 
determine the required initial blade angle B,. Also, what is 
the power supplied to the water by the pump? The impeller 
blades have a mean radius of 50 mm and œw = 180 rad/s. 
The volumetric flow is 0.9 m? /s. 





3 m/s 


Prob. 14-6 


14-7. Anaxial-flow pump has an impeller with a mean radius 
of 100 mm that rotates at 1200 rev/min. At the exit the stator 
blade angle a, ~ 70°. If the velocity of the water leaving the 
impeller is 8 m/s, determine the tangential component of the 
velocity and the relative velocity of the water at this instant. 


PROBLEMS 835 


Sec. 14.3-14.4 


*14-8. The radial ventilation fan is used to force air into 
the ducts of a building. If the air is at a temperature of 20°C, 
and the shaft is rotating at 60 rad/s, determine the power 
output of the motor. The blades have a width of 30 mm. Air 
enters the blades in the radial direction and is discharged 
with a velocity of 50 m/s at the angle shown. 





Prob. 14-8 


14-9. The blades of the centrifugal pump are 30 mm 
wide and are rotating at 60 rad/s. Water enters the blades 
in the radial direction and flows off the blades with a 
velocity of 20 m/s as shown. If the discharge is 0.4 m/s, 
determine the torque that must be applied to the shaft of 
the pump. 





Prob. 14-9 
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14-10. Air enters the 3-in.-wide blades of the blower in 
the radial direction and is discharged from the blades at a 
tail angle of 8, — 38". Determine the power required to 
turn the blades at 100 rad/s, producing a discharge of 
120 ft/s. Take p, ^ 2.36( 10^?) slug/ft. 





Prob. 14-10 


14-11. The radial-flow pump impeller rotates at 
600 rev/min. If the width of the blades is 2.5 in., and the 
blade head and tail angles are as shown, determine the ideal 
pump head devel oped by the pump. Water is initially guided 
radially onto the impeller blades. 


*14-12. The radial-flow pump impeller rotates at 
600 rev/min. If the width of the blades is 2.5 in., and the 
blade head and tail angles are as shown, determine the flow 
and the ideal power the pump supplies to the water. Water 
is initially guided radially onto the impeller blades. 


p. — 20 





Probs. 14-11/12 


14-13. The radial-flow pump has a 60-mm-wide impeller 
with the dimensions shown. If the blades rotate at 160 rad/s, 
determine the discharge if the water enters each blade in 
the radial direction. 


14-14. The radial-flow pump has a 60-mm-wide impeller 
with the radial dimensions shown. If the blades rotate at 
160 rad/s and the discharge is 0.3 m?/s, determine the power 
supplied to the water. 


14-15. The radial-flow pump has a 60-mm-wide impeller 
with the radial dimensions shown. If the blades rotate at 
160 rad/s and the discharge is 0.3 m?/s, determine the ideal 
head developed by the pump. 





Probs. 1413/14/15 


*14-16. The velocity of water flowing onto the 40-mm-wide 
impeller blades of the radial-flow pump is directed at 20° as 
shown. If the flow leaves the blades at the blade angle of 40°, 
determine the torque the pump must exert on the impeller. 


14-17. The velocity of water flowing onto the 40-mm-wide 
impeller blades of the radial-flow pump is directed at 20^ as 
shown. If the flow leaves the blades at the blade angle of 
40^, determine the total head developed by the pump. 





Probs. 14-16/17 


14-18. Water flows through the centrifugal pump impeller 
such that the entrance velocity is V, — 6 m/s and the exit 
velocity is V; — 10 m/s. If the discharge is 0.04 m?/s and the 
width of each blade is 20 mm, determine the torque that 
must be applied to the pump shaft. 


PROBLEMS 837 


14-21. Water flows radially onto the 40-mm-wide blades of 
the centrifugal pump impeller and exits with a velocity V; at 
an angle of 20°, as shown. If the impeller is turning at 10 rev/s 
and the flow is 0.04 m?/s, determine the ideal head supplied 
to the water, the torque required to turn the impeller, and 
the power supplied to the pump if it has an efficiency of 
7 — 0.65. 





Prob. 14-18 


14-19. Water flows through the centrifugal pump impeller 
at the rate of 0.04 m/s. If the blades are 20 mm wide and the 
velocities at the entrance and exit are directed at the angles 
a, — 45° and a, = 10°, respectively, determine the torque 
that must be applied to the pump shaft. 


Prob, 14-21 


14-22. The impeller of the centrifugal pump is rotating at 
1200 rev/min and produces a flow of 0.03 m?/s. Determine 
the speed of the water as it exits the blade, and the ideal 
power and the ideal head produced by the pump. 





Prob. 14-19 


*14-20. Show that the ideal head for a radial-flow pump 


can be determined from AH ^ (UV; cos a;)/ g, where V; is 


the velocity of the water leaving the impeller blades. Water 


enters the impeller blades in the radial direction. 





Prob. 14-22 
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Sec. 14.5 


14-23. The buckets of the Pelton wheel deflect the 
100-mm-diameter water jet 140^ as shown. If the velocity of 
the water from the nozzle is 30 m/s, determine the torque 
needed to hold the wheel in a fixed position and the torque 
that maintains an angular velocity of 10 rad/s. 


*14-24. The buckets of the Pelton wheel deflect the 
100-mm-diameter water jet 140^ as shown. If the velocity of 
the water from the nozzle is 30 m/s, determine the power 
that is delivered to the shaft when the wheel is rotating at a 
constant angular velocity of 2 rad/s. How fast must the wheel 
be turning to maximize the power developed by the wheel? 





Probs. 14-23/24 


14-25. Water flows from a lake through a 300-m-long 
pipe having a diameter of 300 mm and a friction factor of 
f = 0.015. The flow from the pipe passes through a 
60-mm-diameter nozzle and is used to drive the Pelton 
wheel, where the bucket deflection angles are 160". 
Determine the power and torque produced when the wheel 
is turning under optimum conditions. Neglect minor losses. 


A 





Prob. 14-25 


14-26. Water flows through the 400-mm-diameter deli very 
pipe at 2 m/s. Each of the four 50-mm-diameter nozzles is 
aimed tangentially at the Pelton wheel, which has bucket 
deflection angles of 150°. Determine the torque and power 
developed by the wheel when it is rotating at 10 rad/s. 





Prob, 14-26 


14-27. Water flowing at 4 m/s is directed from the stator 
onto the blades of an axial-flow turbine at an angle of 
a, — 28^ and exits at an angle of a, ~ 43°. If the blades are 
rotating at 80 rad/s, determine the required angles B, and f; 
of the turbine blades so that they properly accept, and then 
deliver the flow to the adjacent stator. The turbine has à 
mean radius of 600 mm. 


*14-28. Water flowing at 4 m/s is directed from the stator 
onto the blades of the axial-flow turbine, where the mean 
radius of the blades is 0.75 m. If the blades are rotating at 
80 rad/s and the flow is 7 m?/s, determine the torque 
produced by the water. 





Probs. 14—27/28 











14-29. A stator directs 8 kg/s of gas onto the blades of a 
gas turbine that is rotating at 20 rad/s. If the mean radius of 
the turbine blades is 0.8 m, and the velocity of the flow 
entering the blades is 12 m/s as shown, determine the exit 
velocity of the g as from the blades. Also, what is the required 
angle B, at the entrance of the blades? 





Prob. 14-29 


14-30. The dimensions of the blades on the axial-flow 
water turbine are shown. Water passes through the guide 
vanes at an angle of 60°. If the flow is 0.85 m?/s, determine 
the velocity of the water as it strikes the mean radius of the 
blades. Hint: Within the free passage from the guide vanes 
to the tur bine, free-vortex flow occurs; that is. Vr = constant. 


580 mm 





Prob. 14-30 


PROBLEMS 839 


14-M. The velocities on and off the 90-mm-wide blades of 
the turbine are directed as shown. If V, — 18 m/s and the 
blades are rotating at 80 rad/s, determine the relative 
velocity of th e flow off the blades. Also, determine the blade 
angles, 8, and f. 


Vil 30. 
a p 


Prob. 14-31 


*14-32. The velocities on and off the 90-mm-wide blades 
of a turbine are directed as shown. If the blades are rotating 
at 80 rad/s and the discharge is 1.40 m?/s, determine the 
power that the turbine withdraws from the water. 


MIEY 
a / 


Prob. 14-32 


14-33. If the angles for an axial-flow turbine blade are 
a, — 30°, B, — 60° and B, — 30°, determine the velocity of 
the water entering and exiting the turbine blades if the mean 
radius of the blades is 1.5 ft. The turbine is rotating at 70 rad/s. 


14-34, If the angles for an axial-flow turbine blade are 
a, — 307, B, — 60^ and B, =~ 30°, determine the relative 
velocity of the water at the head and tail of the turbine 
blades if the mean radius of the blades is 1.5 ft. The turbine 
is rotating at 70 rad/s, 


14-35. The blades of an axial-flow turbine have a mean radius 
of 1.5 ft and are rotating at 70 rad/s. If the angles for a turbine 
blade are a, ~ 30°, B, = 60° and B, > 30°, and the flow is 
900 ft?/s, determine the ideal power supplied to the turbine. 
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*14-36. Water is directed at a, ~ 50° onto the blades of 
the Kaplan turbine and leaves the blades in the axial 
direction. Each blade has an inner radius of 200 mm and 
outer radius of 600 mm. If the blades are rotating at 
w = 28 rad/s, and the flow is 8 m*/s, determine the power 
the water supplies to the turbine. 





Prob. 14-36 


14-37. The blades of the Francis turbine rotate at 40 rad/s 
as they discharge water at 0.5 m?/s. Water enters the blades 
at an angle of a, ~ 30° and leaves in the radial direction. If 
the blades have a width of 0.3 m, determine the torque and 
power the water supplies to the turbine shaft. 


14-38. The blades of the Francis turbine rotate at 40 rad/s 
as they discharge water at 0.5 m?/s. Water enters the blades 
at an angle of a, ^ 30^ and leaves in the radial direction. If 
the blades have a width of 0.3 m and the turbine operates 


under a total he ad of 3 m, determine the hydra ulic efficiency. 








Probs. 14—37/38 


14-39. Water enters the 50-mm-wide blades of the turbine 
with a velocity of 20 m/s as shown. If the blades are rotating 
at 75 rev/min and the flow off the blades is radial, determine 
the power the water supplies to the turbine. 


*14-40. Water enters the 50-mm-wide blades of the 
turbine with a velocity of 20 m/s as shown. If the blades are 
rotating at 75 rev/min and the flow off the blades is radial, 
determine the ideal head the turbine draws from the water. 


20 m/s 





Probs. 14—39/40 


Sec. 14.6-14.9 


14-41. The pipe system consists of a 2-in.-diameter, 
50-ft-long galvanized iron pipe, a fully opened gate valve, two 
elbows, a flush entrance, and a pump with the pump head 
curve shown. If the friction factor is 0.025, estimate the flow 
and corresponding pump head generated by the pump. 





hpump (ft) 





QO gal/min 
50 100 150200250300 350 


Prob. 14-41 


14-42. Water at 20°C is pumped from a lake into the tank 
on the truck using a 50-mm-diameter galvanized iron pipe. 
If the pump performance curve is as shown, determine the 
maximum flow the pump will generate. The total length of 
the pipe is 50 m. Include the minor losses of the five elbows. 





Prob. 14-42 


PROBLEMS 841 


14-43. The pump is used to transfer water at 60°F from the 
river up onto the field for irrigation. The friction factor for 
the 3-in.-diameter, 30-ft-long hose is f= 0.015, and h = 15 ft. 
Determine if cavitation occurs when the average velocity 
through the hose is 18 ft/s. Use the pump performance 
curves in Fig. 14-16. Neglect minor losses. 


*14-44. Water at 80°F is being pumped up A ^ 12 ft from 
the river onto the irrigation field using a 3-in.-diameter, 
25-ft-long hose that has a friction factor of f — 0.030. If the 
average velocity through the hose is 18 ft/s, use the pump 
performance curves in Fig. 14-16, and determine if cavitation 
occurs in the pump. Neglect minor losses. 


B 18 ft /s 
——— 





Probs. 14—43/44 


14-45. The radial-flow pump having an impeller diameter 
of 5 in. and the performance curves shown in Fig. 14-16 is 
to be used to pump water from the reservoir into the tank. 
Determine the efficiency of the pump if the flow is 
400 gal/min. Also, what ts the maximum height / to which 
the tank can be filled? Neglect any losses. 





Prob, 14—45 
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14-46. The radial-flow pump has a 5.5-in.-diameter impeller 
and the performance curves shown in Fig. 14-16. If it is used 
to pump water from the reservoir tank to the fill tank, 
determine the approximate flow when the water is at the 
elevations shown, when /1 — 80 ft. Neglect friction losses in 
the 3-in.-diameter pipe, but consider the minor losses to be 
K; = 35. 


14-47. A radial-flow pump has a 6-in.-diameter impeller, 
and the performance curves for it are shown in Fig. 14-16. 
Determine the approximate flow it provides to pump water 
from the reservoir tank to the fill tank, where h = 115 ft. 
Neglect minor losses, and use a friction factor of f= 0.02 for 
the 100-ft-long, 3-in.-diameter hose. 





Probs. 14—46/47 


*14-48. A 200-mm-diameter impeller of a radial-flow 
water pump rotates at 150 rad/s and produces a change in 
ideal head of 0.3 m. Determine the change in head for a 
geometrically similar pump that has an impeller diameter of 
100 mm and operates at 80 rad/s. 


14-49. A 200-mm-diameter impeller of a radial-flow water 
pump rotates at 150 rad/s and has a discharge of 0.3 m/s. 
Determine the discharge for a similar pump that has an 
impeller diameter of 100 mm and operates at 80 rad/s. 


14-S0. The temperature of benzene in a processing tank is 
maintained by recycling this liquid through a heat 
exchanger, using a pump that has an impeller speed of 
1750 rpm and produces a flow of 900 gal/min. If it is found 
that the heat exchanger can maintain the temperature only 
when the flow is 650 gal/min, determine the required 
angular speed of the impeller. 


14-51. The temperature of benzene in a processing tank is 
maintained by recycling this liquid through a heat exchanger, 
using a pump that has an impeller diameter of 6 in. and 
produces a flow of 900 gal/min. If it is found that the heat 
exchanger can maintain the temperature only when the flow 
is 650 gal/min, determine the required diameter of the 
impeller if it maintains the same angular speed. 





Probs. 14-50/51 


*14-52. A water pump has an impeller that has a diameter 
of 8 in. and rotates at 1750 rev/min. If the pump provides a 
discharge of 500 gal/min when operating at a head of 35 ft, 
determine the discharge and head if a similar pump is used 
with an impeller that has a diameter of 12 in. and turns at 
the same rate. 


14-53. A variable-speed pump requires 28 hp to run at an 
impeller speed of 1750 rpm. Determine the power required 
if the impeller speed is reduced to 630 rpm. 


14-54. The model of a water pump has an impeller with à 
diameter of 4 in. that discharges 80 gal/min. If the power 
required is 1.5 hp, determine the power required for the 
prototype having an impeller diameter of 12 in. that will 
discharge 600 gal/min. 


14-55. The model of a water pump has an impeller with a 
diameter of 4 in. that discharges 80 gal/min with a pressure 
head of 4 ft. Determine the diameter of the impeller of the 
prototype that will discharge 600 gal/min with a pressure 
head of 24 ft. 
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Axial-flow pumps maintain the direction of the flow as it passes through 
the impeller of the pump. Radial-flow pumps direct the flow from the 
center of the impeller radially outward into a volute. The kinematic 
analysis of both types of pumps is similar. It depends upon the speed of 
the impeller and its blade angles. 





The torque, the power, and the head produced by an axial- or radial-flow 
pump depend on the motion of the impeller, and on the tangential 
components of the velocity of the flow as it enters and leaves the impeller. 


A Pelton wheel acts as an impulse turbine. It produces power by changing 
the momentum of the flow as it strikes the buckets of the turbine wheel. 


Kaplan and Francis turbines are called reaction turbines. The analysis of 
these devices is similar to t hat of axial- and radial-flow pumps, respectively. 





The actual performance characteristics of any turbomachine are 
determined from experiment, to account for both mechanical and fluid 
frictional losses in the machine. 





Cavitation within the flow can occur in a turbomachine. It can be avoided 
if the (NPSH),,,i is greater than the required (NPSH),.qq, which is 
determined by experiment. 





A pump that is selected to work within a fluid system must produce a 
required flow and total head, and must operate with a high efficiency. 


To compare the performance characteristics of two turbomachines of 
the same type, the flow, head, and power coefficients must be similar. 


Turbomachines can be selected for a specific job based on their specific 
speed, which is a function of the angular velocity w the flow Q, and the 
pump head /. Radial-flow pumps are efficient for low specific speeds, and 
axial-flow pumps are efficient for high specific speeds, 
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Physical Properties of Liquids at Standard Atmospheric Pressure 101.5 KPa, and 20°C (SI Units) 





Liquid Density Dynamic Viscosity Kinematic Viscosity Surface Tension 
p (kg/m) p. (N +s/m’) v (m^ /s) a (N/m) 
Ethyl alcohol 789 1.19(107?) 1.51(1075) 0.0229 
Gasoline 726 0.317(107?) 0.465(107*) 0.0221 
Carbon 1590 0.958(1073) 0.603(1075) 0.0269 
tetrachloride 
Kerosene 814 1.92(107?) 2.36(107*) 0.0293 
Glycerin 1260 1.50 1.19(107?) 0.0633 
Mercury 13 550 1.58(10-4) 0.177(10-°) 0.466 
Crude oil 880 30.2(10-+) 0.0344(107?) 





Physical Properties of Liquids at Standard Atmospheric Pressure 14.70 psi, and 68°F (FPS Units) 





Liquid Density Dynamic Viscosity Kinematic Viscosity Surface Tension 
p (slug/ft*) p. (Ib *s/ft?) v (ft^/s) o (lb/ft) 
Ethyl alcohol 3 24.8(10°) 16.3(107*) 1.57(107?) 
Gasoline 1.41 6.62(10-°) 71.3(1075) 1.51(1077) 
Carbon 3.09 20.0(1075) 6.49(107*) 1.84(1073) 
tetrachloride 
Kerosene 1.58 40.1(1075) 25.4(107*) 2.01(10-4) 
Glycerin 2.44 31.3(107?) 12.8(10?) 4.34(107?) 
Mercury 26.3 33.0 (1075) 1.26(107*) 31.9(107) 
Crude oil 1.71 0.632(107?) 0.370(107?) 
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Physical Properties of Gases at Standard Atmospheric Pressure 101.3 kPa (SI Units) 








Gas Density — Dynamic Viscosity Kinematic Viscosity Gas Constant Specific Heat Ratio 
p (kg/m?) p. (N *s/ m^) v (m/s) R (J/kg -K]) kc RS 
Air (15 C) 1.23 17.9(10-5) 14.6(10-5) 286.9 1.40 
Oxygen (20 C) 1.33 20.4(10-5) 15.2(1075) 259.8 1.40 
Nitrogen (20 C) 1.16 17.5(10-5) 15.1(10-5) 296.8 1.40 
Hydrogen (20 C) 0.0835 8.74(10-5) 106(10-5) 4124 141 
Helium (20 C) 0.169 19.2(10-5) 114(10-5) 2077 1.66 
Carbon — 1.84 14.9(10-5) 8.09(10-5) 188.9 1.30 
dioxide (20 C) 
Methane (20 C) 0.665 11.2(10-5) 16.8(10-5) 518.3 1.31 


(natural gas) 





Physical Properties of Gases at Standard Atmospheric Pressure 14.70 psi (FPS Units) 


Gas 


Air (59 F) 
Oxygen (68 F) 
Nitrogen (68 F) 
Hydrogen (68 F) 
Helium (68 F ) 


Carbon ` 
dioxide (68 F) 


Methane (68 F) 
(natural gas) 


Density 
p (slug /ft*) 


2.38(10-3) 
2.58(10-3) 
2.26(10-3) 
0.163(103) 
0.323(103) 


3.55(107?) 


1.29(103) 


p. (Ib *s/ft) 
0.374(10-5) 
0.422(10-5) 
0.367(10-5) 
0.187(1075) 
0.394(10-5) 


0.309(10-5) 


0.234(10-5) 


v (£t /s) 
0.158(10-+) 
0.163(10-%) 
0.162(10-+) 
1.15(10-4) 


1.22(10-) 


87.0(10-5) 


0.181(10-%) 


Dynamic Viscosity Kinematic Viscosity Gas Constant 


R (ft -Ib/| slug **R]) 
1716 
1554 
1775 
24.66(10?) 
12.42(10?) 


1130 


3099 


KS 
1.40 
1.40 
1.40 
1.41 
1.66 


1.30 





Specific Heat Ratio 
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Physical Properties of Water vs. Temperature (SI Units) 





Temperature 
T ( C) 


0 
5 
10 
15 


20 


30 
23 
40 
45 
50 
55 
60 
65 
70 
To 
80 
85 
90 
95 
100 


Density 
p (kg/m) 


999,8 
1000.0 
999.7 
999.2 
998.3 
997.] 
995.7 
994.0 
992.3 
990.2 
988.0 
985.7 
983.2 
980.5 
977.7 
974.8 
971.6 
968.4 
965.1 
961.6 


958.1 


Dynamic Viscosity 
i. (N *s/m?) 


1.80(1073) 

1.52(10-) 

1.31(1073) 

1.15(103) 

1.00(1073) 

0.897(1073) 
0.801(107?) 
0.723(107?) 
0.659(1073) 
0.599(10-?) 
0.554(1073) 
0.508(107?) 
0.470(103) 
0.437(107?) 
0.405(1073) 
0.381(107?) 
0.356(1073) 
0.336(107?) 
0.318(10-4) 
0.300(1073) 


0.284(10-3) 


Kinematic Viscosity 


v (m/s) 
1.80(1075) 
1.52(1075) 
1.31(1075) 
1.15(107*) 
1.00(1075) 
0.898(107*) 
0.804(10~°) 
0.727(10) 
0.664(10°°) 
0.604(10-°) 
0.561(10~) 
0.515(107*) 
0.478(107*) 
0.446(10-°) 
0.414(10~°) 
0.390(107*) 
0.367(1075) 
0.347(107*) 
0.329(107*) 
0.312(1075) 


0.296(107*) 


Vapor Pressure 
Py (kPa) 


0.681 
0.872 
1.23 
1.71 
2.34 
Zr 
4.25 
5.63 


9.59 
12.4 
15.8 
19.9 
25.0 
SLE 
38.6 
47.4 
57.8 
70.1 
84.6 
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Physical Properties of Water vs. Temperature (FPS Units) 


Temperature Density Dynamic Viscosity Kinematic Viscosity Vapor Pressure 

T ( F) p (slug/ft^) p. (Ib *s/ft) v (ft^ /s) P, (psia) 
32 1.940 37.5(10 5) 19.3(10^) 0.0885 
40 1.940 32.3(10°°) 16.6(10°°) 0.122 
50 1.940 27.4(10°°) 14.1(1075) 0.178 
60 1.939 23.6(1075) 12.2(1075) 0.256 
70 1.937 20.2(10-°) 10.4(1075) 0.363 
80 1.934 18.1(1075) 9.35(1075) 0.507 
90 1.931 15.8(107) 8.17(107*) 0.698 
100 1.927 14.4(107*) 7.39(1075) 0.949 
110 1.923 12.8(10 5) 6.65(107^) 1.28 
120 1.918 11.8(1075) 6.14(1075) 1.69 
130 1.913 10.7(1075) 5.59(10°°) 2.23 
140 1.908 9.81(1075) 5.14(107^) 2.89 
150 1.902 9.06(1075) 4.75(1075) 3.72 
160 1.896 8.30(1079) 4.37(107) 4.75 
170 1.890 7.80(1075) 4.13(1075) 6.00 
180 1.883 7.20(10-°) 3.84(10°°) 7.51 
190 1.877 6.82(1075) 3.64(1075) 9.34 
200 1.869 6.36(107^) 3.40(107*) ie 
212 1.860 5.93(1075) 3.19(1075) 14.7 
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Properties of Air at U.S. Standard Atmospheric Pressure 101.3 kPa vs. Altitude (SI Units) 


APPENDIX A 








Altitude T Pressure Densi Dynamic Viscosity Kinematic Viscosity 
(km) T(C) p (kPa) p (kg/m) p (Pa *s) v (mv /s) 
0 15.00 101.3 1.225 17.89(1075) 14.61(107*) 
1 8.501 89.88 1.112 17.58(107*) 15.81(107*) 
2 2.004 79.50 1.007 17.26(10-^) 17.15(10*) 
3 -4.491 70.12 0.9092 16.94(10®) 18.63(107*) 
d -10.98 61.66 0.8194 16.61(10°°) 20.28(10-^) 
5 -1747 54.05 0.7364 16.28(1075) 22.11(107*) 
6 -23.96 47.22 0.6601 15.95(10-^) 24.16(10-^) 
T -30.45 41.10 0.5900 15.61(10°) 26.46(107) 
8 -36.94 35.65 0.5258 15.27(1075) 29.04(10) 
9 —43.42 30.80 0.4671 14.93(107*) 31.96(107*) 
10 -49.90 26.45 0.4135 14.58(10°°) 35.25(107^) 
11 -56.38 22.67 0.3648 14.22(105) 39.00(10-*) 
12 -56.50 19.40 0.3119 14.22(1075) 45.57(107*) 
13 -56.50 16.58 0.2666 14.22(107^) 53.32(107^) 
14 -56.50 14.17 0.2279 14.22(107^) 62.39(10-^) 
15 -56.50 12.11 0.1948 14.22(1075) 73.00(1075) 
16 -56.50 10.35 0.1665 14.2210“) 85.40(107*) 
17 -56.50 8.850 0.1423 14.22(10°) 99.90(10-^) 
18 -56.50 7.565 0.1217 14.22(105) 0.1169(10-?) 
19 -56.50 6.468 0.1040 14.22(1075) 0.1367(1077) 
20 -56.50 5.529 0.08891 14.22(10°°) 0.1599(1077) 
21 -55.57 4.729 0.07572 14.27(1075) 0.1884(10-?) 
22 -54.58 4.048 0.06451 14.32(1075) 0.2220(107?) 
23 -53.58 3.467 0.05501 14.38(107*) 0.2614(1077) 
24 -52.59 2.972 0.04694 14.43(10°°) 0.3074(1077) 
25 -51.60 2.549 0.04008 14.48(107^) 0.3614(10-?) 








Altitude Temperature Pressure Density Dynamic Vi Kinematic Viscosity 

(ft) T(F) p (psf) p (slug/ft’) p. (b «s/ft) v (It /s) 

ü 59.00 2116 2.375(107?) 0.3738(10-^) 0.1573(1077) 
2,500 50.08 1932 2.218(107) 0.3688(107) 0.1661(1077) 
5,000 41.17 1761 2.043(1077) 0.3637(107*) 0.1779(10-*) 
7,500 32.25 1602 1.897(107?) 0.3586(10-^) 0.1889(10-*) 
10,000 23.34 1456 1.754(107) 0.3535(107*) 0.2015(107) 
12,500 14.42 1320 1.620(1077) 0.3483(107*) 0.2151(1077) 
15.000 5.509 1195 1.495(107?) 0.3431(107*) 0.2293(107?) 
17,500 -3.406 1079 1.377(10°) 0.3378(10-^) 0,.2451(10-*) 
20,000 -12.32 973.2 1.266(107?) 0.3325(107*) 0.2624(107) 
22.500 -21.24 875.8 1.163(107) 0.3271(107*) 0.2812(107?) 
25.000 -30.15 786.3 1.069(10°) 0.3217(10*) 0.3006(10-*) 
27,500 -39.07 704.4 0.9748(107?) 0.3163(10*) 0.3242(107*) 
30,000 —47.98 629.6 0.8899(1077) 0.3108(107*) 0.3489(1077) 
32.500 -56.90 561.4 0.8110( 10") 0.3052(10) 0.3760(107?) 
35.000 -65.81 499.3 0.7383(10°) 0.2996(10-^) 0.4055(10-*) 
37,500 -69.70 443.2 0.6652(107?) 0.2970(107*) 0.446010) 
40,000 -69.70 393.1 0.5841(10) 0.297010“) 0.5080(1077) 
42.500 -69.70 348.7 0.5193(10°) 0.2970( 1075) 0.5714(1077) 
45,000 69.70 309.5 0.4620(107?) 0.2970(10"*) 0.6423(107*) 
47,500 -69.70 274.6 0.4099(1077) 0.2970(107*) 0.7238(107) 
50.000 -69.70 243.6 0.3636(1077) 0.2970( 1075) 0.8553(107?) 
52.500 -69.70 216.1 0.3225(10°) 0.2970( 1075) 0.9201(10-?) 
55,000 69.70 191.4 0.2840(107?) 0.2970(10"*) 1.045(107*) 
57,500 -69.70 170.3 0.2549(107?) 0.2970(107*) 1.164(1073) 
60.000 -69.70 151.0 0.2252(107?) 0.2970(1075) 1.318(1077) 
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Properties of Air at Standard Atmospheric Pressure 101.3 kPa vs. Temperature (SI Units) 








Temperature Density Dynamic Viscosity Kinematic Viscosity 
Tic) p (kg/m?) p. (N *s/m?) v (m/s) 
-50 1.582 14.6(10-5) 9.21(10-5) 
-40 1.514 15.1(10-5) 9.98(10-5) 
-30 1452 15.6(10-5) 10.8(10-5) 
-20 1.394 16.1(10-5) 11.6(10-5) 
-10 1.342 16.7(10-5) 12.4(10-5) 
0 1.292 172(1075) 13.3(1075) 
10 1.247 17.6(10-5) 14.2(10-5) 
20 1.202 18.1(10-5) 15.1(10-5) 
30 1.164 18.6(10-5) 16.0(10-5) 
40 1.127 19.1(10-5) 16.9(10-5) 
50 1.092 19.5(10-5) 17.9(10-5) 
60 1.060 20.0(10-5) 18.9(10-5) 
70 1.030 20.5(1075) 19.9(10-5) 
80 1.000 20.9(10-5) 20.9(10-5) 
90 0.973 213(105) 21.9(10-5) 
100 0.946 217(1075) 23.0(10-5) 
150 (),834 23.8(1075) 28.5(10-5) 
200 0.746 257(10-5) 34.5(10-5) 
250 0.675 275(105) 40.8(10-5) 





Temperature Density Dynamic Viscosity Kinematic Viscosity 
T(F) p (slug /ft?) u (Ib +s/ft*) v (ft /s) 
-40 0.00294 0.316(10-5) 0.108(10-%) 
-20 0.00280 0.328(10-5) 0.117(107?) 
0 0.00268 0.339(10-5) 0.126(10-?) 
20 0.00257 0.351(1075) 0.13710) 
40 0.00247 0.363(10-5) 0.14710) 
60 0.00237 0.374(10-5) 0.158(1077) 
80 0.00228 0.385(10-5) 0.169(10-?) 
100 0.00220 0.396(10-5) 0.180(10-?) 
120 0.00213 0.407(10-5) 0.19210) 
140 0.00206 0.417(1075) 0.203(1077) 
160 0.00199 0.428(10-5) 0.215(10-%) 
180 0.00193 0.438(10-5) 0.227(10-%) 
200 0.00187 0.448(10°°) 0.240(10-?) 
300 0.00162 0.496(10°°) 0.30610) 
400 0.00143 0.541 (105) 0.37710) 
500 0.00129 0.583(10-5) 0.454(10-3) 
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Table B-1 


0.10 
0.11 
0.12 
0.13 
0.14 
0.15 
0.16 
0.17 
0.18 
0.19 
0.20 
0.21 
0.22 
0.23 
0.24 
0.25 
0.26 
0.27 
0.28 
0.29 
0.30 
0.31 
0.32 
0.33 
0.34 
0.35 
0.36 





Isentropic Relations (Kk - 1.4) 


X: (5) A 
7 Po A 
0 1.0000 1.0000 x 


0.9980 
0.9976 
0.9971 
0.9966 
0.9961 
0.9955 
0.9949 
0.9943 
0.9936 
0.9928 
0.9921 
0.9913 
0.9901 
0.9895 
0.9886 
0.9877 
0.9867 
().9856 
().9846 
0.9835 
0.9823 
0.9811 
0.9799 
0.9787 
0.9774 
0.9761 
0.9747 
0.9733 
0.9719 
0.9705 
0.9690 
0.9675 
0.9659 
0.9643 
0.9627 
0.9611 
0.9594 
0.9577 
0.9560 
0.9542 
0.9524 
0.9506 
0.9487 
0.9468 
0.9449 
0.9430 
0.9410 
0.9390 
0.9370 
0.9349 
0.9328 
0.9307 


0.9265 
0.9243 
0.9221 
0.9199 
0.9176 


0.9930 
0.9916 
0.9900 
0.9883 
0.9864 
0.9844 
0.9823 
0.9800 
0.9776 
0.9751 
0.9725 
0.9697 
0.9668 
0.9638 
0.9607 
0.9575 
0.9541 
0.9506 
0.9470 
0.9433 
0.9395 
0.9355 
0,9315 
0.9274 
0.9231 
0.9188 
0.9143 
0.9098 
0.9052 
0.9004 
0.8956 
0.8907 
0.8857 
0,8807 
0.8755 
0.8703 
0.8650 
0,8596 
0.8541 
0.8486 
0.8430 
0.8374 
0.8317 
0.8259 
0.8201 
0.8142 
0.8082 
0.8022 
0.7962 
0.7901 
0.7840 
0.7778 
0.7716 
0.7654 
0.7591 
0.7528 
0.7465 
0.7401 


5.8218 
5.2992 
4.8643 
4.4969 
4.1824 
3.9103 
3.6727 
3.4635 
3.2779 
3.1123 
2.9635 
2.8293 
2.7076 
2.5968 
2.4956 
2.4027 
2.3173 
22385 
2.1656 
2.0979 
2.0351 
1.9765 
1.9219 
1.8707 
1.8229 
1.7780 
1.7358 
1.6961 
1.6587 
1.6234 
1.5901 
1.5587 
1.5289 
1.5007 
1.4740 
1.4487 
1.4246 
1.4018 
1.3801 
1.3595 
1.3398 
1.3212 
1.3034 
1.2865 
1.2703 
1.2550 
1.2403 
1.2263 
1.2130 
1.2003 
1.1882 
1.1767 
1.1657 
1.1552 
1.1452 
1.1356 
1.1265 
1.1179 


1.27 


1.29 
1.30 


0.9153 
0.9131 
0.9107 
0.9084 
0.9061 
0.9037 
0.9013 
0.8989 
0.8964 
0.8940 
0.8915 
0.8890 
0.8865 
0.8840 
0.8815 
0.8789 
0.8763 
0.8737 
0.8711 
0.8685 
0.8659 
0.8632 
0.8606 
0.8579 
0.8552 
0.8525 
0.8498 
0.8471 


0.8416 
0.8389 
0.8361 
0.8333 
0.8306 
0.8278 
0.8250 
0.8222 
0.8193 
0.8165 
0.8137 
0.8108 
0.8080 
0.8052 
0.8023 
0.7994 
0.7966 
0.7937 
0.7908 
0.7879 
0.7851 
0.7822 
0.7793 
0.7764 
0.7735 
0.7706 
0.7677 
0.7648 
0.7619 
0.7590 
0.7561 
0.7532 
0.7503 
0.7474 


0.7338 
0.7274 
0.7209 
0.7145 
0.7080 
0.7016 
0.6951 
0.6586 
0.6821 
0.6756 
0.6625 
0.6560 
0.6495 
0.6430 
0.6365 
0.6300 
0.6235 
0.6170 
0.6106 
(0.6041 
0.5977 
0.5913 
0.5849 
0.5785 
0.5721 
0.5658 
0.5595 
0.5532 
0.5469 
0.5407 
0.5345 
0.5283 
0.5221 
0.5160 
0.5099 
0.5039 
0.4979 
0.4919 


0.4800 
0.4742 


0.4626 
0.4568 
0.4511 
0.4455 
0.4398 
0.4343 
0.4287 
0.4232 
0.4178 
0.4124 
0.4070 
0.4017 
0.3964 
0.3912 
0.3861 
0.3809 
0.3759 
0.3708 
0.3658 
0.3609 


Compressible Properties of a Gas (k = 1.4) 
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Table B-1 — Relations (k = 1.4) T apii TE aa 
1.94 0.5705 0.1403 1.606 

i (5. v 1.96 0.5655 0.1360 1.633 

1.31 0.7445 0.3560 1.071 1.97 0.5630 0.1339 1.646 
1.32 0.7416 0.3512 1.075 1.98 0.5605 0.1318 1.660 
1.33 0.7387 0.3464 1.080 1.99 0.5580 0.1298 1.674 
1.34 0.7358 0.3417 1.084 2.00 0.5556 0.1278 1.688 
1.35 0.7329 0.3370 1.089 2.01 0.5531 0.1258 1.702 
1.36 0.7300 0.3323 1.094 2.02 0.5506 0.1239 1.716 
1.37 0.7271 0.3277 1.099 2.03 0.5482 0.1220 1.730 
1.38 0.7242 0.3232 1.104 2.04 (0.5458 0.1201 1.745 
1.39 0.7213 0.3187 1.109 2.05 0.5433 0.1182 1.760 
1.40 0.7184 0.3142 1.115 2.06 0.5409 0.1164 1.775 
1.41 0.7155 0.3098 1.120 2.07 () 5385 0.1146 1.790 
1.42 (0.7126 0.3055 1.126 2.08 0.5361 0.1128 1.806 
1.43 0.7097 0.3012 1.132 2.09 0.5337 0.1111 1.821 
1.44 0.7069 0.2969 1.138 2.10 0.5313 0.1094 1.837 
1.45 0.7040 0.2927 1.144 "E 0.5290 0.1077 1.853 
1.46 0.7011 0.2886 1.150 2.12 0.5266 0.1060 1.869 
1.47 0.6982 0.2845 1.156 2.13 0.5243 0.1043 1.885 
1.48 0.6954 0.2804 1.163 2.14 0.5219 0.1027 1.902 
1.49 0.6925 0.2764 1.169 2.15 0.5196 0.1011 1.919 
1.50 ().6897 0.2724 1.176 2.16 0.5173 0.09956 1.935 
1.51 0.6868 0.2685 1.183 2.17 0.5150 0.09802 1.953 
1.52 0.6840 0.2646 1.190 2.18 0.5127 0.09649 1.970 
1.53 0.6811 0.2608 1.197 2.19 0.5104 0.09500 1.987 
1.54 0.6783 0.2570 1.204 2.20 0.5081 0.09352 2.005 
1.55 0.6754 0.2533 1.212 2.21 0.5059 0.09207 2.023 
1.56 0.6726 0.2496 1.219 AE 0.5036 0.09064 2.041 
1.57 ().6698 0.2459 1.227 233 0.5014 0.08923 2.059 
1.58 0.6670 0.2423 1.234 2.24 0.4991 0.08785 2.078 
1.59 0.6642 0.2388 1.242 2.25 0.4969 0.08648 2.096 
1.60 ().6614 0.2353 1.250 2.26 (0.4947 0.08514 2.115 
1.61 (0.6586 0.2318 1.238 227 (14925 (0.08382 2.134 
1.62 (0.63558 0.2284 1.267 2.28 0.4903 (0.08251 2.184 
1.63 0.6530 0.2250 1.275 2.29 0.4881 0.08123 2.173 
1.64 0.6502 0.2217 1.284 2.30 (0.4859 0.07997 2.193 
1.65 0.6475 0.2184 1.292 2.31 0.4837 0.07873 2.213 
1.66 0.6447 0.2151 1.30 2.32 0.4816 0.07751 2.233 
1.67 0.6419 0.2119 1.310 2.33 0.4794 0.07631 2.254 
1.68 (0.6392 0.2088 1.319 2.34 0.4773 0.07512 2.273 
1.69 0.6364 0.2057 1.328 2.35 0.4752 0.07396 2.295 
1.70 0.6337 0.2026 1.338 2.36 0.4731 0.07281 2.316 
1.71 0.6310 0.1996 1.347 2.37 0.4709 0.07168 2.338 
1.72 0.6283 0.1966 1.357 2.38 (0.46588 0.07057 2.359 
1.73 0.6256 0.1936 1.367 2.39 0.4668 0.06948 2.381 
1.74 0.6229 0.1907 1.376 2.40 0.4647 0.06840 2.403 
1.75 0.6202 0.1878 1.386 2.41 (1.4626 0.06734 2.425 
1.76 0.6175 0.1850 1.397 242 0.4606 (1.06630 2.448 
1.77 0.6148 0.1822 1.407 243 0.4585 0.06527 2.471 
1.78 (0.6121 0.1794 1.418 2.44 (0.4565 0.06426 2.494 
1.79 (0.6095 0.1767 1.428 2.45 (0.4544 0.06327 2.517 
1.80 0.6068 0.1740 1.439 2.46 0.4524 (0.06229 2.540 
1.81 (0.6041 0.1714 1.450 2.47 0.4504 0.06133 2.564 
1.82 0.6015 0.1688 1.461 2.48 0.4484 0.06038 2.588 
1.83 0.5989 0.1662 1.472 2.49 0.4464 0.05945 2.612 
1.84 0.5963 0.1637 1.484 2.50 0.4444 0.05853 2.637 
1.85 0.5936 0.1612 1.495 2.51 0.4425 0.05762 2.661 
1.86 0.5910 0.1587 1.507 2.52 (0.4405 (0.05674 2.686 
1.87 (0.5884 0.1563 1.519 2.53 0.4386 (0.05586 2712 
].88 (0.5859 0.1539 1.531 2.54 0.4366 0.05500 2.737 
1.89 0.5833 0.1516 1.543 2.55 0.4347 0.05415 2.763 
1.90 0.5807 0.1492 1.555 2.56 0.4328 0.05332 2.789 


1.91 0.5782 0.1470 1.568 2.57 0.4309 0.05250 2.815 
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Table B-1 — Relations (k = 1.4) ae en reins "ei 
A 321 0.3267 0.01993 5.170 

T 0 3.23 0.3240 0.01936 5.268 

2.58 0.4289 0.05169 2.842 3.24 0.3226 0.01908 5.319 
2.59 0.4271 0.05090 2.869 3.25 0.3213 0.01880 5.369 
2.60 0.4252 0.05012 2.896 3.26 0.3199 0.01853 5.420 
2.61 0.4233 0.04935 2.923 3.27 0.3186 0.01826 5.472 
2.62 0.4214 0.04859 2.951 3.28 0.3173 0.01799 $243 
2.63 0.4196 0.04784 2.979 3.29 0.3160 0.01773 5.576 
2.64 0.4177 0.04711 3.007 3.30 0.3147 0.01748 5.629 
2.65 0.4159 0.04639 3.036 3.31 0.3134 0.01722 5.682 
2.66 0.4141 0.04568 3.065 3.32 0.3121 0.01698 5.736 
2.67 0.4122 0.04498 3.094 3.33 0.3108 0.01673 5.790 
2.68 0.4104 0.04429 3.123 3.34 (0.3095 0.01649 5.845 
2.69 0.4086 0.04362 3.153 3.35 0.3082 0.01625 5.900 
2.70 0.4068 0.04295 3.183 3.36 0.3069 0.01602 5.956 
>71 0.4051 0.04229 3.213 3.37 0.3057 0.01579 6.012 
2.72 0.4033 0.04165 3.244 3.38 0.3044 0.01557 6.069 
2.73 0.4015 0.04102 3.275 3.39 0.3032 0.01534 6.126 
2.74 0.3998 0.04039 3.306 3.40 0.3019 0.01512 6.184 
2.75 0.3980 0.03978 3.338 3.41 0.3007 0.01491 6.242 
2.76 0.3963 0.03917 3.370 3.42 0.2995 0.01470 6.301 
2.77 0.3945 0.03858 3.402 3.43 (0.2982 0.01449 6.360 
2.78 0.3928 0.03799 3.434 3.44 0.2970 0.01428 6.420 
2.79 0.3911 0.03742 3.467 3.45 0.2958 0.01408 6.480 
2.80 0.3894 0.03685 3.500 3.46 (1.2946 0.01388 6.541 
2.81 0.3877 0.03629 3.534 3.47 0.2934 0.01368 6.602 
2.82 0.3860 0.03574 3.567 3.48 (0.2922 0.01349 6.664 
2.83 (0.3844 0.03520 3.601 3.49 0.2910 0.01330 6.727 
2.84 0.3827 0.03467 3.636 3.50 (1.2899 0.01311 6.790 
2.85 0.3810 0.03415 3.671 3.51 ().2887 0.01293 6.853 
2.86 0.3794 0.03363 3.706 3.52 0.2875 0.01274 6.917 
2.87 0.3777 0.03312 3741 3.53 0.2864 0.01256 6.982 
2.88 0.3761 0.03263 3.777 3.54 0.2852 0.01239 7.047 
2,89 (0.3745 0.03213 3.813 3.55 0.2841 0.01221 TLLA 
2.90 0.3729 0.03165 3.850 3.56 0.2829 0.01204 7.179 
2.91 0.3712 0.03118 3.887 3.57 0.2818 0.01188 7.246 
2.92 0.3696 0.03071 3.924 3.58 0.2806 0.01171 7.313 
2,93 0.3681 0.03025 3.961 3.59 0.2795 0.01155 7.382 
2.94 0.3665 0.02980 3.999 3.60 0.2784 0.01138 7.450 
2.95 0.3649 0.02935 4.038 3.61 0.2773 0.01123 7.519 
2.96 0.3633 0.0289] 4.076 3.62 0.2762 0.01107 7.589 
2.97 0.3618 0.02848 4.115 3.63 0.2751 0.01092 7.659 
2.98 0.3602 0.02805 4.155 3.64 0.2740 0.01076 7.730 
2.99 0.3587 0.02764 4.194 3.65 0.2729 0.01062 7.802 
3.00 0.3571 0.02722 4.235 3.66 0.2718 0.01047 7.874 
3.01 0.3556 0.02682 4.275 3.67 0.2707 0.01032 7.947 
3.02 0.3541 0.02642 4316 3.68 ().2697 0.01018 8.020 
3.03 0.3526 0.02603 4.357 3.69 (1.2686 0.01004 8.094 
3.04 0.3511 0.02564 4.399 3.70 0.2675 0.009903 8.169 
3.05 0.3496 0.02526 4441 3.71 0.2665 0.009767 8.244 
3.06 0.3481 0.02489 4.483 3.72 0.2654 0.009633 8.320 
3.07 0.3466 0.02452 4.526 3.73 0.2644 0.009500 8.397 
3.08 0.3452 0.02416 4.570 3.74 0.2633 0.009370 8.474 
3.09 0.3437 0.02380 4.613 3.75 0.2623 0.009242 8.552 
3.10 0.3422 0.02345 4.657 3.76 0.2613 0.009116 8.630 
3.11 0.3408 0.02310 4.702 3.77 0.2602 0.008991 8.709 
3.12 0.3393 0.02276 4747 3.78 0.2592 D. 008869 8.789 
3.13 0.3379 0.02243 4.792 3.79 0.2582 0.008748 8.870 
3.14 0.3365 0.02210 4.838 3.80 0.2572 0.008629 8.951 
3.15 0.3351 0.02177 4.884 3.81 0.2562 0.008512 9.032 
3.16 0.3337 0.02146 4930 3.82 0.2552 0.008396 9115 
3.17 0.3323 0.02114 4.977 3.83 0.2542 0.008283 9.198 


3.18 0,3309 0.02083 5.025 3.84 0.2532 0.008171 9.282 
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Table B-1 — Relations (k = 1.4) 2 oe s up 
4.44 0.2023 0.003725 15.74 
4.45 0.2016 0.003678 15.87 
E 4.46 0.2009 0.003633 16.01 
4.47 0.2002 0.003587 16.15 
3.85 0.2522 9.366 4.48 (1.1994 0.003543 16.28 
3.86 0.2513 getan 9 451 4.49 0.1987 0.003499 16.42 
3.87 0.2503 0.007844 9.537 450 0.1980 0.003455 16.56 
3.88 0.2493 0.007739 9.624 4.51 0.1973 0.003412 16.70 
3.89 0.2484 0.007635 9.711 4.52 0.1966 0.003370 16.84 
3.90 0.2474 0.007532 9.799 4.53 0.1959 0.003329 16.99 
3.91 0.2464 0.007431 9.888 4.54 0.1952 0.003288 17.13 
3.92 0.2455 0.007332 9.977 4.55 0.1945 0.003247 17.28 
3.93 0.2446 0.007233 10.07 4.56 0.1938 0.003207 17.42 
3.94 0.2436 0.007137 10.16 4.57 0.1932 0.003168 17.57 
3.95 (0.2427 0.007042 10.25 4.58 0.1925 0.003129 17.72 
3.96 0.2418 0.006948 10.34 4.59 0.1918 0.003090 17.87 
3.97 0.2408 0.006855 10.44 4.60 0.1911 0.003053 18.02 
3,98 0.2399 0.006764 10.53 4.61 0.1905 0.003015 18.17 
3.99 (0.2390 0.006675 10.62 4.62 (0.1898 (0.002978 18.32 
4.00 0.2381 0.006586 10.72 4.63 0.1891 0.002942 18.48 
4.01 0.2372 0.006499 10.81 4.64 (0.1885 0.002906 18.63 
4.02 0.2363 0.006413 10.91 4.65 0.1878 0.002871 18.79 
4.03 0.2354 0.006328 11.01 4.66 0.1872 (0.002836 18.94 
4.04 0.2345 0.006245 11.11 4.67 0.1865 0.002802 19.10 
4.05 0.2336 0.006163 11.21 4.68 0.1859 0.002768 19.26 
4.06 0.2327 0.006082 11.31 4.69 0.1852 0.002734 19.42 
4.07 0.2319 0.006002 11.41 4.70 0.1846 0.002701 19.58 
4.08 0.2310 0.005923 11.51 4.71 0.1839 0.002669 19.75 
4.09 0.2301 0.005845 11.61 4.72 0.1833 0.002637 19.91 
4.10 0.2293 0.005769 11.71 4.73 0.1827 0.002605 20.07 
4.11 0.2284 0.005694 11.82 4.74 0.1820 0.002573 20.24 
4.12 0.2275 0.005619 11.92 4.75 0.1814 0.002543 20.41 
4.13 0.2267 0.005546 12.03 4.76 0.1808 0.002512 20.58 
4.14 0.2258 0.005474 12.14 4.77 (0.1802 (0.002482 20.75 
4.15 0.2250 0.005403 12.24 4.78 0.1795 0.002452 20.92 
4.16 0.2242 0.005333 12.35 4.79 0.1789 0.002423 21.09 
4.17 (0.2233 0.005264 12.46 4.80 0.1783 0.002394 21.26 
4.18 0.2225 0.005195 12.57 4.81 0.1777 0.002366 21.44 
4.19 0.2217 0.005128 12.68 4.82 0.1771 0.002338 21.61 
4.20 0.2208 0.005062 12.79 4.83 0.1765 0.002310 21.79 
4.21 0.2200 0.004997 12.90 4.84 0.1759 0.002283 21.97 
422 0.2192 0.004932 13.02 4.85 0.1753 0.002255 22.15 
4,23 (0.2184 0.004869 13.13 4.86 0.1747 0.002229 2233 
4.24 0.2176 0.004806 13.25 4.87 0.1741 0.002202 22.51 
425 0.2168 0.004745 13.36 4.88 0.1735 0.002177 22.70 
4.26 0.2160 0.004684 13.48 4.89 0.1729 0.002151 22 88 
4.27 0.2152 0.004624 13.60 4.90 0.1724 0.002126 23.07 
4.28 0.2144 0.004565 13.72 4.91 0.1718 0.002101 23.25 
4.29 0.2136 0.004507 13.83 4.92 0.1712 0.002076 23 44 
4.30 0.2129 0.004449 13.95 4.93 0.1706 0.002052 23 63 
4.3] 0.2121 0.004393 14.08 4.94 0.1700 (0.002028 23.82 
432 0.2113 0.004337 14.20 4.95 0.1695 0.002004 24.02 
4.33 0.2105 0.004282 14.32 4.96 0.1689 0.001981 24.21 
4.34 0.2098 0.004228 14.45 4.97 0.1683 0.001957 24.41 
4.35 0.2090 0.004174 14.57 4.98 0.1678 0.001935 24.60 
4.36 0.2083 0.004121 14.70 4.99 0.1672 0.001912 24.80 
4.37 0.2075 0.004069 14.82 5.00 0.1667 0.001890 25.00 
438 0.2067 0.004018 14.95 6.00 0.1220 ().0006334 53.18 
4.39 0.2060 0.003968 15.08 7.00 (0.09259 (.0002416 1041 
4.40 0.2053 0.003918 15.21 8.00 0.07246 0.0001024 [901 
441 0.2045 0.003868 15.34 9.00 0.05814 0.00004739 | 3272 


4.42 0.2038 0.003820 15.47 10.00 0.04762 0.00002356 | 535.9 
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Table B-2 Fanno Flow (k = 1.4) 


|o | 5 | $ | $ | | 8 | 

D T V p Po 

0.0 a 1.2000 0.0 x x 
66.9216 1.1976 0.1094 10.9435 5.8218 
14.5333 1.1905 0.2182 5.4554 2.9635 
5.2993 1.1788 0.3257 3.6191 2.0351 
2.3085 1.1628 0.4313 2.6958 1.5901 
1.0691 1.1429 0.5345 2.1381 1.3398 
0.4908 1.1194 0.6348 1.7634 1.1882 
0.2081 1.0929 0.7318 1.4935 1.0944 
0.0723 1.0638 0.8251 1.2893 1.0382 
0.0145 1.0327 0.9146 1.1291 1.0089 
0.0000 1.0000 1.0000 1.0000 1.0000 
0.0099 0.9662 1.0812 0.8936 1.0079 
0.0336 0.9317 1.1583 0.8044 1.0304 
0.0648 0.8969 1.2311 0.7285 1.0663 
0.0997 0.8621 1.2999 0.6632 1.1149 
0.1360 0.8276 1.3646 0.6065 1.1762 
0.1724 0.7937 1.4254 0.5568 1.2502 
0.2078 0.7605 1.4825 0.5130 1.3376 
0.2419 0.7282 1.5360 0.4741 1.4390 
0.2743 0.6969 1.5861 0.4394 1.5553 
0.3050 0.6667 1.6330 0.4082 1.6875 
0.3339 0.6376 1.6769 0.3802 1.8369 
0.3609 0.6098 1.7179 0.3549 2.0050 
0.3862 0.5831 1.7563 0.3320 2.1931 
0.4099 0.5576 1.7922 03111 24031 
0.4320 0.5333 1.8257 0.2921 2.6367 
0.4526 0.5102 1.8571 0.2747 2.8960 
0.4718 0.4882 1.8865 0.2588 3.1830 
0.4898 0.4673 1.9140 0.2441 3.5001 
0.5065 0.4474 1.9398 0.2307 3.8498 
0.5222 0.4286 1.9640 0.2182 4.2346 





Table B-3 


Rayleigh Flow (k = 1.4) 


1.0245 
1.0000 
0.9603 
0.9118 
0.8592 
0.8054 
0.7525 
0.7017 
0.6538 
0.6089 
0.5673 
0.5289 
0.4936 
0.4611 
0.4312 
0.4038 
0.3787 
0.3556 
0.3344 
0.3149 
0.2969 
0.2803 


0.1918 
0.3137 
0.4444 
0.5745 
0.6975 
0.8101 
0.9110 
1.0000 
1.0780 
1.1459 
1.2050 
1.2564 
1.3012 
1.3403 
1.3746 
1.4046 
1.4311 
1.4545 
1.4753 
1.4938 
1.5103 
1.5252 
1.5385 
1.5505 
1.5613 
15711 
1.5801 
1.5882 


0.1736 
0.3469 
0.5290 
0.6914 
0.8189 
0.9085 
0.9639 
0.9921 
1.0000 
0.9939 
0.9787 
0.9580 
0.9343 
0.9093 
10.88342 
0.8597 
0.8363 
0.8141 
0.7934 
0.7741 
0.7561 
0.7395 
0.7242 
0.7101 
0.6970 
0.6849 
0.6738 
0.6635 
0.6540 
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1.0431 
1.0193 
1.0049 
1.0000 
1.0049 
1.0194 
1.0437 
1.0776 
1.1215 
1.1756 
1.2402 
1.3159 
1.4033 
1.5031 
1.6162 
1.7434 
1.8860) 
2.0450 
2.2218 
2.4177 
2.6343 
2.8731 
3.1359 
3.4244 
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Table B-4 Normal Shock Relations (k = 1.4) 


P2 T; (Poh 

Pi T, (pos 

1.000 1.000 1.000 1.000 1.000 

A 1.023 1.017 1.007 1.000 

. 1.047 1.033 1.013 1.000 

1.071 1.050 1.020 1.000 
1.095 1.067 1.026 0.9999 
1.120 1.084 1.033 0.9999 
1.144 1.101 1.059 0.9997 
1.169 1.118 1.016 0.9996 
1.194 1.135 1.052 0.9994 
1.219 1.152 1.059 0.9992 
1.245 1.169 1.065 0.9989 
1.271 1.186 1.071 0.9986 
1.297 1.203 1.078 0.9982 
1.323 1.221 1.084 0.9978 
1.350 1.238 1.090 0.9973 
1.376 LS 1.097 (0.9967 
1.403 LH 1.103 0.9961 
1.430 1.290 1.109 0.9953 
1.458 1.307 1.115 0.9916 
1.485 1.324 1.122 0.9937 
1.513 1.342 1.128 0.9928 
1.541 1.359 1.134 0.9918 
1.570 1.376 1.141 (0.9907 
1.598 1.394 1.147 0.9896 
1.627 1.411 1.153 0.9884 
1.656 1.429 1.159 0.9871 
1.686 1.446 1.166 0.9857 
1.715 1.463 1.172 (0.9842 
1.745 1.481 1.178 0.9827 
1.775 1.498 1.185 0.9811 
1.805 1.516 1.191 0.9794 
1.835 1.533 1.197 0.9776 
1.866 1.551 1.204 0.9758 
1.897 1.568 1.210 0.9738 
1.928 1.585 1.216 0.9718 
1.960 1.603 1.223 0.9697 
1.99] 1.620 1.229 0.9676 
2423 1.638 1.235 0.9653 
2.055 1.655 1.242 0.9630 
2.087 1.672 1.248 0.9607 
2.120 1.690 1.255 0.9582 
2.153 1.707 1.261 0.9557 
2.186 1.724 1.268 0.9531 
2.219 1.742 1.274 0.9504 
2.253 1.759 1.281 0.9476 
2.286 1.776 1.287 0.94458 
2.320 1.793 1.294 0.9420 
2.354 1.811 1.300 0.9390 
2.389 1.828 1.307 0.9360 
2.423 1.845 1.314 0.9329 
2.458 1.862 1.320 0.9298 
2.493 1.879 1.327 0.9266 
2.529 1.896 1.334 0.9233 
2.564 1.913 1.340 0.9200 
2.600 1.930 1.347 0.9166 
2.636 1.947 1.354 0.9132 
1.964 1.361 0.9097 
1.981 1.367 0.9061 
1.998 1.374 0.9026 
2.015 1.381 0.8989 
2.032 1.388 0.8952 
2.049 1.395 0.8915 
2.065 1.402 0.8877 
2.082 1.409 0.8538 
2.099 1.416 0.8799 
2.115 1.423 0.8760 

2.132 1.430 (0.8720 
2.148 1.437 0.8680 
2.165 1.444 0.8640 


- u m 
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Table B-4 Normal Shock Relations (4 = 1.4) 





1.69 
1.70 
1.71 
1.72 
1.73 
1.74 
1.75 
1.76 
1.77 
1.78 
1.79 
1.80 
1.81 
1.82 
1.83 
1.84 
1.85 
1.86 
1.87 
1.88 
1.89 
1.90 
1.91 
1.92 
1.93 
1.94 
1.95 
1.96 
1.97 
1.98 
1.99 


0.6373 
0.6327 
0.6281 
0.6236 
0.6191 
0.6145 
0.6100 
0.6055 
0.6011 
0.5966 
0.5921 
0.5877 
0.5833 
0.5789 
0.5745 
0.5702 
0.5658 
0.5615 
0.5572 
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Table B-4 Normal Shock Relations (k = 1.4) 


0.5529 
0.5486 
0.5444 
0.5401 
0.5359 
0.5317 
0.5276 
0.5234 
0.5193 
0.5152 
0.5111 
0.5071 
0.5030 
0.4990 
0.4950 
0.4911 
0.4871 
0.4832 
0.4793 
0.4754 
0.4715 
0.4677 
0.4639 
0.4601 
0.4564 
0.4526 
().4489 
0.4452 
0.4416 
0.4379 
0.4343 
0.4307 
0.4271 
0.4236 
0.4201 
0.4166 
0.4131 
0.4097 
0.4062 
0.4028 
0.3994 
0.3961 
0.3928 
0.3895 
0.3862 
0.3829 
0.3797 
0.3765 
0.3733 
0.3701 
0.3670 
0.3639 
0.3608 
0.3577 
0.3547 
0.3517 
0.3487 
0.3457 
0.3428 
0.3398 
0.3369 
0.3341 
0.3312 
0.3283 
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Table B-5 Prandtl — Meyer Expansion (X - 1.4) 





t2 t3 F3 

wh 
SRL 
Ww We We 
a nm 
~J P 
Soe 

ue us 





1.00 0.00 2.30 34.283 
1.02 0.1257 2.32 34.782 
1.04 0.3510 2.34 35.279 
1.06 0.6367 2.36 35.772 
1.08 0.9680 2.38 36.261 
1.10 1.336 2.40 36.746 
1.12 1.735 242 37.229 
1.14 2.160 2.44 37.708 
1.16 2.607 2.46 38.183 
1.18 3.074 2.48 38.655 
1.20 3,558 2.50 39.124 
12 4.057 2.52 39.589 
1.24 4.569 2.54 40.050 
1.26 5.093 2.56 40.508 
1.28 5.627 2.58 40.963 
1.30 6.170 2.60 41.415 
1.32 6.721 2.62 41.863 
1.34 7.279 2.64 42.307 
1.36 7.844 2.66 42.749 
1.38 8.413 2.68 43.187 
1.40 8.987 2.70 43.622 
1.42 9.565 2 44.053 
1.44 10.146 2.74 44 481 
1.46 10.730 2.76 44.906 
1.48 11.317 2.78 45.328 
1.50 11.905 2.80 45.746 
1.52 12.495 2.82 46.161 
1.54 13.086 2.84 46.573 
1.56 13.677 2.86 46.982 
1.58 14.269 2.88 47.388 
1.60 14.860 2.90 47.790 
1.62 15.452 2.92 48.190 
1.64 16.043 2.94 48.586 
1.66 16.633 2.96 48.980 
1.68 17.222 2.98 49.370 
1.70 17.810 3.00 49.757 
1.72 18.396 3.02 50.14 
1.74 18.981 3.14 30.52 
1.76 19,565 3.06 50.90 
1.78 20.146 3.08 51.28 
1.80 20.725 3.10 51.65 
1.82 21.302 3.12 52.01 
1.84 21.877 3.14 52.39 
1.86 22.449 3.16 52.75 
1.88 23.019 3.18 33.11 
1.90 23,586 3.20 53.47 
1.92 24.151 322 53.83 
1.94 24,712 3.24 54.18 
1.96 25271 3.26 54.53 
1.98 25.827 3.28 54.88 
2.00 26.380 3.30 55.22 
2.02 26.930 332 55.56 
2.04 27.476 3.34 55.90 
2.06 28.020 3.36 56.24 
2.08 28.560 3.38 56.58 
2.10 29.097 3.40 56.90 
2.12 29,631 3.42 37.24 
2.14 30.161 3.44 57.56 
2.16 30.688 3.46 57.89 
2.18 31.212 3.48 58.21 


220 31.732 3.50 58.53 


Fundamental Solutions 


Chapter 2 


F2-l. p; * p,gh, ^ 400( 10?) Pa 


pe + (1000 kg/m?)(9.81 m/s?)(0.3 m) = 400( 10°) Pa 


Pe 7 397.06( 10°) Pa 


+Î Fr = EF; Fg = [397.06( 10°) N /m?°] [70.025 m)}?] 
— [101(10*) N/m?][7(0.025 my] 


= 581.31 N — S581 N Ans. 
Pn 
| E Pam ~ 101(10°) Pa 
03m ps 7 pugh, - 
400 kPa pg 7 397.06(10) Pa 


The pressures at A, B and C can be obtained by 
writing the manometer equation. For point A, 
referring to Fig. a, 


Pam + pU t yh, = PA 
0 + (62.4 1b/fÈ)(4 fY + (55.1 1b/fè )(4 fü) ^ p, 


pa = (470 Ib/ft?)(1 ft/12 in. )? = 3.264 psi = 3.26 psi Ans. 
For point B, referring to Fig. b, 


Pam + Yolo — Ywltw ~ Pp 

0 + (55.1 Ib/fe )(4 f) — (62.4 Ib/f )(1ft = pg 
ps ^ (158.0 Ib/f? ) (1 ft/12 in.)? = 1.097 psi = 1.10 psi Ans. 

For point C, referring to Fig. c, 

Pam + Yolo + Ywhw ~ Pe 


0 + (55.11b/fC )(4 ft) - (62.4 Ib/f? )(3 f) = pe 


Pc = (407.6 lb/ft? )(1 ft/12 in.)? = 2.831 psi = 2.83 psi Ans. 





(h 0.3) “| 


Pam B 0 Patm E 0) 


oil oil 





water water 












(a) (b) (c) 
F2-3. Referring to the figure, 
Pam + Pwgħy u Puck tye = Pam 
PwShy — pugghy, ^ 0 
( 1000 kg/m? ) (9.81 m/s?)(2 + h) 
— (13 550 kg/m?) (9.81 m/s?)h = 0 
2000 + 1000h — 13 550h — 0 
h — 0.1594 m — 159 mm Ans. 
Patm 
Paim h, =2+h 
Aus = ny | 
Hg 
F2-4. Pam + p, gh, n Pugh! yyy = Pam 
Pwhty ~ Pugne 
— Pig 
No ( y 
p.) 
|J (13550 kg/m* l | 
(h — 0.3 m) — | ——— — —- J(0.1 m + 0.5 sin 30° m) 
1000 kg/m“ 


h = 5.0425 m = 5.04 m 


0.5 sin 30° m 
0.1 m 





0.3 m 








F2-5. Pe — Pw8hw ~ Pa 
pg — (1000 kg/m?) (9.81 m/s?)(0.4 m) — 300( 10?) N /m' 


pg ^ 303.92(10?) Pa — 304 kPa Ans. 


F2-6. Paun t p cias t Pugħw = Pp 
[101(10°) N/m?] + (880 kg/m?)(9.81 m/s?)(1.1 m) 
+ (1000 kg/m?)(9.81 m/s?)(0.9 m) ^ pg 
pg ^ 119.33(10?) Pa. — 119 kPa Ans. 
Pam 
ha =0.5 +06 =1.1m 
Pco 
h, =04 +05 =09m 
Pw 
Pn 
F2-7. The intensity of the distributed load at A is 


wa = pyghyb = 1000(9.81)(2.5)(1.5) = 36.7875(10*) N/m 
The resultant forces on AB and BC are 

Eda” 5[36.7875( 10°) |(2.5) = 45.98( 10°) N 

= 46.0 kN Ans. 

(Fr)sc 7 [36.7875(10°) (2) = 73.575(10°) N = 73.6 kN Ans. 


Alternatively, 
(Frag ~ Pw8hapAag ~ 1000(9.81)(2.5/2)[2.501.5)] 
= 45.98(10°) N = 46.0kN Ans. 
(Fy)gc 7 p.ghgcApgc 7 1000(9.81)2.5)[ 2(1.5)] 
= 73.575(10°) N = 73.6 kN Ans. 





Ww = 36.7875(10°) N/m 
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The intensity of the distributed load is 

Wa = paghab = 900(9.81)(3)(2) = 52.974( 103) N/m 
Here, Lag ~ 3/sin 60° = 3.464 m 

Fp = 4[52.974( 10°) ](3.464) = 91.8 kN Ans. 


Alternatively, 
Fg 7 p,ghA — 900(9.81)(1.5) [(3/sin 60*)(2)] ^ 91.8KN — Anis. 





wa = 52.974(10°) N/m 


The intensities of the distributed loads at the bottom 
of A and B are 


W) = pyghyb = 1000(9.81)(0.9)(2) = 17.658( 10°) N/m 
wz 7 p,ghb — 1000(9.81)(1.5)2) = 29.43( 10°) N/m 
Then, the resultant forces are 
| 
(Fia 777 [17.658 (10?) (0.9) = 7.9461(10°) N=7.94kN Anis. 
(Fe)g, = {17.658(10*) |(0.6) = 10.5948(10*) N 
(Fr)p, ^ 5[29.43(10°) — 17.658(10°)|(0.6) = 3.5316(10°) 


(Fg)g 7 (Fg)g, ^ (Fg)g, 7 10.5948(10?) 4- 3.5816(10?) 
14.13(10?) N = 14.1 kN 


Ans. 
And they act at 


2 
Opa — 760.9) = 0.6m Ans, 


3 
_ [10.5948(10*)](0.9 + 0.6/2) + 3.5316(10°)[0.9 + 4(0.6) | 
ee a À-— 
14.1264(10°) 
Ans. 


— 1.225 m 





Ww, = 17.658(10°) N/m Ws = 29.43(10°) N/m 
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Alternatively, the resultant force on A is 
(Fg), 7 p,gh,A4 7 1000(9.81)(0.45)(0.9)(2) 
= 7.9461(10°) = 7.94kN Ans. 


And acts at 
a Ws = = 4 (2)( 0.9") Tc i 
Yy —_— — Yy [I one . -—— E m ns. 
Ya SA A 0.45[0.9(2)] 


The resultant force on B is 
(Fg ^ p,ghgAg = 1000(9.81)(0.9 + 0.6/2)(0.6)(2) 


= 14.1264(10°7) = 14.1kN Anis. 
And acts at 
IL 1 (2)(0.6?) 


CU, 2 
wp 7 —— y 7 ——— — —— « (09 * 06/2 
"PP os ” (0.9 + 0.6/2)(0.6)(2) ( n) 


= 1.225 m Ans. 


F2-10. Here,y, = hy = 4(1.2) = 0.8m 
A, = 4(0.6)(1.2) = 0.36 m*. Then 
Fe = pyghyA, = 1000(9.81)(0.8)(0.36) = 2825.28 N 
— 2.83 kN Ans. 
Also, 1), = 4(0.6)(1.2°) = 0.0288 m‘. Then 
-Ga = — 0.0288 


+ vy — —— *08—09m Ans. 


Yp 0.8(0.36) 


NR 
F2-ll y 72m,h ^ 2sin60^ 7 V3 m, 

A = (0.57) = 0.257 m? 

(7) = =(0.5*) = 00156257 m‘. Then 


Fe = pyghA = 1000(9.81)( V3) (0.25) = 13.345( 10°) N 


— 13.3KN Ans. 

7, | — — 0.015625a 
; — — T , O '——a T 2 LZ 2.03125 = 2 03 A : 
Ye XA ^ — 200250) m mE 


F2-12. The intensities of the distributed loads are 
w, 7 pygh,b 7 814(9.81)(1 sin 602) 7 13.831(10?) N/m 
w = wi + pygh,b = 13.831(10°) + 1000(9.81)(3 sin 60°)(2) 
= 64.805(10°) N/m 
Thus, the resultant force is 


Fp = 5(13.831(10°) Ja) + 13.831(10°)(3) 


+ 5[64.805(10°) = 13.831(10°) |3) 


= 124.87(10°) N = 125 kN Ans. 


F2-13. Horizontal Component: 


wa — Pyghab 





= (1000 kg/m*)(9.81 m/s?)(3 sin 30° m)(0.5 m) = 7357.5 N/m 


Fg 7 twah 


= 1 (7357.58 N/m )(3 sin 30° m) = 5518.125 N 


= 5.518 kN 


Fy ^ p,gV 


Vertical Component: 


— [000 kg /m (9.81 m/s?) [1 (3cos 30? m)(3 sin 30° m)(0.5 m)| 
= 9557.67 N — 9,558 kN 


T - 
—XF,7 0; A, — 5518kN 7 0 
+TIF, = 0; 9.558kN — A, 7 0 


A, — $.52kN Ans. 
A, 7 9.56 kN. Aris. 


G--XM, 7 0; (9.558KN)[4(3 cos 30° m)] 
+ (5.518 KN}A(3 sin 30° m) — M, = 0 


i (3 cos 30 ) m 


M, ^ ILOKkN*m 


Ans. 
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F2-14. The resultant force is equal to the weight of the oil 


=! = | 3 | 
block above surface AB. F, 2" pp 5 14.715(10 ) N/m](2 m) 


= 14715(10) N 7 147kN— — Ans. 
- Vertical Component 
— (900 kg/m )(9.81 m/s?) pi m) *(D(.5m|(3m) F, = p gY 
— 50.13(10?) N = 50.1 kN Ans. — (1000 kg/m?)(9.81 Z2 4( Im a m)(0.75 m) 
2\ tan 45 


z D = 14.715(10°) N = 14.7 kN} Ans. 
D 


Fo © Pog(Aace + Aagpe)b 











F2-15. Side AB 








Horizontal Component 
Wpg — p,ghgb — ( 1000 kg/ m?)(9.81 m/ s*}(2 m)0.75 m) F2-16. Plate AB 
= 14.715(10°) N/m Horizontal Component 
| l 7 pghgb 
F, 7 5 wghy 7 7 [14.715(10*) N/m]Q m "e Pues 
— (1000 kg/m?)(9.81 m/s? )(0.5 my2m) 
= 3 = 
14.715(107) N ^ 1417 kN — Ans. = 9.81(10°) N/m 
Vertical Component "A 
F, = p gY Wa Py EA 
— (1000 kg/m?)(9.81 m/s?)(2 m2 m) 
— (1000 kg/m?) (9.81 m/s?) 4 2m Je m)(0.75 m) ( l ) 
2\ tan 60 = 39.24(10°) N/m 
= 8495.71N = 8.50 kNf Ans. E : | E "— 
SL rn (F,); = [9.81(10°) N/m](1.5 m) ^ 14.715(10?) N ^ 14.715 kN 
ide 
(Fj). = 4 39.24( 10°) N/m — 9.81(10°) N/m ](1.5 m) 
= 22.0725(10°) N = 22.0725 kN 
Thus, 
F, = (F), + (Fi; ^ 14.715 kN * 22.0725 kN 
— 36.8 kN —— Ans. 


Vertical Component 
(y, 7 pug, 
— (1000 kg/m!) (9.81 m/s?) 
— 84957(10?) N — 8.4957 kN 








1.5 m ) | | 
( ‘an 60° (0.5 m)(2 m) 





Horizontal Component 
Wp = pyghpb = (1000 kg/m?*)(9.81 m/s?)(2 m)(0.75 m) 
= 14.715(10°) N/m 
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(Filo ~ p,gV» 
(1000 kg/m*) (9.81 m/s”) 





X 1.5m | 
2* tan 60° monu 





12.7436( 10°) N = 12.7436 KN 
Thus, 
F, = (Fy + Fy) 
= 8.4957 kN + 12.7436 kN 
— 212kNf 


Ans. 





lm 


F2-17. Plate AB 


Horizontal Component 


wg = Pughgh = (1000 kg/m*)(9.81 m/s?)(2 m)(1.5 m) 


= 29.43(10°) N/m 


F, = + Waly - 5 [29.43( 10°) N/m|(2 m) 


= 29.43(10°) N 7 294 kN— 
Vertical Component 


m 





_ Hu lf 2 
F, = p wg = (1000 kg/m°)(9.81 St d ze m)(1.50 m) 


Ans. 


= 29.43(10°) N = 29.4kNT 





Ans. 


Plate BC 
Horizontal Component 


wg 7 p,ghgb = (1000 kg/m?)(9.81 m/s?)(2 my1.5 m) 
= 29,43(10°) N/m 
F, = Swshs = 5 (29.43( 10°) N/m |(2 m) 
= 29.43(10°) N = 29.4kN— 
Vertical Component 
Fy, ~ pws? 
— (1000 kg/m?) (9.81 wo m)(2 mX(1.5 m) — x (2 my(1.5 m) 


Ans. 








= 12.631(10°) N = 12.6 kNf Ans. 
F2-18. Horizontal Component: 
We ~ Pyghieb 
— (1000 kg/m?) (9.81 m/s?)(5 m2 m) 
— 98.1(107) N/ m 
F, — 4wehe 
— i[98.1(10?) N/m |(5 m) 7 24525(10?) N 
= 24525 kN — 
Vertical Component: 
F, — p,gV — (1000 kg/m?)(9.81 m/s?) 2m )is m)(2 m) 
: 7 2\ tan @ 
— 245.25(10°) | | 24525 | 
tan 0 tan 0 
G XM, — 0; 
245.25 1/ 5m 2 _ 
( 22) SJEI sm) — (245.25 SE m) 0 
| 
Ans. 


pe M RT SS 
a 
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25 6m/s . 
F2-21. tang — — — ———— = 0.6116 
g 9.81 m/s 
F2-19. F, = p,gVb h' — (1.5 m) tan 8 = (1.5 m)(0.6116) = 0.9174 m 
= (1000 kg/m*)(9.81 m/s*){7(0.1 m)*d] = 308.2d hy = hg + h’ = 0.5m + 0.9174 m = 1.4174m 
*1XF,70; 30824 — [2(9.81)N] =0; d — 0.06366 m pa 7 pogh, 7 (880 kg/m?)(9.81 m/s?)(1.4174 m) 
v,7Yv'- V, = 12.2364(10°) Pa = 12:2kPa — Ans. 
7(0.2 m)'(0.5 m) 7 z(0.2 m?)h — z(0.1 m)7(0.0636 m) ps 7 paghg — (880 kg/m*)(9.81 m/s?)(0.5 m) 
h = 0.516 m Ans. = 4,3164(10°) Pa = 4.32 kPa Ans. 
Py a= 6m/s* 
—- 
d 
fei] "n 





W = 2(9.81) N o 
AAS F2-22. (Fadi = Vain 


T(l m) (3m — 2m) = Slaa m) | 





0.5 m h=2m 
w? 4 w 
hk"--rü 2m = | ————— (1m 
2g 2(9.81 m/s?) 
F2-20. tané . 0.4077 w — 6.26 rad/s Ans. 
g 9.81 m/s? 
@ = 22.18° = 22.2° Ans. im 
hy = 1.5m + (1 m tan 22.18 
= 1.9077 m 


wg 7 p,ghgb — (1000 kg/m?) (9.81 m/s?)(1.9077 m)(3 m) 
= 56.145(10°) N/m = 56.143 kN/m 





l 
Fg — 706145 kN/m)(1.9077 m) = 53.56 kN 5 53.6 kN Ans. 
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2 (8 rad/s) 
F2-23. h — zi — uL : | | my Chapter 3 
£ 2(9.81 m/s?) F3-1. Since x = 2m, y = 6m when f= 0, 
= 3.2620 m z P 1 
q l mE e uM y —_ =< = —: — =< fad 
" = dt Ax [ x [ie 
z(1 m)(2 m) = z(1 m)'(hy 3.2620 m) — 1[z(1 m)'(3.2620 m)] x r x1 
hoy — 0.3690 m In x uu 4! > In7 — 0 
Thus, _ _ de 
haus 7 h + Ig = 3.2620 m + 0.3690 m = 3.6310m x ~ 2e4 
s — dy y ' 
hmin = ho = 03690 m d lv 2 ay = fet 
] dt 6 0 
Pmax = Pw8Mmax 7 (1000 kg/m?) (9.81 m/s?)(3.6310 m) ; 
== i. i zm 4 
— 35.62(10?) Pa — 35.6 kPa Ans. Ne P E 
_ _ | |—7?-6 
Puis 7 pughisis 7 (1000 kg/m?) (9.81 m/s?)(0.3690 m) wh ) . n 
nde 7 ae 
= 3.62(10°) Pa = 3.62 kPa dus en = s, the position of the particles is 
m1 x=2e =330m, y=(2+6= 10m 
roim 







F3-2. 
F2-24. h =% himax a (1.5 my 
2g 2(9.81 m/s?) 
= 1.8349 m dm 
Pmax ~ Pogħmas 7 (880 kg/m?) (9.81 m/s?)(1.8349 m) 
7 15.84(10?) Pa 
= 15.8 kPa Ans. 
1.5m 
n 
F3-4. 








y 73e * 
_ oV 4 ot 
m ee o" 
or ax 
óv av 
— = 201: — = 600r? 
ot ax 


a = [20 + (200x7 + 107)(600x7) | m/s? 
when: = 0.2 s, x = 0.1m 


Ans. 


Ans. 


a = 20(0.2) + [200(0.1°) + 10(0.27)}{600(0.17)| 


= 7.60 m/s? 


_ du au 
a  —cL ut 
at ax 
=0 + 3x + 41(3) 
= x + 4) m/s? 


At x — 0.1m, 
a = 90.1 + 4) = 36.9 m/s? 


Ans. 


Ans. 


dx ‘dx : 
dt P a J 3(x + 4) fa 


ET 4i( 244) =, 
0 : 3 4 


4 x7 |[4(e" - 1)] m 








: In(x + 4) 


x = 4e" - 
When : ^ 0.025 s 


x 74[e27995 — 1] — 02473m 7247mm Ans. 


du 
F3-5. (ahead ~ a = (4t) m/s? 
When t — 25, 
(apa 7 [4(2)] m/s? = 8 m/s? 
(eh, wm uU + 
a, conv "s "ay 
= (3x + 27)(3) + (2y? + 10r)(0) 
= [3(3x + 2°)] m/s? F7. 
When: 2s, x 3m 
(ae, 7 [3(3(3) + 2(27))] m/s? = 51 m/s? 
_ dv _ > 
(ayhoca T z 7 10 m/s” 
ay =u? y y 
(4%)cony “ax vay 
= (3x + 2°)(0) + (2y° + 10r)(6y?) 
= [6y?(2y3 + 10r)] m/s? 
When: ~ 2s, y > Im. 
(ay )cony = [6(17)][2(13) + 10(2) ]m/s? 
= 132 m/s? 
Thus 
Aocal =y (aioa + (a ioca =y (8 m/s? ? * (10 m/s”)? 
= 12.8 m/s? Ans. 
doon V laon + (aion ~ V (51 m/s? r + (132 m/s? y 
= 142 m/s" Ans. 
F3-8. 
- (Amy, Viv 
F3-6. a, (&) + Vx 
av — av — -Í 
(= ) 0 (steady flow) às (40s) s 


a, = 0 + (20s? + 4)(40s) = [ 40s(20s? + 4)] m/s? 
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At A. s — r0 — (0.5 m| Z rad = 0.1257 m 


a, = 40(0.1257){20(0.125a)? + 4) = 111.28 m/s? 


-(#) .¥ 
» or^, p 
aw 
Here, (2) — 0, p — 0.5 m, and at A, 
ðt Jn 


V — [20(0.1257)? 4| m/s — 7.084 m/s 


7.0842)? 
=0+ — = 100.37 m/s? 


Then, 


a = Vaz + a) 7 NV (11128 m/s? + (100.37 m/s”)? 


= 150 m/s? Ans, 
Since the speed of the particle is constant, 
a, 0 
Since the streamline does not rotate, (90V /àr), — 0. 


Therefore, 
av y? (3 m/s)? 2 
=(“) +2 =0+ = igs m/s 
on (3 ) R 0.5m ui 
Thus, 
= Va? + at = VO + (18 m/s?) 
— |8m/s? Ans. 





a= (a) tY 
^ 


us t" d m/s? — (15001?) m/s 


e 
at 


T — (40s) s^! 
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a, — [ 15001? t ( 20s? t 100087 + 4)(40s) | m/s? 
At A, s — 0.3 m and t — 0.02 s. 
a, = {1500(0.02"7) + [20(0.37) + 1000(0.02*/7) + 4] 


[40(0.3]] m/s? 
— 315.67 m/s? 


- (e) «2 
^ NaJ p 
0. 


oV |. - 
7163 — 0, p — 0.5 m and 
n 


a 
V — [20(0.3?) + 1000(0.02*7) + 4] m/s = 8.628 m/s 
Then, 
= o + EEBS 148.90 m/s 
i 0.5 m "ND 
Thus, 
a = Va? + a} = NV (315.67 m/s?)? (148.90 m/s?)? 
— 349 m/s? Ans. 
Chapter 4 
F4-1. 
m = py¥+A = (1000 kg/m*)(16m/s)(0.06 m)| (0.05 m) sin 60°| 
= 41.6 kg/s Ans. 
F4-2. p — pRT; 


(70 + 101)(10°) N/m? = p(286.9 J/kg- K)(15 + 273) K 
p ^ 2.0695 kg/m? 


m = pVA; 0.7kg/s = (2.0695 kg/m?)(V)[4(0.3 m)(0.3 m) | 





V — 7.52 m/s Ans. 
F4-3. QO = VA = (8m/s)[7(0.15 m)’] 
= 0.565 m /s Ans. 
m — p,Q — (1000 kg/m?)(0.565 m/s) 7^ 565kg/s — Ans. 
F44. OF f VdA:; 
A 
0.2m 
0.02 m/s — f Vol 1 — 25r?)(2ar dr) 
0 
0.01 _ (5 2 "- 
—- mm Vo — — 
T 2 4 0 
0.01 _ — — 
— — Vo —_ O 
T 2 4 
Vo — 0.318 m/s Ans. 


Also, f VdA is equal to the volume of the 
A 


paraboloid under the velocity profile. 


l > 
0.02 m? /s — 2702 m)"Vo 


V, — 0.318 m/s Ans. 
The average velocity can be determine from 
y, o 9» 902m /s = 4 59 / A 
avg 4 m ns. 
s A q(02 m) ` ` 
F4-5. p= pRT,; 


(80 + 101)( 10°) N/m? = p(286.9 J/kg + K)(20 + 273) K 
p — 2.1532 kg/m? 


m = pVA = (2.1532 kg/m ) (3 m/s) [7(0.2 m! ] 


= 0.812 ke /s Ans. 
0.5 m 0.5 m 
F46. 05 f VdA = f 6y"(0.5dy) = | 3y/dy 
A 0 0 
= 0.125 m/s Ans. 


Also the volume of the parabolic block under the 
velocity profile is 


Q — 10.5 m[6(0.5) m/s](0.5 m) 
— 0.125 n /s 


] v —0 


0 m VAa + VnAÁAg + V-Ac 0) 


Ans. 


a 
— | pdV + 
at Cv 


F4-7. 


0 — (6 m/s)(0.1 m*) + (2 m/s)(0.2 m*) + V{0.1 m’) = 0 
V-—2m/s Ans. 


F4-8. Choose a changing control volume. 


av = 2 


T = (3 m2 mo) = (6y)m; = 
t ar 


Thus, 


a 
= dV + 
ar QUT 


] v^ — 0 
dV - 
pr. —pV4AA4 — 0 
AA a; x 


dy 
— = 0.0667 m/s Ans. 


at 


a 
F4-9, < | pdv + [ ov-aa =o F4-12. 
0 — m, — m, p,V4 70 
0 — 0.05 kg/s — 0.002 kg/s + (1.45 kg/m*)(V)| (0.01 m’?)) 7 0 
V = 114m/s Ans. 
(200 + 101)( 10°) N/m? = p4(286.9 J/kg+ K)(16 + 273) K 
pA ^ 3.6303 kg/m* F4-13. 


P7 pgRT g; 
(200 + 101)(10*) N/m? = p,(286.9 J/kg +K)(70 + 273) K 
pg 7 3.0587 kg/m? 
d 
sed f Naa =0 


0 — p,V4AA4 + ppVpAg ~ O 
A, — Ap 
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a 
: pav + | pv-aa=0 


0 — V4AA — VgAg + VeAc = 0 
— (1.5 m/s)[ (0.02 mf ] — (2 m/s) [ (0.015 my ] 


t0 m/s Z a?) =0 


d — 0.02449 m = 24.5 mm 


à 
i | pav f oN- =o 


a m 
Po on” E D, V AA A + PoVpAp —0 


Ans. 


NN | 
p, 7- [X2 m)G m)] — p, (4 m/s)[ (0.025 m ] 
+ p,(2m/s)[ (0.01 my] = 0 


(6 m) = 7.226( 107°) m?/s 


m OF a 
-fA E 3.6303 kg/m? vy m t 1.20 mm /'s Ans. 
Va = (pr )Ya T (310587 kg/m ) 02 m/9 
7 g/m Since the result is positive, the oil surface is rising 
= 14.2 m/s Ans, in the tank. 
F4-11. Choose a changing control volume. Ch apter 5 
_ EP) = g , . l 
v> 2 (2h tan 30 A1 m) ^ A^ tan 30 F5-1. Since the pipe has a constant diameter, 
= = 9 tan 30°A ah Vn = Va — 6 m/s Ans. 
at at v v2 
Thus, ËA pA X 70 TE oz, 
a Pw 2 Pw 2 
= dV + 4,V'dA = 0 2 
at fo J? PA y^ > -— y? 
————— * — « (9.81 m/s) G8 m 7 0 - — 0 
av 1000 kg/m 2 2 
P. — PwWA = 0 B "T 
at pa 7 —29.43( 10°) Pa = —29.4 kPa Ans. 
ov — 
ar = VA The negative sign indicates that the pressure at A 
ah is a partial vacuum. 
2 tan 30° — — (6 m/s)[(0.025 m | 
t * 
a 
oh _ 0.01020 (1) F5-2. < | pd + ] v — 0 
at h dt cv cs 
i E t 0 — V4sA, + VgAg — O 
Í uer MUN f "i - (7 m/s) [710.06 m? ] ^ Vs[7(0.04 m? ] = 0 
h — 0.1 m 7 0.01020: Vg — 15.75 m/s Ans. 
h = (0.01020r + 0.1) m Ps | Ve -Pe W 
^l. +o <h= matr a t trn 
Whenr ~ 10s, A — 0.01020(10? + 0.1 = 0.2020 m Po Po 


Substituting this result into Eq. 1 yields 
ah _ 0.01020 


= 0.0 
à 0202) 00505 m/s 


Ans. 
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Select A and B on the same horizontal streamline, - 


iut 
300(10) N/m (7 m/s)? 
940 kg / m? 2 
p (15.75 m/s)? 
940 kg /m* E 2 
g ^ 206.44(10?) Pa — 206 kPa Ans. 


+ gz 


+ gz 


F5-3. Here pe ^ pg ^ 0 and Ve 7 0. 


ps | _Pc , Ve 


Pw 2 Pw 2 


2 


Vi — 2 
0*7 +0=0+0+ (9.81 m/s? )(2. m) 


Vg — 6.264 m/s 
a 
3t | par + | pv-aa =o 


0 — V4Ay + VgAg = 0 
0 — V4{2(0.025 my] + (6.264 m/s) [70.005 my?) = 0 
V4 7 0.2506 m/s 


Since AB is a short distance, 


Vie Vie 
"ol m + pe 
Pw 2 Pw 2 


0.2506 m/s } 6.264 m/s }? 
1000 kg /m 2 2 
p, ^ 19.59( 10?) Pa — 19.6 kPa Ans. 
F5-4. Here V, ^ 8 m/s, Vy ~— 0( Bisa stagnation 


point), and z, — zg — O(AB is a horizontal 
streamline). 


V? V2 
BA tA cg ELTE geg 
Pw 2 Pw 2 


80( 10°) N/m?  (8m/s)? 
TE + | z zu D toto F 
pse 7 112(10°) Pa 
The manometer equation gives 
Pe + Pu8hw ~ Pc 
112(10*) Pa + (1000 kg/m*)(9.81 m/s?)(0.3 m) = pe 
c = 114.943( 10) Pa = 115 kPa Ans. 


a 
a f pav F ] van — 0 


av _ 
Pua * PwV eA ~ O 


ov — 

rim VBA p 

However, Y = (2 m'(2 m'y ^ 4y 
av las 

at at 

Thus, 


dy —- ) 
T V pl 7(0.01 m)?] 


ay | 
v= = 25r(10°°)V, (1) 
C 


PA ^ pg — 0, V4 can be neglected since 
Vg 3 V4(Eq. U. 


pA | Và =B 
Pw w 


2 
V; 
0+0+ (9.81 m/s*)y =0 + +0 


Ve V19.62 y 
At y = 0.4m, 


Vp = V19.62(0.4) = 2.801 m/s 
Q 7 VAg 7 (2.801 m/s) [7(0.01 m | 
— 0.88(107) m/s Ans. 
At y = 0.2 m, 
Vy 7 V/19.62(0.2) ^ 1.981 m/s 
O = WjAs 7 (1.981 m/s) [7(0.01 m? ] 
— 0.622( 10?) m/s Ans. 


: = | per + | pv-aa =o 


0 — VAa + VgA g = 0 
0 — (4 m/s)[m(0.1 m? ] + Vg[ 70.025 m? ] = 0 
Vn = 64 m/s 


F5-7. 


F5-8. 


(880 kg/m*)(9.81 m/s?) "e 
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Between A and B, z, ^ zy = 0, p, — 1000 kg/m? y= Pay B^ 2. 
at T = 80°C (Appendix A). Yo 2g °° 
pA | Vá _Ps , Ve 300( 10°) N/m? 4 m/sy 
> tga 7 t7, Ft 8p = ( ) / ( Lii bd 
Pa Pa * (880 kg/m*)(9.81 m/s) —2(9.81 m/s?) 
120(10) N/m" (4m/s)? = 37.567 m 
1000 kg/m? 2 v (m/s | cu 
EEE m 
ooo (mA e 2¢ 29.81 m/s) 
1000 kg /m* 2 
pg ^ 117.96( 10?) Pa — 118.0 kPa Ans. 
PA ^ pg 0, Va = O (large reservoir), z4 — 6m 
and zę 7 0. 
Vi Vi 
Yw 28 Yw 2g 
0+0+6m—-0+ Va |) 
m Ez — 
2(9.81 m/s’ * F5-9. p pd? + | ev-aa =o 
Vg — 10.85 m/s 0 — V4,AA + VpAg ^ O 
QV Hn m/s) [5.05 m'] 0 — 3 m/s) (0.075 m] - Vg[ (0.05 m] ^ 0 
0.0852 m/s Ans. Vg 7 675 m/s P. 
The velocity head is Also, 
2 (10.85 m/s) — f 0 — VA, + VeAc ~ O 
2e — 2(9.81 m/s?) a —(3 m/s)[7(0.075 my] + Vc[ (0.025 my] = 0 
Vc — 27 m/s Ans. 
Between A and B, 
V Vg 
EA pA y yA 
Yw 28 Yw 2g 
400( 10°) N/m? (3 m/s)? à 
— H Ct 
9810 N/m* 2(9.81 m/s?) 
V4, — Vg — V (constant pipe diameter), z4 — 2m, os Pp _(6.75 m/s)” 75 m/s)? 


zg 7 L5 m, and p,,, = 880 kg/m? (Appendix A ). 
Yo 2g 7^ — Yo 2g 
300( 10?) N/m? y? 


oe Pe 2Y.9 
(880 kg/m*)(9.81 m/s) 28 
pg = 304.32( 10°) Pa = 304 kPa 





9810N/m> 2(9.81 m/s?) 2) 


pg ^7 381.72(10°) Pa = 382 kPa Ans. 


Between A and C, 


Va -~ Ve 
Pa TA yg = PC LS d. ge 
Ym 2g Yw 2g 
400( 10?) N/m? (3 m/sy 7 
9810 N/m? 2(9.81 m/s?) 


=_Pe__ (27 m/s)” i 
9810N/m? 2(9.81 m/s?) 


Pc = 40.0( 10°) Pa = 40 kPa Ans. 





872 FUNDAMENTAL SOLUTIONS 


— PA Vi 
H — ne + Qe ZA 
_ 400( 10°) N/m? (3 m/s)? 
9810 N/m* 2(9.81 m/s?) 
= 41.233 m 


Velocity heads at A, B, and C are 


Và — (3 m/s)? 
2g — 2(9.81 m/s?) 


y2 6.75 m s}? 
Vi — J / = 2322 m 


2g — 2(9.81 m/s?) 


VA 27 2 


2g — 2(9.81 m/s?) 


— 0.459 m 





F5-10. V, = 0, pą = pe ^ 0, z, ^ 40 m, and ze ^ 0; 


p Vi p Ve 
— + — T Za Tt hoump =< -— + Zo + hae + Ay 
Yw 2g wo 2, 


(8 m/s)? 150 
= i A eh KI 2 Ja.5m) 
2(9.81 m/s?) UP X100 


has 7 34.488 m 
Q ^ VcAc 7 (8m/s)[7(0.025 m? ] = 5z(10?) m?/s 
Wi 7 Qy,h, 7 [5z(10?) m*/s](9810 N/m?)(34.488 m) 
= 5314.43 W = 5.314 kW 
Wo 
5.314 kW 


0O+0+40m+0-0+ 


m 
z|[E 


0.6 — W, 7 3.19kW Ans. 


F5-11. Q ^ V4Ag; 0.02 m/s 7 Vg[ (0.025 my] 
Vg — 10.19 m/s 
PR "AE ZA = 0, Zp —8m 
Pa . Ve -Ps M 
— omne za P aas A. E. + Rup +h 
Y. 2g ^ Pump yy, Dg 7o 005 7L 


80(10°) N/m? (2 m/s)? 
Deane * Laer a) tO + hpp 
9810N/m? 2(9.81 m/s?) 
E (10.19 m/s} 
= 0 + ~a + 8m + 04+ 0.75 m 
2(9.81 m/s?) 
loup ^ 5.6793 m 


There the power supplied by the pump to the water is 
W = Oy hyump = (0.02 m*/s) (9810 N/m*)(5.6793 m) 
= 1.114(10°) W — L11kW Ans. 


F5-12. Here, Q,, ^ —1.5 KJ/s. Then 


21M Va | 
E = m — (n, * "A 


— 1.5(10*) 3/s — Whur = {| 450(10" J/kg + Lsn) + J 


(emi K ate 


Ans. 


Qin ET Wout 


- oo 10°) J/kg + 
Wou = 298 kW 


The negative sign indicates that the power is being 
added to the flow by the engine. 


Chapter 6 
F6-1. OVA; 0.012 m*/s — V (0.02 m)*}; 
V = 9.549 m/s 


Va 7 Vg ^ V 7 9,549 m/s and pg = 0 


a 
eil VpdY + | vov-an 
at cv cs 


ATF, = 0 + Vepy(V—A p) 

F, — (9.549 m/s)(1000 kg/m^)(0.012 m/s) ^ 114.59N— 
* TXF, 7 0 * V4(7p, VAAA) 
(160(10*) N/m?)(7(0.02 m)?) — F, 


7 (9.549 m/s) | - (1000 kg/m*) (0.012 m?/s) | 


F, ^ 315.65 NI 
= VFP + F = V(114.59 NP + (315.65)? = 336N Ans 
F; 315.65 N 
0 — tan (5 - ETC x) = 70.0° Ans. 





pA, 


Fó-2. Q, ^V,A.; 0.02m)/s ^ V4[7(0.02 mY ]; 
V4 7 15.915 m/s 
Ox = 0.30, = 0.3(0.02 m*/s) = 0.006 m’/s 
Oc = 0.70, = 0.7(0.02 m?/s) 7 0.014 m/s 
Also, Vg — Vc — V4 — 15.915 m/s and p, — pg — pe — 0. 
xp-— | vodv + | vov-aa 


cs 


SSF, = 0+ Val—(o,.VsAa)] 4- Vg cos 60"(p, VgAg) 
+ (~Ve-cos 60° p, VA) 


— F, ^ (159915 m/s)| - (1000 kg/m?) (0.02 m/s) | 
* (15.915 m/s)(cos 607) ( 1000 kg /m? ) (0.006 m? /s ) 
* (715.915 m/s)(cos 60") ( 1000 kg/m?) (0.014 m/s) 
F, = 38197 N 
*TXF, — 0 7 Va sin 60 (p, VgAg) + (Vcsin 60)[—(p,, VcAC)] 
—F, = (15.915 m/s) sin 60°( 1000 kg/m*)(0.006 m*/s) 
* (15.915 m/s) sin 60^ | — ( 1000 kg/m?) (0.014 m/s) | 


F, — 110.27 N 
F= VEF + F? = V(381.97N}? + (110.27 N)? = 397.57N 
— 398 N Ans. 
F, 110.27 N 
0 — tan 6 — tan (iex) = 16.1° Ans. 
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d 
F6-3. =F =< | vpar + | vov-an 


at i 


_ dV | j 
SSF, = Pwo * Ví4[7(o, VAA4)] + Ve (py VpAg) 


Fy = pyAg = pal (0.025 m)*] — 0.625 (107? )p, 
Fa =U 
Ya — [7(0.025 m? (0.2 m) 7 0.1257 (10?) m? 


dV dV " 
SYP, Cuts where p = 3 m/s? 


0.6257 (10?) p, 7 (3 m/s?)(1000 kg/m) [0.1257 (10? )m? | 


Ppa — 600 Pa Ans. 


F6-4. 

Q, ^ V4A4 7 (6 m/s)[7(0.015 my] ^ 1.357(107) m/s 

al, .-1 "X 
Qs 7 Qc 7 504 = 5[1357(10 >) m/s | 

= 0.6757 (10?) m?/s 
Qs ^ VpAg; 0.6757 (10?) m?/s 7 Vs[ (0.01 m? | 

Vp = 6.75 m/s 
Ve = Vg 7 6.75 m/s 


d 
IF VpdVY f vovas 
cy cs 


SSF, = 0 + (Vecos 45°(p.,.VeAc) + (Vp cos 45*)(p,, VgAg) 


F, ~ (Ve cos 45" p. Qc u (Vg cos 45" p, Qs 
F, ^0 


+ TIF, = 0 V4(7-p,,VAAA) *. Vgsin45'(p,, VA g) 
* Vcsin 45*(p,, V cA c) 
[80(10?) N/m? |(z(0.015 m^) — F, 
7 (6 m/s)| - (880 kg/m?) (1.357 (107) m/s) ] 
+ 2(6.75 m/s) sin 45^| (880 kg/m?)0.675z ( 10?) m/s | 
F, 7 61.1N 
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Since F, = 0, Fó6-6. (35)V, 7 V4 * Vy 
F — F, ^ 61.1NI Ans. 20 m/s 7 —1.5 m/s * Vg 
Fs Vic — 21.5 m/s 
à 
LF a. Vpd¥ + | vov-an 


SUF x =0+ (Vici [ —~ PV presdinAin 
-F, ^ (21.5 m/s)| —(1000 kg/m*)(21.5 m/s) (0.01 m | 





F, 7 1452N 

|) —0-4 v x 

F6-S. sp = f VpdY + f VpV -dA *1ZF, 7 0 + (Vycs)out [OC Vijcs)out (Aout) ] 
^ es F, = (21.5 m/s)| (1000 kg/m? )(21.5 m/s) (0.01 m | 
AF, = 0 + (—VoulPaV out oul = 145.2 N 
—Fy = (—20 m/s)| (1.22 kg/m’ )(20 m/s) (0.125 m)* | F= VF + F = V(145.2)? + (145.2)? = 205N 
F, — 240N Ans. F, ase Ans. 
i " an) = an (152) — 49^ t. Ans. 
Fr F, 
F, F, 


N, 





Answers to Selected Problems 


Chapter 1 


1-1. 


1-3. 


1-6. 


1-7. 
1-9. 

1-10. 
1-11. 
1-13. 
1-14. 
1-15. 
1-17. 
1-18. 
1-19. 
1-21. 
1-22. 
1-23. 
1-25. 
1-26. 
1-27. 
1-29. 
1-30. 
1-31. 
1-33. 
1-34. 
1-35. 
1-37. 
1-38. 
1-39. 
1-41. 


1-42. 


a. kN*m 

b. Gg /m 

c. uN / s? 

d. GN /s 

a. 0.181 N? 

b. 4.53( 10°) s? 
c. 26.9 m 

a. 11.9 mm/s 
b. 9.86 Mm: s/kg 
c. 1.26 Mg: m 
PHs — 13.6 Mg/m* 

Sy, ^ 13.6 

y = 42.5 lb/ft’ 

W = 2.13 kip 

91.5 N 

p ^ (0.0273 T, 7.45 MPa, where T, is in C^ 
55.7 N/m? 

0.386 Ib/ ft 

494( 10°) Ib 

3.05 m 

0.629 kg 

p — (0.619 T. + 169) kPa, where T, is in C° 
20.1 Ib 

446 N 

47.5 kN 

0.362 kg/m* 

19.5 kN 

p; ^ 0.986 kg/m?^, Y, — 0.667 m* 

2.02% 

14.9( 10°) Ib/in? 

1.06( 10°) kg/m? 

13.6( 10°) psi 

220 kPa 

40.4(10 5) Ib: s/fc 

8.93( 107°) N - s/m? 

non-Newtonian 

0.315 mPa 

0.1875 mPa 

Tp . 4.26 Pa, 7, ~ 5.32 Pa 

Aty — h, 7 — 0; 
At y — h/2, 


u 7 0.849 N* s/m? 
v — 2.00 m/s 


— 0.3547pU 
T hs 


1-43. 
1-45. 


1-46. 


1-47. 
1-49. 


1-50. 
1-51. 


1-53. 


1-54. 


1-55. 
1-57. 


1-58. 
1-59. 


1-61. 
1-62. 
1-63. 
1-65. 
1-66. 
1-67. 
1-69. 
1-70. 
1-71. 
1-73. 
1-74. 
1-75. 
1-77. 


Chapte 
2-2. 
2-3. 
2-5. 


2-6. 


2-7. 


3.00 mN 
T,-9 ^ 317 N/m* 

T — Üwhen y — 5 um 

y 7 L25 (10 *) m, u — 0.109 m/s, 

T 7238 N/m? 

0.835 N/m 

At T = 283 K, u 7 125(10 ?) N: s/n 
AtT = 353 K, w = 0.339(10 7) N s/m? 


B — 136 (10~°) N+ s/(m?+ K2), C = 78.8 K 
Using the Sutherland equation, 
at T = 283 K, u = 17.9 (10%) N-s/m? 
at T = 353K, = 20.8(10°)N-s/m 
0.942 N*m 

. [20(10 5) 
T= =] N*m, where t is in m 
7.00 mN +m 
Atr = 50mm, 7 > 3.28 Pa 
Atr = 100 mm, 7 — 6.57 Pa 
10.3 mN* m 
mo 
2tsin 0 
Pam — 458ps,i Ty44 — 1587F 
4.25 kPa 
7.38 kPa 
3.17 kPa 
2.08( 10^?) psi 
0.0931 in. 
0.116 in. 

= 0.075 in., h = 0.186 in. 
D = 1.0 mm, h 7 28.6 mm 
L — 4c /(pgd sin 8) 
L — (0.0154/sin 0) m 
24.3 mm 
0.0716 N/m 


r2 

p, — 137 kPa, pay. ~ 233 kPa 
hy, 7 301 mm 

p, ^ 160 kPa = 2.31 psi 


Pa — 10.6 kPa — 1.54 psi 
hy = 33.9 ft 

ha, — 30.0 in. 

p, 0 


Pn ^ pc — 7.16 kPa 
Pp = PE — 21.5 kPa 


875 


876 


2-9, 


2-10. 
2-11. 


2-13. 
2-14. 


2-15. 
2-17. 


2-18. 
2-19. 


2-21. 
2-22. 


2-23. 


2-25. 
2-26. 


2-27. 
2-29. 


2-30. 
2-31. 
2-33. 
2-34. 
2-35. 
2-37. 


SELECTED ANSWERS 


(p4!, — 1.59 psi 
Absolute maximum pressure occurs when the 
oil reaches level B. 
(Pa'ans — 3.98 psi 
max 
(Piani 7 4.78 psi 
(Pp), — 2.57 psi 
h = 21.3 ft 
(pa!, — 1.87 psi 
h — 7.46 ft 
Fg — 827N 
Fe ~ 883N 
5.33 m 
No, it does not matter what shape the bottom of the 
tank is. 
(py), = 6.47 psi 
d, — 0.584 in. 
For compressible air, p — 95.92 kPa 
For incompressible air, p ^ 95.85 kPa 


_ Pagh 
p=-Eyin (1 ~ 24) 
EY 


Incompressible: p ~ 2.943 MPa 
Compressible: p — 2.945 MPa 
p — 95.2 kPa 

p— 1.18 kg/m? 


uu To — C z \E (RC 
P »( ) 


To 

Ty = 15°C 
C = 6.50(10? )*C /m 
p — 53.8 kPa 
167 kPa 

= To = CZ g/RC 
P z T; ) 
p — poe EWERT 
5.43 kPa 
246 mm 
851 mm 
135 mm 
Pa — 2.60 psi, pg — 1.30 psi 
0.870 psi 
12.7 kPa 
18.2 kPa 
893 mm 
8.73 psi 
39.9 kPa 
365 mm 
736 Pa 
329 kPa 
573 kPa 
15.1 kPa 


2-53. 
2-54. 


2-55. 


2-57. 
2-58. 
2-59. 


2-71. 
2-73. 
2-74. 
2-75. 
2-77. 


2-78. 


2-79. 


2-90. 


2-91. 


2-93. 


2-94. 


phe RR EB 


22.6 psi 
47.4 psi 


= A, 
Pa — Pa e| Y 1-7. YR — 


18.5 kPa 

9.2] in. 

24.5 psi 

Fg ^ 61.1 kip, F4 — 170 kip 
Fp = 293 kN, yp = 1.51 m 
887 Ib 

5.63 ft 

77.2? 

1.65 m 

9.36 ft 

Ng 7 1.32 kip 

F, = 1.06 kip 

Fo = 25.3 kN 

h = 3.5 m 

Fecpr = 1.69 kip, d = 0.943 ft 
F sper = 6.27 kip, d’ = 1.71 ft 
F,g ^ 24.0 kip 

Fpc 7 3.37 kip 

Fre = $2.4 kip 

Fac = 480 KN, Fep = 596 KN 
6.71 m 


Fp — 1.68 kip 
d — 1.67 ft 
Fr — 1.98 kip 
d — 1.62 ft 
Fg — 72.8 kN 
yp — 3.20 m 
Fg — 72.8 kN 
yp . 3.20m 
Fg — 390 kN 
Vp = 474m 
Fr 7 18.5 kip 
d — 3.00 ft 
Fg — 73.1 kN 
d — 917 mm 
Fr — 40.4 kN 
d — 244m 

F — 17.3 kN 
yp — 0.938 m 
F — 17.3 kN 
yp — 0.938 m 
Fr — 3.68 kN 
yp — 442 mm 
Fr = 676 1b 
yp — 2.29 ft 
Fa — 6761b 


yp ^ 2.29 ft 





2-95.  F, — 4,83 kN 


yp — 1.77 m 
2-97. Fg — 6.89 kN 
Vp — 1.80 m 
2-98.  F, — 6.89 kN 
yp = | U m 
2-99.  F, — 9.18 kN 
yp — 1.75 m 
2-101. Fp ~— 752 1b 
yp = 1.80 ft 
2-102. 2.18 kip 
2-103. 9.50 ft 
2-105. Ny — 194 KN 
A, — 177 kN 
A, 7 31.9 KN 
2-106. N, — 3.37 kip 
A, — 3.37 kip 
A, — 1.92 kip 
2-107. 442 kN 
2-109. Fp — 368 kN 
0 — 53.1? 5. 


2-110. 179 kN 
2-111. Fg 7 73.1 kN 
075154 
2-113. Fr =| V601(10°)A* + 16.7(10°)A®| N 


where A is in m 
2-114. Fup, — 58.9 KN 


Fre — 147 KN 

Fep ~ 70.7 KN 
2-115. 326 kN 

A, — 2.56 kip 

A, — 1.93 kip 
2-118. F;, ~ 3.17 kip 

F,, — 3.77 kip 

x — 193m 

y — 0.704 m 
2-119. F, — 163.5 kN 

0 — S3. ^4 
2-121. Fr — 2.83 kip 

0 — 26.6 "à 

x — 1.99 ft 

y — 2.61 ft 
2-122. Fr — 243 KN 

0 — 33.7? X 


2-123. 196 kN* m 
2-125. Fr = 56.1 kip 


0 — 15.9° 24 
2-126. B, — 583 kN 
B, — 53.2 kN 


2-127. 153m 


2-129, 
2-130. 
2-131. 


2-133. 


2-134. 
2-135. 
2-137. 
2-138. 
2-139. 
2-141. 


2-142. 
2-143. 


2-145. 
2-146. 
2-147. 
2-149. 
2-150. 


2-151. 


2-153. 


2-154. 


2-155. 


2-157. 
2-158. 


2-159. 


2-163. 
2-165. 
2-166. 
2-167. 
2-169. 
2-170. 
2-171. 
2-173. 
2-174. 


2-175. 


2-177. 
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248 Ib 

185 Ib 

Fg — 53.8 kN 

T — 42.3 kN: m 
m, — 225 kg 

h — 0.367 m 
136 mm 

21.0 m 

107 mm 

0.230 ft 

3.20 ft 

T,g — 2.70 kN 
Remains the same 
1.50 kip 

265 mm 

196 mm 

r — 1.01 m 

m — 15.6 kg 

a — 5,55 ft 

F — 19.915 

h — 11.2 mm 

It will restore itself. 
a. 11.0 kPa 

b. 13.3 kPa 

0 — 11.5° 

pa — 24.6 kPa 
Pr = 14.6 kPa 
At rest: pg = 468 lb/ft 
With acceleration: A= 140 ft 
Pr — 562 lb/ft 
a, ^ 445 m/s? 
The safer location is at the bottom of the tank. 
h', — 0.171 m 
h = 0.629 m 
4.12 kPa 

Pp ~ —3.06 kPa 
Po — 24.6 kPa 
pa — 21.6 kPa 
Pe ~ 11.6 kPa 
7.02 ft/s? 

42.5* 

4.05 kPa 

37.7 rad /s 

132 mm 

— 1.29 psi 

28.1 kPa 

8.09 rad/s 

Pa ^ —2.08 kPa 
Pc ^ 3.81 kPa 
pg ^ 9.92 kPa 
pc ~ 15.8 kPa 
36.7 N 


878 
Chapte 
3-5, 


3-6. 


3-7. 


3-9, 


3-10. 
3-11. 
SE 
3-14. 
3-15. 
3-17. 
3-18. 
3-19. 


3-21. 


3-22. 


3-23. 


3-25. 


3-26. 


3-27. 
3-29. 
3-30. 


3-31. 
3-33. 


3-34. 


3-35. 
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r3 3-37. 
V — 19.8 m/s 
8 — 40.9" 
V — 2.19 m/s 
0 — 43.2 3-38. 
Iny? + y 7 2x — 2.61 
V = 5.66 m/s 
0 545 2 HH 
y =6x +2 
V — 8.94 m/s 
0 7 266 2 35-41. 
y = S (e = 1) 
y = A(x — 1) 3-42. 
y=x/9 
y = L6óx 
y7x 
Fort —1s,y = 4g * prm 3-43. 
Fort = 2s, y 7 4e* **- i5 
Fort = 3s,y = de T U p . 
= |». mS o£ zx-c^zr-—6)L 
Fort = Say = Gel®? #618 as. 
u — 3.43 m/s 
v — 3.63 m/s 
y —78x— l5, y 7 9m 
x — 93m 3-46. 
Mg 
3 a 27x 
Forü s r« 10s y 7 -5 347. 
For 10s <1 I5s,y = EL + 22 
si at. L. 3 
y 7g na tana + 6 3-49, 
m 8 
ForO=r<5s,y s >in, 
For5s < t = 10s, y = 2.67e1- 00821) 
2y — L5- y- x44520 
V = 30.5 m/s 
a 7 24 m/s? 
1088 in./s? 
30.9 ft/s? 
V — 23.3 m/s 
a — 343 m/s? 3-50. 
V — 16.3 m/s 
0, — 79.4 £ 
a ^ 164 m/s? 


0, — V7.0 2 
a = 36.1 m/s? 
097—733 T 2 





V — 33.5 m/s 
0, — 174 
a = 169 m/s? 
0, — 79. 2 
y 7 x/2,a 7 143 ft/s? 
0 — 26.6 22 
y — 2x 
a = 286 m/s 
0 — 63.4 2c 
V — 447 m/s, a ^ l6 m/s? 
y= siny +2 
V = 4.12 m/s 
a — 170 m/s? 
- y +5 
x 6 
V — 0.601 m/s 
a —^ 0.100 m/s? 
x:/ (4.24)?  y?/(2.83)? — 1 
x — 2.72m 
y -L5m 
z — 0.634 m 
a = {10.91 + 32.6j + 24.5k} m/s? 
p= All 
* (4x46)? 
a = 136 m/s 
0 — 72.9? 22 
y — 1.25 mm 
x — 15.6 mm 
a — 0.751 m/s? 
0 7229 æ 
At point (0, 0), 
a = 64m/s?} 


At point (1 m, 0), 
a ^ 894 m/s^, 8 — 63.4^ *G 
For the stream ine passing through point (0, 0), 


y= |2in( = ) |m 
2x° + 8 


For the streand ine passing through point (1 m, O, 


y — zw( 10 IE 
2x° + 8 


For point (2 m, 0), 

a = 0.5 m/s? 

y= +V4x —- 16 
For point (4 m, 0), 

a ^ 0.0625 m/s? 
y " t£ VAY) - 64 











3-51. —1.23 m/s? 
3-53. 72mj/s? 
3-54. a, 7 320 m/s? 
a, — 7.60 m/s? 
3-55. a — 375 m/s? 
0 — 36.9? * 
3-57. a, — 222 m/s* 
a, ^ 128 m/s? 
3-58. a, ^ 787 m/s? 
a, ^ 730 m/s 
3-59. 4 —679 m/s? 
0 7 45^ 2e 
4y? — 37° = I 
3-61. 4° —-y =3 
a, ^ 85.4 m/s? 
a, ^ 11.6 m/s? 
Chapter 4 
4-13. Q 70225 m/s 
m — 225 kg/s 
4-14. 8.51 m/s 
4-15.  8.69(10^?) slug/s 
4-17. 0.955 m/s 
4-18. «> (238) min, where d is in m 
4-19. 1.56 kg/s 
— WU mah 
4-21. = 
2 
2 
4-22. 2.92 ft/s 
4-23. 5.60 slug/s 
4-25. 121 slug/s 
4-26. O, = 0.036 m'/s 
Qg — 0.0072 m! /s 
4-27. 0.0493 m/s 
429. Ëu 
2 49 
4-30. h =Z pUR 
4-31. 119 m/s 
4-33. 33.5 slug/s 
4-34. 6.00 ft/s 
4-35. 0.0294 m/s 
4-37. V4, 7 3.336 m/s, Vy ^ 1.49 m/s 
a4 7 0.407 m/s?, ag = 0.181 m/s? 
4-38. V, — 122 m/s, Vy ^ 9.98 m/s 
4-39. 7.07( 10") 
4-41. 954ms 


4-55. 
4-57. 
4-58. 
4-59, 


4-91. 
4-93. 
4-94. 
4-95. 
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u — 58.7 ft/s,a 7 16 523 ft/s? 
u — 3,56 m/s, a ^ 112 m/s? 
0.413 s 
0.217 s 
2.39 m/s 
1.50 ft/s 
3.01 m/s 
10.0 m/s 
0.647 kg /s 
31.9 m/s 
9.42 m/s 
4.45 ft/s 
Vi, — (0.047270) ft/s, where @ is in degrees 
d — 141 mm 
V = 1.27 m/s 
Vg — 28.8 m/s 
ay — 320 m/s? 
0.6 m/s 
279 m/s? 
0.0637 
(0.02 — 0.1413? 


1.14 (107?) 
(0.02 — 0.141x)° 


48.5 s 
2.48 hr 


m/s? 


993 
Vv, = (=) m/s, where f is in hrs 


20.4 m/s 
1.57 slug /ft 
1.59 slug /ft? 
3.15( 107°) ft/s 
18.8 m/s 
V — (6.25V,) m/s 
1.78 m/s 
—0.101 kg/ (m? * s), unsteady 
16.4 Ib/ ft 
422 ft/s 
= = |0.417(107*) D?| ft/s, where D is in in. 
0.00530 kg/ ( m* s) 
2.94 g/s 
7.20 min 
_ YNE +R 
V= hy 
H( È — y!) 
0.0509 m/s 
3.11 m/s 
—0.00356 kg/ (m? * s) 
p, ^ 1.656 slug/ft 
Vc — 3.75 ft/s 


880 


4-97. 


4-98. 


4-99, 


4-101. 
4-102. 
4-103. 
4-105. 
4-106. 
4-107. 


4-109, 
4-110. 


4-111. 


Chapte 
5-1. 
5-2. 
5-3. 
5-5, 
5-6. 
5-7. 
5-9. 
5-10. 
5-11. 
5-13. 
5-14. 
5-15. 
5-17. 


5-18. 


5-19. 
5-21. 
5-22. 


5-23. 


5-25. 
5-26. 
5-27. 
5-29. 
5-30. 
5-31. 
5-33. 
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0.101 ft/s 
0.890( 10 *) 


vh — i 
dh 
— — (,890 (107° $ 
Pave — 967 kg/m* 
0.0144 m/s 
5.99 s 
2.73 s 
6.77 m 
10.2 s E 
p ^ (2e 995") MPa, where t is in seconds 
0.975 slug/ ft? 
— 0.0183 m/s 


m/s 


dt 


dy, _ ( 0.157 (10?) ) m/s 


0.173y, + 0.0146 


rS 

—2 kPa 

0.254 m? /s 

152 ft/s? 

Ap = pV° In(r/r;) 

60.1 psi 

60.3 psi B 

Va (3.283 VF) m/s, where F is in N 
538 kPa 


11.3 ft/s 

696 Pa 

72.8 ft/s 

—36.7 kPa 

V — 12.7 m/s, p — —60.8 kPa 
B 6.48( 10°) 

p 0.5|40.5 — ——,— — | kPa, 

where r is in mm. 

2.52 mW 

3.11(10 7) m/s 

Pc — 7154 Pa 

W = 151 mW 

Q — 278(10 ?) m?/s 

Pe — 38.8 kPa 

3.5] m/s 

7.63 kPa 

159 Pa 

3.32 m 

3.72 ft /s 

34.0 kPa 

Vg — 5.33 m/s 


pg ^ 121 kPa 


5-3. 


5-35. 
5-37. 


5-73. 


5-74. 
5-75. 
5-77. 
5-78. 





30( 10°) 
Vg — -— m/s, where dg is in mm. 
dg“ 
450( 10°) 
Pg ~ | 135 — 4 kPa, where dg is in mm. 
B 


px) — Pa — ( 30x - 4.5x!) kPa 
12.8 kPa 

2.73 m? /s 
0.260 m 

90 mm 

66.3 ft^ /s 

2.69 ft^ /s 
0.0374 m! /s 
114 mm 

81.6 ft^ /s 

28.2 kg/s 

401 kPa 

101 kPa 

V4, — 2.83 ft/s 
Vg — 7.85 ft/s 
0.00747 slug/s 
275.025 kPa 
1.65 m! /s 

33.8 ft 


d = (0.352 149.6 p, + 258) ft, 
where p, is in psi. 


Ve — 21.2 m/s 
pc — 10.1 psi 

V4, — 14.6 m/s 
Vg ^7 7.58 m/s 


18.9( 10? ) liters 


dy _ 19.6(y + 0.05) 
L—-|[-j—————— m/s 
dt 0.316(10?)5* — 1 


where y is in meters. 
7.36 ft 

41.0 mm 

0.0163 m? /s 

23.] m/s 

Pe — 7.31 psi 

Q, = 1.80 ft/s 

p, ^ —964 kPa 

Q = 0.0277 m/s 
0.0329 m? /s 

dv/dt — 0.496 m/s, p — —2.39 kPa 
2 

1.06 


5-89. 

5-90. 

5-9]. 

5-93. 

5-94. 

5-95. 

5-97. 

5-98. 

5-99. 

5-101. 
5-102. 
5-103. 
5-105. 
5-106. 
5-107. 
5-109, 
5-110. 
5-111. 
5-113. 
5-114. 
5-115. 
5-117. 
5-118. 
5-119. 
5-121. 
5-122. 
5-123. 
5-125. 
5-126. 
5-127. 
5-129. 
5-130. 


Chapte 
6-1. 
6-3. 
6-5. 
6-6. 
6-7. 
6-9. 


Vg — 2m/s 
pg ^ 94.] kPa 
Vg 8 m/s 
Pe ~ 52.9 kPa 
Vec ~ 8 m/s 
Pe ~ 51.5 kPa 


EGL at 84.8 ft, HGL at 84.2 ft 
Pa — —0.867 psi 

Pg ^ —1.30 psi 

0.00116 m? /s 

0.0197 ft /s 

0.0603 m? /s 

1.92 m 

22.6 kW 

104 kW 

314 kW 

18.2 ft/s 

O = 0.853 ft^ /s, p ^ — 1.16 psi 
Ve "TIA ft/s 
14.0 kW 

29.5 hp 

V — 45.8 ft/s, h 
13.9 kW 

46.2 hp 

V — 3.56 m/s, p — 278 kPa 
0.742 hp 

1.13 m 

0.344 hp 

1.94 ft^ /s 

4.64 hp 

2.66 kJ/kg 

146 J/kg 

2.91 kW 

1.98 hp 

6.13 hp 

1.02 hp 

4.45 MW 

4.99 hp 

2.38 ft 

49.2 kW 

1.61 hp 

Pg — Pa — 105 kPa 

31.2 m/s 


pump ^ 66.1 ft 


ró 


L = 10.1 kg- m/s by either method. 


526 N 

0.467 Ib 

F = |137(1 — cos 0/2) | Ib 
126 N 

F — [1607 (1 ^ sin&)] N 


6-10. 
6-11. 
6-13. 
6-14. 
6-15. 
6-17. 


6-18. 
6-19. 


6-21. 


6-22. 


6-23. 
6-25. 


6-26. 
6-27. 
6-29. 


6-30. 
6-31. 


6-33. 


6-34. 


6-35. 
6-37. 
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T, — 6.28 kip 
T, — 2.88 kip 
F, — 10.3lb 
F, = 5.471b 
302 Ib 

2.26 kN 

11.3 kPa 


Q4 — 0.00460 m/s 
Qy — 0.0268 m/s 


1.57 kN 
F, ^ 125N 
F, — 232N 
E 80° mg 


md*g  8p;Q' 

i 8.26(10*)g* — 0.307(10*) 
O° 

1.47 kip 

Va = 15.7 m/s 
T = 2.31 kN 
18.7 Ib 

0.659 N 

F,— 0 

F, — 53.1 N 
117 mm 

418 Pa 


97.7x7 — 11.1% + 0.157 


| —— 4 143 |N 
(3.69x — 32.6x-)- 


2.55(10?) 
———— + 25.5|N 
1.43 N 

0.24 Ib 

F=0 

1.57 kN 

3.43 kN 

Vg 7 67.8 ft/s 

N = 2801b 

15.0 Ib 

N = (150 + 26.4 sin @) lb 
176 Ib 

0.451 ft 

72.3 N 

104 N 

22.2 Ib 

3.52 kN 

1.92 kN 

141 N 

26.2 hp 

F, = F, = F; = p,Av’ 


882 


6-59. 


RARE 


: 


6—70. 
6-71. 


6-73. 


6-74. 


6-75. 


6-77. 
6-78. 
6-79. 
6-81. 


6-90. 


6-93. 


6—94. 
6-95, 


INIM 
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994 W 

12.1 m/s? 

24.4 Ib 

15.7 ft/s 

A, — 8II N 

A, 7 354N 
M, ^ 215N:m 
C, 7 21.3N 
C, — 79.5 N 
Me ~ 159 N:m 
C, = 45.0N 
C, — 168 N 
Mc = 33.6 N-m 
D, — 2.40 kip 
D, ~ 5.96 kip 
My — 10.1 kip: ft 
0.754 ft 

Np = 60.0 N 
C, = 77.6N 
C, = 125N 

A, — 0 

A, — 520N 
M, = 109N-m 
B, — 4kN 

A, = 1.33 KN 
A, — 5.33 KN 
A, — 70.615 
A, 7 59.7]b 
M4 — 106 Ib: ft 
482 N*m 

71.3 N*m 

72.8 rad/s 

e — 0.351 

F = 90.7 KN 

e — 0.714 

F = 2.72 kip 
300 KN 

V, = 38.7 ft/s 
W = 7.04 hp 
3.50 MW 

F — 79.4 kN 
W = 5.51MW 
e— 0.5 

F = 3.50 kip 
W = 1655hp 

e — 0.616 

Ap — 0.632 psi 
V — 9.71 m/s 
Ap — 54.3 Pà 
18.2 KN 

22 kN 


6-97. 
6-98. 
6-99, 
6-101. 


6-102. 
6-103. 
6-105. 
6-106. 
6-107. 
6-109. 
6-110. 


A, Mog © n | 
v= (v. + os - ZE) n —m— ) (+ = 


6-111. 
6-113. 


6-114. 


6-115. 


8.80 kN 
24.9 m/s 
9.72 N 

T, — 600 N 
T, — 900N 
€| — 0.5 

€? — 0.6 
18.9 kN 

102 ft/s? 
13.7 

330 m/s 
32.2 slug/s 
0.00584 kg /s 


anl 
~ 


m, mz mo — mt Me 
y= pVA-F (* + m 
max pV.A M 
654 ft/s 
— dm | mo. uu e 
= BI — + ple (dot git/ V, 
á dt V, (ao + g)e 
When second stage is fired,a = 136 ft/s’. 


Just before all the fuel is consumed, a = 180 ft/s”. 


Chapter 7 
_U 
7-1. w. 2h 
al 
Yo h 
7-2. | —0384 m /s 
7-3. r-0 
7-6. — 4 7 Vo [(cos &)y — (sin 5)x] 
b= Vo (cos A) )x + (sin Ao)y| 
7-7. irrotational 
7-9, p — y 
7-10. cannot be established. 
7-11. ys — 50y + 0.2y, o cannot be established. 
7-13. u — (4x) ft/s 
V = 20 ft/s 
7-14. rotational 
w= 537 — 9x") 
y = V3x* - 39 
7-15. p, — 34 kPa 
Ji — Wy, 7 0.5 m/s 
7-17. d —4vy— 3x 
db — 4x + 3y 
7-18. 4 —72y- = 





7-19, 
7-21. 
7-23. 
7-25. 
7-26. 
7-27. 
7-29. 
7-30. 
7-31. 


7-33. 
7-34. 


7-35. 


7-37. 


7-38. 


7-39. 


7-41. 


7-42 * 
7-43. 


7-45. 
7-46. 


7-47. 


7-49. 


7-50. 
7-51. 
7-53. 


v, — 0 

vg — l1 m/s 

db — —4x — By 
5.57 m/s 

160 m/s 

— 1.45 kPa 

2 m/s 

9.49 ft/s 

~101 kPa 
rotational 

a = 221 ft/s? 
V = 6.32 ft/s 
xy = 3 
rotational 

y = 4(y? = x) 


y= tVxr-7 


v, — 4mj/s 
vg — —6.93 m/s 
$ = 8 (x7 ue y?) 


y= 
ġ = 


> 
I 


| (sin 85)x — (cos )y | 


o2 
N 
= 
M 
uw. 


=S 
ll 
-1 es 
= ASNI t3 


— 5 X 
$= y 3 
PR — 628 kPa 
V, —7 114 m/s 
Po T PA = 6.02 MPa 


l > 9 
# =S(y -x) 
u — 2mj/s, v — 1 m/s 
a, ^ | m/s? 


a, 7 2m/s 

dy — l6xv 

u = 2y(2 + x) 
—2.16 kPa 


7-55, 


7-57. 


7-58. 


7-89. 


7-61. 


7-62. 


7-63. 


7-65. 


7-66. 
7-67. 
7-69. 


7-70. 


7-71. 


7-73. 


7-74. 


7-75. 


7-71. 


7-78. 


7-79, 
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y — 80 
V = 1.60 m/s? 
V — 60.0 m/s 
p^ -2.16 kPa 
0 — m 

=- 
"164 
=- = r? 
` ST er 
$ " 5 m^ /s In ry 

2T r| 


The equipotential line for = 0 is along the 
y axis. 

V = 2.55 ft/s 

a = 1,30 ft/s? 


— 4 x —4 4 x+4 
Nm (x - 4?) T y? (x T 47) + y? 


— dq y + y 
2m (x - 9) - p. (x4) y 


The flow 1s irrotational. 


x= 0 
b= 5 (6 + 6.) 
V2m 
y 7 xtan Lt - 32y) | 
0.333 ft 
Ap = 0.757 psi 
= mh- L | sin?8 (m — 8) sin26 | 
P Po 2m = oy. 
ro — 0.398 m 
h = 1.25 m 
V = 0.447 m/s 
p — 283 Pa 
L — 1.02 m 
0.0485 m 
—— — — = tan4ormy 
x+y -— 025 
h = 0.609 m 
V = 11.2 m/s 
p^ 29.2 kPa 


F, — 0.127 lb/ft 

0 — 6.86? and 173° 
Pmax = 27.6 kPa 
Pmin ^ 74.38 kPa 
81.0 m/s; yes 
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7-81. rím) 01 02 03 04 05 D 
V(m/s 0 450 5.33 5.625 5.76 86 x, 
p(kPa) 177 162 156 153 152 | 
b. — 
- 9i L 
7-82. V 30( 1 + 2) m/s xf 
= [1005535 ss3s(1+3) |p a, 2L 
P JJ . " 3. r2 a . LT 
5 : 8(10° 
7-83. (Fp), = =pRLU" 8-7. 49.8(10") 
3 8-9. 6.79 
7-85. 5.93 psi VL 
7-86. @ = 90° or 270° $1 == or = 
Pmin ~ —0.555 psi H pVL 
7-87. V|g=y = 0 gq, 2E ou 
V| a=90° = 300 ft/s P pgD 
V|o-1sx = 150 ft/s _ du 
8-14. 7 = ku— 
ple-¢ = 0.185 ne dy 
p|a=9 = —0.555 psi m 
€ 8-15. -=k |-— 
ple-isy — 0 TU y 
7-89. 0.0748 Ib/ft 7 
7-90. p, ^ 86.8 Ib/ ft 817. V ko 
= gi 2 
pa^ 801b/ft 8-18. Q =kVeD 
F, = 97.5 lb/ft 
7-91. Paa = 350 Pa 8-19. V=kVgh 
Pmin — 7802 Pa E o 
7-93. F = 5.68 kN/m e v 
p^ —99.3 Pa 18 4% 
—99. E , 2 2 + oy B — 
7-99. p = —p(18x" + 18y* + gy) 8-22. O= kbVelt 
increases by 2.83 times 
Chapter 8 _ d 
8-1. a. yes 8-23. h` a(S 
b. no 8-25. 5 = xf(Re) 
«c. no 
d. no 8-26. Q7 k— 
8-2 a nd 
à k= À 
L 8-27. c= Vas(>) 
EyL n. 
b. = 272 . 
T 8-29. Fp = pV*L?f(Re) 
y? _ 
Ce == 
gL 8-30. := Ni —— 
is ( M Jj 8 \ pdg: 
l LT? 8-34. h, = Df(Re) 
A d! 
8-5. a. 8-33. += v4 (4) 
g «À 


8-34. Fp ^ pV/Af(Re) 


n 


Em u V 
8-35. T= pœ D’ (++) 
po D f wD?’ aD 


p 
m ~mi- 
Hanni- gjs 


B pD^a v 
8-37. —p (Ev TR 
3 O = D'wf WW 


Dp 
8-38. V= E (2 Pes) 
pD \p p 
8-39. Ap = pV°f(Re) 
3 
8-4. p= pf (ri) 


"m "Po 
— M un. 
8-42. Fp FL 


8-43. W — COAp 

8-45. | d — Df(Re, We) 

8—46. —f(Re, M, Eu, Fr, We) ^ 0 

bh T 


h 
H pV gh’ peH* 





8-437. Q7 VgH^f 


x | 


8-49. 405 mi/hr 
8-50. 4.91 ft/s 


8-51. 2.83 Pa 
8-53. V, — 1.33 m/s 
F, > 2.80N 


= 


8-54. 1.90 ft/s 
8-55. 0.755 rad/s 
8-57. 0.894 m/s 
8-58. 4.97 Mm/h 
8-59, 18 Mm/h 


8-61. 0.463 mi/h 
8-62. 12m/s 

8-63. 12km/h 
8-65.  200kN 

8-66. 11.0 kg/m? 
8-67. 4.33s 

8-69.  225(10?) ft/s 
8-70. 20.0 kN 

8-71. 7kN 


8-73. 935 mi/h 
8-74. Q, 7 A447 ft /s 


H,, = 0.515 ft 
8-75. V, 7 387 m/s 
(Fp), = 250 kN 
W = 967 kN 
Chapter 9 


9-1. 0.141(10°*) m*/s 
9-2. Umax 0.132 m/s 
7, ^ —B Pa 
7T, 8 Pa 


9-3, 
9-5, 


9-9, 


9-10. 
9-11. 
9-13. 
9-14. 
9-15. 
9-17. 


9-18. 
9-19. 


9-21. 


9-22. 
9-23. 
9-25. 


9-26. 
9-27. 
9-29, 
9-30. 
9-31. 
9-33. 


9-34. 
9-35, 
9-37. 
9-38. 
9-39, 
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Pg — pA —1.20 lb/ft? 
0.405 m/s 

0.490( 10 5) m? /s 

4.88 m/s 

1.63(10 5) m? /s 

1.79 mm 

0.326 N*m 

1.15 mm/s 

0.0153 W 

2.43 ft/s 

T = —27.5 N/m? 

u — (0.3 — 125y) m/s 


0.797 psi 
— — Mpal 
Ty To —— 
(Ho t Hwa 
_ HoU 
ty 0 y 
(Qu, t pda 
u =——o | y + a(u, — u,)] 
o a LL, fe Las) My: Ho Hw 
U- U 
= pw +u, 
a 
- pU, — Uy 
xy a 
laminar 


9.375( 10 ?) psi 
(Va 7 0.304 m/s 
Turbulence will not occur. 
112 Pa 
laminar 
11.9 kPa 
953 Pa 
5.24 mm/s 
Ap — 6.14 Pa 
Tmax ~ 7.68 (10°) Pa 
0.214 ft? /s 
0.0431 ft^ /s 
0.0264 m! /s 
56.3 N 
T = 183 N/m? 
Umax 1.40 m/s 
O = 0.494(10 ?) m/s 
no mixing 
Tma 6.15 Pa 
Umax — 2.55 m/s 
0.849(10 ?) m? /s 
0.970 N * s/m? 

_ 1284, 

zD' 

T, ~ 350V 
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— 32ulD? fh, 
949, 1-— ; In (=) 
pgd hz 
9-50. 41.8 mm 
9-51. 0.957(10°*) m*/s 
9-55, Trz | r^0.03 m = 349 Pa 
Tj-|,"006m ~2/9 Pa 
(V-)max ~ 10.4 m/s 
9-59, Q — 0215 m/s 
L = 13.8 m 
9-61. uw—18.5m/s 
y — 0.203 mm 
9-62. T7 — 13.1 Pa 
u — 2.30 m/s 
9-63. 9 Ty. ~ 1.50 Pa 
Tu — 11.6 Pa 
9-65. 2.98 m/s 
9-66. At the wall 
T — 0.03125 psi 
At the center 
T0 
Umax 41.7 ft/s 
9-67. 7 — 0.0156 psi 
y 7 54.5(10 ^) ft 
9-69.  Atr — 0.05 m, 
Tam 42.20 Pa 
Trurb ~ 0 
Atr — 0.025 m, 
Tiam — 0.0239 Pa 
Tab ^ 1.23 Pa 
9-70. u = 4.04 ft/s 
y = 8.31(10°)in. 
9-71. 278 mm'/s 
Chapter 10 
10-1. 0.056 
10-2. — 0.616 ft 
10-3. 0.0474 
10-5. 0.676 psi 
10-6. 0.0369 Ib/ft 
10-7. 0.0584 
10-9. = hy, = 0.407 ft 
Pra ~ 35.5 psi 
10-10. 123 mm 
10-11. 0.0368 
10-13. Use D — E in. 
10-14. 9.50m 
10-15. 17.7 kPa 
10-17. Q — 0.00608 m /s 
Ap — 0.801 Pa 
10-18. 693 W 


10-19, 
10-21. 


10-22. 
10-23. 
10-25. 
10-26. 
10-27. 
10-29. 
10-30. 
10-31. 
10-33. 


10-34, 


10-35. 
10-37. 
10-38. 
10-39, 
10-41. 
10—42. 
10-43. 
10—45. 
10—46. 
10-47. 
10-49, 
10-50. 
10-51. 
10-53. 
10-54, 
10-55. 
10-57. 
10-58, 


10-59, 
10-61. 
10-62. 
10-63. 
10-65, 
10-66. 
10-67. 


10-69. 
10-70. 
10-71. 
10-73. 
10-74. 
10-75. 
10-77. 
10-78. 
10-79. 


10-81. 
10-82. 


76.7 mm 


W = 13.5 kW 


W, = 10.9 kW 
0.00861 Ib/ft? 
0.113 ft 

2.34 ft 
0.00529 m! /s 
1.01 ft^ /s 
0.642 kg /s 
133 kPa 
3006 

5.87 kPa 

Use D = 32 In. 
17.4 kPa 

8.98 liter /s 
6.94 psi 

0.265 ft /s 
25.1 Ib 

22.9 kPa 

19.5 liter /s 
4.03 hp 
0.0145 m/s 
0.00804 m? /s 
3.72 in. 

427 W 

194 W 

13.6 kW 

2.83 kW 

51.3 W 
0.00431 m? /s 
0.536 ft /s 
0.0337 ft /s 
106 mm 

121 psi 

147 psi 

0.901 

0.797 W 

Pr — pa ~ 1.11 Pa 


0.0148 m? /s 

34.4 kPa 

4.91 psi 

0.0124 m? /s 

0.0111 m/s 

201 kPa 

0.821 

0.00265 m? /s 

Qc — 0.00459 ft^ /s 
Qp — 0.00449 ft /s 
0.0335 m /s 
0.0430 m? /s 


o 


10-83. 
10-85, 
10-86. 
10-87. 
10-89, 


10-90, 
10-91. 


10-93. 


10-94. 


0.00290 m? /s 

0.0277 m/s 

Qc — 0.00588 m/s 
Qp = 0.00412 m/s 
Qc — 0.00583 m/s 
Qp — 0.00417 m/s 
Qp — 0.00916 ft /s 
Qc — 0.0100 ft^ /s 
0.106 hp 

Qg ~ 74.1 gal/min 
Qc = 60.6 gal/min 
Qasc — 15.6 gal/min 
Qa4pc ~ 51.7 gal/min 
Qanc = 15.7 gal/min 
Qapc — 51.8 gal/min 


Chapter 11 


11-1. 
11-2. 
11-3. 


11-5. 
11-6. 
11-7. 


11-9. 


11-10. 
11-11. 
11-13. 


11-14. 


11-15. 


11-17. 
11-18. 
11-19. 
11-21. 
11-22. 


11-23. 


11-25. 


11-26. 


11-27. 
11-29. 


11-30. 


136 ft 

2.25 Pa 

u|,-o1m ^ 13.6 m/s 
u| y=03m 7 14.5 m/s 
2.57 N 

0.00604 Ib 

0.585 m/s 


_ pla 


242 mm 

ó — 0.174 in. 

u — 1.36 ft/s (approx.) 
5| .=o2m ~ 3.33 mm 
5| 04m ~ 4.70 mm 
Tol -02m ^ 0.0987 Pa 
Tol pam ^ 0.0698 Pa 


0.0139 Ib 
2.55 ft 
1.51 N 
92.8 N 
40.8 N 


Ui m 
TO = 0.289 (£) Re, 


5 = DS 
(Re, 

ó — 0.0118 mm 

O — 1.02 mm 

6.22 m/s 


C4 — —-1 


2 
3 _ 
2 


rm |= 


11-31. 


11-33. 


11-34. 


11-35. 


11-37. 
11-38. 
11-39. 
11-41. 


11-42. 
11-43. 
11-45. 
11-46. 
11-47. 


11-49, 
11-50. 


11-51. 
11-53. 
11-54. 
11-55. 
11-57. 
11-58, 
11-59. 
11-61. 
11-62. 
11-63. 
11-65. 
11-66. 
11-67. 
11-69. 
11-70. 
11-71. 


11-73. 
11-74. 
11-75. 
11-77. 
11-78. 
11-79. 
11-81. 


11-82. 
11-83. 


SELECTED ANSWERS 887 


3- 3.46x 
VRe, 
ge = +e 
Re 

— 464x 


VRe, 
U — 
Ty 0.3234( 4) VRe, 


206 mm 

0.961 Pa 

7.98 kN 

Fp, — 15.7 kN 
W — 314 kW 
6.43 N 

4.82 N 

1.34 in. 

19.8 Ib 

ó — 34.4 mm 
To = 9.62 Pa 
5.27 Ib 

à — 4.36 mm 
F — 1.39 kN 
1.22 kN 

35.8 hp 

24.9 kN 

240 N 

124 N 

43.7 kN 

2.19 kip 

2.7] kN*m 
10.1 Ib 

0.83] N 

376 lb 

4.00 kN *m 
485 lb - ft 

26.1 kW 

1.75 kN*m 
(Fp)ag ^ 20.9 N 
(Fp)sc ^ 40.5 N 
3.7] m 

2.08 

17.7 hp 

36.9 kW 

2.20 kN 

81.8 N 
Normal: Fp ^ 3.26 Ib 
Parallel: Fp = 0.0140 lb 
6.70 m/s 

15.7 m/s 








- 





ô 
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11-85. 
11-86. 
11-87. 
11-89, 
11-90. 
11-91. 
11-93. 
11-94, 


11-95. 
11-97. 
11-98. 
11-99, 
11-101. 
11-102. 
11-103. 
11-105. 
11-106. 
11-107. 
11-109, 
11-110. 


11-111. 
11-113. 


11-114. 
11-115. 
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1210 kg/m? 
0.0670 Ib 

114 days 

5.45 m/s 
40.6 min 

5.03 m/s 
5.50 m 

V — 16.8 mm/s 
t — 2.97 ms 
8.88 m 

0.374 m/s 
2.67 m/s 

13.7 m/s? 

5* (approx.) 
0.274 

167 m/s 

227 m/s 
20.87 

The glider can land. 
SA 

C; = 0.345 
a = 2,75° 
Fp = 13516 
a = 20° 

V, = 108 ft/s 
130 mi/h 
0.00565 N 
31.8 mm 


Chapter 12 


12-1. 


12-2. 


12-3. 


12-5. 
12-6. 


12-7. 
12-9. 


12-10. 


a. 6.26 m/s 

b. 4.82 m/s 

c. 0 

(v), ^ 4.26 m/s 
(Va — 8.26 m/s 
Fr — 2.26 
supercritical 

V, — 2.91 m/s 
subcritical 

E — 2.56 ft 

y 7137ft 

1.02 m 

Ye = 2.63 m 

V, = 5.08 m/s 
E min 3-94 m 
Aty = 2 m, E = 4.27 m. 
Ye — 1.01 m 

Ë min = 1,52 m 


Aty = 1.5m, E = 1.73 m. 


12-11. 


12-13. 


12-14. 


12-15. 
12-17. 
12-18. 
12-19. 


12-21. 


12-22. 
12-23. 


12-25. 


12-26. 


12-27. 


12-29. 


12-30. 


12-31. 


12-33. 


12-34. 


12-35. 


y = 1.90 m (sw critica) 

y = 0.490 m (supercritical | 
y, ~ 1.18 m 

y 7 1.73 m (siPcriticd) 

y — 0.838 m (supercritical | 
E = llim 

y, = 0.742 m 

y = 8.00 m (swWeriticd) 

y = 0.161 m (supercritical! 
y 7 232 m (siPcriticd) 

y = 0.814 m (supercritical! 
4.98 m 


4.78 m! /s 
y, — 2.96 ft 
b. — L53ft 
supercritical 
y, — 1.78 m 
V, — 5.07 m/s 
1.22 m 
3.75 ft 
decreases 
VR = 4.80 m 
Va = I m/s 
Vg — 1.04 m/s 
yg 2 QO. 511 m 
V, — I0 m/s 
Vg — 9.79 m/s 
ys — 0.145 m 
h — 0.935 m 
y 205ft 
y; = 1.18 m 
yo — 1.73 ft 
Omax ~ 488 ft/s 
Q 7 227 ft /s 
supercritical 
y; — 0.613 m 
y — 3.92 m 
O =| VT848y; (3 — y;) | m/s 
a. 12.5 m/s 
b. 16.3 m? /s 
— _ bh 
eR Oh + b 
b. R, — M 


8 
— V3 + 2) 


eR IQI + b) 





12-37. 
12-38. 
12-39. 


12-41. 
12-42. 
12-43. 
12-45. 
12-46. 
12-47. 
12-49. 
12-50. 
12-51. 
12-53. 


12-54. 
12-55. 


12-57. 
12-58. 
12-59, 
12-61. 


12-62. 


12-63. 
12-65. 
12-66. 
12-67. 


12-70. 
12-71. 
12-73. 
12-74. 
12-75. 
12-77. 
12-78. 
12-79. 


12-81. 


12-82. 


12-83. 


12-85. 


12-86. 
12-87. 


5.70 m /s 

26.0 ft /s 

y = 1.5 ft 

Q = 17.8 ft /s 
2.74 ft 

0.0201 

2.5] m /s 
25.9 m! /s 

79.4 m! /s 

40.8 ft^ /s 

9.14 ft? /s 
1.88R 

1.63R 

113 m*/s 
subcritical 
0.00422 

1839 ft" /s 
subcritical 

865 ft /s 
5.73m 
15.0 m /s 

vw. — 3.46 ft 
S, — 0.00286 
Sy = 0.00178 
Q. = 504 ft/s 
S, = 0.00284 
3.08 m 

90° 

ab 

0 — 6 
l=b 

A2 

A3 

$2 

0.888 m 

11.0 m 

4.36 ft 

4.74 m 

V; 7 7.14 m/s 
V, — 4.46 m/s 
h, — 0.0844 m 
ys = 3.49 m 
h, ^ 974m 
y, — 0.300 m 
hy, = 17.3m 
Vo 1.43 ft 
hy — 0.0143 ft 
7.35 m! /s 


0.255 m /s 
3.38 m 
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Chapter 13 
13-1. An 70 
As — 465 J/(kg * K) 
13-2. p, 7 0.331 kg/m? 
T, = 366 K 
13-3. Ap = 88.7 kPa 
As = 631 J/(kg* K) 
13-5. Aw = 2.41( 10°) ft Ib/slug 
Ah = 3.39( 10°) ft - Ib/slug 
As = 16.3( 10°) ft+ Ib/(slug - R) 
13-6. The density p will remain constant. 
Ap = 56.0 kPa 
Au = 157 kJ/kg 
Ah = 261 kJ/kg 
13-7. The density p will remain constant. 
Ap — —3.49 Ib/in? 
Au — —388.5( 10? ) ft - Ib/slug 
Ah 7 —544( 10? ) ft - Ib/slug 
13-9, Ap — —0.00727 slug/ ft^ 
As — 477 ft: Ib/(slug - R) 
13-10. Au — —429(10?) ft - Ib/slug 
Ah — —601( 10? ) ft* Ib/slug 
13-11. 5.01°C 
13-13. 2.48( 10°) ft/s 
13-14. c,, — 343 m/s 
C, — 1485 m/s 
13-15. c, — 1.12(10?) ft/s 
c, — 4.81( 10°) ft/s 
13-17. 103 m/s 
13-18. 2.67( 10°) km/h 
13-19. 1.35 mi 
13-21. 0.817 
13-22. 17.» 
13-23. M 7 178 
a = 3425 
13-25. T) = 509K 
po 7 196 kPa 
13-26. 232 m/s 
13-27. V — 709 m/s 
T, = 450K 
Po ~ 273 kPa 
13-29. 0.127 slug/s 
13-30. 1.00( 10?) ft/s 
13-31. 0.302 
13-33. T"/T, = 0.866 
p. [po — 0.544 
p {po — 0.628 
13-34. 0.388 slug/s 
13-35. 0.0547 kg/m? 
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13-37. 
13-38. 
13-39. 
13-41. 


13-42. 


13-43. 
13-45. 
13-46. 
13-47. 
13-49. 
13-50. 


13-51. 


13-53. 
13-54. 
13-55. 
13-57. 
13-58. 


13-59. 


13-61. 
13-62. 
13-63. 
13-65. 


13-66. 


13-67. 


13-69. 
13-70. 
13-71. 
13-73. 


13-74. 
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17.9 kPa 

59] kPa 

1.78 kg/s 

For isentropic flow, p — 596 kPa 
When p — 150 kPa, m — 0.411 kg/s 
p ~ 8.93 kPa 

m — 0.411 kg/s 

1.05 kg/s 

321 m/s 

0.103 kg/s 

0.652( 10°) slug /s 

2.44 

M = 3.70 

P4 = 1.83 psi 

pi; — 184 psi 

V; — 83.9 ft/s 

0.714 kg/s 

49.6 mm 

50.5 mm 

236 kPa 

d, — 197 mm 

d, — 313 mm 

Po — 403 kPa 

d, — 49.5 mm 

p, — 219 kPa 

Mg 7 0.0358 < 1 (sWsonid 
Mg ~ 4.07 > 1 (supersonic) 
0.0519 kg/s 

4.15(10 ?) kg/s 


0.964 kg /'s 

Mc = 0.861 
My — 0.190 
Pg ^ 136 kPa 
Vg — 66.7 m/s 
d, — 17.4 mm 
dg — 22.6 mm 
pe ~ 394 kPa 
1.42 kg /s 
0.0155 kg/s 
0.0186 kg/s 

T, — 278K 

p, ^ 249 kPa 
p; 7 3.12 kg/m? 
m — 1.07 kg/s 
T“ = 244K 
V* = 313 m/s 
p = 122kPa 
po ^ 231 kPa 
Ty. = 293K 


75.1 J/(kg * K) 


13-75. 


13-77. 


13-78. 


13-79. 


13-81. 


13-82. 


13-83. 


13-85. 


13-86. 


13-87. 


13-89. 


13-90. 


13-91. 


13-93. 


13-94. 


13-95, 


13-97. 


13-98. 


13-99, 


13-101. 


13-102. 
13-103. 


13-105. 


T, — 288K 
V. — 251 m/s 
p. — 138 kPa 
Lax — 215m 
M; — 0.565 
P» = 64.3 kPa 
T, = 279K 

m — 4.77 kg/s 
Lax 215m 
F; = 913 N 
8.28 kg/s 

m — 3.31 kg/s 
L — 481m 

m = 3.31 kg/s 
L = 4.87 m 
p; — 97.4 kPa 
3.16 kg/s 

M; — 0.594 
Ta = 517°R 
pa — 13.3 psi 


m — 0.0701 slug /s 
As — 398 ft- Ib/(slug - ^R) 
p; — 242 kPa 

V5 — 310 m/s 
91.2 kJ/kg 

(T), = 557K 
(Ty); — 648 K 
As — 213 J/(kg* K) 
T, — 259K 

V; — 181 m/s 

T, — 153K 

p 42.4 kPa 

p; ^ 0.936 kg/m? 
6.45 kg /s 

183 kg/s 

4.28 s 

A* = 48.5 in? 

Aout = 112 in” 

A* = 79.8 in? 

As 7 293 im 

m — 4.89 slug/ft 
d, — 254 mm 

d, — 272 mm 
0.513 kg/s 

For subsonic flow, 
Pp. — 798 kPa 

For supersonic flow, 
p, — 6.85 kPa 

V — 766 m/s 
(po); = 1195 lb/ft? 
(po); ^ 971 Ib/ft 


13-106. 


13-107. 


13-109, 
13-110. 
13-111. 
13-113. 
13-114. 


13-115. 
13-117. 
13-118. 
13-119. 
13-121. 


T, = 1025°R 

V, — 834 ft/s 

pz — 73.8 psi 

(po); 7 89.4 psi 

Pp = 32.2 kPa 

32.2 kPa < p, < 240 kPa 
28.3 psi < p, < 57.1 psi 
261 m/s 

Po ~ 136 kPa 

M = 0,256 

p — 130 kPa 

17.9 kPa — p, — 177 kPa 
176 kPa 

40.7 kPa 

pa = 0.672 psi 

0.672 psi — p, — 5.43 psi 


13-122. 38.9 psi < p, =< 64.3 psi 


14-2. 


14-3. 


14-5. 
14-6. 


14-7. 
14-9. 
14-10. 


13-123. 8.12 psi < p, < 38.9 psi 
13-125. V, ^ 445 m/s 
p; ^ 179 kPa 
13-126. 98.8 kPa 
13-127. 126 kPa 
13-129, 149 kPa 
13-130. p, — 95.9 kPa 
T, — 286K 
13-131. p, — 123 kPa 
Ty ~ 307K 
13-133. p, — 131 kPa 
Ta 7 317K 
V, = 742 m/s 
ô = 57.4 
13-134. 7, = 231K 
p; — 45.3 kPa 
13-135. 8 — 35.27 
Pr = 641 kPa 
T, = 499K 
13-137. p, — 105 kPa 
pg ^ 68.5 kPa 
Chapter 14 
14-1. 5, ^ 22.6 


(V4); ^ 13.0 m/s 
(V4); 7 8.72 m/s 
V, = 6.97 m/s 
(V,). = 1.26 m/s 
V, — 1.29 m/s 
10.1 kW 

B, ^ 18.4 

W — 58.9 kW 
12.4 m/s 

1.81 kN* m 

1.92 hp 


14-11. 
14-13. 
14-14. 
14-15. 
14-17. 
14-18. 
14-19. 
14-21. 


14-22. 


14-23. 


14-25. 


14-26. 


14-27. 


14-29, 


14-30. 
14-31. 


14-33. 


14-34. 


14-35. 
14-37. 


14-38. 
14-39. 
14-41. 


14-42. 
14-43. 
14-45. 


14—46. 
14-47. 
14—49. 
14-50. 
14-51. 
14-53. 
14-54. 
14-55. 
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5.42 ft 

0.588 m! /s 

24] kW 

81.7 m 

189 m 

54.5 N*m 

59.5 N*m 

T= 17.5N-m 
(W,) pump — 1.69 kW 
hoump ~ 2.80 m 
V; — 16.2 m/s 
W, = 8.44 kW 
hoump ~ 28.7 m 


T|- = 25.0 kN- m 
T|.-1054/, ^ 8.32 KN +m 


T ^ 2.10kN* m 
Wa 7 10.3 kW 
T — 821] kN*m 
Wap 7 82.1 kW 
B, = 5.64° 

By = 5.23° 

B, = 41.0° 

V, — 4.16 m/s 
1.70 m/s 

B, 7 54.5 

B, = 54.0° 
(V4); 7 204 m/s 
V, — 90.9 ft/s 
V, = 52.5 ft/s 


(Via); — 52.5 ft/s 
(V4); = 90.9 ft/s 
17.5(10°) hp 

T = 230N'm 

W, — 9.19 kW 
0.624 

167 kW 

Q — 325 gal/min 
hoump — 200 ft 
0.03375 m! /s 
Cavitation will occur. 
n 7696 

h — 80 ft 

500 gal / min 

400 gal/min 

0.02 m*/s 

1264 rpm 

5.38 in. 

1.31 hp 

7.81 hp 

7.00 in. 


Index 


Absolute and gage pressure, 50-51 
standard atmospheric pressure, 50 
zero absolute pressure, 50 
Absolute temperature, 7. 8 
SI units, 8 
U.S. customary units, 7 
Acceleration, streamline coordinates, 
161-162 
convective cha nge,162 
local chan ge,161 
resultant acceleration, 162 
Adiabatic process, 712 
Adverse pressure gradient, 599 
Air at U.S. standard atmospheric 
pressure vs. altitude, physical 
properties of 848 

Air at U.S. standard atmospheric 
pressure vs, temperature, 
physical properties of 849 

Airfoil lift, 616—617 

Airfoils, 613 

Analysis and design for pipe flow, 

517-567 
flow measurement, 546-550 
losses occurring from pipe fittings 
and transitions, 528-533 
pipe systems, 540—545 
resistance to flow in rough pipes, 
517-527 
single-pipeline flow, 534—539 

Anemometer, 548 

Angular distortion, 359 

Angular momentum, 809 

Angular momentum equation, 310—317 
definition, 310 
steady flow, 311 

Angular motion, 803 

Apparent shear stress,494 

Applications of Bernoulli Equation, 

230-241 
flow around a curved boundary.231 
flow from a large reservoir, 230 
flow in a closed conduit, 232 
flow in an open channel, 231 
Toricelli's law, 230 
venture meter, 233 
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Average angular velocity, 358 
Average velocity, 187-188 
Axial-flow machine, 801 
Axial-flow pump, 802-807 
angular motion, 803 
continuity, 803 
Euler turbomachine equation, 803 
flow kinematics, 804 
impeller, 802 
power, 804 
stator vanes, 802 
velocity kinematic diagrams, 804 


Barometer, 58 
Basic two-dimensional flows,381-—391 
doublet, 386—387 
forced-vortex flow, 389—391 
free-vortex flow, 388 
line sink flow, 386 
line source flow, 384—385 
uniform flow, 382-383 
Bends, 530 
Bernoulli equation, 227—229, 369-371 
definition, 227 
and differential fluid flow, 
369—371 
interpretation of terms,228 
limitations, 229 
propellers, 319 
Best efficiency point (BEP). 823 
Best hydraulic cross section, 668 
Bette's law,321 
Bluff body, 598 
Bodies at rest, 295-305 
Bodies having constant velocity, 
305-310 
Boundary layer, 569-574 
description, 570 
classification, 574 
thickness, 571-572 
Bourdon ga ge,62 
Brake horsepower, 821 
Broad-crested weir, 688 
Broad-crested weir coefficient, 688 
Brookfield viscometer, 24 
Buckingham pi theorem, 435—443 


Bulk modulus, 16 
gas, 17 
liquid, 17 
Bump. channel flow, 658-662 
Buoyancy, 87—89 
buovant force, 87 
center of buoyancy, 87 
hydrometer, 88 
principle of buoya ncy.87 
Buoyant force,87 
Butterfly valve, 532 


Calculations, fluid mechanics, 10-11 
accuracy, 11 
dimensional homogeneity, 10 
procedure, 11 
Canals, 647 
Capillarity. See Surface tension and 
capillarity 
Cavitation and net positive suction 
head, 824-825 
critical suction head, 824 
net positive suction head, 824 
vapor pressure, 824 
vapor pressure head, 824 
Center of buoyancy,87 
Centrifugal pump. 808 
Characteristics of matter, 5-6 
continuum, 6 
fluid, 5 
gas, 5 
liquid, 5 
solid, 5 
Chézy equation, 667 
Chézy formula, 667 
Circulation, 360, 618 
Coanda effect, 600 
Compressible flow, 707—799 
compression and expansion 
waves, 773—777 
friction, effect on, 744—753 
heat transfer, effect on , 754-759 
isentropic flow through converg- 
ing and diverging nozzles, 
735-743 
isentropic flow through variable 
area, 730—735 





Compressible flow (continued) 


measurement, 778—780 
normal shock waves, 760—763 
oblique shock waves, 76-772 
shock waves in nozzles, 763-767 
stagnation properties, 723-729 
thermodynamics concepts, 
707-715 
types, 719-722 
wave propagation through com- 
pressible fluid, 716—718 
Compressible fluid, 254 
Compression and ex pansion waves, 
773-777 
Prandtl-Meyer expansion 
function, 775 
Computational fluid dynamics, 149, 
406—407 
Conservation of mass, 177-221, 
364—365 
continuity equation, 190 
cylindrical coordinates, 365 
finite cont rol volumes, 177-179 
requirements, 190-197 
Reynolds transport theorem, 
180-185 
special cases, 190 
two-dimensional steady flow of 
ideal fluid, 365 
volumetric flow, mass flow, and 
average velocity, 186-189 
Constant horizontal acceleration, 93 
Constant-temperature 
anemometer, 549 
Constant temperature, compressible 
fluids, 55-57 
Constant translational acceleration of 
a liquid, 93-97 
constant horizontal 
acceleration, 93 
constant vertical acceleration, 
94-95 
Constant vertical acceleration, 94-95 
Constant-volume process, 709 
Continuity equation, 680, 717, 744, 
760, 769 
Continuum, characteristics, 6 


Control volumes having accelerated 
motions, 323 

Convective change, 162 

Converging-diverging nozzle, isentro- 
pic flow, 737—738 

Converging nozzle, isentropic flow, 736 

Conversion, measurement units, 8 

Corrective acceleration, 155 

Couette flow, 474 

Critical flow, 650 

Critical slo pe, 669 

Critical suction head, 824 

Culverts, 647 

Curl, 359 

Cylinder, drag coefficient, 604 


Darcy-Weisbach equation, 519 
Density, 14-15 
gas, 15 
liquid, 14 
Differential fluid flow, 355—427 
basic two-dimensional flows, 
381-391 
Bernoulli equation, 369-371 
circulation, 360 
computational fluid dynamics, 
406—407 
conservation of mass, 364—365 
differential analysis, 355-356 
equations of motion for a fluid 
particle, 366—367 
Euler equations of motion, 368 
irrotational flow, 361 
kinematics of differential fluid 
elements, 356-359 
Navier-Stokes e quations,402—405 
other applications, 399-401 
potential function, 377—380 
rotational flow, 361 
stream function, 372-376 
superposition of flows, 392—401 
two-dimensional steady flow, 368 
vorticity, 361 
Differential manometer, 61 
Dimensional analysis and similitude, 
429-467 
Buckingham pi theorem, 435-433 
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dimensional analysis, definition, 429 
dimensional homogeneity,430 
dimensionless groups,429 
dimensionless numbers, 432—434 
general considerations, 444 
similitude, 445—456 
Dimensional flow, 144 
Dimensional homogeneity, 10, 430 
Dimensionless groups, 429 
Dimensionless numbers, 432—434 
Euler nu mber,432 
Froude number, 433 
Mach number, 434 
Reynolds nu mber,433 
Weber number, 434 
Displacement thickness, 576 
Disturbance thickness, 576 
Divergence, 357 
Doublet, 386-387 
Drag and lift, 596—598 
Drag coefficient, 602—606 
cylinder, 604 
Froude number, 605 
Mach number, 605 
Reynolds nu mber,603-—604 
sphere, 604 
wave drag, 605 
Drag coefficients for bodies having 
various shapes,606—-612 
Dynamic fluid devices, 802 
Dynamic force, 294 
Dynamic pressure, 23] 
Dynamic similitude, 446—447 
Dynamic viscosity, 21 


Eddy currents, 498 
Energy and hydraulic grade lines, 
242-250 

energy grade line,242 
hydraulic grade line,242 
hydraulic head, 242 
kinetic head, 242 
pressure head, 242 
total head, 242 
velocity head, 242 

Energy equation, 250-263, 682 
compressible flow, 761—763, 769 
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compressible fluid, 254 
gravitational energy, 250 
heat energy, 251 
incompressible flow, 253 
internal energy, 250 
kinetic energy, 250 
nonuniform velocity, 254-255 
power and efficiency, 254 
work, 251 
Energy grade line,242 
Enthalpy, 254, 709 
Entropy, 710 
Equation of state, 708 
Equivalent length ratio, 533 
Eulerian description control volume 
approach, 142 
Euler number, 432 
Euler's equations of motion, 
223-226, 368 
differential fluid flow, 368 
n direction, 224 
s direction, 224 
steady horizontal flow of ideal 
liquid, 225 
Euler turbomachine equation, 803 
Expansion and contraction, 530 
Extensive property, 180 


Fanno flow, 744, 854 
Fanno line, 749 
Favorable pressure gradient, 599 
Finite control volumes, 177-179 
open control surfaces, 178 
steady flow, 179 
velocity, 179 
First law of thermodynamics, 708 
Flow 
around a curved boundary,231 
around a cylinder, 396—397 
around a Rankine oval, 
394-395 
from a large reservoir, 230 
in a closed conduit, 232 
in an open channel, 231 
past a half body, 392-393 
Flow coefficient, 528, 829 
Flow kinematics, 804 


Flow measurement, 546-550 
anemometer, 548 
laser Doppler flow meter, 550 
magnetic flow meter, 550 
nozzle meter, 547 
nutating disk meter, 549 
orifice discharge coefficient, 547 
orifice meter, 547 
particle image veloci metry, 550 
piezometer rings, 546 
positive displacement flow 
meter, 549 
rotometer, 548 
shedder bar, 548 
Strouhal number, 548 
thermal mass flow meter, 549 
turbine flow meter, 548 
ultrasonic flow meter, 550 
Venturi discharge coefficien t,546 
Venturi meter, 546 
Von Karman vortex street, 548 
vortex flow meter, 548 
wafer-style magnetic flow 
meter, 550 
Flow net, 378 
Flow within casing, 810 
Flow work, 251 
Fluid acceleration, 154—160 
corrective acceleration, 155 
local acceleration, 155 
material d erivative, 154, 156 
three-dimensional flow, 155 
Fluid, characteristics, 5 
Fluid dynamics, 4 
Fluid flow classifications, 143-145 
dimensional flow, 144 
frictional effects, 143 
space and time, 145 
Fluid flow descriptions, 141-142 
Eulerian description control 
volume approach, 142 
Lagrangian description systems 
approach, 142 
Fluid kinematics,4 
Fluid mechanics, 3-45 
basic fluid properties, 14-19 
branches, 4 
calculations, 10-11 


characteristics of matter, 5—6 
historical development, 4 
introduction, 3-4 
problem solving. 12-14 
surface tension and capillarity, 
29-32 
systems of units, 6—9 
vapor pressure, 28 
viscosity, 19-23 
viscosity measurement, 24—27 
Fluid momentum, 293-353 
angular momentum equation, 
310-317 
applications for control volumes 
having accelerated 
motions, 323 
applications to bodies at rest, 
295-305 
applications to bodies having 
constant velocity, 305-310 
linear momentum equation, 
293-294 
propellers, 318—320 
rockets, 325-327 
turbojets and turbofans, 324—325 
wind tu rbine,321—322 
Fluid properties, 14-19 
bulk modulus, 16 
density, 14-15 
ideal gas law, 16 
specific gravity, 15 
specific weight, 15 
Fluid statics, 47-139 
absolute and gage pressure, 50-51 
buoyancy, 87-89 
constant translational accelera- 
tion of a liquid, 93-97 
hydrostatic force on a plane 
surface formula method, 66-71 
hydrostatic force on a plane sur- 
face geometric method, 72-76 
hydrostatic force on a plane sur- 
face integration method, 77—79 
hydrostatic forces on an inclined 
plane or curved surface, 80-86 
measurement of static pressure, 
58-65 
pressure, 47-49 


Fluid statics (continued) 


pressure variation for compress- 
ible fluids, 55-57 
pressure variation for incom- 
pressible fluids, 53-54 
stability, 90—92 
static pressure variation, 52 
steady rotation of a liquid, 98-101 
Flume, 647 
Forced vortex, 98 
Forced-vortex flow, 389-391 
Formula method, hydrostatic force on 
a plane surface, 66-71 
center of pressure, 67 
resultant force, 66 
resultant fo rce, location,67 
Xp coordinate, 68 
Free-body diagram, 294 
Free-surface energy, 29 
Frictional effects, flow, 143 
Friction drag, 578 
Friction drag coefficient, 578 
Friction, effect on compressible flow, 
744-753 
continuity equation, 744 
density, 749 
energy equation, 746 
Fanno flow, 744 
Fanno line, 749 
ideal gas law, 746 
linear momentum equation, 745 
pipe length versus Mach number, 747 
pressure, 748 
temperature, 748 
Friction factor, 518 
Froude number, 433, 605, 650 
Froude’s theorem, 319 
Fully developed flow from an 
entrance, 491-492 
definition, 491 
entrance length, 491 
turbulent flow, 491 
Fused quartz force-balance Bourdon 
tube, 62 


Gage pressure. See Absolute and gage 
pressure 


Gas, 5, 15, 16 
bulk modulus, 16 
characteristics, 5 
density, 15 
Gases at standard atmospheric pres- 
sures, physical properties of, 845 
Gate valve, 532 
Geometric method, hydrostatic force 
on a plane surface, 72-76 
plate having constant width, 73 
resultant force, 72 
Geometric similitude, 445 
Globe valve, 532 
Gradual flow with varving depth, 
673-679 
rectangular cross section, 674 
surface profile calculation, 676 
surface profiles,674 
Graphical descriptions, kinematic fluid 
motion, 146-153 
computational fluid 
dynamics, 149 
optical methods, 148 
pathlines, 147 
streaklines, 147 
streamlines, 146 
streamtubes, 147 
Gravitational energy, 250 


Half body, 393 
Head coefficient, 829 
Head-discharge curve,811 
Head loss, 253 
Head loss, efficiency, 811 
Heat energy, 251 
Heat transfer, effect on compressible 
flow, 754—759 
energy equation, 755 
ideal gas law, 755 
linear-momentum equation, 754 
Rayleigh flow, 745 
Rayleigh line, 757 
stagnation temperature and 
pressure, 756 
Horizontal flow caused by constant 
pressure gradient/both plates 
moving, 472 
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Horizontal flow caused by constant 
pressure gradient/top plate 
moving, 473 

Horizontal flow caused only by 
motion of top plate, 474 

Hot-film anemometer, 549 

Hydraulic diameter, 521 

Hydraulic efficiency, 811 

Hydraulic grade line, 242 

Hydraulic head, 242 

Hydraulic jump, 648, 680—684 

continuity equation, 680 
energy equation, 682 
momentum equation, 681 

Hydraulics, 4 

Hydrodynamics, 4, 356 

Hydrometer, 88 

Hydrostatic force on a plane surface 
formula method, 66-71 

center of pressure,67 
resultant force, 66 
resultant force, location, 67 
xp coordinate, 68 

Hydrostatic force on a plane surface 
geometric method, 72-76 

plate having constant width, 73 
resultant force, 72 

Hydrostatic force on a plane surface 

integration method, 77—79 
location, 77 
resultant force, 77 

Hydrostatic forces on an inclined 
plane or curved surface, 
80-86 

horizontal component, 80 
vertical component, 81 
Hydrostatics, 4 
Hypersonic motion, 720 


Ideal flow around a cylinder, 599 
adverse pressure gradient, 599 
Coanda effect, 600 
favorable pressure gradient, 599 
pressure gradient, 599 
real flow around a cylinder, 

600-601 
vortex shedding, 601 
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Ideal gas law, 16, 
and compressible flow, 746, 
755,761 
Ideal performance for pumps, 810-815 
head-discharge curve, 811 
head loss, efficiency, 811 
hydraulic efficiency, 811 
ideal pump head, 810 
pump efficiency, 811 
Ideal pump head, 810 
Impeller, 802 
Impulse tu rbine,815 
Incompressible flow, 253 
head loss, 253 
pump head, 253 
turbine head, 253 
Induced d rag.620 
Induced drag coefficient, 621 
Inlet and exit transitions, 529 
Integration method, hydrostatic force 
on a plane surface, 77-79 
location, 77 
resultant force, 77 
Intensive properties, 180 
Internal energy. 250, 708 
Inviscid and ideal fluids, 22 
Irrotational flow, 361 
Isentropic flow through converging 
and diverging nozzles, 735-743 
converging, 736 
converging-diverging, 737-738 
Isentropic flow through variable area, 
730-735 
area ratios, 732-733 
laval nozzle, 732 
linear momentum equation, 
730-731 
subsonic flow, 731 
supersonic flow, 731 
Isentropic process, 712 
Isentropic relations, 850—853 


Kaplan tu rbine,818 
Kinematic similitude, 446 
Kinematics of differential fluid 
elements, 356-359 
angular distortion, 359 


rotation, 358-359 
translation and linear distortion,357 
Kinematics of fluid motion, 141-175 
fluid acceleration, 154—160 
fluid flow descriptions, 141-142 
graphical de scriptions, 146-153 
streamline coordinates, 161—164 
types of fluid flow, 143-145 
Kinematic viscosity, 23 
Kinetic energy, 250 
Kinetic energy coefficient, 254 
Kinetic head, 242 
Kutta-Joukowski theorem, 618 


Lagrangian description systems 
approach, 142 
Laminar and turbulent boundary 
layers, 590—595 
Laminar and turbulent shear stress 
within smooth pipe, 493—496 
laminar flow, 493 
turbulent flow, 493—494 
turbulent shear stress, 494—496 
Laminar boundary layers, 575-583 
displacement thickness, 576 
disturbance thickness, 576 
friction drag, 578 
friction drag coefficient, 578 
momentum thickness, 577 
shear stress, 577 
skin friction coefficient, 578 
Laminar flow, 493, 518, 520, 648 
Laminar viscous sublayer.494 
Laser Doppler flow meter, 550 
Laval nozzle, 732 
Lift and drag on an airfoil, 616—625 
airfoil lift, 616-617 
circulation, 618 
experimental data, 619 
Kutta-Joukowski theorem, 618 
lift coefficient, 619 
Magnus effect, 622 
race cars, 619 
spinning ball, 622 
stall, 619 
trailing vortices and induced 
drag, 620 


Lift coefficient, 619 
Linear momentum, 318-319 
Linear momentum equation, 293-294, 
717, 730-731 
and compressible flow,745, 
754, 760 
dynamic force, 294 
free-body diag ram, 294 
steady flow, 294 
Line sink flow, 386 
Line source flow, 384—385 
Liquid, 5, 14.16 
bulk modulus, 16 
characteristics, 5 
density, 14 
Liquid drops, 30 
Liquids at standard atmospheric pres- 
sure, physical properties of 844 
Local acceleration, 155 
Local change, 161 
Loss coefficient, 528 
Losses occurring from pipe fittings 
and transitions, 528—533 
bends, 530 
equivalent length ratio, 533 
expansion and contraction, 530 
flow coefficient, 528 
inlet and exit transitions, 529 
loss coefficient, 528 
pipe connections, 533 
resistance, 528 
secondary flow, 530 
threaded fittings, 531 
valves, 532 
vena contracta, 529 


Mach cone, 721 
Mach nu mber,434, 605 
Magnetic flow meter, 550 
Magnus effect, 622 
Major head loss,517 
Major loss, 517 
Manning equation, 668 
Manometer, 59 
Manometer ru le,60 
Manufacturer's pump performance 
curves, 823 


Mass flow, 188 
Material derivative, 154, 156 
Mean steady flow, 494 
Measurement of static pressure, 58-65 
barometer, 58 
Bourdon g age,62 
differential manometer, 61 
fused quartz force-balance Bour- 
don tube, 62 
manometer, 59 
manometer rule, 60 
Meniscus, 30 
Metacenter, 91 
Methods for reducing drag, 613-616 
airfoils, 613 
road vehicles, 615 
section drag, 614 
section drag coefficient, 614 
Mixed-flow machine, 801 
Momentum equation, 584—585, 682 
Momentum integral equation, 584—587 
continuity equation, 584 
momentum equation, 584-585 
momentum integral equation, 585 
Momentum thickness, 577 
Moody diagram, 520 
laminar flow, 520 
surface roughness, 520 
transitional flow, 520 
turbulent flow, 520 


Nappe, 685 
Navier-Stokes equations, 402—405 
cylindrical coordinates, 404 
definition, 403 
Navier-Stokes solution for steady 
laminar flow between parallel 
plates, 475-480 
Navier-Stokes solution for steady 
laminar flow within a smooth 
pipe. 484—485 
n direction, 224 
Net positive suction head, 824 
Neutral equilibrium, 90 
Newtonian fluids, 22 
Newton’s law, viscosity, 20-21 
dynamic viscosity, 21 


shear strain, 21 
shear stress, 21 
velocity gradient, 21 
Noncircular conduits, 521 
Non-Newtonian fluids, 22 
Nonuniform velocity,254—255 
kinetic energy coefficient, 254 
quasi-steady flow, 254 
Nonwetting liquid, 30 
Normal shock relations, 856-858 
Normal shock waves, 760—763 
continuity equation, 760 
energy equation, 761—763 
ideal gas law, 761 
linear momentum equation, 760 
Normal stress, 366 
Nozzle meter, 547 
Nutating disk meter, 549 


Oblique shock waves,76—772 
continuity equation, 769 
energy equation, 769 

Open-channel flow, 449, 647-705 
bump, 658-662 
classifications, 649—650 
gradual flow with varying depth, 

673-679 
hydraulic jump, 680—684 
under sluice gate, 662-665 
specific energy, 650—658 
steady uniform, 666-672 
types, 647—648 
weirs, 685—689 

Open control surfaces, 178 

Operating point, 826 

Optical methods, description of kine- 

matic fluid motion, 148 
schlieren photography, 148 
shadowgraph, 148 

Orifice discharge coefficient, 547 

Orifice meter, 547 

Ostwald viscometer, 25 


Paraboloid of revolution, 99 
Particle image velocimetry, 550) 
Pascal's law, 48-49 
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Pathlines, 147 
Pelton wheel, 815-817 
Performance characteristics, 821 
Performance curves, 822 
Physical properties 
air at U.S. standard atmospheric 
pressure vs. altitude, 848 
air at U.S. standard atmospheric 
pressure vs. temperature, 849 
gases at standard atmospheric 
pressures, 845 
liquids at standard atmospheric 
pressure, 844 
water versus temperature (SI 
units), 846, 847 
Piezometer, 232, 778 
Piezometer rings, 546 
Pipe connections, 533 
Pipe length versus Mach number, 747 
Pipe systems, 540—545 
parallel, 541 
series, 540 
Pitot tube, 231, 778 
Pitot-static tube, 232 
Positive displacement flow meter, 549 
Positive-displacement pump, 802 
Potential function, 377—380 
flow net, 378 
Power and efficiency, 254 
Power coefficient, 829 
Power LAW approximation, 498—499 
Prandtl-Meyer expansion, 859 
Prandtl-Meyer expansion 
function, 775 
Prefixes, measurement units, 9 
Pressure, 47—49 
definition, 47 
Pascal's law, 48-49 
Pressure and temperature effects, 
viscosity, 22—23 
Pressure d rag,598 
Pressure gradient effects, 598—602 
bluff body, 598 
ideal flow around a cylinder, 599 
pressure d rag.598 
shear drag, 598 
Pressure head, 54, 242 
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Pressure variation for compressible 
fluids, 55-57 
constant temperature, 55-57 
definition, 55 
Pressure variation for incompressible 
fluids, 53-54 
definition, 53 
pressure head, 54 
Principle of buoyan cy, 87 
Prismatic channel, 647 
Problem solving. fluid mechanics, 
12-14 
Propellers, 318-320 
Bernouli equation, 319 
Froude's theorem, 319 
linear momentum, 318-319 
power and efficiency. 320 
Propeller turbi ne, 818 
Pump affinity laws, 829 
Pump efficiency, 811 
Pump head, 253 
Pump per formance,821—823 
best efficiency point (BEP), 823 
brake horsepower, 821 
manufacturer's pump perfor- 
mance curves, 823 
performance characteristics, 821 
performance curves, 822 
shaft horsepower, 821 
Pump scaling laws, 829 


Pump selection related to flow system, 


826-827 
operating point, 826 


Quasi-steady flow, 254 


Race cars, 619 
Radial-flow machi ne, 801 
Radial-flow pumps, 808-810 
angular momentum, 809 
centrifugal pump, 808 
continuity, 808 
flow within casing, 810 
power, 809 
volute pump, 808 
Rankine oval, 395 
Rapid flow, 650 


Rayleigh flow, 745, 855 
Rayleigh line, 757 
Reaction turbines, 818—520 
Real flow around a cylinder, 600-601 
Rectangular opening, 686 
Resistance, 528 
Resistance to flow in rough pipes, 
517-527 
Darcy-Weisbach equation, 519 
empirical solutions, 521 
friction factor, 518 
hydraulic diameter, 521 
laminar flow, 518 
major head loss,517 
major loss, 517 
Moody diag ram, 520 
noncircular conduits, 521 
turbulent flow, 518 
Resultant acceleration, 162 
Reynolds number, 433, 486—490, 666 
critical Reynolds number, 487 
critical velocity, 487 
drag coefficient, 603-604 
Reynolds stress, 495 
Reynolds transport theorem, 180-185 
applications, 183 
definition, 183 
extensive property, 180 
intensive properties, 180 
Rigid-body translation, 357 
Rise, channel flow, 658—662 
Road vehicles, 615 
Rockets, 325-327 
Rotation, 358-359 
average angular velocity,358 
curl, 359 
Rotational flow, 361 
Rotational viscometer, 24 
Rotometer, 548 
Runners, 818 


Schlieren photography, 148 

s direction, 224 

Secondary flow, 530 

Second law of thermodynamics, 710 
Section drag, 614 

Section drag coefficient, 614 


Shadowgraph, 148 

Shaft horsepower, 821 

Shaft work, 251 

Sharp-crested weir, 685 

Shear drag. 598 

Shear strain, 21 

Shear stress, 21, 366, 577 

Shear velocity, 497 

Shear work, 251 

Shedder bar, 548 

Ships, 450-451 

Shock wave, 720 

Similitude, 445—456 
definition, 445 
dynamic similitude, 446—447 
geometric similitude, 445 
kinematic similitude, 446 
open-channel flow, 449 
ships, 450—451 
steady flow through a pipe, 448 

Single-pipeline flow, 534—539 

SI units, 7-8 
absolute temperature,8 
temperature, 8 
weight, 7 

Shock waves in nozzles, 763—767 

Skin friction coefficient, 578 

Sluice gate, 662-665 

Solid, characteristics, 5 

Sonic and supersonic flow, 720 
hypersonic motion, 720) 
shock wave, 720 

Sonic velocity, 716 

Space and time, flow, 145 

Specific energy, channel flow, 650-658 
definition, 651 
nonrectangular cross section, 653 
specific-energy diag ram,651 
specific head, 651 
standing waves, 653 
undulations, 653 

Specific-energy diagram, 651 

Specific gravity, 15 

Specific head, 651 

Specific heat, 708 

Specific speed, 830 

Speed of sound, 716 

Sphere, drag coefficient, 604 


Spinning ball, 622 
Stability, 90-92 
metacenter, 91 
neutral equilibrium, 90 
stable equilibrium, 90 
unstable equilibrium, 90 
Stable equilibrium, 90 
Stagnation pressure,231 
Stagnation properties, 723-729 
density, 724 
pressure, 724 
temperature, 723 
Stagnation tube, 231 
Stall, 619 
Standard atmospheric pressure,50 
Standing waves,653 
State diagram, 711 
State properties, 708 
Static pressure variation, 52 
Stator vanes, 802 
Steady flow, 179, 648 
Steady flow through a pipe, 448 
Steady horizontal flow of ideal 
liquid, 225 
Steady laminar flow between parallel 
plates, 469-474 
Couette flow, 474 
horizontal flow caused by con- 
stant pressure gradient/both 
plates moving, 472 
horizontal flow caused by con- 
stant pressure gradient/top 
plate moving, 473 
horizontal flow caused only by 
motion of top plate,474 
limitations, 474 
Steady rotation of a liquid, 98-101 
forced vortex, 98 
paraboloid of revolution, 99 
Steady tur bulent flow,494 
Steady uniform channel flow,666—672 
best hydraulic cross section, 668 
Chézy equation, 667 
Chézy formula, 667 
critical slope, 669 
Manning equation, 668 
Reynolds number, 666 
surface roughness coefficient, 668 


Streaklines, 147 
Stream function, 372-376 
velocity components, 372—373 
volumetric flow, 373-376 
Streamline coordinates, 161-164 
acceleration, 161 
velocity, 161 
Streamlines, 146 
Streamtubes, 147 
Stress field, 366 
Strouhal number, 548, 602 
Subsonic flow, 719, 731 
Superposition of flows, 392—401 
flow around a cylinder, 396—397 
flow around a Rankine oval, 
394—395 
flow past a half body, 392-393 
half body, 393 
Rankine oval, 395 
uniform and free-vortex flow 
around a cylinder, 398-399 
Supersonic flow, 731,778 
Suppressed rectangular weir, 686 
Surface roughness, 520 
Surface roughness coefficient, 668 
Surface tension and capillarity, 
29-32 
definition, 29 
free-surface energy, 29 
liquid drops, 30 
meniscus, 30 
nonwetting liquid, 30 
wetting liquid, 30, 31 
Swing check valve, 532 
Systems of units, 6—9 
conversion, 8 
prefixes, 9 
SI units, 7—8 
U.S. customary units, 6-7 


Temperature, 7. 8 
SI units, 5 
U.S. customary units, 7 
Thermal mass flow meter, 549 
constant-temperature anemom- 
eter, 549 
hot-film an emometer,549 
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Thermodynamics concepts, 707—715 
adiabatic process, 712 
constant-volume process, 709 
enthalpy, 709 
entropy, 710 
equation of state, 708 
first law of thermodynamics, 708 
internal energy, 708 
isentropic process, 712 
second law of thermodynamics, 

710 
specific heat, 708 
state diag ram,711 
state properties, 708 

T-s diagram, 711 

Threaded fittings, 531 

Three-dimensional flow, 155 

Toricelli's law, 230 

Total head, 242 

Total pressure, 231 

Trailing vortices and induced 

drag, 620 
induced d rag,620 
winglets, 620 
wing vortex trail, 620 
Tranquil flow, 650 
Transitional and turbulent flow 
region, 498 

Transitional flow, 520 

Translation and linear distortion ,357 
divergence, 357 
rigid-body translation, 357 
volumetric dilatation rate,357 

T-s diagram, 711 

Turbine flow meter, 548 

Turbine head, 253 

Turbines, 815-820 
impulse turbine,815 
Kaplan turbine,818 
Pelton wheel, 815-817 
propeller turbine,818 
reaction turbines, 818—820 
runners, 818 

Turbojets and turbofans, 324-325 

Turbomachines, 800—843 
axial-flow pump, 802-807 
cavitation and net positive suc- 

tion head, 824—825 
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ideal performance for pumps, 
810-815 
pump perf ormance,821-823 
pump selection related to flow 
system, 826—827 
radial-flow pumps, 808—810 
turbines, 815-820 
turbomachine s imilitude, 
828-833 
types, 801—802 
Turbomachine similitude, 828—833 
efficiency, 829 
flow coefficient, 829 
head coefficient, 829 
power coefficient, 829 
pump affinity laws, 829 
pump scaling laws, 829 
specific speed, 830 
Turbulent boundary layers, 588-589 
drag on plate, 589 
shear stress along plate, 589 
Turbulent flow, 491, 493—494, 518, 520 
laminar viscous sublayer, 494 
mean steady flow, 494 
steady turb ulent flow,494 
Turbulent flow within a smooth pipe, 
496-501 
eddy currents, 498 
power LAW approximation, 
498—499 
shear velocity, 497 
transitional and turbulent flow 
region, 498 
viscous sublayer, 497 
Turbulent shear stress, 494—496 
apparent shear stress,494 
Reynolds stress, 495 
Two-dimensional steady flow, 368 
Two-dimensional steady flow of ideal 
fluid, 365 


Ultrasonic flow meter, 550 

Undulations, 653 

Uniform and free-vortex flow around 
a cylinder, 398—399 

Uniform flow, 648 

Unstable equilibrium, 90 


U.S. customary units, 6-7 
absolute temperature, 7 
temperature, 7 
weight, 6 


Valves, 532 
butterfly valve, 532 
gate valve, 532 
globe valve, 532 
swing check valve, 532 
Vapor pressure, 28, 824 
Vapor pressure head, 824 
Velocity, 179 
Velocity coefficient, 779 
Velocity components, 372-373 
Velocity gradient, 21 
Velocity head, 242 
Velocity kinematic diagrams, 804 
Velocity, streamline coordinates, 161 
Vena contracta, 529 
Venture meter, 233 
Venturi discharge coefficient, 546 
Venturi meter, 546, 779 
Viscosity, 19-23 
inviscid and ideal fluids, 22 
kinematic viscosity, 23 
Newtonian fluids, 22 
Newton's law, 20-21 
non-Newtonian fluids,22 
physical cause, 20 


pressure and temperature effects, 


22-23 
Viscosity measurement, 24—27 
Brookfield viscometer, 24 
Ostwald viscometer, 25 
rotational viscometer, 24 
Viscous flow over external surfaces, 
569—645 
boundary layer, 569-574 
drag and lift, 596-598 
drag coefficient, 602—606 
drag coefficients for bodies 
having various shapes, 
606—612 
induced drag coefficient, 621 
laminar and turbulent boundary 
layers, 590-595 


laminar boundary layers,575—583 
lift and drag on an airfoil, 
616-625 
methods for reducing drag, 
613-616 
momentum integral equation, 
584—587 
pressure gradient effects, 598—602 
turbulent boundar y layers, 58-589 
Viscous flow within enclosed surfaces, 
469-515 
fully developed flow from an 
entrance, 491—492 
laminar and turbulent shear 
stress within smooth pipe, 
493—496 
Navier-Stokes solution for steady 
laminar flow between parallel 
plates, 475-480 
Navier-Stokes solution for steady 
laminar flow within a smooth 
pipe, 484—485 
Reynolds number, 486—490 
steady laminar flow between 
parallel plates, 469—474 
steady laminar flow within a 
smooth pipe, 480—483 
turbulent flow within a smooth 
pipe, 496-501 
Viscous sublayer, 497 
Volumetric dilatation rate, 357 
Volumetric flow, 186-187, 373-376 
Volute pump, 808 
Von Kármán vortex street, 548, 602 
Von Kármán vortex trail, 602 
Vortex flow meter, 548 
Vortex shedding, 601 
Strouhal number, 602 
Von Kármán vortex street, 602 
Von Karman vortex t rail, 602 
Vorticity, 361 


Wafer-style magnetic flow meter, 550 

Water vs. temperature, physical prop- 
erties of, 846—847 

Wave celerity, 649 

Wave drag, 605 


Wave propagation through compress- 
ible fluid, 716-718 
continuity equation, 717 
linear momentum equation, 717 
sonic velocity,716 
speed of sound, 716 
Weber number, 434 
Weight, 7 
SI units, 7 
U.S. customary units, 7 
Weirs, 685-689 
broad-crested weir, 688 
broad-crested weir 
coefficient, 688 


nappe, 685 
rectangular opening, 686 
sharp-crested weir, 685 
suppressed rectangular weir, 686 
Wetting liquid, 30, 31 
Wind turbine, 321—322 
Bette's law,321 
capacity factor, 321 
power and efficiency, 321 
Wing vortex trail, 620 
Work, 251 
flow work, 251 
shaft work, 251 
shear work, 251 
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Work and energy of moving fluids, 
223-291 

applications of Bernoulli 
Equation, 230-241 

Bernoulli equation, 227—229 

energy and hy draulic grade lines, 
242-250 

energy equation, 250-263 

Euler's equations of motion, 
223-226 


xp coordinate, 68 


Zero absolute pressure, 50 
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Roughness Factors for New Pipe 


Concrete £ ^ 0.3 mm - 3 mm (0.001 ft — 0.01 ft) Commercial steel ¢ = 0.045 mm (0.000 15 ft) 


Cast iron £ = 0.26 mm (0.000 85 ft) Drawn tubing £ = 0.0015 mm (0.000 005 ft) 
Galvanized iron ¢ = 0.15 mm (0.000 5 ft) 
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